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On the growth of derivatives of algebraic polynomials in regions with
a piecewise quasicircle with zero angles

U. Deger?, F. G. Abdullayev®?

?Mersin University, Faculty of Science, Department of Mathematics, 33343 Mersin, Turkey
bInstitute of Mathematics and Mechanics MSE Republic of Azerbaijan

Abstract. In this paper, we study the growth for the m-th derivatives of an arbitrary algebraic polynomial

in bounded and unbounded regions with piecewise-quasicircle boundary having interior and exterior zero
angles in the weighted Lebesgue spaces.

1. Introduction and definitions

Let C := C U {0} where C be a complex plane and G ¢ C be a bounded Jordan region with boundary
L := JG (without loss of generality, let 0 € G); Q = C \E = extL. Fort € C and 6 > 0, let A(t,0) :=
{fweC:lw-t>06};, A:=A0,1) and B(t,06) :== {we C:|lw—-t <06}; B := B(0,1). Let ® : Q — A be the

univalent conformal mapping normalized by ®(c0) = oo and lim,_,« % >0, W=
On the other hand, let us set

Li:={z: |®(z)| =t}, L1 =L, G; :=intL;, Q; := extLy;

for t > 1. Moreover, let d(z, L) := dist(z,L) = inf{|C —z|: (€ L} forz € Cand L C C; and g, denotes the class
!
of all algebraic polynomials P,(z) of degree at most n € IN. Let {zj}

o € L be the fixed system of distinct
points. For some fixed Ry, 1 < Ry < o0, and z € ERO, consider generalized Jacobi weight function by

)
h@) =ho@ [ [z -z,

)
j=1
where y; > -1, forall j = 1,2,..,1, z € Gg, and hy(z) = co(L) > 0 for some constant co(L) > 0.
For each 0 < p < oo and rectifiable Jordan curve L = dG, we introduce the following norms:
1/p
IPull, : = IPullz,m) == fh(z) IPu@)l ldzl| < 00,0 <p <oo, (2)
L
1Pl

= IPull .1y = max Pa(@), p = 005 L(1,L) =: Ly(L).
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It is well known that the Bernstein-Walsh inequality given below is often used in the theory of approxi-
mation of a function of a complex variable [45]:

Palleg, < 1@ [Pulle, » VPu € 9. 3)

An analogue of this inequality in space £,(h, L) is as follows [32]:

1
Pl < IR IPall 1y, P € 90, p > 0.

This estimate has been generalized in [15, Lemma 2.4] for weight function h(z) # 1, defined as in (1), as
below:

Pl 0 < 1P 7 IPall g ry, 7 =max{0;y;:1<j < 1} (4)

If we consider the two-dimensional analogues of the quantities (2), i.e., integral over the region G, (we
denote them by [|P,|| A, (h,G)r [Pl A4,(1,6) and A,(G) respectively), then corresponding estimations of the form
(4) can also state for them. But to do this, the following definitions are needed.

Assume that ¢ : G — B is a conformal and univalent mapping which is normalized by ¢(0) = 0,
@’(0) > 0; ¢ := 1. Abounded Jordan region G is called a k -quasidisk, 0 < x < 1, if any conformal mapping
i) can be extended to a K -quasiconformal, K = 1*X, homeomorphism of the plane C on the C (see [33, p.
100],[40]). In that case the curve L := dG is called a «x -quasicircle. The region G (curve L) is called a quasidisk

(quasicircle), if it is k-quasidisk (x -quasicircle) for some 0 < x < 1. We denote this class by Q(x), 0 <« < 1,and
say that L = dG € Q(x), if G € Q(x), 0 < x < 1. Also we say that G € Q(x), 0 < x < 1, if G € Q(x) and JG is
rectifiable. Furthermore, we denote that G (L)€ Q (or Q), if G (L)€ Q(x) (or Q(x)) for some 0 < k¥ < 1. Note
that quasicircles can be non-rectifiable (see, for example, [26], [33, p.104]). Recall that there is a geometric
definition of quasiconformal curve in [33, p.102]. A curve L is said to be quasiconformal if for arbitrary
points z; € L and z; € L, the diameter of the shorter arc I(z1,z;) of the curve L joining points z1, z, satisfies
the inequality

diam l(Zl, Zz)

