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On the behavior of derivatives of algebraic polynomials in regions
with piecewise quasismooth boundary having cusps

U. Deger?, F. G. Abdullayev®?

“Mersin University, Faculty of Science, Department of Mathematics, 33343, Mersin, Turkey
bInstitute of Mathematics and Mechanics MSE Republic of Azerbaijan

Abstract. In this paper, we study the growth for the m-th derivatives of an arbitrary algebraic polynomial

in bounded and unbounded regions with piecewise quasismooth boundary having interior and exterior
zero angles in weighted Lebesgue spaces.

1. Introduction

Let C be a complex plane and C := CU{o0}; G c Cbe abounded Jordan region with boundary L := dG
(withoutloss of generality, let 0 € G); Q := C\G = extL. Fort € Cand 6 > 0, let A, 0):={weC:|lw-t>0d};

A:=A(0,1). Let® : O — Abe the univalent conformal mapping normalized by ®(c0) = co and lim,_,« @ >
0; ¥ =1,
For t > 1, let us set:

Ly:={z: |®)| =t}, L1 =L, G; :=intL;, Q; := extL;.
For z € C and some set S C C let
d(z,S) :=dist(z,S) = inf{|C—z|: Ce S}.

Let 9, denotes the class of all algebraic polynomials P,(z) of degree at most n € IN.

I _
Let {Zj}],:1 € L be the fixed system of distinct points. For some fixed Ry, 1 < Ry < o, and z € Gg,,
consider generalized Jacobi weight function / (z) :

1
@ =h@ [ |-z, (1)

j=1

where y; > —1,forall j = 1,2,..,1, z € Gg, and hy(z) > co(L) > 0 for some constant co(L) > 0.
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For each 0 < p < o0 and rectifiable Jordan curve L = dG, we denote

1/p
WPally 5 = WPallyu0) = f M@ PP 12l | < 0,0 <p <eo, @
L
IPalle = = 1Pl ooty 2= maxIPa(@l, p = o0; L,(1,L) = Ly(L).

It is well known that in the theory of approximation of a function of a complex variable, the following
Bernstein-Walsh inequality is often used [45]:

1Pl = maxIPy@)] < RO 1Pl VP € 91 3)
zeGg
An analogue of this inequality in space £,(h, L) is the following inequality[32]:

1
||P”“£p(LR) <R™? “Pn“LP(L) , Py € 9y, p>0.

This estimate has been generalized in [9, Lemma 2.4] for weight function h(z) # 1, defined as in (1), as
follows:

1+y* .
WPall £, 1, 10) < R™7 1Pl 2,y " = max {0;7/]' 1< < l}- (4)

If we consider the two-dimensional analogues of the quantities (2), i.e., integral over the region G, (we
denote them by ||P,|| A,01,G)7 1Pnlla,,6) and A,(G) respectively), then you can also specify the corresponding
estimate of the form (4) for them. To do this, we give the following definition.

Following to [33, pp.100] (see, also, [40]), the curve L is called K -quasiconformal, (K > 1), (or
k—quasicircle, 0 < x < 1), if it is a image of the unit circle under the K -quasiconformal (K > 1) map-
ping of the plane C onto C. The curve L is called quasiconformal (quasicircle), if is it K -quasiconformal
(x—quasicircle) for some K > 1 (0 < x < 1). Note that quasicircles can be non-rectifiable (see, for example,
[29], [33, p.104]).

In [2] the analogue of the inequalities (3) and (4) for arbitrary regions with K—quasiconformal boundary
and weight function h(z) defined as (1) is given by

x-VHFl’
1Pl <c R* Pyl

Ap(hGr) — Ap(h,G) 4

R>1,p>0, ()

where R :=1+c(R-1), ¢ > 0and c; := ¢1(G, p, c2) > 0 constants, independent of n and R. Moreover, this
estimate was generalized for arbitrary Jordan region G and P, € g, as follows [6, Theorem 1.1]:

n+%
<R [Pl

ApGr) =

1
[| Pyl R>R1=1+£,p>0,

Ap(Gry) !

1
where ¢3 = (ﬁ)p [1 + O(%)] , h = 0, is asymptotically sharp constant.
In [43] for the regions with a rectifiable quasiconformal curve a new version of the Bernstein-Walsh
lemma is found as follows:
\n

n+l
IPu(z)l < C(L)m IPullay ) 1P@I™, z€Q,

where c¢(L) > 0 is a constant depending only of L.

Let S c C be rectifiable Jordan curve or arc and let z = z(s), s € [0, |S]], |S| := mes S, be the natural
parametrization of S. Let z1, z; be an arbitrary points on S and /(z1, z;) denotes the subarc of S of shorter
diameter with endpoints z; and z, (including the endpoints). Following [41, p.163], we say that a bounded
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Jordan curve S is A—quasismooth (in the sense of Lavrentiev) curve, if for every pair z1, z; € S, there exists
a constant A := A(S) > 1, such that

[(z1,22)l £ Alz1 — 20|, 21, 22 €S,

where |I(z1, z2)| is the linear measure (length) of (z1, z,).
In [11] (for m = 0 and L is A—quasismooth curve) and [21] (for m > 0 and for more general class of curves,
contained also A—quasismooth curves) the authors investigated the problems on uniform and pointwise

estimates for the ‘P,(I")(z) ,m >0,in G and Q, and the estimation was obtained by

m nr EI
P (2)] < cs ||Pn||p{ Vi Z€ (6)

M, 2z €Q,
where ¢4 = c4(L, p,m,y) > 0 is a constant independent of 1, h, P,,, v, = v,(L, h,p) > 0 and n,, = (L, h,p,2) —
00, as n — o, are a constants depending on the properties of the L and h.

Note that, A—quasismooth curves doesn’t have any cusps, i.e. interior and exterior zero angles with
respect to G.

Similar results of (6)-type in different spaces for m = 0 and for different weight function /1, unbounded
regions (z € ) were studied in [5], [7]-[16], [17], [19], [20], [31, p.418-428], [34], [38], [39], [43] and others.

Estimates of the (6)-type for bounded regions (z € 6), for the norms ||P,,|| £,(n1L) OF [|Pyl| A6y P> 0, for
some h (h(z) = 1 or h(z) # 1) was studied in [28], [30], [44]), [2]-[4], [18], [25], [26] [27], [31, pp. 418-428], [34],
[35, Sect. 5.3], [36], [37, pp.122-133], [38], [39], [42] (see also the references cited therein) and others. In this
work we continue to study the similar problem for regions with cusps.

2. Definitions and main results

Throughout this paper, ¢, cp, c1, ¢2, ... are positive and &, €1, €, ... are sufficiently small positive constants
(generally, different in different relations), which depends on L in general and, on parameters inessential
for the argument, otherwise, the dependence will be explicitly stated. For any k > 0 and m > k, notation

i=kmmeansi=kk+1,..,m.

The region G is called a A—quasismooth region, if L = JG is a A—quasismooth curve. Any subarc of a
A—quasismooth curve is called a A—quasismooth arc. We denote this class of curves and arcs as QS(A) and
say that a Jordan region G € QS(A), if G € QS(A), A = 1. Furthermore, we denote that L (or G) € QS, if L
(or G) € QS(A) for some A > 1.

We say that a bounded Jordan curve or arc L is locally A—quasismooth at the point z € L, if there exists a
closed subarc £ C L containing z such that every open subarc of the £ containing z is the A—quasismooth.
According to the "three-point” criterion [33, p.100], [22] every quasismooth curve are quasiconformal.

Now, we will give a new class of regions with piecewise quasismooth boundary, which may have at the
boundary points finite number of interior and exterior cusps with respect to the given region.

