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cDepartment of Mathematics, Government College University Faisalabad Sahiwal Campus, Pakistan.

Abstract. Several scholars are interested in fractional operators with integral inequalities. Due to its
characteristics and wide range of applications in science, engineering fields, artificial intelligence and frac-
tional inequalities should be employed in mathematical investigations. In this paper, we establish the new
identity for the Caputo-Fabrizio fractional integral operator. By utilizing this identity, the generalization
of Simpson type inequality for (α,m)-convex functions via the Caputo-Fabrizio fractional integral operator.
Furthermore, we also include the applications to special means, q-digamma functions, Simpson formula,
Matrix inequalities, Modified Bessel function, and mind-point formula. These applications have given a
new dimension to scholars.

1. Introduction

Convex functions have a known history in science and have been a focus of research for over a century.
Numerous scholars are interested in integral inequalities due to the immediately establish of convexity
theory and applications of fractional calculus. For many years, convex functions have been utilized to
investigate inequalities of the Hermite-Hadamard type, Simpson type, Hermite-Hadamard-Mercer type,
Ostrowski type, and other types. One of these integral inequalities, the Hermite-Hadamard inequality
discussed in [1] has attracted the interest of a wide range of scholars. Several inequalities of the trapezoidal
type were provided by Dragomir [2], Kirmaci [3], and give applications to special means. A few instances
of recent fractional integral operators that have been utilized to analyze, lots of mathematicians established
new refinements of the Hermite-Hadamard type inequality for various classes of convex functions and
mappings, such as harmonically convex functions [4], quasi convex functions [5], convex functions [6], m-
convex functions [7], s-convex functions of Raina type [8], and Riemann-Liouville [9], Proportional fractional
[10], k-Riemann-Liouville [11], Caputo-Fabrizio [12], and generalized Atangana-Baleanu operator [13]. It is
crucial we note that Leibniz and L’Hospital are with establish the idea of fractional calculus (1695). Other
mathematicians have a lot contributed to the topic of fractional calculus and its wide range of applications,
particularly Riemann, Liouville, Letnikov, Erdeli, Grunwald, and Kober. Fractional calculus is of interest
due to its nature how to deal with a range of real-world problems to many physical and engineering fields.
The investigation of fractional order integral and derivative functions over real and complex domains as
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well as its applications has become the focus of fractional calculus. Fractional calculus requires the use of
arithmetic from classical calculus to follow more particular results. Differential equations of fractional order
can be used to solve a wide range of mathematical models. Because they are particular cases of fractional
order mathematical models, fractional mathematical models have more certain and precise results than
classical mathematical models. Mathematical modelling can be utilized to define the endemics’ unique
transmission dynamics and obtain knowledge of how infection affects a new population. Non-integer
order fractional differential equations are utilized to enhance actual phenomena’ precision and accuracy.
Furthermore these articles [14–21] gives more information and application of fractional calculus. However,
we can take consider lots of orders and create much more significant result of fractional computation.
Fractional integral operators to demonstrate well-known inequalities in recent years mathematicians have
become more interested in employing a range of innovative theories. In fractional calculus, there exist
many different kinds of integral operators. These operators have application for crucial and well-known
integral inequalities.

In all of this years, Thomas Simpson established fundamental methods for numerical integration and
estimate of definite integrals that are now known as Simpson’s law. (1710-1761). But J. Kepler utilized
an identical approximation over a century before, which is because it is often referred to as Kepler’s
law. Estimates based just on a three-step quadratic kernel are often referred to as Newton-type results as
Simpson’s method utilizes the three-point Newton-Cotes quadrature rule.

Simpson quadrature formula (Simpson,s 1/3):∫ ω2

ω1

f (x) dx ≈
ω2 − ω1

6

[
f (ω1) + 4 f

(
ω1 + ω2

2

)
+ f (ω2)

]
. (1)

Simpson second formula or Newton-Cotes quadrature formula (Simpson,s 3/8):∫ ω2

ω1

f (x) dx ≈
ω2 − ω1

8

[
f (ω1) + 3 f

(2ω1 + ω2

2

)
+ 3 f

(
ω1 + 2ω2

2

)
+ f (ω2)

]
. (2)

The following estimation known as Simpson’s type inequality is one of many that are connected with
specific quadrature laws:

Theorem 1.1. [22] Let f : [ω1, ω2] → R be a four times continuously differentiable mapping on (ω1, ω2) and∥∥∥ f (4)
∥∥∥
∞
= supx∈(ω1,ω2)

∣∣∣ f (4)
∣∣∣ < ∞, then following inequalities holds:

∣∣∣∣∣∣
[

f (ω1) + f (ω2)
6

+
2
3

f
(
ω1 + ω2

2

)]
−

1
ω2 − ω1

∫ ω2

ω1

f (x) dx

∣∣∣∣∣∣ ≤ 1
2880

∥∥∥ f (4)
∥∥∥
∞

(ω2 − ω1)4 .

In recent years, numerous authors have focused on the generalization of Simpson’s type inequality in
various kinds of mappings. Some mathematicians have focused on the results of Simpson’s, and Newton’s
type in order to obtain a convex mapping since convexity theory is an efficient and quick method for solving
an immense kinds of problems from numerous areas of pure and applied mathematics. In particular,
Dragomir et al. [22] introduced the most recent Simpson’s inequalities and their applications in quadrature
formulas. Additionally, Alomari et al. [23] established some of Simpson’s type inequalities for s-convex
functions. Sarikaya et al. [24] then identified the significance of the dependence of the variance of the
Simpson’s type inequality on convexity. For harmonic convex, and p-harmonic convex maps the authors
established Newton’s type inequality in [25]. A novel generalized, convex Newton-type inequality for
functions with the local fractional derivative was described by Iftikhar et al. [26].

Theorem 1.2. Let f : [ω1, ω2] → R be a differentiable mapping whose derivative is continuous on (ω1, ω2) and
f ′ ∈ L [ω1, ω2], then the following inequality holds:
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∣∣∣∣∣∣
[

f (ω1) + f (ω2)
6

+
2
3

f
(
ω1 + ω2

2

)]
−

1
ω2 − ω1

∫ ω2

ω1

f (x) dx

∣∣∣∣∣∣ ≤ ω2 − ω1

3

∥∥∥ f ′
∥∥∥

1
. (3)

where
∥∥∥ f ′

∥∥∥
1
=

∫ ω2

ω1

∣∣∣ f ′ (x)
∣∣∣ dx. The bound (3) for L-Lipschitzian mapping was give in [22] by 5

36 L (ω2 − ω1) .
Additionally, [22] provided the Simpson type inequality that is given below.

Theorem 1.3. Let f : [ω1, ω2] → R be an absolutely continuous mapping on (ω1, ω2) whose derivative belongs to
LP [ω1, ω2], where 1

p +
1
q = 1, then the following inequality holds:

∣∣∣∣∣∣
[

f (ω1) + f (ω2)
6

+
2
3

f
(
ω1 + ω2

2

)]
−

1
ω2 − ω1

∫ ω2

ω1

f (x) dx

∣∣∣∣∣∣ ≤ 1
6

(
1 + 2q+1

3
(
q + 1

) ) 1
q

(ω2 − ω1)
1
q
∥∥∥ f ′

∥∥∥
P . (4)

The following Hermite-Hadamard type inequalities for differentiable convex mappings that were stated
in [27].