< c < +oo. )
|z1 — 2o

In [1] the analogue of the inequalities (3) and (4) holds as follows

n+

1
1Pl ey < €1 [L+C2(@@I= DI 1Pl .., [P@I =R >1, p>0, ©)
for arbitrary region G € Q and the weight function h(z) given in (1) where c; > 0 and ¢ := ¢1(G,p,c2) > 0
constants, independent of n and z. Moreover, estimate (6) was generalized for arbitrary Jordan region G
and P, € ¢, as below in [12, Theorem 1.1]:

2
I1Pall, 6 < €3 1R 1Pyl

Gr) —

|(D(z)|=R>R1=1+%,p>O,

Ap(Gry)

where ¢; = (ﬁ)'E [1 + O(%)] , 1 — o0, is asymptotically sharp constant.
A new version of the Bernstein-Walsh lemma for the regions with a rectifiable quasiconformal boundary
is found as follows in [43]:

Vi
IPu(z)| < C(L)M 1Pl oy @@, z€Q,

where c(L) > 0 is a constant depending only of L.
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Suppose that S is a rectifiable Jordan curve (or arc) and z = z(s) is the natural parametrization of S for
s € [0, |SI], IS| := mes S. Let z1, z, be an arbitrary points on S and I(z1, z;) denotes the subarc of S of shorter
diameter with endpoints z; and z, (including the endpoints) as mentioned above. Following [41, p.163],
we say that a bounded Jordan curve S is A—quasismooth (in the sense of Lavrentiev) curve, if for every pair
z1, 2o € S, there exists a constant A := A(S) > 1, such that

|Z(Z1/ZZ)| < /\ |Zl - ZZl/ Z1, 22 € S/ (7)

where |I(z1, z2)| is the linear measure (length) of /(z1,z»).

The problem on uniform and pointwise estimates for the ’Pfqm)(z) ,m>0,in G and Q, was investigated
in [17] where m = 0 and L is a A— quasismooth curve and the similar problem was considered in [10] for
more general class of curves without any cusps, contained also A—quasismooth curves in case of m > 0 and
the following evaluations were obtained:

) , LS ar
|Pn (z)| <cy IIPn||p{ ,7:, zeQ, i

where cy = c4(L, p,m, y) > 0is a constant independent of 1, i, Py,, i1, = pn(L, b, p) > 0and n,, = n,(L, h,p,z) —
00, as n — oo, are a constants depending on the properties of the L, h. Moreover, we addressed the results to
the statement (8) with G being a bounded region by a piecewise quasismooth curve having a finite number
interior and exterior zero angles on the boundary in [30].

It is easy to see that quasismooth curves satisfy the inequality (5). Therefore, any quasismooth curve is
quasicircle and they don’t have any cusps. Moreover, according to [23, Lemma 3], there exists a rectifiable
quasicircle which does not satisfy inequality (7). The estimate (8) for regions bounded by x-quasicircle was
studied in [14]. However, the evaluations of type (4) have not yet been studied for regions bounded by k-
quasicircles with exterior and interior zero angles .

The aim of this study is to address this problem for regions bounded by piecewise rectifiable quasicircles
having a finite number interior and exterior zero angles on the boundary.

After making some reminders, let’s start giving the relevant definitions.

Throughout this study, ¢, cp,c1, ¢z, ... are positive constants and ¢, €1, €3, ... are sufficiently small positive
ones (generally, different in different relations), which depend on G in general and on parameters inessential
for the argument. Otherwise, such dependence will be explicitly stated.

Definition 1.1. A Jordan arc ¢ is called x—quasiarc for some 0 < x < 1, if £ is a part of some k-quasicircle
for thesame 0 < x < 1.

We say that a bounded Jordan curve (arc) L is locally k—quasicircle (x—quasiarc) at the point z € L, if there
exists a closed subarc £ C L containing z such that every open subarc of the £ containing z is the x—quasicircle
(x—quasiarc).

Foranyi =1,2,.., k =0,1,2 and &; > 0, we denote by f; : [0,e1] = Rand g; : [0,&1] = R twice
differentiable functions such that

£(0)=g:0) =0, fPx) >0, g¥x) >0, 0<x<e. 9)

Further, the notationi = k,m meansi =k, k+1, ..., m for any k > 0 and m > k. Now let us give a new class
of regions bounded by piecewise quasicircle having interior and exterior cusps at the connecting points of
boundary arcs.