For any j = 1,2,... and sufficiently small ¢; > 0, we denote by f;, g; : [0,&1] — R twice continuously

differentiable functions such that f;(0) = g;(0) = 0 and f],(k)(x) >0, gﬁ.k) (x)>0,for x>0and k=0,1,2.

Definition 2.1. ([11] We say that a Jordan region G € PQS (/\;f,-, gj>, A1, fi=filx), i=1,h,9;=gi(x), j=

- I
L+1,1,if L :== dG = (JL; is the union of the finite number of A-quasismooth arcs L;, connecting at the
=0

I I
points {z j}j:() € L, and such that L is a locally A-quasismooth arc at the zp € L\ {z]-} and, in the (x, y) local

j=1
coordinate system with its origin at the z;, 1 < j < [, the following conditions are satisfied:

a)foreveryzjeL, j=1hL, L <,

{z =x+iy: |zl <ep, af,(0)<y < czfl-(x)} c G,

ol

{z:x+iy:|z|s£1, y|282x} C ;
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b)foreveryz;eL, j=1 +1,],

ol

{z =x+iy:lzl <&, c3gi(x) Sy <cgi(x), 0<x< 83} C

{z=x+iy:|z|<53,

~

y|253x,0§x$63} c G

for some constants —oo < ¢; < ¢y < 00, —00 <3<y <00,¢;>0,i=1,4.

It is clear from Definition 2.1 that each region G € PQS (A i firg j) may have [; interior and I — /1 exterior

zero angles (with respect to 6). If a region G does not have interior zero angles (I;= 0) (exterior zero angles
(I1=1)), then it is written as G € PQS (/\; 0, _z]]-) (G € PQS (4; £;,0)). If a domain G does not have such angles
(I=0), then G is bounded by a A— quasismooth circle and in this case we set PQS (4, 0,0) = QS(A).

For L = dG and 0 < §; < &g := }lmin“zi —z]-| i, = 1,1, i+ ]}, we set: Un(L,8) := |J U(C, 6)—infinite
CeL

N
open cover of the curve L; Un(L,0) := |J U;(L,0) C Uw(L, 0)—finite open cover of the curve L; Q(z;, 0)) :=
j=1
I —
Qnfz:|z-z| <o} 6:= mind;; Q) := U Qz, ), Q(0) := Q\ Q).
<< ]':1

Throughout this paper, we denote by

1 1 —
Y i=max{0;yr, k=1,1}; u:=2(1- - arcsin X)'l <pu<2, u:= {

u, ifa;=0,

2 ifa 20, = Lh @)

Now, we start to formulate the new results. Firstly we give recurrent estimate for |P5,m) |, m=1,2,..

Theorem 2.2. Let p > 1; G € PQS ()\;fi,gi), forsome A > 1, fi(x) = Cix*i i >0, i = m, and gi(x) =

Cix!*Pi, Bi > 0,i = Iy + 1,1; h(z) be defined as in (1). Then, for any y; > =1, i = 1,1, P, € pn, n € N, and each
m =1,2, ... the following inequality holds:

PU" 7 (2)

IPI” (2)| < o1 0" (2)] , ®)

1Pl o
Al ] pl )
Ty e + ]Z; ChB,, @)

where C# = w and c1 = c1(L, yi, B, m,p) > 0 is a constant independent of n and z;

1 2 (}/;+1+m—1)ﬁ l (V’%H+m—1) £
Ay p(z,m) = Z n\’ + Z n\’ B
i=1 i=h+1
I ,
B;,j(z,l) :o=nf 4 Z n%ﬁi,j =1,m,
i=l1+1
ifz € Q),
1 y’i 1_ - i 73+l u
in( ! 1)l+ Z n( ? 1)1+ﬁ2, V1,72 >P_1r
i=1 i=h+1
Ay p(z,m) = (Inn)'~ yi=p-Ly2<p-1
’ ory1<p-Ly,=p-1,
1, —1<)/1,)/2<p—1,
1 _ _
Bn/].(z) 1, j=1,m,
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Now, for simplicity of our presentations, we assume that: i = 1,2; [} =1, [ = 2; i.e. our region G may
have one interior zero (or nonzero) angle having ” fi—touching” with f(x) = Cix!*®, a; > 0, at the point
z1 and exterior zero angle having ”g,—touching” with g(x) = Cox!+h2, B2 > 0, at the point z;, for some
constants —oo < C; < 400, —00 < Cy < +00, where Cy := Cy(cy,¢2), Ca := Ca(c3,¢4) and a constants ¢;, i = 1,4,
taken from Definition 2.1. In this case, combining the terms relating to the inner and outer corners, we
obtain the following result.

Corollary 2.3. Letp > 1; G € PQS (A; fl,gz),for some A > 1, fi(x) = Cix™, a3 >0, and ga(x) = Cox'*P2, By >
0; h(z) defined as in (1) for | = 2. Then, for any y; > =1, i =1,2,and P, € 9,, n € IN, the following inequality holds:

1P,
d(z, L)

where c; = co(L, i, B, m, p) > 0 is a constant independent of n and z;

PU" 7 (2)

P ()] < e [0 (2)|

A2 (zm)+ ) CLB2 (2) ) )
j=1

nt_ o\~ v2+1)+p(m-1)
o p1+m W: Y12 el 2;(1):;;)"1 - p(m—1)-1, 72> 0.
2 . ol g\t y2+1)+p(m—1)
A (zm) = n(lp +m~1)w2, 0 <y < Mzl D]y 1)1, ya>0
n(ﬁ*’”‘l)f‘, -1<y1 <0, -1 <y, <0,
B 2) : =nF+n,j=Tm,
ifz € Q(0),
VRN -(p-1)
ory1>p-1, =1<y, <p-1
rorl 4\ & y2—(p-1)
Al (zm) = A5 _1<71<%+p_1’72>p_1'
1-1 ri=p-Lys<p-1
(lnn) " {077/1 SP—LVZZP_L
1, “1<y,ya<p-1,
B = 1,j=1m,
if 2 € Q).

The formula (8) allows one to sequentially obtain an evaluation for |Pfqm) (2)|, for each m > 1. First, setting
m = 1 and using |P, (z)| we obtain an evaluation for
by applying (8) (or (9)).

First, let us give the evaluation for |P, (z)|.

Py, (z)|. For m > 2, calculations are made sequentially

Theorem 2.4. Letp > 1;G € PQS (/\,' fl,gz),for some A > 1, fi(x) = Cixt™™, aq > 0and ga(x) = Cox'*P2, B > ;
h(z) be defined as in (1) for | = 2. Then, for any y; > -1, i = 1,2, P, € 9,, n € N, and z € Q, the following
inequality holds:

Py (2)] < c3A; M (1P| (10)
n = (3 np d(Z,L) nllp 1
where c3 = c3(L, yi, B, p) > 0 is a constant independent of n and z;

y1+l

n gy [r2-p-1)]
R Ch [+ F(’ —l)l]f y2>p-1,
1)K —(p—
e nr VER p—1<y1s%+p—1,y2>p—1,

n,

1-1 rn=p-lL-1<y2<p-1,
(lnTl) v, {Or—1<)/1sp_1/‘y2:r)_l’
1 ~l<yiy2<p-1
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Note that, analogous result for |P, (z)|, p > 0, was obtained in [11]. In presenting this theorem for p > 1,
our goal is that here and in other inequalities for y; and y, we can choose the same intervals, which facilitate
the calculations.

According to Corollary 2.3 and Theorem 2.4, we obtain an evaluation for

P, (z)| at each point z € Q.