Theorem 1.4. [27] Let f : I ⊂ R → R be a differentiable mapping on Io where ω1, ω2 ∈ I with ω1 < ω2. If
∣∣∣ f ′∣∣∣ is

convex on [ω1, ω2], then the following inequality holds:

∣∣∣∣∣∣ 1
ω2 − ω1

∫ ω2

ω1

f (x) dx − f
(
ω1 + ω2

2

)∣∣∣∣∣∣ ≤ ω2 − ω1

4


∣∣∣ f ′ (ω1)

∣∣∣ + ∣∣∣ f ′ (ω2)
∣∣∣

2

 . (5)

Definition 1.5. [28] Let I be a convex set on R. If f : I→ R is called convex on I for all (ω1, ω2) ∈ I and η ∈ [0, 1],
then following inequality holds:

f
(
ηω1 +

(
1 − η

)
ω2

)
≤ η f (ω1) +

(
1 − η

)
f (ω2) . (6)

The mapping f is concave on I the inequality (6) holds in reversed direction for all (ω1, ω2) ∈ I and
η ∈ [0, 1] .

Definition 1.6. [29] A f : [0, ω2) → R is said to be (α,m)-convex if (α,m) ∈ [0, 1]2, for every x, y ∈ [0, ω2] and
η ∈ [0, 1], then following inequality holds:

f
(
ηx +m

(
1 − η

)
y
)
≤ ηα f (x) +m

(
1 − ηα

)
f
(
y
)
.

Several mathematicians established new fractional operators, they are different from one another, the
locality and singularity are different. There are essentially two kind of nonlocal fractional derivatives,
the Riemann-Liouville and Caputo with singular kernels and others with non-singular kernels. In order
to give the fractional calculus motivation and bring the most effective operators to the discussion, the
Riemann-Liouville and Caputo-Fabrizio fractional integral operators is one of these as follows.

Definition 1.7. [30] Suppose f ∈ L [ω1, ω2]. The left and right-sided Riemann-Liouville fractional integrals of order
α > 0 defined by:
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Iαω+1 f
(
η
)
=

1
Γα

∫ x

ω1

(
x − η

)α−1 f
(
η
)

dη, x > ω1

Iαω−2 f
(
η
)
=

1
Γα

∫ ω2

x

(
x − η

)α−1 f
(
η
)

dη, x < ω2,

where Γ (.) is the gamma function and I0
ω+1

f
(
η
)
= I0

ω−2
f
(
η
)
= f

(
η
)
.

Definition 1.8. [31] Let f ∈ H1 (ω1, ω2), ω1 < ω2, for all α ∈ [0, 1], where β (α) > 0 is a normalizer satisfying
β (0) = β (1) = 1, then the left and right fractional integrals are defined by:

(
CF
ω1

Iα f
)

(x) =
1 − α
β (α)

f (x) +
α
β (α)

∫ x

ω1

f (x) dx(
CFIαω2

f
)

(x) =
1 − α
β (α)

f (x) +
α
β (α)

∫ ω2

x
f (x) dx.

The main goal in this article to established a new integral identity using the Caputo-Fabrizio fractional
integral operator, which holds a unique place among fractional integral operators. By employ this identity
to generalization the novel Simpson type inequality via (α,m)-convex function. We also include the ap-
plications to special means, q-digamma functions, Simpson formula, Matrix inequalities, Modified Bessel
function, and mind-point formula, taking many special cases of the main findings is discuses in literature.

2. Main results

In this section we established the new identity via Caputo-Fabrizio fractional integral operator. By using
this identity we obtain our main result.

Lemma 2.1. Let f : I ⊂ [0,∞) → R be an absolutely continuous mapping on Io where ω1, ω2 ∈ I with ω1 < ω2,
then the following equality holds:

[
f (ω1)

6
+

4
6

f
(
ω1 + ω2

2

)
+

f (ω2)
6

]
−

β (α)
α (ω2 − ω1)

[(
CF
ω1

Iα f
)

(k) +
(

CFIαω2
f
)

(k)
]
+

2 (1 − α)
β (α)

f (k)

= (ω2 − ω1)
∫ 1

0
K

(
η
)

f ′
(
ηω2 +

(
1 − η

)
ω1

)
dη,

where

K
(
η
)
=

 η − 1
6 η ∈

[
0, 1

2

)
,

η − 5
6 η ∈

[
1
2 , 1

]
.

Proof. Let

I =

∫ 1

0
K

(
η
)

f ′
(
ηω2 +

(
1 − η

)
ω1

)
dη
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=

∫ 1
2

0

(
η −

1
6

)
f ′

(
ηω2 +

(
1 − η

)
ω1

)
dη

+

∫ 1

1
2

(
η −

5
6

)
f ′

(
ηω2 +

(
1 − η

)
ω1

)
dη

= I1 + I2.

Integration by parts, we have

I1 =

∫ 1
2

0

(
η −

1
6

)
f ′

(
ηω2 +

(
1 − η

)
ω1

)
dη

=
1

ω2 − ω1

(
η −

1
6

)
f
(
ηω2 +

(
1 − η

)
ω1

)∣∣∣ 1
2

0
−

1
ω2 − ω1

∫ 1
2

0
f
(
ηω2 +

(
1 − η

)
ω1

)
dη

=
1

3 (ω2 − ω1)
f
(
ω1 + ω2

2

)
+

1
6 (ω2 − ω1)

f (ω1) −
1

ω2 − ω1

∫ 1
2

0
f
(
ηω2 +

(
1 − η

)
ω1

)
dη

=
1

3 (ω2 − ω1)
f
(
ω1 + ω2

2

)
+

1
6 (ω2 − ω1)

f (ω1) −
1

(ω2 − ω1)2

∫ ω1+ω2
2

ω1

f (u) du. (7)

Multiply by α(ω2−ω1)2

β(α) with above equality (7), we get

α (ω2 − ω1)2

β (α)
I1 =

α (ω2 − ω1)
3β (α)

f
(
ω1 + ω2

2

)
+
α (ω2 − ω1)

6β (α)
f (ω1) −

α
β (α)

∫ ω1+ω2
2

ω1

f (u) du. (8)

Similarly,

I2 =

∫ 1

1
2

(
η −

5
6

)
f ′

(
ηω2 +

(
1 − η

)
ω1

)
dη

=
1

ω2 − ω1

(
η −

5
6

)
f
(
ηω2 +

(
1 − η

)
ω1

)∣∣∣11
2
−

1
ω2 − ω1

∫ 1

1
2

f
(
ηω2 +

(
1 − η

)
ω1

)
dη

=
1

3 (ω2 − ω1)
f
(
ω1 + ω2

2

)
+

1
6 (ω2 − ω1)

f (ω2) −
1

ω2 − ω1

∫ 1
2

0
f
(
ηω2 +

(
1 − η

)
ω1

)
dη

=
1

3 (ω2 − ω1)
f
(
ω1 + ω2

2

)
+

1
6 (ω2 − ω1)

f (ω2) −
1

(ω2 − ω1)2

∫ ω2

ω1+ω2
2

f (u) du. (9)

Multiply by α(ω2−ω1)2

β(α) with above equality (9), we have

α (ω2 − ω1)2

β (α)
I2 =

α (ω2 − ω1)
3β (α)

f
(
ω1 + ω2

2

)
+
α (ω2 − ω1)

6β (α)
f (ω2) −

α
β (α)

∫ ω2

ω1+ω2
2

f (u) du. (10)

Adding the equalities (8) and (10) and subtracting 2(1−α)
β(α) f (k), we obtain

(I1 + I2)
α (ω2 − ω1)2

β (α)
−

2 (1 − α)
β (α)

f (k)