Definition 1.2. We say that a Jordan region G € PQ (K;f,-, gi), forsome 0 <« <1, fi = fi(x), i = 1,1, and

_ I

gi = gi(x), i = I1 +1,1, defined as in (9), if L = dG = |J L; is the union of the finite number of rectifiable
i=0

K;-quasiarcs, 0 < x; < 1, (k = max{«x;, 0 <i <[}) L;, connecting at the points {zi}f»zo € L and such that L is a
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locally x-quasiarc at the zg € L\ {zi}ézl and, in the (x, y) local coordinate system with its origin at the z;,
1 < i < I, the following conditions are satisfied:

a)foreveryzi €L, i= 1L, L<I,

{z =x+iy: |z| < e, cinfi(x)s y< ciufi(x), 0<x< 81} c G

~

(o]

{z:x+iy:|z|§e1, y|2£2x,Ostel} -
b)yforeveryz;eL, i=1h +1,],

{z =x+iy: |z <es, célgi(x) <y< cézgi(x), 0<x< 83} c Q

{z=x+iy:|z|<e3, y|2€4x,05xS£3} c G

~

for some constants —co < ¢}, < ¢, <00, —c0 < b, <l <coand & >0,5=1,4.

From Definition 1.2 it is clear that each region G € PQ (K,' fi, 91’) may have /; interior and [ — I; exterior
zero angles (with respect to G) at the points {z;},_; € L. If a region G does not have interior zero angles
(I1=0) (exterior zero angles (I1=1)), then it is written as G € I;Q(K,' 0, g,.) (G € I;Q(K,‘fi,())). If a region G
does not have such angles (I = 0), then G is bounded by a rectifiable k—quasicircle and in this case we set
PQ(x,0,0) = Q(x).

Throughout this work, we shall assume that the points {21}5:1 € L defined in (1) and Definition 1.2 are
the same. Without loss of generality, we will also assume that the points {z,-}ﬁ=0 are ordered in the positive
direction on the curve L such that G has interior zero angles at the points {zi}?:1 ,if 1 > 1 and exterior zero
angles at the points {zi}f»zl1+1 JAfl > + 1.

Note that the similar results of the type (8) in various spaces for m = 0, the different weight functions
and, unbounded regions (z € Q) were studied in [6], [13]-[20], [4], [9], [31, p.418-428], [34], [39], [38], [43]
and others. Moreover, the estimates of the type (8) for bounded regions (z € E), for the norms |[|P,|| £,0L)
or ||P,]| Gy P >0, for some weight functions h(z) (h(z) = 1 or h(z) # 1) were investigated in [1]-[7], [8],
[22]-[28], [31, pp. 418-428], [34], [35, Sect. 5.3], [36], [37, pp.122-133], [39], [38], [42], [44] (see also the
references cited therein) and others.

2. Main results

N
Let U (L,06) := |J U(C, 6) show the infinite open cover of the curve L and Un(L,0) := U Uj(L,06) C
CeL j=1
Uw(L,0) denote the finite open cover of the curve L where 6 := {n'mléj for L = dG and 0 < 6; < O :=
<j<

Ymin{jzi —zj| :4,j = 1,1, i # j}. Besides that Qy(z;, 6)) := QiN{z : |z - zj| < §,}; (o) = Llj Qi(z), ), %(0) =
j=1

! -
Q\ Qy(0) for t > 1. Additionally, let A; := ®(Q4(zj, 9)), Ai(0) := U D(Q(zj, 6)), Ar(6) := A\A(0). Clearly,
=1

! ) ) — . ) — ,
Q= UQj. Fi= (L) = Ay Nfrcltl=1}, F, := OL}) = A;; N{t:|t| =t} where Q;; := ‘I’(At].) and
j=1 ,

L=Ln0i=1,
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During this study, we will use the abbreviations defined below
— 1+()/,4+1)(1+T<'). i it DA+ +(1+)
P T T e R T T Ay
_ 02+ DA+0)-(1+1)A+p)

(10)