Theorem 2.5. Letp > 1;G € PQS (/\; fl,gz),for some A > 1, fi(x) = Crxt™™, aq > 0and go(x) = Cox'*P2, B, > 0;
h(z) be defined as in (1) for I = 2. Then, for any y; > =1, i = 1,2, P, € 9,, n € N, and z € Q, the following
inequality holds:

2(n+1
P, (2)] < caA; (z)M I, (11)
P e )
where cg = c4(L, i, B, p) > 0 is a constant independent of n and z;
nug ply2--1)]
O ANTIE Ce : A y2>p-1,
(22 1) ok wly2=-1)
Aip(z) — a5 Da D, p-l<y < ﬁilﬂfz) +p-1, ya>p-1,
K ~ 1
nt(nm)' 7, 0<yr<p-1, 0<y2<p-1,
nt, “1<yi<p-1, 1<y <p-1,
ifz € Q)
n_q)g wly—p-1)]
l’l(y:1 )f’; Y12 W[-F }(9 —1)1], Y2>p-1,
-1t ply2—(p-
Ap(2) = s %“rP—1<Vl<—ﬁmg—+P—L y2>p-1,
K 1
(nm)'™r,  —l<y<p-1, ~1<y<p-1,
1, “l<y1<p-1, “1<y,<p-1,

if 2 € Q).

Considering Theorem 2.5 for
result.

P (z)| and Theorem 2.4 for |P, (z)| in Corollary 2.3, we get the following

Theorem 2.6. Letp > 1;G € PQS (/\,' fl,gz),for some A > 1, fi(x) = Cixt™™, aq > 0and ga(x) = Cox'*P2, B > 0;

h(z) be defined as in (1) for | = 2. Then, for any y; > =1, i = 1,2, P, € 9,, n € N, and z € Q, the following

inequality holds:

‘@3(n+1)(z)|
d(z,L)

where cs = ¢s(L, i, B, p) > 0 is a constant independent of n and z;

P} (2)] < csA} ,(2) IPall, (12)

RSV u[y2-(-1)]
n( ' ) Tl, . 7> u(l+p2) [+ ;(9 _)1]’ YV2>pP - 1,
2+ D) gy u[y2-(p-1
Af,,p(z) - ni y (1/%2), P‘1<715—ﬁ(1+ﬁ2) +p-1, y2>p-1,
leﬁ(lnnﬂ*?/ —1<‘)/1Sp_]_, _1<y2Sp_1’
n2, -1<y1<p-1, “1<y,<p-1,
ifz € Q(6),
e )w ulya-(-1)
7/1( P )‘u/ 1 > [ﬁil+[g2) ] +p _ 1, V2 > p— 1,
2R 1) uly2--1]
PERCES )j Boop-l<n<Somgy tp-lop>r-l
(Inn)""7, -l<y1<p-1, -1<y,<p-1,

1, -l<y1<p-1, -l<y,<p-1,
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if 2 € Q).

Now, we can state evaluations for |P£1m) (z)|,m=>0.
Theorem 2.7. Let p > 0; G € PQS (/\;ﬁ,gi), for some A > 1, fi(x) = cx!*%, a; > 0,1 = E, and gi(x) =

cx™*Pi,B; >0, i = I + 1,1; h(z) be defined as in (1). Then, for any y; > —1, i = 1,1,and P,, € p,,, n € N, there exists
c6 = ¢6(G,p, A, vi, Bi) > 0 such that

1Pl < cs ZE1<m>+ 2 EX0m) (1Pl (13)
i=h+1
where
N
Elm) = =n\"" "W, fori=1,1;
(5 )t
AN W oop>1, Bi<mu—1,
Y+l
Sym H’;; (j+D)u+1+6; . _ -
EX(m) : = 7, P<"mpmm o Bizmu—1 o i 110
1-1 i+ Dut+1+6;
(nlnn) "7, P= "o Bi=mu—1,
1-1 (i +Du+14pi
n v, p>w, ﬁ,Zmy—l

Analogously to the Corollary 2.3, we get next corollary for the casesof i =1,2; [; =1, [ =2

Corollary 28. Let p > 1; G € PQS(A; fi, 4,), for some A 2 1, fi(x) = C1x™™, a1 2 0, and ga(x) = Cox'*F2, By >
0; h(z) defined as in (1) for I = 2. Then, for any y; > =1, i = 1,2, and P, € ¢,, n € N, there exists c; =
c7(L,p, A, vi, B) > 0 such that

“P?l”oo S C7Dn,p(0) ”Pn”p V2 (14)

where D,,;,(0) is defined as

a0 pabEol e By
AR, p< ERErl, 0<p<fh -1 pz R,
n(}lﬂﬂ)ﬁ, p<l+ (7/{ + 1)’/1, y1> -1, “1<y, < ”(1:’32) -1,
Do =0 i)', p= BB o<y < B -1, 2 B,
T e R
I R R e R
np, p>1+()/’i+1)ﬁ, 1> -1, —1<y2<@—1.

Corollary 2.9. Letp > 1; G € PQS ()\; fl,gz),for some A > 1, fi(x) = Cix™, ay >0, and ga(x) = Cox'*F2, By >
0; h(z) defined as in (1) for | = 2. Then, for any y; > =1, i = 1,2, and P, € ¢,, n € N, there exists cg =
cs(L,p, A, vi, B) > 0 such that

[PS|l., < csDup(m) Pl , m > 1, (15)
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where Dy, ,(m) is defined as

Al "JE, p>1 Y120 Y2272, Ba<mp—1,
e *’”)ﬁ p>1, yi> -1, 1<y <P, Pa<mu—1,
n(]zpl””)H;ﬂz p>1, 0<y1<y1 Y2272, Bo<mu-—1,
D, (m) := a5, e % 1=, y2272, B2 > mu—1,
5 %—‘if, y1>0, 0<y2<7y2, Pa2mu—1,
e +m)1f;sz p< %, 0<y1<y1, Y2272, Bo>mu—1,
n( 1;1 +m)” p> %, y1 > -1, V2> -1, Ba=mu—1,

where 7 := —()’Zzz’;))” (pm +1); 72 := (pm + 1) [“(Hﬁz) - 1] )

Remark 2.10. [38, Remark 2.16] The inequalities (14) and (15) are exact in the sense of order.

Combining the statement (15) with (11) and (12), we will obtain estimation on the growth for IPS")(Z)I,
m > 0, in the whole complex plane.

Theorem 2.11. Letp > 1;G € PQS ()\; fl,gQ),forsome/\ > 1, fi(x) = Cix™, a1 > 0and gy(x) = Cox'*F2, B > 0;
h(z) be defined as in (1) for I = 2. Then, forany y; > -1, i=1,2, P, € p,, n € N, and z € C, we have

P el | @ €6
zZ) < C9 q)nﬂ()
n nllp Id(zL§|A3 (), z€Q,

where cg = co(L, i, p) > 0 is a constant independent of n and z; D, ,(1) and A‘,‘l/p (z) are defined as in Corollary 2.9 for
all z € G and Theorem 2.4 for all z € Q, respectively.

Theorem 2.12. Letp > 1;G € PQS (A; fl,gz),for someA > 1, fi(x) = C1x1*, a1 > 0and go(x) = Cox'P2, B, > 0;
h(z) be defined as in (1) for I = 2. Then, forany y; > -1, i=1,2, P, € p,, n € N, and z € C, we have

ap(1), zeG,

P} (2)] < c1ollPally{  |a2eenz)
" | 4 |d(z—L)|A4 (Z), ze€Q,

where c19 = c10(L, yi, p) > 0 is a constant independent of n and z; D, ,(1) and Al p(z are defined as in Corollary 2.9
for all z € G and Theorem 2.5 for all z € Q, respectively.