=

α (ω2 − ω1)
3β (α)

f
(
ω1 + ω2

2

)
+
α (ω2 − ω1)

6β (α)
f (ω1) −

α
β (α)

∫ ω1+ω2
2

ω1

f (u) du

+
α (ω2 − ω1)

3β (α)
f
(
ω1 + ω2

2

)
+
α (ω2 − ω1)

6β (α)
f (ω2) −

α
β (α)

∫ ω2

ω1+ω2
2

f (u) du

 − 2 (1 − α)
β (α)

f (k)
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=
2α (ω2 − ω1)

3β (α)
f
(
ω1 + ω2

2

)
+

(
f (ω1) + f (ω2)

) α (ω2 − ω1)
6β (α)

−
α
β (α)

∫ ω2

ω1

f (u) du −
2 (1 − α)
β (α)

f (k)

=
2α (ω2 − ω1)

3β (α)
f
(
ω1 + ω2

2

)
+

(
f (ω1) + f (ω2)

) α (ω2 − ω1)
6β (α)

−

(
α
β (α)

∫ k

ω1

f (u) du −
(1 − α)
β (α)

f (k) +
α
β (α)

∫ ω2

k
f (u) du −

(1 − α)
β (α)

f (k)
)
.

Thus, we have

(ω2 − ω1)
∫ 1

0
K

(
η
)

f ′
(
ηω2 +

(
1 − η

)
ω1

)
dη

=

[
f (ω1)

6
+

4
6

f
(
ω1 + ω2

2

)
+

f (ω2)
6

]
−

β (α)
α (ω2 − ω1)

[(
CF
ω1

Iα f
)

(k) +
(

CFIαω2
f
)

(k)
]
+

2 (1 − α)
β (α)

f (k) .

The proof of Lemma 2.1 is completed.

Theorem 2.2. Consider that the assumptions of Lemma 2.1 hold. If
∣∣∣ f ′∣∣∣ is (α,m)-convex on [ω1, ω2], then the

following fractional inequality holds:

∣∣∣∣∣∣
[

f (ω1)
6
+

4
6

f
(
ω1 + ω2

2

)
+

f (ω2)
6

]
−

β (α)
α (ω2 − ω1)

[(
CF
ω1

Iα f
)

(k) +
(

CFIαω2
f
)

(k)
]
+

2 (1 − α)
β (α)

f (k)
∣∣∣∣∣

≤ (ω2 − ω1)

m2−1−α
× 3−2−α

(
1 − 22+α

× 31+α
− 32+α + 52+α + 2α × 31+αα

)
(α + 1) (α + 2)

∣∣∣∣∣ f ′ (ω2

m

)∣∣∣∣∣
+m

6−2−α
(
2
(
−1 + 32+α

− 52+α + 17 × 6α
)
+ 2α × 32+αα + 5 × 6αα2

)
(α + 1) (α + 2)

∣∣∣∣∣ f ′ (ω1

m

)∣∣∣∣∣
 .

Proof. By using the Lemma 2.1, since
∣∣∣ f ′∣∣∣ is (α,m)-convex, we have∣∣∣∣∣∣

[
f (ω1)

6
+

4
6

f
(
ω1 + ω2

2

)
+

f (ω2)
6

]
−

β (α)
α (ω2 − ω1)

[(
CF
ω1

Iα f
)

(k) +
(

CFIαω2
f
)

(k)
]
+

2 (1 − α)
β (α)

f (k)
∣∣∣∣∣

≤ (ω2 − ω1)
∫ 1

0

∣∣∣K (
η
)∣∣∣ ∣∣∣ f ′ (ηω2 +

(
1 − η

)
ω1

)∣∣∣ dη
≤ (ω2 − ω1)

∫ 1
2

0

∣∣∣∣∣η − 1
6

∣∣∣∣∣ ∣∣∣ f ′ (ηω2 +
(
1 − η

)
ω1

)∣∣∣ dη
+

∫ 1

1
2

∣∣∣∣∣η − 5
6

∣∣∣∣∣ ∣∣∣ f ′ (ηω2 +
(
1 − η

)
ω1

)∣∣∣ dη
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≤ (ω2 − ω1)

∫ 1
2

0

∣∣∣∣∣η − 1
6

∣∣∣∣∣ (ηα ∣∣∣ f ′ (ω2)
∣∣∣ +m

(
1 − ηα

) ∣∣∣∣∣ f ′ (ω1

m

)∣∣∣∣∣) dη

+

∫ 1

1
2

∣∣∣∣∣η − 5
6

∣∣∣∣∣ (mηα ∣∣∣∣∣ f ′ (ω2

m

)∣∣∣∣∣ + (
1 − ηα

) ∣∣∣ f ′ (ω1)
∣∣∣) dη


= (ω2 − ω1)

m2−1−α
× 3−2−α

(
1 − 22+α

× 31+α
− 32+α + 52+α + 2α × 31+αα

)
(α + 1) (α + 2)

∣∣∣∣∣ f ′ (ω2

m

)∣∣∣∣∣
+m

6−2−α
(
2
(
−1 + 32+α

− 52+α + 17 × 6α
)
+ 2α × 32+αα + 5 × 6αα2

)
(α + 1) (α + 2)

∣∣∣∣∣ f ′ (ω1

m

)∣∣∣∣∣
 .

This completes the proof.

Therefore, the following results can be deduce for convexity.

Corollary 2.3. If we choose m = α = 1 in Theorem 2.2, we get∣∣∣∣∣∣
[

f (ω1)
6
+

4
6

f
(
ω1 + ω2

2

)
+

f (ω2)
6

]
−

β (α)
α (ω2 − ω1)

[(
CF
ω1

Iα f
)

(k) +
(

CFIαω2
f
)

(k)
]∣∣∣∣∣∣

≤
5 (ω2 − ω1)

72

[∣∣∣ f ′ (ω2)
∣∣∣ + ∣∣∣ f ′ (ω1)

∣∣∣] . (11)

Corollary 2.4. If we choose f (ω1) = f
(
ω1+ω2

2

)
= f (ω2) in Theorem 2.2, we get∣∣∣∣∣ f (

ω1 + ω2

2

)
−

β (α)
α (ω2 − ω1)

[(
CF
ω1

Iα f
)

(k) +
(

CFIαω2
f
)

(k)
]
+

2 (1 − α)
β (α)

f (k)
∣∣∣∣∣

≤ (ω2 − ω1)

m2−1−α
× 3−2−α

(
1 − 22+α

× 31+α
− 32+α + 52+α + 2α × 31+αα

)
(α + 1) (α + 2)

∣∣∣∣∣ f ′ (ω2

m

)∣∣∣∣∣
+m

6−2−α
(
2
(
−1 + 32+α

− 52+α + 17 × 6α
)
+ 2α × 32+αα + 5 × 6αα2

)
(α + 1) (α + 2)

∣∣∣∣∣ f ′ (ω1

m

)∣∣∣∣∣
 .

Corollary 2.5. If we choose m = α = 1 in Corollary 2.4, we get∣∣∣∣∣ f (
ω1 + ω2

2

)
−

β (α)
α (ω2 − ω1)

[(
CF
ω1

Iα f
)

(k) +
(

CFIαω2
f
)

(k)
]∣∣∣∣∣

≤
5 (ω2 − ω1)

72

[∣∣∣ f ′ (ω2)
∣∣∣ + ∣∣∣ f ′ (ω1)

∣∣∣] . (12)

Remark 2.6. If we choose m = α = 1 and β (0) = β (1) = 1 in Theorem 2.2, we get∣∣∣∣∣∣16 [
f (ω1) + 4 f

(
ω1 + ω2

2

)
+ f (ω2)

]
−

1
ω2 − ω1

∫ ω2

ω1

f (x) dx

∣∣∣∣∣∣
≤

5 (ω2 − ω1)
72

[∣∣∣ f ′ (ω2)
∣∣∣ + ∣∣∣ f ′ (ω1)

∣∣∣] .
Remark 2.6 was proved by Sarikaya et. al in [32, Corollary 1].