P BEIRRGE PPE T DAry
P i+ DA+ +(1+p)
s SO D T = (G
) B (y2+1)(1+1<)+(1+ﬁ2)' v DA+ + (L +B)
@ =Ty s P T S e
(et D)@ +x) -1 +x) 1+ ) - 1+x)+@1+p) 1o
O (S T B C R [ ) L () I 7 [ R S M
oL . T Y2 (1+%) 2+%  — y2(l+x)
Ve s =maxiOye k=L v = Gy Te Y T G A )
_ A+ RaAB) ] - (etDAFR . [A+RA+) ]
Ve _zw_l]'y5'_(l+7€)(l+ﬁ2) l,yﬁ.—m[ (1+%) 1]’
~ G2+ 1) +p(m = D] (1 +x) o~ (1+x)(1+p2)
yim) = A+ 9075 —pm=-1)-1; y7:=(p+1) W_l]
1, oz,->0,

where y; > -1,2; > 0,B; >0,and « = with 0 < k¥ < 1foranyi=ﬁandm21.Now,we

x, a;=0,
start to formulate the new results. We note that all parameters p and y with different labels are taken from
(10). Firstly we give recurrent estimate for |P5,m) (z)} withm=1,2,....

Theorem 2.1. Let p > 1,G € ISD(K;f,-, !7:‘)/ for some 0 < k¥ < 1, fi(x) = Cxt*%, a; >0, i = 1,14, and
gi(x) = Cix!*Pi, B; > 0,i =1 + 1,1; h(z) be defined as in (1). Then the inequality

P (2)| < 1 [0z >|{” ”””) >+ch Buo(2) [P ”><z>|} (11)

holds for any y; > -1, i = ﬁ, P, € pn, n € N, and each m = 1,2, ... where c1 = c1(L, i, B, m, p) > 0 is a constant
m(m—1)...(m-v+1) and
!

independent of n and z. Here, Cj, :=

A}l,p(zl m) :=
1 yitl 1) 1t m > 2
Z Tl( » +m 1)”5{’ p > 1, ‘ = &
i n(y",f1 +m71)(1+%§/ p>1, m=2 i:l;+1 » ’ Bi<m-1)(1+x) -
i=1 Z n(l’V +m—1)11%t;‘i p< pl' (m) m2>2,
3 (o i< ' o Bz (m=1)(1+x) -
= I 1 p < p4l m - 1 + l ’1[+1 Lo )
i= ) n v W, <L, m=1,8;>0,
(nln n)lfrlf , p=p, m=1 i=§‘+1 1 p<Ps Bi
1 / —_= .
n, p>py, m=1 (nlnn)'"7, p=7ps m=1,6>0,
1 .
nlfﬁ, p>pg, m=1,6>0,
ifyi > 0and

A},,p(z, m) :=
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I
(l+m—1)11%/§’_ mz2,
L o P>l Bi<m-1)(1+x)-1,
D S ) ¥ om0 g cpep,  MEZ
00 dvE mer, | : Y B -1,
— 7 7 7 + l .
(nlnn)l_rl’, p=2+x, m=1, y ni%llﬂﬂ-, p<1+11+§, m=1,6>0,
I’ll_tl’, p> 2+ E, m=1, i=hitl 1-1 ’
(nlnn)"v, p=1+11%/§, m=1,>0,
1
n'r, p>1+1, m=1p>0,
if—l <7 <0,
B:l’v(z) =10 o =1,m,
if z € Qr(0);
I i+l - . ! yitl-p .
‘len( . —1)(1+K), p < Ply yi >0, 4 IZ ) 171 POB) (1+;<), p< pZZ' i >0,
= =l +
_1 ; —2 1
A,lw(z, m):={ (n lrllﬂ)l r, p=py, vi>0, +{ (n 1111 n)! v p=ph, 7i>0,
nl_?,l p> p’l, yi >0, n175,1 p> p;, yi>0,
7<) p>1, -1<y;<0, n<1=p) p>1, -1<y;<0,

Bn,v(z) =n",v=1m,
if z € Qr(0).

Now, we assume thati =1,2; l; =1, I = 2 for simplicity of our presentations, i.e. the region G may have
one interior zero (or nonzero) angle having ” f;—touching” with fi(x) = Cix1™™ g > 0, at the point z; and
exterior zero angle having ”g,—touching” with g»(x) = Cox!*f2, B, > 0, at the point z, for some constants
—00 < C1 < 400, —00 < C; < 400, where Cy := Cy(cy,¢2), Ca := Ca(cs,¢4) and constants ¢;, i = 1,_4, taken
from Definition 1.2. In this case, combining the terms relating to the inner and outer corners, we obtain the
following result.