Theorem 2.13. Letp > 1;G € PQS ()\; fl,gz),forsome/\ > 1, fi(x) = Cix™, a1 > 0and go(x) = Cox'*2, B > 0;
h(z) be defined as in (1) for I = 2. Then, for any y; > -1, i=1,2, P, € p,, n € N, and z € C, we have

up(2), z€G,
5
A p(2), z€Q,

P (Z)| <cn ||Pn||p{ |rb3<"+1 (z)|
d(z,L)

where c11 = c11(L, yi,p) > 0 is a constant independent of n and z; D,, ,(2) and A> p(z are defined as in Corollary 2.9
for all z € G and Theorem 2.6 for all z € Q, respectively.

Thus, using Theorem 2.2 and the estimation |P5,m) (z)| sequentially for each m > 3, and combining the

obtained estimates with Corollary 2.9, we acquire evaluations for the )Pn
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3. Some auxiliary results

Fora > 0 and b > 0 we use expressions “a < b” and “a < b” if a < cb and c1a < b < cya for some constants
¢, c1,¢2, respectively.

Lemma 3.1. ([1]) Let G be a quasidisk, z; € L, z5,z3 € QN {z : |z — z1| < d(z1,Ly,)}; wj = O(z)), j = 1,2,3. Then

a) The statements |z1 — zp| < |z1 — z3| and w1 — wy| < |wy — ws| are equivalent. Therefore, |z1 — z3| < |z1 — z3]
and |wy — wy| < [wy — wa| also are equivalent.

b) Iflz1 — 22| < |z1 — 23|, then

(o]
<

Wy — w3 “

w1 — w2

Z1 — 23
Z1 — 22

w1 — Ws
w1 — Wy

=<

where 0 < rg < 1 a constant, depending on G.

Corollary 3.2. Under the conditions of Lemma 3.1, we have:
w1 — wol™ < |21 — 22| < |y — wol*,

where ¢ = ¢(G) < 1.

Lemma 3.3. ([46], [47]) Let L € QS(A) for some A > 1. Then
W (wr) = W(w))| = |y — wal”,

forall wy, w, € A, where pi=21- % arcsin %).

This fact follows from an appropriate result for the mapping f € }.(x)[40, p.287] and estimation for
W'[24, Th.2.8]:

d(W (1), L) < [V ()l (7] - 1). (16)
Lemma 3.4. ([3]) Let L = G be a rectifiable Jordan curve and P,(z), deg P, < n,n = 1,2, ..., be arbitrary polynomial
and weight function h(z) satisfy the condition (1). Then forany R >1,p >0andn =1,2, ...

Pull ) S R™ 7 IPall g,y ¥ = max{0;y5: 1< < 1},

4. Proofs of theorems

Proof of Theorem 2.2. Let G € PQS ()\;ﬁ, gi), for some A > 1, fi(x) = Cix!™, a; > 0, i = E, and

gi(x) = Cix!*Fi, B; > 0,i =11 + 1,1 For z € Q, let us define H, (z) := @Izi(f()z).

By Leibnitz rule

m

n )] (m) ()
) 1 . P (z) ) 1 .
g _ 2 ] (m=j) _1n z ' ] (m—))

n (Z) - ],=0 Cm ((1)71+1(Z)) Pl’l (Z) - (D”H(Z) + ],=1 Cm ( CI)”+1(Z)) Pn (Z) 7

where Cl, := D) and consequence after the module, we get

Ji
1 ()
()

m

+Zcfn

=1

P ) < |0+ (2)| PI @)t (17)

( P, (2) )“”)
(Dn+1 (Z)
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Therefore, for the (Pg") (z)| at the points z € Q) it is sufficient to evaluate for the cases
P, (m)
w[)

(I)VH»‘I (Z) '
B) ‘(q)’”’l(z))(])

Now let us start with evaluations A) and B).

,m=1,2,..;

Jj=1m

A) Since the function H, (z) is analytic in Q, continuous on Q and H, («) = 0, then Cauchy integral
representation for the m — th derivatives gives:

m!

H™ (z) = - sz n(C)( C)mH,ZEQ,mzl,
L

Then,

Pu) \"| _mt f
orl(z)] |7 2n
L

Let us denote the integral in (18) with

O+1(L) IC - Z|m+1 = 2nd(z LR)fuj C)| (18)

_ 4
) = Lf G (19)

and evaluate this integral. Multiplying the numerator and denominator of the integrand by 1'/(C), accord-
ing to the Holder inequality, we get

d
A, < 1P, f ) (20)
) o2

Denote by J,(z) the last integral, we have

|ac]
U@l : = f 0 |C = 2" (21)
L

5 f 4q| f j4c|
= +
e
To simplify the calculations, let us prove for two points z1,z; € L and putz; = -1,20 = 1; (-1,1) c G ..

On the other hand, let local coordinate axis in Definition 2.1 be parallel to natural axis OX and OY in the
coordinate system XOY; L = L* UL™, where L* := {z€ L :Imz >0}, L™ := {z € L : Imz < 0} . Moreover, let

z* € W(w*) where w* := {w =ef:0= @} , and L¥(z;, z*) denote the arcs, connected the points z; which

z*, respectively; Lli| = mes Li*(zi, z*),i=1,2. Assume that zo € L* is taken as an arbitrary point (or zg € L™
subject to the chosen direction). Then, from (20) and (21), we have

4,2 2 Pl {[7240)] "+ [220)' ) @2
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Now, let us introduce some notation with R =1 + % ; dig = d(zi,Lr);

B ¢ ={cells [C-al<adir), By ={Cel': adig<IC-als|Li]}, @3)
E¥* . ={Cel?: [L-znl<cdor), B3 ={CeL?: caar <IC- 2l < | L3]};

J(z) :jﬂ (%ﬂ — ;i k=1,2.
’ IC =z — 2|

i+

k

Then, under the these notations, from (22) we get

2 1
An@) = 1P, Y 3@+ 9], i=12. (24)
=1

Therefore we can start to estimate the integrals Sifk foreachi,k=1,2,ze€ Q(d)and z € 5(6).
1. Let us use the following notations where z € 3(0).

(%), : ={ceE:1t-zl< 1C-=), (E),:= E* \ (E)

@ = o Inra(@ = q—Dyrqm
K, 1= Zi|%(q )+qm K, 1= i(g—=1)+qm

i+ i+
Ek,] Ek,Z

1’

1.1. Let y1, 72 = 0. Then we get

Cldl,R
ds i
1+ y1(g-1)+gm]+1
Ja@ = f Syg-D+qm <dp ; (25)
0
1+ —[on+1)+qm] 1,+ -[ng-D+gm]+1,
Sn,m(z) < dLR - mes (E1,2) < dLR ;

1,+ 1,+ 1+ —1r1(g-1)+qm|+1
l(z) = 8 @) + I ) < d, I

[ Li] ;
1+ S — y1(q—1)+qm]+1. 1,+ —[yl(q—1)+qm]+1.
3 w1 (@ = S @-Drqm = dl,R ; i;n,z,z(z) = dl,R ;
c1di,R
1,+ _ 1,+ 1,+ —[11(q-1)+gm]+1
Sn,z (z) = 5”/2/1(2) +3J nao(2) S, .