Theorem 2.7. Consider that the assumptions of Lemma 2.1 hold. If
∣∣∣ f ′∣∣∣q is (α,m)-convex on [ω1, ω2] and q ≥ 1,

then the following fractional inequality holds:
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∣∣∣∣∣∣
[

f (ω1)
6
+

4
6

f
(
ω1 + ω2

2

)
+

f (ω2)
6

]
−

β (α)
α (ω2 − ω1)

[(
CF
ω1

Iα f
)

(k) +
(

CFIαω2
f
)

(k)
]
+

2 (1 − α)
β (α)

f (k)
∣∣∣∣∣

≤ (ω2 − ω1)
(

1 + 2p+1

6p+1 (
p + 1

) ) 1
p
((2−1−α

α + 1

) ∣∣∣ f ′ (ω2)
∣∣∣q +m

(
1
2
−

2−1−α

α + 1

) ∣∣∣∣∣ f ′ (ω1

m

)∣∣∣∣∣q) 1
q

+

(
m

(
1 − 2−1−α

α + 1

) ∣∣∣∣∣ f ′ (ω2

m

)∣∣∣∣∣q + (
1
2
−

1 − 2−1−α

α + 1

) ∣∣∣ f ′ (ω1)
∣∣∣q) 1

q
 .

Proof. By using the Lemma 2.1, with the help of Hölder inequality and (α,m)-convexity of
∣∣∣ f ′∣∣∣q, we have∣∣∣∣∣∣

[
f (ω1)

6
+

4
6

f
(
ω1 + ω2

2

)
+

f (ω2)
6

]
−

β (α)
α (ω2 − ω1)

[(
CF
ω1

Iα f
)

(k) +
(

CFIαω2
f
)

(k)
]
+

2 (1 − α)
β (α)

f (k)
∣∣∣∣∣

≤ (ω2 − ω1)
∫ 1

0

∣∣∣K (
η
)∣∣∣ ∣∣∣ f ′ (ηω2 +

(
1 − η

)
ω1

)∣∣∣ dη
≤ (ω2 − ω1)

∫ 1
2

0

∣∣∣∣∣η − 1
6

∣∣∣∣∣ ∣∣∣ f ′ (ηω2 +
(
1 − η

)
ω1

)∣∣∣ dη
+

∫ 1

1
2

∣∣∣∣∣η − 5
6

∣∣∣∣∣ ∣∣∣ f ′ (ηω2 +
(
1 − η

)
ω1

)∣∣∣ dη
≤ (ω2 − ω1)


∫ 1

2

0

∣∣∣∣∣η − 1
6

∣∣∣∣∣p dη


1
p
∫ 1

2

0

∣∣∣ f ′ (ηω2 +
(
1 − η

)
ω1

)∣∣∣q dη


1
q

+

∫ 1

1
2

∣∣∣∣∣η − 5
6

∣∣∣∣∣p dη


1
p
∫ 1

1
2

∣∣∣ f ′ (ηω2 +
(
1 − η

)
ω1

)∣∣∣q dη


1
q


≤ (ω2 − ω1)


∫ 1

2

0

∣∣∣∣∣η − 1
6

∣∣∣∣∣p dη


1
p
∫ 1

2

0

(
ηα

∣∣∣ f ′ (ω2)
∣∣∣q +m

(
1 − ηα

) ∣∣∣∣∣ f ′ (ω1

m

)∣∣∣∣∣q) dη


1
q

+

∫ 1

1
2

∣∣∣∣∣η − 5
6

∣∣∣∣∣p dη


1
p
∫ 1

1
2

(
mηα

∣∣∣∣∣ f ′ (ω2

m

)∣∣∣∣∣q + (
1 − ηα

) ∣∣∣ f ′ (ω1)
∣∣∣q) dη


1
q


≤ (ω2 − ω1)
(

1 + 2p+1

6p+1 (
p + 1

) ) 1
p
((2−1−α

α + 1

) ∣∣∣ f ′ (ω2)
∣∣∣q +m

(
1
2
−

2−1−α

α + 1

) ∣∣∣∣∣ f ′ (ω1

m

)∣∣∣∣∣q) 1
q

+

(
m

(
1 − 2−1−α

α + 1

) ∣∣∣∣∣ f ′ (ω2

m

)∣∣∣∣∣q + (
1
2
−

1 − 2−1−α

α + 1

) ∣∣∣ f ′ (ω1)
∣∣∣q) 1

q
 .

This completes the proof.

Corollary 2.8. If we choose f (ω1) = f
(
ω1+ω2

2

)
= f (ω2) in Theorem 2.7, we get∣∣∣∣∣ f (

ω1 + ω2

2

)
−

β (α)
α (ω2 − ω1)

[(
CF
ω1

Iα f
)

(k) +
(

CFIαω2
f
)

(k)
]
+

2 (1 − α)
β (α)

f (k)
∣∣∣∣∣
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≤ (ω2 − ω1)
(

1 + 2p+1

6p+1 (
p + 1

) ) 1
p
((2−1−α

α + 1

) ∣∣∣ f ′ (ω2)
∣∣∣q +m

(
1
2
−

2−1−α

α + 1

) ∣∣∣∣∣ f ′ (ω1

m

)∣∣∣∣∣q) 1
q

+

(
m

(
1 − 2−1−α

α + 1

) ∣∣∣∣∣ f ′ (ω2

m

)∣∣∣∣∣q + (
1
2
−

1 − 2−1−α

α + 1

) ∣∣∣ f ′ (ω1)
∣∣∣q) 1

q
 .

Corollary 2.9. If we choose m = α = 1 in Theorem 2.7, we get

∣∣∣∣∣∣
[

f (ω1)
6
+

4
6

f
(
ω1 + ω2

2

)
+

f (ω2)
6

]
−

β (α)
α (ω2 − ω1)

[(
CF
ω1

Iα f
)

(k) +
(

CFIαω2
f
)

(k)
]∣∣∣∣∣∣

≤ (ω2 − ω1)
(

1 + 2p+1

6p+1 (
p + 1

) ) 1
p

2
−1
q
[∣∣∣ f ′ (ω2)

∣∣∣ + ∣∣∣ f ′ (ω1)
∣∣∣] . (13)

Theorem 2.10. Consider that the assumptions of Lemma 2.1 hold. If
∣∣∣ f ′∣∣∣q is (α,m)-convex on [ω1, ω2] and q ≥ 1,

then the following fractional inequality holds:

∣∣∣∣∣∣
[

f (ω1)
6
+

4
6

f
(
ω1 + ω2

2

)
+

f (ω2)
6

]
−

β (α)
α (ω2 − ω1)

[(
CF
ω1

Iα f
)

(k) +
(

CFIαω2
f
)

(k)
]
+

2 (1 − α)
β (α)

f (k)
∣∣∣∣∣

≤ (ω2 − ω1)
( 5

72

)1− 1
q

m2−1−α
× 3−2−α

(
1 − 22+α

× 31+α
− 32+α + 52+α + 2α × 31+αα

)
(α + 1) (α + 2)

∣∣∣∣∣ f ′ (ω2

m

)∣∣∣∣∣q

+m
6−2−α

(
2
(
−1 + 32+α

− 52+α + 17 × 6α
)
+ 2α × 32+αα + 5 × 6αα2

)
(α + 1) (α + 2)

∣∣∣∣∣ f ′ (ω1

m

)∣∣∣∣∣q


1
q

.