Corollary 2.2. Let p > 1, G € I;Q(K;fl, gz), forsome 0 < x <1, fi(x) = Cix* oy > 0, and 72(x) =
Cox'*P2, By > 0; h(z) defined as in (1) for | = 2. Then, the following inequality holds

Pl
d(z, D)

P @) < c; [0"1(2) { A%y (em) + ) ChBl@) [P (Z)|} -
v=1

foranyy; > -1,i=1,2,and P, € p,, n € N, where c; = c»(L, y;, B, m, p) > 0 is a constant independent of n. Here,

n(%+m—1)(1+70, l<p<pr y127y1(m), v2>Ys, P2>0,

A2 (z,m) = (e )as®) s g » >0, V2 <Te Pa<(m-1)(1+x)-1,
n(%m_l)ll:ﬁg, 1<p<ps, 0<yir<yi(m), y2>%s p2>0,

if y1,72>0,

alrm=1)as0) -y o g m>2, Pp<(m-1)(1+x) -1,
n(%*m‘l)(“ﬁ, l<p<pl m22, Bp>m-1)(1+x)-1,

Ai,p(zlm) = n%(“@/ p<2+x, m=1, B>0,
(nlnn)l_%, p=2+x, m=1, >0,
n'=s, p>2+%  m=1, Pp>0,



U. Deger, E. G. Abdullayev / Filomat 38:10 (2024), 3493-3522 3499

if =1 < y1,y2 <0and

B2, (z) :=n"", 0 =1,m,

for the z € Qr(6) and

a5 ‘1)(1l®, 1<p<pl, "=y B2 >0,
(nlnn)""7, p= pi, V12>, B2 >0,

', p>pL y12 72, B2 >0,

A% (z,m) = 2l T 1
" n[ 5 _1]1+ﬁz, l<p< p%, 0<y1<73 P2>0,
(nlnn)'7, =p, 0<y1<y2 p2>0,
: P="p; Y1 <Y
n'r, p>pi 0<y1<y2, B2>0,
ify1,y2>0,

Aﬁ,p(zz m) = { nK(l_%) P > 1/ ,82 > 0/

if =1 < y1,y2 < 0and B, ,(z) :==n*,v = L_m,for thez € ﬁR((S).

The formula (11) allows one to sequentially obtain an estimate for |P51m) (2)|, for each m > 1. First, we get

an estimate for |P;, (z)| by setting m = 1 and using the estimate |P,, (z)|. In case of m > 2, the estimations are

made sequentially by applying the estimates (11) (or (12)).
First, let’s give the evaluation for |P, (z)|.

Theorem 2.3. Letp > 1;G € Isé(K;fl, gz),forsomeo <x <1, fi(x) = Cx™™, a1 > 0and ga(x) = Cox'*P2, By >
0; h(z) be defined as in (1) for | = 2. Then, the following inequality holds

Q" (2)| ||yl
| d(§,|L) “AG (@) (13)

foranyy; > -1,i=1,2,P, € p,, n € N, and z € Qg, where c3 = c3(L, vi, B, p) > 0 is a constant independent of n
and z. Here,

|Py (2)] < c3

) (I p<pl, y1=7s, v, >0, B2 >0,
(n 1r11 ', p= pi, 12>, y2 >0, B2 >0,
nl:i{ p>pl, V12> 72, y2 >0, B2 >0,
Ap@ =1 T 1cp<p 0<yi < 72>0, B2 >0,
(mnm)'™r, p=pi,  0<y1<7 72>0, B2 >0,
nl_%, p>pi 0<y1<y2, 72>0, B2 >0,
n<=) p>1, -1<y10, -1<9y2<0, B>0.

Note that, analogous result for |P, (z)|, p > 0, obtained in [14]. But, this theorem for p > 2 gives a better
estimate.

According to Corollary 2.2 and Theorem 2.3, we obtain the following result for
yAS QR.