Similarly, for the ]ﬁ,z (z) in neighborhood of the point z,, we have

Czdz,R
ds —[ya(g—
2+ ya(g=1)+qm]+1
@ = f S72—L+qm <d,p ; (26)
0
2+ |dC] ~[r2(g-1)+qm] 2,+ ~[r2(g-D+gm]+1,
Jia@ = f oD <dyg s mes (E1,2) <dyg ;
(E7%),

2,+ 2,+ 2,+ —1y2(g-1)+qm|+1
I2¥(z2) = I2% () + T2E,(2) < a2 I+
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| L]
52,1 (Z) |dC| < dS < d—[)/z(q—l)+qm]+1.
n2,1 - v2(q-1)+qm — 2(g-1)+qgm — 2,R 4
|C - ZzP q q s72q q
;1* cadar
| L]
g2 (@) = |4C] < ds 5d_[y2(q 1)+qm]+1
n,2,2 |C _ Z|y2(q—1)+qm Syz(q 1)+qm 2,R
;;" cada R
2+ 2, 2, y1(q=1)+qm [+1
Ti@) = 95,0+ 9200 <dy ]

1.2. Let 1,2 < 0. Then, analogously to the (25) and (26), we obtain

ey _ [lC- z|”l<q D1 - e o Dn-Dram]
913 = f < <dx mesEy™ < d , ; (27)
| L
-71(g-1)
1+ |C - Zl| " |dC| ds —qm+1
’ < < — < .
c1diR

and

-72(9-1)
2% |IC =z (=72)(g-1)—qm 2+ _ [rag-1)+qm]+1
@ = f T sy mesEy™ < d, p ;
E2*
L3
_ZZ| y2a=1) dS —qm+1

+ C
3250 = f' ST i< | o <dag
EZt

cada R

In this case, combining (24) - (27) we get

(28)

S 541
LE R G A
2,R

Au(2) < 1Pull, [dm*’ vy

B) By Cauchy integral representation for the j — th derivatives of ( ), we have

0 .
1 _ ]' 1 dac
(®n+1(2)) T 2mi fq)nﬂ(c) - )j+1 ,2€Q

Thus
it f |l it f 4
21 (Dn+1(€) |C Z|j+1 271 J |C _ Z|j+l :

Using notation L* = Ei'i U E;’i U Ei’i U Eg’i from (23), we have

_1
@VH»](Z)

Bn,j(z) = ‘((D—n 1( ))(])

- g - :
B,(z) < Z f R M(E™) + M(E). (29)

k=1E, +UE1
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Since the integrals M(E;(’*) and M(E;;’f), i,k = 1,2, are estimated to be similar, we will estimate only M(E;’*).

cidir p | Li] p

14+ _ S 1+ 5 -j.

M(E,") = f o7 Sd M(E;") = fﬁﬁdm
|z1—z| dir
|2z p cadar p | L] p [ L3 p

2,4\ _ 5 5 2,+ 5 5 —j

M(E™) = oS | gashpMEN= | 5= | 5sdy
|z2—z]| caday R
Then, from (29), we have

Byj(z) < d} +dy). (30)

Comparing (17), (18), (28)-(30), we get

01+ 05+

IPY (2)] < @ (2)| [ﬁ [ (dl_,R”_mH +d, ""”) + Y Ch(dp +d,0)
’ =1

Py <z>]} (31)
According to Lemma 3.3, [24, p.61] and [23, p.10], we obtain

nt, ifa;=0;
dig = { n2, ifa; #0, (32)

Let us define: zg € Lg :dog = |22 — zg| ; CF € L* 1 d(zg, L2 N L*) := d(zg, L*); 25 :=Ce€L?: |C— 2| = oo
for the estimate d, , . Then, we have

di == d(zg, [* N L*) < |zR - zj) = d;{’gz (33)

1

from Lemma 3.1. Hence dyr = (d;—g)m . Further, according to Lemma 3.3 and [23, Corollary 2], we get
di > n™#. Therefore, the result

—u

der > nth, (34)

is obtained. We get

(z,L)

|P(m) (Z)l |q)n+1( )| [ [P n||p (n(yi;l+m—1)ﬁ + n(VET*Hm )Hﬁz) Z C] (n]# . n“ﬂz)

pi (z)j} (35)

from (17)-(34), and we complete the proof for the points z € €(6).

2. Now suppose that z € Q(0).
2.1. Let y1,y2 2 0. From (23), we successively find that

c1dq 1-y1(g-1
y e 4T Y n-n>1,
S (Z) < f WS lnﬂ, )/1(q—1)=1,
0 1, rig-1<1;

L* 1-y1(g-1
1+ |l ds dl,Ryl ! )' r@-1>1,
S (Z) < f m =< lnm, yl(q—l)Zl,

C1d1'R 1/ Vl(q - 1) < 1/
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1— -1
leyl(q )’ yig-1)>1,

I%(@) + 9)5() < mﬁ, yi@g-1)=1, (36)
1, yi(g-1)<1;
CZdZ,R dl_)/Z(q_l) _ 1 > 1
82,1 dS - 2’R1 7 VZ(q ) - 7
n,1 (Z) - S}/Z(qfl) — ln a/ Vz(q - 1) - 1/
0 1, y2(g-1)<1;
| L§| i d;;QVZ(q*l)’ ,}/Z(q _ 1) > 1,
+ S ’
Si’i(z) < f 720D <4 In ﬁ, y2(g-1) =1,
cada R 1, Vz(q - 1) <1
dl_)’z(q_l) )/2("] _ 1) >1
2,R 7 7
5.,@0+95@ =4 Ink,  pE-1=1, (37)
1, Y203 -1) < 1.

2.2. Let y1,y2 < 0. Then, analogously to the estimates (27), we get that

31 i(z) < d( Y- 1m€SE1 < 1 Slj: Z) < )L+| (=y1)(g-1)+1 < 1

1(Z) + 9! 2(2) <1 (38)
n’/i"(z) < d(zgz)(q Y mesEZi <1, 32+(Z < | L+‘ =t <1,
Si’f(z) + Sfl;(z) <1 (39)

Therefore combining estimates (24) - (52) we obtain that

+1

_n#l 1-22
d Potdye " y,v2>p—1
An(z) < HPan (ln #)1_? + (h’l ﬁ)l_; . YLY2=Pp - 1, (40)
1 V1,72 < p- 1.

B, (2) < f 'dc:m < f g <1 (a1)
L

Taking into account of (40), (32) and (34), we complete the proof for the points z € 5(6), and so, the
proof of Theorem 2.2 is completed.

Proof of Theorem 2.4. Suppose G € PQS (/\' fl,gz) for some A > 1, fi(x) = Clx“"’1 a1 > 0 and

ga(x) = Cox*P2, B, > 0; h(z) be defined as in (1). By Cauchy integral formula for H, (z) = qwl )) z € Q, we
have
Pu(z) f P, (Q) | ldC]
42
qwl(z) ()| |C -2 )
L
< f 1P, (OI1dC] = ———A
~d(z, L) ! Cld(z, L)
L
Therefore, it turns out that
P, | _ ") _y f
Pg|c dmn whereAn-Z | 1P @l (43)
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Multiplying the numerator and denominator of the integrand by 4!/7(C) and applying the Holder inequality,
we obtain that

1/g
1/p

y j4q|
A< Y| [nororiaa] x| [—5— (a4)

i=1 i I H )C _ Z]"y]

j=1
=~ 1/!7 1 1
= ZCl n2 ’ 5 =1
According to Lemma 3.3, we get

Tor <Pl i=1,2. (45)

for El Then, from (44) and (45) we have

2
A= 1Pal, Y (72)"
i=1

For the integral E ,» we obtain

= dc dac .

T2 1=f ; 4 5 flCl—zl,V’ =12 (46)
L Hl)C—Z]'|x I

j=

Thus, from (46), we write

2
-\ = e f l4dl
A, <|IP, i , wh 1 _ ;) 47
” “p;(fn/z) where ]n,Z |C 7 |y n2 |C_Zz|)/2 ( )
Lt

Taking into consideration above notations from (47), we have

2
Hmmzxﬁgw (48)

A, =
+ i i+ Y 1, 1+ .
= :||Pn||pZ[8n1<El )+ 3, ES] T =P, ||p2[5 + 327, =12,
i=1
where

. . dq

Sl ~_51 E*) . f ~ i k=12
el [

E1+

Therefore, it is sufficient to estimate the integrals 5 foreachi=1,2and k=1,2.