Proof. By using the Lemma 2.1, with the help of power-mean inequality and (α,m)-convexity of
∣∣∣ f ′∣∣∣q, we

have ∣∣∣∣∣∣
[

f (ω1)
6
+

4
6

f
(
ω1 + ω2

2

)
+

f (ω2)
6

]
−

β (α)
α (ω2 − ω1)

[(
CF
ω1

Iα f
)

(k) +
(

CFIαω2
f
)

(k)
]
+

2 (1 − α)
β (α)

f (k)
∣∣∣∣∣

≤ (ω2 − ω1)
∫ 1

0

∣∣∣K (
η
)∣∣∣ ∣∣∣ f ′ (ηω2 +

(
1 − η

)
ω1

)∣∣∣ dη
≤ (ω2 − ω1)

∫ 1
2

0

∣∣∣∣∣η − 1
6

∣∣∣∣∣ ∣∣∣ f ′ (ηω2 +
(
1 − η

)
ω1

)∣∣∣ dη
+

∫ 1

1
2

∣∣∣∣∣η − 5
6

∣∣∣∣∣ ∣∣∣ f ′ (ηω2 +
(
1 − η

)
ω1

)∣∣∣ dη
≤ (ω2 − ω1)


∫ 1

2

0

∣∣∣∣∣η − 1
6

∣∣∣∣∣ dη
1− 1

q
∫ 1

2

0

∣∣∣∣∣η − 1
6

∣∣∣∣∣ ∣∣∣ f ′ (ηω2 +
(
1 − η

)
ω1

)∣∣∣q dη


1
q
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+

∫ 1

1
2

∣∣∣∣∣η − 5
6

∣∣∣∣∣ dη
1− 1

q
∫ 1

1
2

∣∣∣∣∣η − 5
6

∣∣∣∣∣ ∣∣∣ f ′ (ηω2 +
(
1 − η

)
ω1

)∣∣∣q dη


1
q


≤ (ω2 − ω1)


∫ 1

2

0

∣∣∣∣∣η − 1
6

∣∣∣∣∣ dη
1− 1

q
∫ 1

2

0

∣∣∣∣∣η − 1
6

∣∣∣∣∣ (ηα ∣∣∣ f ′ (ω2)
∣∣∣q +m

(
1 − ηα

) ∣∣∣∣∣ f ′ (ω1

m

)∣∣∣∣∣q) dη


1
q

+

∫ 1

1
2

∣∣∣∣∣η − 5
6

∣∣∣∣∣ dη
1− 1

q
∫ 1

1
2

∣∣∣∣∣η − 5
6

∣∣∣∣∣ (mηα ∣∣∣∣∣ f ′ (ω2

m

)∣∣∣∣∣q + (
1 − ηα

) ∣∣∣ f ′ (ω1)
∣∣∣q) dη


1
q


≤ (ω2 − ω1)
( 5

72

)1− 1
q

m2−1−α
× 3−2−α

(
1 − 22+α

× 31+α
− 32+α + 52+α + 2α × 31+αα

)
(α + 1) (α + 2)

∣∣∣∣∣ f ′ (ω2

m

)∣∣∣∣∣q

+m
6−2−α

(
2
(
−1 + 32+α

− 52+α + 17 × 6α
)
+ 2α × 32+αα + 5 × 6αα2

)
(α + 1) (α + 2)

∣∣∣∣∣ f ′ (ω1

m

)∣∣∣∣∣q


1
q

.

This completes the proof.

Corollary 2.11. If we choose α = m = 1 in Theorem 2.10, we get∣∣∣∣∣16 [
f (ω1) + 4 f

(
ω1 + ω2

2

)
+ f (ω2)

]
+

2 (1 − α)
β (α)

f (k)

−
β (α)

α (ω2 − ω1)

[(
CF
ω1

Iα f
)

(k) +
(

CFIαω2
f
)

(k)
]∣∣∣∣∣

≤
5

72
(ω2 − ω1)

[∣∣∣ f ′ (ω2)
∣∣∣q + ∣∣∣ f ′ (ω1)

∣∣∣q] 1
q .

Corollary 2.12. If we choose f (ω1) = f
(
ω1+ω2

2

)
= f (ω2) in Theorem 2.10, we get∣∣∣∣∣ f (

ω1 + ω2

2

)
−

β (α)
α (ω2 − ω1)

[(
CF
ω1

Iα f
)

(k) +
(

CFIαω2
f
)

(k)
]
+

2 (1 − α)
β (α)

f (k)
∣∣∣∣∣

≤ (ω2 − ω1)
( 5

72

)1− 1
q

m2−1−α
× 3−2−α

(
1 − 22+α

× 31+α
− 32+α + 52+α + 2α × 31+αα

)
(α + 1) (α + 2)

∣∣∣∣∣ f ′ (ω2

m

)∣∣∣∣∣q

+m
6−2−α

(
2
(
−1 + 32+α

− 52+α + 17 × 6α
)
+ 2α × 32+αα + 5 × 6αα2

)
(α + 1) (α + 2)

∣∣∣∣∣ f ′ (ω1

m

)∣∣∣∣∣q


1
q

.

Remark 2.13. If we choose q = 1 in Theorem 2.10, then Theorem 2.10 reduces to Theorem 2.2.

Theorem 2.14. Consider that the assumptions of Lemma 2.1 hold. If
∣∣∣ f ′∣∣∣q is convex on [ω1, ω2] and q > 1, then the

following fractional inequality holds:

∣∣∣∣∣∣
[

f (ω1)
6
+

4
6

f
(
ω1 + ω2

2

)
+

f (ω2)
6

]
−

β (α)
α (ω2 − ω1)

[(
CF
ω1

Iα f
)

(k) +
(

CFIαω2
f
)

(k)
]
+

2 (1 − α)
β (α)

f (k)
∣∣∣∣∣

≤ (ω2 − ω1)
[

1
p

(
1 + 2p+1

6p+1 (
p + 1

) ) + 1
2q

(∣∣∣ f ′ (ω2)
∣∣∣q + ∣∣∣ f ′ (ω1)

∣∣∣q)] .
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Proof. By using the Lemma 2.1, we have∣∣∣∣∣∣
[

f (ω1)
6
+

4
6

f
(
ω1 + ω2

2

)
+

f (ω2)
6

]
−

β (α)
α (ω2 − ω1)

[(
CF
ω1

Iα f
)

(k) +
(

CFIαω2
f
)

(k)
]
+

2 (1 − α)
β (α)

f (k)
∣∣∣∣∣

≤ (ω2 − ω1)
∫ 1

0

∣∣∣K (
η
)∣∣∣ ∣∣∣ f ′ (ηω2 +

(
1 − η

)
ω1

)∣∣∣ dη
≤ (ω2 − ω1)