P, (z)| at each point
Theorem 2.4. Letp > 1;G € Z;Q(K;fl, gz),forsomeO <x <1, fi(x) = C1xM*, a1 > 0and gp(x) = Cox'*P2, B >
0; h(z) be defined as in (1) for | = 2. Then, the inequality

|02 V@) 1Pl
ien  Am® (14)

P, (z)| <y
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holds for any y; > =1, i =1,2,p, > 0, P, € p,, n € N, and z € Qg, where ¢4 = c4(L, yi, B, p) > 0 is a constant
independent of n and z. Here,

n;}+j-l(l+%—)’ ' l<p<pl, 1273
pl 51 e l<p<pl, ys<y1<ys,

=3+ (In n)l_%17 , p=pl V122,

R R O A
An,p(Z) = n(1—1;)+(1+z) } T < Py
, p>py Y5 =V1<72
A= (1 gy, p = p3, Vs <y1<72,

a5 k) 1<p<ps, y1<7Vs

n(l—%)+(l+f), p> Pé, Y1 < )72,

ify1,y2 >0,

A (@) = =+, p>1,

if =1 < 1,72 <0 for the z € Qr(0);

n(nr:l_l)(HaM’ l<p< P%, 1> )73’
Al %t o p<ps 0<yi<ys,
S R T T
o (Inn) v, p=ps, 0<y1<y2,
”1_f+K/ p>py Y1272,
TRALS p>pi 0<y1<ys,

ify1,72>0,

An (@) = n P s,

if =1 <y1,y2 <0 forthez € Qr(6).

By considering Theorem 2.4 for |P;, (z)| and Theorem 2.3 for |P, (z)| in Corollary 2.2, we have the following

result.

Theorem 2.5. Letp > 1;G € PQ (K;fl, gz),forsomeO <k <1, fi(x) = Cx™™, ay > 0and ga(x) = Cox'*P2, By >
0; h(z) be defined as in (1) for | = 2. Then, the inequality

|3V @) 1P,
iz m® (15)

Py (@) <cs

holds for any y; > =1, i=1,2, P, € p,, n € N, and z € Qg, where c5 = cs(L, y;, B, p) > 0 is a constant independent
of nand z. Here,

6 —
An,p(z) =
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nl75#2)0+0
L5 1] 8049
n# >71(2), g
A0, 1< p <, g<?“ a3 V00 (1 )
- _1 -
— n(ﬂ+l)(1+7€) > 71 > 0/ + n(l p)+3(1+D/
B r P=Py B2 <%, n(1—5)+3(1+‘@
+1 < iys 2 ,
n( Zp +1)1+ﬁ2 pa S p < p()(z)/ “)‘521 S Zl( ) n(l %})+2 1+j (lnn)l llj ,
n[Tl 1] +3(14%)
n(l 1)+3( 10
ify1,y2>0,
nK(l—%)+3(1+’1€) p>1 , <K
AS () = k(1= 1)+3(14%) (1+x)+(1+62)
P n P , 1< p< m, ‘82 > K
if =1 < y1,y2 <0, for the z € Qr(5);
n(v1+1_ )1+jl 1<p< P%/ y1 2 73/ n(l1+l )(1+A)+21<
n[vzpﬂ_l]]l:rl;Z’ 1< p< p%, 0 < "< 73/ n[%—l] 11:/;2 +21<
A5 @] @' p=pl oz e e
g (ninm)'™r, p=pk  0<yi<Tn | " n“"(lnn) 7,
s, p>pl, 71272 ',
nl_rl’, p>pi 0<y1 <7, n1_7+2’<
ify1,72>0,
Ag,p(z) = nk(l—%)+2k
if =1 <y1,y2 <0, forthez € Qr(6).
Now, we can state estimates for | N ,m>0.

Theorem 2.6. Let p > 1; G € I%(K;ﬂ, gi), for some 0 <

gi(x) = cl-x“ﬁ”,ﬁ,- >0, i =1 +1,1; h(z) be defined as in (1). Then, the inequality

+pm
1+6;

(1+x)
+1) i

)(1+a N i n(

i:]1 +1

L yi+l
L
i=1

||Pn||p/

1<p<py,
1<p<py,
p=py
p>pi
p>q,
P=r
1<p<pi
P> s

l<p<p%,
1<p<p§,
p=pi
P=ry
p>py
p>ps,

k<1 filx) =cxt™, a >0,i

3501

Y1273,
V5 <y1<73,
V1272,
V1272,
V5 <y1 <72,
Y5 <y1<)2,
71 < 775,
V1 < 772,

VY13,
0<y1 <73
Y1272,
0<y1 <72
Y1272,
0<y1<72

1,11, and

(16)

holds for any y; > -1, i = ﬁ, and P, € p,, n € N where cs = c6(L, i, B, p) > 0 is a constant independent of n and

zZ.

Analogously to Corollary 2.2, we obtain the next result fori =1,2; Iy =1,and [ = 2.