Taking into account (47) and (48), let us start w1th the evaluations of the integral E %

= (_.4g f dc) 51s
N T kZ; C—zlt S+ )
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Given the possible values of y; (-1 < y; <0, y; 2 0, i = 1,2), we will consider the estimates for the E,z

separately.

Letyq > 0and y; > 0. In this case for the integralE ,» we get that

cidir

gl < f e f as_
n, IC - Zl|(q*1))’1 s@-Dn
0

1+
1

|4

gl < _ [Hd < ds <
n2 = |C — zg|@ D ™ sa-m —

E;/i cidir

Similar estimate for the integral E , is given as follows:

cada R
Fo <f |4 - f ds
nl = |C_Zz|(q—1)7/2 - s@-1y2 —
E>* 0
| 5]
Fo <f |ac| - f ds _ _
n2 — |C_Z2|(L7*1))’z - s@-1y: —
Eg'i cadar

dl—(q—l)w

1,R

1,

dl—(ﬂ—l)VZ

2,R

1,

7

4

(@-Dyi>1, o> 1
@-Drn<l, '
(g=-1y1>1,
(q - 1)7/1 = 1r
G-y <1
(‘7 - 1)7/2 > ]-/ cr > 1:
g-1y2<1, !
g=1)y2>1,
@-Dy2=1,
g-1)y, <1

If y1 < 0and y; < 0, analogously to the (50) and (51), we obtain

= —(g— —(g-1

g =2 f €=z g < d 9 mesE] <1,
E*

g, < f IC =z O dg) < | | St <,
El/i

and

gil—r < f|c_22|(—(f/]—1))/z) [dg) < dglgq—l))’z)mesE%i <1,
E>*

9% < f IC = 2o g < | x| Gt <
EZ/i

2
Therefore, from (24) - (52), it turns out that

1-@-Dy1 1-(-D)yp

dp' +dp" @G-Dy1>L@G-1y2>1,

Au@ < (1Pl : )

(&) +(nZ)", @G-Dyn=1G-p=1
1, @G-Dyi<1,@-1)y.<1.

Comparing (42), (43) and (53), we see that

BO
,1
Pu (1 < e s Pl K0

(50)

(51)

(52)

(53)

(54)
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where ¢ = ¢(L,p,yi) > 0, i = 1,2, is the constant independent from 7 and z, and

yitl 2+l
dy +dyy n>p-lym>p-1,
B, ; - 55
T ) T+ )T m=p-Lya=p-t )
1, 1<y, y2<p-1
According to (32) and (34), we acquire
B,
Pn ) n+1
P 2 < 755 1Pl 196@)
where
n((vlﬂ)_l) N n(izpﬂ_l)(ﬁﬂz) Yi>p— 1, Ya>p— 1,,
B,1:= (11'11’[)1_5 71 =p—1,—1<)/2§p—1, (56)
' ! or —1l<y1<p-1,7=p-1
1, -1<y,y2<p-1
So, we complete the proof of Theorem 2.4.
Proof of Theorem 2.5. From Corollary 3.2 and Theorem 2.4, we get
|01 (z)| nt,if z € Q)
P, < ——— [Au(z, 1) +|Py " 7 7
L (@) = 7D [ (z,1) +| (z>|{ L iz D), (57)

where forany y > -1,m =1

Al e y2—(p-1)
n(%—l)y Y12 %+p—l, ya>p-1,
ory1>p-1, —1<y, <p-1,

nt_g) ko -(p-1)
Az, 1) < a5 ) —1<y1<%+19—1,yz>p—1, if z € Q(5);
1-1 ri=p-Ly,<p-1
(hln) v, {01')/15}7—1,72:}7—1/
1, —1<7/1,7/2<p—1,
v +1 ~ Vo —(p—
n(”}’ 71)"’ ylz%+p_l, ‘)/2>p_1,
22 1) u[r2-(-1)] _
Az 1) = 1P, a5yt < B 1950 -1 iz e e,

(h’ln)l_’lJ 7 _1 < 71/)/2 < p - 1/
1, 1<y, y2<p-1

Taking into account estimates (9) for A,(z, 1) and (10) for |P, (z)| and substituting them into (57), after simple
calculations, we prove the required result.

n€1,+17 p>1 -1< 31/[1)/2%(;?—,1)] -1<y2<0,
@204 )| " K o P>l n>"mgy tPo L r2zp-l
P, (2)] < —azD Pl nf(nn)'™, p>1 0<yi<p-1, 0<y2<p-1,
o p>1 0<yi<p-1, 0<y2<p-1,
nﬁ("}flfl)ﬁ, p>1 p_1<ylg%+p—1, y2>p-1,
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if z € Q(0);
e .
o) AR s #[Z_(lir{;z)l)] fp-1, s po1,
P2+ () ) WD)
HOE WIIPnIIP s )1] m,op-len <l ep -1y, 5p-1,
' (lnn)l_;/ -1 <7/1,7/2 Sp_ll
L -l<y,y2<p-1,
if z € Q(0).

Proof of Theorem 2.6. Taking into account estimates (9) for A,(z,2), (10) for |P, (z)|, (11) for
estimates for Bi i j = 1,2, and substituting in the formula below

P,

P,
d(z, L)

P, @) < 0" @) Alz,2) + C3BL | |P, (@) + C2BL, P, (2)]|,

after the simple calculations, we obtain that

n2#7,1 —1<)/[1<p—]1, “I<y,<p-1,
neo)m #ly2=(p-1)
P, )] < —l 2 AR e e 2zl
- ,L) ? 2f’(lnn) v, l<y1<p-1, 1<y,<p-1,
2u+(2- 1 —(p-1)
AGTEE, po1<y < #[)ﬁ/il{;z)_} +p=1, ya>p-1,
if z € Q(6);
71t~ r—(n—1
3r+) 7, 7/12%“]_1’ v2>p-1,
"(z) 22 1)k uly2-(-1]
|P()|_| " Py 7 potapn<tiRElep o1 sy,
(z,L) 1-1
(Innm)7, -1<y<p-1, “1<y<p-1,
1, -l<yi<p-1, -l<y,<p-1,

if z € Q(5). Therefore, the proof of Theorem 2.6 is completed.
Proof of Theorem 2.7. Let p > 1 and G € PQS (A; fis 91)/ for some A > 1, where fi(x) = x>0, 0 =

E, and g;(x) = cix!*Fi, B; > 0, i = I; + 1,1,. Cauchy integral representation for m — th derivatives of P, (z) in
the region Gy gives that

m! P, (0)
%f(c )m+1dc’ z € Gg.

Moving on to both parts of the modules, multiplying the numerator and determinator of the integrand by
hV/P(C), according to the Holder inequality, it turns out that

PI" (z) =

1/q
1/p

' |
|p5:"><z>|s% f Q) IPa@QF dC]| - x f , u = 5 Yo X Yz,

@Dy 2n
I e T1|C—z[" 7 10— 210"
j=1

where

|ac]
1:= ||Pn||L,,(h,LR) ’ (Yn,z)q = f " .
Ix H ‘C | q Vi |C, |q(m+1)
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Let z € L. Then, from Lemma 3.4 we write
[P )| < Yo+ Yoz < 1IPall, - Yoz - (58)
To estimate the integral Y, 2, we introduce: w; := ®(z)), ¢, := arg w;. Without loss of generality, we will

assume that ¢; < 27t. For 17 := min {17]-,]' =1, l}, where 1; = a(pr(g%n 5) |t - wj| >0, let us set
te zj, 0j

Ay o ={t: |- w| <} c 2QG; 5),
A(n) = UA i, A A\A(;); A1) = A\A@); A= A(D),
A (p) :{t:Reif’:Rzpn,wSWW},
A (1)A(p)_{:ReiG:R2p>1,(Pj%+(pfs%@},]’:z,a“,z,

!
where g = 21— @; Q= W(A), L} =L, NQ; Q= ],
j=1

Then, we get

!