∫ 1
2

0

∣∣∣∣∣η − 1
6

∣∣∣∣∣ ∣∣∣ f ′ (ηω2 +
(
1 − η

)
ω1

)∣∣∣ dη
+

∫ 1

1
2

∣∣∣∣∣η − 5
6

∣∣∣∣∣ ∣∣∣ f ′ (ηω2 +
(
1 − η

)
ω1

)∣∣∣ dη .
By using the Young,s inequality

ω1ω2 ≤
1
p
ωp

1 +
1
q
ωq

2,

we obtain ∣∣∣∣∣∣
[

f (ω1)
6
+

4
6

f
(
ω1 + ω2

2

)
+

f (ω2)
6

]
−

β (α)
α (ω2 − ω1)

[(
CF
ω1

Iα f
)

(k) +
(

CFIαω2
f
)

(k)
]
+

2 (1 − α)
β (α)

f (k)
∣∣∣∣∣

≤ (ω2 − ω1)

1
p

∫ 1
2

0

∣∣∣∣∣η − 1
6

∣∣∣∣∣p dη

 + 1
q

∫ 1
2

0

∣∣∣ f ′ (ηω2 +
(
1 − η

)
ω1

)∣∣∣q dη


+

1
p

∫ 1

1
2

∣∣∣∣∣η − 5
6

∣∣∣∣∣p dη

 + 1
q

∫ 1

1
2

∣∣∣∣∣η − 5
6

∣∣∣∣∣ ∣∣∣ f ′ (ηω2 +
(
1 − η

)
ω1

)∣∣∣q dη


≤ (ω2 − ω1)

1
p

∫ 1
2

0

∣∣∣∣∣η − 1
6

∣∣∣∣∣p dη

 + 1
q

∫ 1
2

0

(
η
∣∣∣ f ′ (ω2)

∣∣∣q + (
1 − η

) ∣∣∣ f ′ (ω1)
∣∣∣q) dη


+

1
p

∫ 1

1
2

∣∣∣∣∣η − 5
6

∣∣∣∣∣p dη

 + 1
q

∫ 1

1
2

(
η
∣∣∣ f ′ (ω2)

∣∣∣q + (
1 − η

) ∣∣∣ f ′ (ω1)
∣∣∣q) dη


≤ (ω2 − ω1)

[
1
p

(
1 + 2p+1

6p+1 (
p + 1

) ) + 1
2q

(∣∣∣ f ′ (ω2)
∣∣∣q + ∣∣∣ f ′ (ω1)

∣∣∣q)] .
This completes the proof.

Theorem 2.15. Consider that the assumptions of Lemma 2.1 hold. If
∣∣∣ f ′∣∣∣q is concave on [ω1, ω2] and q ≥ 1, then the

following fractional inequality holds:

∣∣∣∣∣∣
[

f (ω1)
6
+

4
6

f
(
ω1 + ω2

2

)
+

f (ω2)
6

]
−

β (α)
α (ω2 − ω1)

[(
CF
ω1

Iα f
)

(k) +
(

CFIαω2
f
)

(k)
]
+

2 (1 − α)
β (α)

f (k)
∣∣∣∣∣

≤
5 (ω2 − ω1)

72

[∣∣∣∣∣ f ′ (29ω2 + 61ω1

90

)∣∣∣∣∣ + ∣∣∣∣∣ f ′ (61ω2 + 29ω1

90

)∣∣∣∣∣] .
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Proof. By using the Lemma 2.1, we have∣∣∣∣∣∣
[

f (ω1)
6
+

4
6

f
(
ω1 + ω2

2

)
+

f (ω2)
6

]
−

β (α)
α (ω2 − ω1)

[(
CF
ω1

Iα f
)

(k) +
(

CFIαω2
f
)

(k)
]
+

2 (1 − α)
β (α)

f (k)
∣∣∣∣∣

≤ (ω2 − ω1)
∫ 1

0

∣∣∣K (
η
)∣∣∣ ∣∣∣ f ′ (ηω2 +

(
1 − η

)
ω1

)∣∣∣ dη (14)

≤ (ω2 − ω1)

∫ 1
2

0

∣∣∣∣∣η − 1
6

∣∣∣∣∣ ∣∣∣ f ′ (ηω2 +
(
1 − η

)
ω1

)∣∣∣ dη
+

∫ 1

1
2

∣∣∣∣∣η − 5
6

∣∣∣∣∣ ∣∣∣ f ′ (ηω2 +
(
1 − η

)
ω1

)∣∣∣ dη .
By Jensen integral inequality, we obtain∫ 1

2

0

∣∣∣∣∣η − 1
6

∣∣∣∣∣ f ′
(
ηω2 +

(
1 − η

)
ω1

)
dη

≤

∫ 1
2

0

∣∣∣∣∣η − 1
6

∣∣∣∣∣ dη

∣∣∣∣∣∣∣∣ f ′


∫ 1

2

0

∣∣∣η − 1
6

∣∣∣ ∣∣∣(ηω2 +
(
1 − η

)
ω1

)∣∣∣ dη∫ 1
2

0

∣∣∣η − 1
6

∣∣∣ dη

∣∣∣∣∣∣∣∣

=
5

72

∣∣∣∣∣ f ′ (29ω2 + 61ω1

90

)∣∣∣∣∣ , (15)

and ∫ 1

1
2

∣∣∣∣∣η − 5
6

∣∣∣∣∣ f ′
(
ηω2 +

(
1 − η

)
ω1

)
dη

≤

∫ 1

1
2

∣∣∣∣∣η − 5
6

∣∣∣∣∣ dη

∣∣∣∣∣∣∣∣∣ f ′


∫ 1

1
2

∣∣∣η − 5
6

∣∣∣ ∣∣∣(ηω2 +
(
1 − η

)
ω1

)∣∣∣ dη∫ 1
1
2

∣∣∣η − 5
6

∣∣∣ dη

∣∣∣∣∣∣∣∣∣

=
5

72

∣∣∣∣∣ f ′ (61ω2 + 29ω1

90

)∣∣∣∣∣ . (16)

Using the inequalities (15) and (16) in (14), we have∣∣∣∣∣∣
[

f (ω1)
6
+

4
6

f
(
ω1 + ω2

2

)
+

f (ω2)
6

]
−

β (α)
α (ω2 − ω1)

[(
CF
ω1

Iα f
)

(k) +
(

CFIαω2
f
)

(k)
]
+

2 (1 − α)
β (α)

f (k)
∣∣∣∣∣

≤
5 (ω2 − ω1)

72

[∣∣∣∣∣ f ′ (29ω2 + 61ω1

90

)∣∣∣∣∣ + ∣∣∣∣∣ f ′ (61ω2 + 29ω1

90

)∣∣∣∣∣] .
This completes the proof.

3. Application to special means

(a) The Arithmetic mean:

A = A (ω1, ω2) :=
ω1 + ω2

2
, ω1, ω2 ∈ R;
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(b) The Logarithmic mean:

L = L (ω1, ω2) :=
ω2 − ω1

lnω2 − lnω1
, ω1, ω2 ∈ R, ω1 , ω2;

(c) The Generalized Logarithmic-mean:

Lr = Lr (ω1, ω2) :=

 ωr+1
2 − ωr+1

1

(r + 1) (ω2 − ω1)

 r ∈ R\{−1, 0}, ω1, ω2 ∈ R, ω1 , ω2.

Proposition 3.1. Let f : [ω1, ω2]→ R, 0 < ω1 < ω2, n ∈N, n ≥ 2 and x ∈ [ω1, ω2] , we have∣∣∣∣∣13A
(
ωn

1 , ω
n
2

)
+

2
3

An (ω1, ω2) − Ln
n (ω1, ω2)

∣∣∣∣∣
≤

5n (ω2 − ω1)
72

[
|ω1|

n−1 + |ω2|
n−1

]
.