Corollary 2.7. Let p > 1; G € I;Q(K;fl, .’72)/ for some 0 < x <1, fi(x) = Cixt*, a; > 0, and ga(x)
Cox!*F2, By > 0; h(z) defined as in (1) for | = 2. Then, the inequality

1P|, < erMu(m) I1Pull,, 1 > 0

(17)
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holds for any y; > =1, i=1,2,and P, € p,, n € N, where c; = c7(L, yi, B, p) > 0 is a constant independent of n and
z. Here,

Y1+l

g +m)(1+~§ y1 > (Vz+l7m + 1) Lk —pm — 1, yy > (Pm + 1) [M _ 1] — ‘32,

T+52 T+x

n

p (D)

1+x

=

1+8> 1+x 1+x
ntl +m)(1+‘)
- ,BZ/

(*
n(vzﬂfzm )1+x 0<7/1 <()/2+Pm +1)1+_1<__pm_1/ )/2Z(Pm+1) M_l _‘le
( Y1 >0, Y2 < (pm+1)

(

+m) 1+_)

==

n -1<y1 <50, -1 <y, <0.

Remark 2.8. ([39, Remark 2.16]) The inequality (17) is sharp.

Combining (17) with (13), (14) and (15), we obtain the estimations on the growth of |P,(z)|, |P;(z)| and
, respectively, in the whole complex plane.

44
Pl’l

Theorem 2.9. Letp > 1;G € @(K;ﬁ, gi),for some0 < x <1, fi(x) = Crx™, aq > 0and gp(x) = Cox'*F2, B >
0; h(z) be defined as in (1) for | = 2. Then, we have the inequality

Pl < cslPall, | on @ ZECR
Z)| < CS CD"H()
n nllp ld(zL§|A3 (), ze€Qg,

foranyyi>-1,i=1,2P, € gy, n €N, and z € Q, where cg = cs(L, yi,p) > 0 is a constant independent of n

and z. Here, M,,(0) and A3 p(z) are defined as in Corollary 2.7 form = 0, z € Gg and Theorem 2. 3 for all z € O,
respectively.

Theorem 2.10. Let p > 1; G € ﬁ@(K;ﬁ, 91‘)/ for some 0 < x <1, fi(x) = Cix™ ™, a1 > 0 and ga(x) =
Cox'*P2, By > 0; h(z) be defined as in (1) for | = 2. Then, we obtain

’ (1) PAS ER,
|Pn (Z)| < Co ”Pan{ |®2”+1)(z)|

azL) np( z), z€ g,

forany yi>-1,i=1,2, Py, € gy, n € N, and z € Q, where co = co(L, yi,p) > 0 is a constant independent of n

and z. Here, M, (1) and A} np(2) are defined as in Corollary 2.7 form = 0, z € Gr and Theorem 2.4 for all z € Qg,
respectively.

Theorem 2.11. Let p > 1; G € PQS (A,’fl,gz), for some 0 < x < 1, fi(x) = Cix™™, @y > 0 and gp(x) =
Cox!*F2, By > 0; h(z) be defined as in (1) for | = 2. Then, we get

P ( )| < ”P ” (2) zZ€ ER/
zZ) < ClO (DS(nH ( )
! AR G, L)Z |A6 (@), z2 €O,

forany y; > -1,i=1,2, P, € p,, n € N, and z € Qg, where c19 = c1o(L, YirP p) > 0 is a constant independent

of n and z. Here, M,(2) and AS§ np(2) are defined as in Corollary 2.7 for all z € Gr and Theorem 2.5 for all z € Qg,
respectively.

Therefore, by using Theorem 2.1 and the estimation |P§,m) (z)| sequentially for each m > 3, and by
combining the obtained results in Corollary 2.7 we obtain the estimates for |Pn

,ateachz e C.
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3. Some auxiliary results

Fora > 0 and b > 0 we use expressions “a < b” and “a < b” if a < cb and c1a < b < cpa for some constants
¢, c1, ¢z, respectively.