_ e Ry dq]
(Y”’2)q - Z f i 1)y - Z f IC - Z,l(q—l)%' IC - Zlq(m+1) Z Y” 2 (59)
i=1 i=1 i

- (g=1)y ;
= 1—[1 |C _ Z]| j IC - Z|q(m+1) I
]:

where

/ |4c] .
1 *— —
Y, := f T T I, (60)
Li

R

since the points {zi}i.:1 € L are distinct. For simplicity of our next calculations, we assume thati =1,2;]; =1,
1=2,z21=-1,20=1;, (-1,1)cG,R=1+ i—“, and let local coordinate axis in Definition 2.1 is parallel to OX
and OY in the OXY coordinate system; L = L* UL™, where L* :={z€L:Imz>0}, L™ :={z€L:Imz <0}.
Let z* € W(w*) where w* := {w =ef:0= (pli(”z} and L' denote the arcs which connecting the points
zt, z;,z- € L;Li* .= LInL*% i =1,2. Let z, be taken as an arbitrary point on L* (or on L~ subject
to the chosen direction). For simplicity, without loss of generality, we assume that zp = z* (z9 = z7 ).
Analogously, we introduce: Lg = Ly U Ly, where Ly := {z€ Lg:Imz 20}, L; := {z€ Lg:Imz <0}. Let

+

wy = {w =Re?: 0= @}, zy € W(wy).We set z;r € Lg, such that dir = |zi —z,',R| and (* € L%, such
that d(zyr, [ N L#) := d(zar, L*); 75 = {C€ L2 [0 21l = eid(zi, Lr)}, 7 = {C € L+ |[C—zir| = cid(zir, Lr)},

w— = (I)(z »)- Let Li i = 1,2, denote arcs, connecting the points zR, ZiRr, Zg € Lg, L"i = L; N L;—g and
l;’ (ZI—R, R) denote arcs, connecting the points zz.—,R with z , respectively and | Z+ | = mes Z (zl R? R), i=1,2.
On the other hand, we denote

Ep ¢ =[CeL: 10—zl <cdif,

Eyp ¢+ ={Cely adir <IC-zl <| I}, Fiy = D(EL);

E o ={Cel™*: [C-zl<cdir),

By ¢ ={Cel™ adip |0zl < | I}, Fi* = ®(E), i, j = 1,2.
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Taking into consideration these designations, from (60), we have

2 2
. 14c] B o
Y”r2 - Z f IC - Zl.l(ﬂ—l))/i IC - Z|'i(m+1) = Z [Y(Eer) + Y(E]?R)] ’

ij=1,.> . ij=1
E;,RUE’;,R

So, we need to evaluate the integrals Y(E?;) and Y(E;’;) foreach 7,j=1,2.
Let z’ be such that

IPalles =: 1Py ()], 2’ € L=L' UL% (61)

There are two possible cases: the point z’ may lie on L! or L2.
1) Suppose first that z’ € L. Consider the individual cases.
1.1)Ifz’ € E/* UEY*, then

cd1 R
1+ 1- |dC| ds 1
/ ) < < <
Y(ELR) + Y(El,R) =< f [min {|C — zq|:|C — Z,|}](q—1))/1+ti(m+1> - s@-Dy1+q(m+1) — d(q—l)y1+q(m+1)—1’ (62)
EYRUER 4R e
fory,; >0, and
CdlyR
YEM) + Y(EVD) < (e @ [ 251 (63)
LR 1,R/ = \"¥1R §10m+1) = g=T)yr+qon+1)-17
dik 1,R
for-1<y; <0.
1.2) If 2 € EM*, then
i
1+ 1- |dC] ds 1
/ 7Yy < < <
Y(EZ,R) + Y(EZ,R) - f [mm {lC _ le ; |C _ Z,l}](q—l)y1+q(m+1) - S(q—l))/1+q(m+1) - d(q—l)y1+q(m+1)—1 4 (64)
PV e v

for y1 > 0and

+
1

R
1+ 1- |dC]| ds 1
Y(EZ,R) + Y(EZ,R) = f IC _Z,|q(m+1) = f g(m+1) = dq(m+1)—1' (65)

ELiEL o B

for -1 <y; <0.
1.3)Ifz’ € E}*, then

1,R

- 1 |dq| 1 ds 1
1+ 1
/ ) < < <
Y(EZ’R) * Y(EZrR) T gun f IC - Z/|q(m+1) T 4 n g9m+1) = 4@-1)y1+qam+1)-17 (66)
1R ELtUEL- LR cdir 1,R
2,R 2,R ”

for y; > 0, and

Y(EY) + Y(EYR) < f = <f S (67)

|C_Z,|q(m+1) - gq(m+1) — dq(m+1)—1’
E;EUE;E cdi R LR
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for —1 < y; £ 0. Combining the cases (62)-(67), we obtain

1

1,+

Z [Y(E )+ Y(E )] d(q 1)y +q(m+1)=1" (68)
1,R

According to Lemma 3.3 and [23, p.10], from (68), we have

n#, ifa; =0;
>
dig = { n2, ifa; #0,

and, consequently, from (68)-(32), we get

2 21y +am+1)-1] ¢ .
1: 1/_ n 1 7 1 al i 0/
Z [Y(Eu; )+ Y(ER )] = { pilla-Dyi+am-1] g gy =0 (69)
i=1 ’ :

2) Now, suppose that z’ € L2. In this case, replacing the variable T = ®(C), according to (16), we have

Z ¥ (Ol =: i [Y Py +Y Fi’_)] (70)
|‘I’(T — W(10,)[ 0072 W (1) — W) 1HD £ (Fix (Fip)|-

ij= 1 i,j=1

2.1)If 2/ € E**, then

- d(W(t),L)|d7|
Y(FyR) + Y(Fi) = f (D) = Paw)T [P () - W) (7] - 1)

2,+ 2,~
Fl,R UFl R

(71)

. f | f ||
N (W (7) = W(w,)T7D72 |W(7) — W(w)atm+D- 1| [W(1) — W(wy)| @72 |W(7) — W ()T D-1
F F

1R 1R

for all y, > —1. The last two integrals are evaluated identically. Therefore, we evaluate one of them, say the
first. When 7 € F2 7 for the |W(1) — W(w’)|, we obtain

(@) - W)l = max {[W(0) ~ W)l [W(r) - 23]} = (D) - W) = W) - 25|72
Then, from (71), we get
2+ |d| |d7|
Y(Fl,R = T’lf (q=D)yp+q(m+1)-1 = nf (17—1)7’2+H(m+1)—1lu
_ 1+6; _ + 1+p;
P WY(t) -z | 2 I 2
(q=1)yp +q(m+1)-1
—am (q=1Dya+q(m+1)-1
n 1+B; , TH > 1,
(q-1Dy2+q(m+1)-1
< nlnn, T u=1,
(q=1)y2+q(m+1)-1
n, T‘l < 1,
if y, >0, and
R e RN
W(t) — W(w, @=Dr2 g7 |d7]| ! 14y ’
Y(Fi;) <n [W(T) — W(ws)|” = |d| <n e <! nlnn, q(":/l;i 1 1,
s )W(T) -z | S P [T Wy ‘ o n glm+1)-1 1
LR 1,R 4 ’