Proof. The assertion follows from Theorem 2.2 f (x) = xn, α = m = 1 and β (0) = β (1) = 1.

Proposition 3.2. Let f : [ω1, ω2]→ R, 0 < ω1 < ω2, n ∈N, n ≥ 2 and x ∈ [ω1, ω2] , we have∣∣∣An (ω1, ω2) − Ln
n (ω1, ω2)

∣∣∣ ≤ 5n (ω2 − ω1)
72

[
|ω1|

n−1 + |ω2|
n−1

]
.

Proof. The assertion follows from Corollary 2.5 f (x) = xn, β (0) = β (1) = 1.

Proposition 3.3. Let f : [ω1, ω2]→ R, 0 < ω1 < ω2, n ∈N, n ≥ 2 and x ∈ [ω1, ω2] , we have∣∣∣∣∣13A
(
ωn

1 , ω
n
2

)
+

2
3

An (ω1, ω2) − Ln
n (ω1, ω2)

∣∣∣∣∣
≤ n (ω2 − ω1)

(
1 + 2p+1

6p+1 (
p + 1

) ) 1
p

2
−1
q
[
|ω1|

n−1 + |ω2|
n−1

]
Proof. The assertion follows from Theorem 2.7 f (x) = xn, α = m = 1 and β (0) = β (1) = 1.

4. Application to Simpson Formula.

Let d is the partition of the interval [ω1, ω2], d : ω1 = x0 < x1 < x2 < ..... < xn−1 < xn = ω2, hi =
(xi+1−xi)

2 and
Let the Simpson formula.

S
(

f , d
)
=

n−1∑
i=0

f (xi) + 4 f (xi + hi) + f (xi+1)
6

(xi+1 − xi) .

If the mapping f : [ω1, ω2] → R is a differentiable such that f (4) (x) exists on (ω1, ω2) and M =

maxx∈(ω1,ω2)

∣∣∣ f (4) (x)
∣∣∣ < ∞, then

I =
∫ ω2

ω1

f (x) dx = S
(

f , d
)
+ ES

(
f , d

)
,

where the approximation error ES
(

f , d
)

of the interval I by Simpson Formula S
(

f , d
)

satisfies:

∣∣∣ES
(

f , d
)∣∣∣ ≤ k

90

n−1∑
i=0

(xi+1 − xi)
5 .
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Proposition 4.1. Under the assumption of Lemma 2.1, then in Corollary 2.5 for every division d of [ω1, ω2], then
the following inequality holds:

∣∣∣ES
(

f , d
)∣∣∣ ≤ 5

72

n−1∑
i=0

(xi+1 − xi)
2
[∣∣∣ f ′ (xi)

∣∣∣ + ∣∣∣ f ′ (xi+1)
∣∣∣] .

Proof. Applying the Corollary 2.5 on the subinterval [xi, xi+1], (i = 0, 1, 2, 3....n − 1) of the division d, we
have

∣∣∣∣∣∣ (xi+1 − xi)
6

(
f (xi) + 4 f

(xi + xi+1

2

)
+ f (xi+1)

)
−

∫ xi+1

xi

f (x) dx

∣∣∣∣∣∣
≤

5 (xi+1 − xi)
2

72

[∣∣∣ f ′ (xi)
∣∣∣ + ∣∣∣ f ′ (xi+1)

∣∣∣] .
Summing over i from 0 to n − 1 and let that

∣∣∣ f ′∣∣∣ is (α,m)-convex, we deduce by the triangle inequality,
we have∣∣∣∣∣∣S (

f , d
)
−

∫ ω2

ω1

f (x) dx

∣∣∣∣∣∣ ≤ 5
72

n−1∑
i=0

(xi+1 − xi)
2
[∣∣∣ f ′ (xi)

∣∣∣ + ∣∣∣ f ′ (xi+1)
∣∣∣] .

This completes the proof.

Proposition 4.2. Under the assumption of Lemma 2.1, for every division d of [ω1, ω2] , then the following inequality
hold:

∣∣∣ES
(

f , d
)∣∣∣ ≤ 5

72

n−1∑
i=0

(xi+1 − xi)
2
[(∣∣∣∣∣ f ′ (29xi+1 + 61xi

90

)∣∣∣∣∣ + ∣∣∣∣∣ f ′ (61xi+1 + 29xi

90

)∣∣∣∣∣)] .
Proof. The proof is similar to the proposition 4.1, using the Theorem 2.15.

5. Application to matrix:

Example: We denote by Cn the set of n × n complex matrices, Mn the algebra of n × n complex matrices,
and by M+

n the strictly positive matrices in Mn. That is, ω1 ∈ M+
n if

〈
Aω1 , ω1

〉
> 0 for all nonzero ω1 ∈ Cn. In

[34] Sababheh proved that the function ψ (θ) =
∥∥∥AθXB1−θ + A1−θXBθ

∥∥∥ , ω1, ω2 ∈ M+
n , X ∈ Mn is convex for

all θ ∈ [0, 1] . Then by using the Corollary 2.5, we have∥∥∥∥A
ω1+ω2

2 XB1−
ω1+ω2

2 + A1−
ω1+ω2

2 XB
ω1+ω2

2

∥∥∥∥
−

β (α)
α (ω2 − ω1)

[
CF
ω1

Iα
∥∥∥AkXB1−k + A1−kXBk

∥∥∥ +
CFIαω2

∥∥∥AkXB1−k + A1−kXBk
∥∥∥}]

+
2 (1 − α)
α (ω2 − ω1)

∥∥∥AkXB1−k + A1−kXBk
∥∥∥ ≤ 5 (ω2 − ω1)

72∥∥∥Aω1 XB1−ω1 + A1−ω1 XBω1
∥∥∥ + ∥∥∥Aω2 XB1−ω2 + A1−ω2 XBω2

∥∥∥ .
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6. Q-digamma Functions

Let 0 < ψ < 1, the q-digamma(psi) functions φψ , is the ψ- analogue of the digamma function ψ defined
as [35].

φψ = − ln
(
1 − ψ

)
+ lnψ

∞∑
k=0

ψk+x

1 − ψk+x

= − ln
(
1 − ψ

)
+ lnψ

∞∑
k=0

ψkx

1 − ψkx
.

For ψ > 1 and x > 0, the q-digamma functions φψ defined as

φψ = − ln
(
ψ − 1

)
+ lnψ

x − 1
2
−

∞∑
k=0

ψ−(k+x)

1 − ψ−(k+x)


= = − ln

(
ψ − 1

)
+ lnψ

x − 1
2
−

∞∑
k=0

ψ−kx

1 − ψ−kx

 .
Proposition 6.1. Let ω1, ω2 ∈ R, 0 < ω1 < ω2, then we have∣∣∣∣∣16 [

φ
′

ψ (ω1) + 4φ
′

ψ

(
ω1 + ω2

2

)
+ φ

′

ψ (ω2)
]∣∣∣∣∣ − 1

ω2 − ω1

∫ ω2

ω1

φψ (u) du

≤
5 (ω2 − ω1)

72

[∣∣∣∣φ′ψ (ω2)
∣∣∣∣ + ∣∣∣∣φ′ψ (ω1)

∣∣∣∣] .
Proof. The assertion can be obtained immediately by using the Corollary 2.5 to f (x) = φψ (x) and x > 0,
β (0) = β (1) = 1, f ′ (x) = φ

′

ψ (x) is convex on (0,+∞) .

Proposition 6.2. Let ω1, ω2 ∈ R, 0 < ω1 < ω2, and 1
p +

1
q = 1, q > 1,then we have∣∣∣∣∣16 [

φ
′

ψ (ω1) + 4φ
′

ψ

(
ω1 + ω2

2

)
+ φ

′

ψ (ω2)
]∣∣∣∣∣ − 1

ω2 − ω1

∫ ω2

ω1

φψ (u) du

≤ (ω2 − ω1)
(

1 + 2p+1

6p+1 (
p + 1

) ) 1
p

2
−1
q

[∣∣∣∣φ′ψ (ω2)
∣∣∣∣ + ∣∣∣∣φ′ψ (ω1)

∣∣∣∣] .
Proof. The assertion can be obtained immediately by using the Corollary 2.9 to f (x) = φψ (x) and x > 0,
β (0) = β (1) = 1, f ′ (x) = φ

′

ψ (x) is convex on (0,+∞) .

7. Modified Bessel function:

Let the first kind of Modified bessel function Iσ,which have the series representation ([35])

Iσ (x) =
∑
m≥0

(
x
2

)σ+2m

m!Γ (σ +m + 1)
,

Where x ∈ R and σ > −1 second kind of Modified bessel function Kσ [35] is defined as:

Kσ (x) =
π
2

I−σ (x) − Iσ (x)
sin σπ

.

let the functionΨσ (x) : R→ [1,∞) defined by

Ψσ (x) = 2σΓ (σ + 1) x−σIσ (x)

.
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Proposition 7.1. Let σ > −1 and 0 < ω1 < ω2, then we have∣∣∣∣∣16 [
Ψσ (ω1) + 4Ψσ

(
ω1 + ω2

2

)
+Ψσ (ω2)

]∣∣∣∣∣ − 1
ω2 − ω1

∫ ω2

ω1

Ψσ (x) dx

≤
5 (ω2 − ω1)
72 (σ + 1)

[|Ψσ+1 (ω2)| + |Ψσ+1 (ω1)|] .

Proof. The assertion can be obtained immediately by using the Corollary 2.3 to f (x) = Ψσ (x) and x > 0,
β (0) = β (1) = 1,Ψ′σ (x) = x

σ+1Ψσ+1 (x) .

Proposition 7.2. Let σ > −1 and 0 < ω1 < ω2, then we have∣∣∣∣∣∣Ψσ

(
ω1 + ω2

2

)
−

1
ω2 − ω1

∫ ω2

ω1

Ψσ (x) dx

∣∣∣∣∣∣ ≤ 5 (ω2 − ω1)
72 (σ + 1)

[|Ψσ+1 (ω2)| + |Ψσ+1 (ω1)|] .

Proof. The assertion can be obtained immediately by using the Corollary 2.5 to f (x) = Ψσ (x) and x > 0,
β (0) = β (1) = 1,Ψ

′

σ (x) = x
σ+1Ψσ+1 (x)

Proposition 7.3. Let σ > −1 and 0 < ω1 < ω2, 1
p +

1
q = 1, q > 1then we have∣∣∣∣∣16 [

Ψσ (ω1) + 4Ψσ

(
ω1 + ω2

2

)
+Ψσ (ω2)

]∣∣∣∣∣
≤

(ω2 − ω1)
(σ + 1)

(
1 + 2p+1

6p+1 (
p + 1

) ) 1
p
(1

8
|Ψσ+1 (ω2)|q +

3m
8
|Ψσ+1 (ω1)|q

) 1
q

(3
8
|Ψσ+1 (ω2)|q +

m
8
|Ψσ+1 (ω1)|q

) 1
q
 .

Proof. The assertion can be obtained immediately by using the Corollary 2.8 to f (x) = Ψσ (x) and x > 0,
β (0) = β (1) = 1,Ψ′σ (x) = x

σ+1Ψσ+1 (x) .

8. Application to mind-point formula:

Let d is the partition of the interval [ω1, ω2], d : ω1 = x0 < x1 < x2 < ..... < xn−1 < xn = ω2, hi =
(xi+1−xi)

2 and
Let the mind-point formula

M
(

f , d
)
=

n−1∑
i=0

(xi+1 − xi) f
(xi + xi+1

2

)
.

We know that the f : [ω1, ω2] → R is a differentiable mapping such that f ′′ (x) on (ω1, ω2) and k =
supx∈[ω1,ω2]

∣∣∣ f ′′ (x)
∣∣∣ < ∞, then

I =
∫ ω2

ω1

f (x) dx =M
(

f , d
)
+ EM

(
f , d

)
,

where the error terms EM
(

f , d
)

on the interval I the mind-point formula M
(

f , d
)

satisfied as:

∣∣∣EM
(

f , d
)∣∣∣ ≤ K

24

n−1∑
i=0

(xi+1 − xi)
3 .

The new assumptions we suggest in the following section for the remainder term EM
(

f , d
)

in terms of
the first derivative better those of [33].
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Proposition 8.1. Under the assumption of Lemma 2.1, then in Corollary 2.5, for every division D of [ω1, ω2], then
the following inequality holds:

∣∣∣EM
(

f , d
)∣∣∣ ≤ 5

72

n−1∑
i=1

(xi+1 − xi)
2
[∣∣∣ f ′ (xi)

∣∣∣ + ∣∣∣ f ′ (xi+1)
∣∣∣]

Proof. By using the Corollary 2.5 on the subinterval [xi, xi+1] , i = 0, 1, 2.....n − 1 of division D, we have∣∣∣∣∣∣(xi+1 − xi) f
(xi + xi+1

2

)
−

∫ xi+1

xi

f (x) dx

∣∣∣∣∣∣ ≤ 5 (xi+1 − xi)
2

72

[∣∣∣ f ′ (xi)
∣∣∣ + ∣∣∣ f ′ (xi+1)

∣∣∣] .
By summing on i from 0 to n − 1, and by triangle inequality, we have

∣∣∣EM
(

f , d
)∣∣∣ ≤ 5

72

n−1∑
i=1

(xi+1 − xi)
2
[∣∣∣ f ′ (xi)

∣∣∣ + ∣∣∣ f ′ (xi+1)
∣∣∣] .

This completes the proof.

9. Conclusion

It is obvious that recent establish in the field of inequalities have focused on finding new bounds,
and generalized versions of some well-known inequalities utilizing a different kind of fractional integral
operators. Scholars present novelty to this field by employing novel ideas, applications and operators.
In this paper, we establish the new identity via Caputo-Fabrizio fractional integral operator. Employing
this new identity the generalization of Simpson type inequality for (α,m)-convex functions. Moreover, we
also include the applications to special means, q-digamma functions, Simpson formula, Matrix inequalities,
Modified Bessel function, and mind-point formula. These applications have given a new dimension to the
scholars. In the future scholars may work with modified Caputo-Fabrizio fractional operators and modified
A-B fractional operators described in manuscripts (see [36], [37]).
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[33] Pearce, C. E., & Pečarić, J. (2000). Inequalities for differentiable mappings with application to special means and quadrature

formulae. Applied mathematics letters, 13(2), 51-55.
[34] Sababheh, M. (2016). Convex functions and means of matrices. arXiv preprint arXiv:1606.08099.
[35] Watson, G. N. (1955). A treatise on the theory of Bessel functions Cambridge unversity press.
[36] Bokhari, A. (2019). Application of Shehu transform to Atangana-Baleanu derivatives. J. math. Computer Sci, 20, 101-107.
[37] Caputo, M., & Fabrizio, M. (2021). On the singular kernels for fractional derivatives. Some applications to partial differential

equations. Progr. fract. differ. appl, 7(2), 1-4.