U. Deger, F. G. Abdullayev / Filomat 38:10 (2024), 3467-3492

if -1 <y £0,. Therefore, we have

(q-1)y5+q(m+1)-1 )
p e, G
, 2, e -
Y(ERD) + Y(FR) <4 nlnn, % iy
(g-1)y5+q(m+1)-1
" # <1.
22)Ifz' € Eg'i, then
- |d7|
Y(E) + Y(F¥2) < n f |
- e LV, [W(t) — ‘I/(wz)|(q‘1>?’2 (1) — \y(w/)|q(m+1)—1
FiRUF

3488

(72)

(73)

forall y, > —1. When 7 € F?; for the [W(1) — W(w’)|, we obtain [W(7) - W(w’)| = |‘I’(T) - z;| and, analogous

to previous case, we write

2+ |d| ldz|
Y(Fl’R) = nf (g-1)y2 +[q0m+1)-1 =n @Dy (D1
e 1W(0) = W) [W() - 2| A
(q=1)yp+q(m+1)-1
— g4 @ Dyergm+1)-1
|dT| n 1+ T‘u > 1,
q-Dys+q(m+1)-1
+ - * q—1)y2+q(m+1)—
o t wz' n, 21_'_#[J<1,
if y» > 0, and
—(g—1)y
YEty < [(YO W@ T f |
LRZ = q(m+1)-1 JmiD)—1
P |‘P(’f) - Z;_r| e W(t) — zzfl
1R 1,R
T Wﬁ;)—l o1
|d| _
gm+1)-1
<n R ’7(’1‘*’;)_1# < nlnn, Tﬁzy = 1,
4 T —W P2 q(m+1)-1
Fi 2 ‘ n, 5, 1,
if -1 < V2 <0.
So, from (73)-(75), we have
-1 “1)y -1
nm k8 )yzliqgln =2 -u>1,
Y(EX) + Y(F2) < ninn, byeami-1 g

1+’Bz
(q=Dyy+qm+1)-1

n, T u<l.

2.3)If 2’ € E7*, then

_ |dt|
Y(EX) + Y(F2) <n f
M IW(7) = W) 7 [W(1) - W)

2,+ 2,—
FyRYUE

(74)

(75)

(76)

(77)

<

2,4+ 2,4 2,
2R 2,R 2,R

. f i . f i
W) = W) T W () = ) V(D) = W) [T W (1) = W)
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for y, > —1. The last two integrals are evaluated identically. Let us evaluate the first integral.
Fort e Fi’;—; and 7z’ € E?’i, we have

1
1+f

W(r) - V(') > |¥(7) -z}

i W(0) - W(wo)l = [W(1) - 23| = | — 25

Then
dt dt
Y(F2,+ ﬁ n | | ﬁ n | |
2,R N (g-Dy2 " q(m+1)-1 (g=1)yp+q(m+1)-1 u
g Yo - 23| |W(r) - ;| e L
(q=1)yp +q(m+1)-1 . ( _1)7 + (m+1)_1
n T4y ‘L, ) A L 21+{782 u> 1,
< @ Dyatqlm+)-1
< nlnn, 6, u=1,
(q-1)y2+q(m+1)-1
n, T‘U < 1,
and so, for y, > 0 we obtain that
(@=Dyp+q@n)-1 (a-1) _
T q—1)y2+q(m+1)-1
2,+ 2 " E (g-1)y: 1:qls(?n+1) 1H 7 1,
’ a — 2 — _
Y(FZ,R) + Y(FZ,R) =< nln n, B T a— U= 1,
(q=1)y2+q(m+1)-1
n, Tu <1.
For -1 < y, <0, we get that
)4 g
_ dt dt
Y(FZ) + Y(F2) <n l <n | - (78)
2,R 2,R |\IJ(T) _ \Ij(wl)lq(m+1)—l li("lﬁ';) 1
, v |W(T) =2z P2
g 5 | (7) 2|
q(m+1)-1 _
n R w# > 1,
|dT| q(m:%—l
<n —+ q('i”;)_l << nlnmn, T, 1,
g T—1w +h2 q(m+1)-1
g ‘ 2| n, 5 1.
Then, for y, > -1, we have
(‘4’1))/}*‘](’”*])’1 .
S0 @=Dy+im1)-1
2,+ 2 " - ' (g-1) »1-:ﬁ(2 +1) 1# ! 1’
y = —1)y. m -
Y(FZ,R) + Y(F2,R) <9 nlnn, % =1, (79)
(@=Dyy+q@m+1)-1
n, TH <1.
’ 2,+ 2,+ ’ 2,+ .
24)Ifz’' € E57, then for y, > 0, T € F;;, and 2’ € E7"*, we acquire that
1
W(1)—WYW) > |22+,R - z§| > |zz - z£R| > )z;' —zor|";
1
W(1) — W(wy)| > |22+,R - zz| > |22,R - zz| = |z;r —zor|"2 .
Therefore, we obtain that
2+ |dz| |d|
Y(leR) = nf (q=1)yp +q(m+1)-1 =n (q=Dyp+q(m+1)-1 u (80)
+ 1+p + 1+p2
v |zh -z + lwt —w
Fx |75~ z2r Fp 172 7 2R
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(6= Dyg i) L (@=1)y2+q(m+1)-1

z u
no , Fvs u>1,
<l FRe @-Dya+qoneD-1 4
i n nlnmn, 5 =1,
@Dy
u (g=1)y2+q(m+1)-1
n " n, g u< 1,
and
(q=1)yp +q(m+1)-1
—g (q=1)y2+q(m+1)-1
n ) +B2 , —1"‘{52 ‘,l > 1,
2,- &, @=Dyz+qm+1)-1
Y(FyR) < n(1+1ﬂ:2 nlnn, — M= 1,
q-ya
T 1 (q=1)ya+q(m+1)-1
n "k n, 5 u<l

The case of z’ € Ei’_ is absolutely identical to the case z’ € E§’+.

If -1 <y, £0, then

q(m+1)-1
n Tk
2,+ |d]|
Y(FZ,R) =n g(m+1)—-1 - n ln n,
w} —wyr| T
Ay 03 ~wor n,

and
q(m+1)-1

T q(m+1)-1
n R 5 >1,

2,— (m+1)-1
Y(Fyp) 2§ nlnn, ! 5, L

q(m+1)-1
n, 5 <1

q(m+1)-1
g, H> L
q(m+1)-1 1
1+ 4
q(m+1)-1 1
1+ﬁ2 4

3490

(81)

(82)

Combining the relations (69)-(82), for 1 =1, I, =1, for each y; > =1 and y, > —1 and any p > 1, we

write
@=1)yy+qm+1)-1 .
) . nﬂiﬂz ) (qfl)ml:q(mﬂ)fly >1,
Yoy < nz[(qfl))qw(mu)fl], ifa; #0; (q_1)7;+q(§,,+1)_1
e P (VR (A ) ST ) ninm, m# =1,
n, T p<l,
niw”%ﬁg“m ’ (q—l)yéliqému)—l o1
2
< [-1)y;+q(m+1)-1] @-Dy;+q(m+1)-1
< n 1 +4 nlnn, —( )21+ﬂ(2 ) u=1,
q-1)y5+q(m+1)-1
Tl, T < 1,
— , ifa; =0, .
where y = { g i ozl 40 Then, from (58)-(61) and (83), for all z € L, we obtain that
4 1 4

y‘éﬂ ) u
+m
1
ﬂ( P +/52,

y5+l u

Py )| < [IPall, - n(ﬁTﬂﬂ")ﬁ + a5 +’")1+ﬁ2,

(n lnn)l_% ,

1-1
n v,

To complete the proof of Theorem 2.7, it remains for us to combine the estimates over all points z € L.

p>1, B2 <mu-—1,
5+ u+1+p2

p 21+52—my , Pazmu—1,
_ (5 Dp+1+pe

= g Przmp—1,
5+ D u+1+p2

p> —21+ﬁ2_my , Ppzmu—1.

(83)
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