Lemma 3.1. ([5]) Let G be a quasidisk, z1 € L, z5,z3 € QN {z: |z — z1| < d(z1,Ly,)}; wj = O(z)), j = 1,2,3. Then

a) The statements |z1 — zp| < |z1 — z3| and w1 — wy| 2 |wy — ws| are equivalent. Therefore, |z1 — z5| < |z1 — z3]
and |wy — wy| < |wy — ws| also are equivalent.

b) If |z1 — zo| 2 |z1 — z3], then

C1 C2

w1 — wWs
w1 — Wy

71-2
< |28 <

w1 — W3
w1 — Wy

Z1— 2
where 0 < ry < 1 a constant, depending on G.

Corollary 3.2. Under the conditions of Lemma 3.1, we have
w1 — wo|™ < |21 = za| < fwy — wol*

where € = ¢(G) < 1.

Lemma 3.3. Let G € Q(x) for some 0 < x < 1. Then
W(wi) = W(w))| = fwy —w,|**

forall wy, w, € A.

This fact follows from an appropriate result for the mapping f € }.(x)[40, p.287] and estimation for the
W'[24, Th.2.8]:

dW(r),L)

o < I (18)

!
Let {z j} . be a fixed system of the points on L and the weight function / (z) defined as (1).

Lemma 3.4. ([2]) Let L = G be a rectifiable Jordan curve and P,(z), be an arbitrary polynomial with deg P, < n,n =
1,2, ..., and h(z) satisfies the condition (1). Then forany R > 1,p>0andn =1,2,...

1+y* .
Pall 2,y < R™ 7 WPallgyry ¥ = max{O;y;: 1< j < 1}

4. Proofs of theorems

Proof of Theorem 2.1. Assume that G € I?Q(K,'fi, gi), forsome 0 < x <1, fi(x) = Cix*% 0, >0, i= E,
and g;(x) = Cix'*fi, B; > 0,i = I; + 1,1. Moreover, let R := 1 + &1 where R =1 + 1and H,(z) := (;’;52()2)
z € Q). The m— th derivative of H,, (z) is in the form

m (v) (m) m (v)
_ p _
HY 0= ) Ch( ) P40 = g + Lo g ) P @),
v=0

for

Pn+l (Z) Pn+l (Z) Pn+l (Z)

v=1

D)0+ - After the transition to modulus, we get that

Pn (Z) (m) m , 1 ()
((Dn+1(z)) ‘ + Z C’” (q)n+1 (Z))

v=1

(R
where C}, :=

IPI" (2)| < |0 (2)] {

|y (z)|} : (19)
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(s )(M) (@ (Z))(v)

calculation of )Pfqm) (z)| at the points z € ). Now let us consider the evaluations of the cases A) and B).

,v=1,m for

Therefore, it is sufficient to evaluate the cases A) ,m=1,2,..,;B)

A) Since the function H, (z) is analytic in Q, continuous on Q and H,, () = 0, then the Cauchy integral
representation for the m— th derivative gives that

" 1 dc
H” (z) = - 7 lf n(c,)( B —,z€Qg, m21.
Lg,
Then we get
P, (2) \" P, | 4| |d¢|
(q)n+1(z)) < _f Q)| 1c = 1 T 27‘(d(z Lz) f|P (C)| . (20)

Now let us estimate the integral denoted by

- T
A= [m o2 1)

Multiplying the numerator and denominator of the integrand by h!/?(C), according to the Holder inequality,
we obtain that

d
An(2) < |IPall, f % ' -
c hr () IC -zl

For the last integral denote by J,(z), we get

4] l4c|
Un@1" - _th HOIC - 2™ Zf _ (23)

e H [ e

1
|dC]| ‘
: =) (2
;ka |C = 2 @ — 2|7 ;

1
since the points {z]-}j_1 are distinct on L. First of all, we need to introduce some notations to estimate the

integrals J/(z), i = 1,1, Let w; := ®(z)), @; := arg w;. Without loss of generality, we will assume that ¢; < 2.

For 1 := min{n;, j = 1,1}, where n; = in |t-w>0,1
or 1 mm{r]],] ,},w ere 1); teaq)r(gg’b]))) wj| > 0, let us set
Ay =t |- < i} c 2Q;, 6)),
1
A =LA, By = M\AG)AG) = AAW); A = A(D),
j=1
A = {t=RéPiRzp>1, PO <o PLEPY

Q-1+ @)
T2

’

, P+ Qo .
Aj . :Aj(l)/A(P {: Re'0 : R=2p>1, SQ<JT},]:2,3...,Z,
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where
) 1
Po 1 =2m—qp Q= WA), L} = Le, N Q; Q= ]Q;
j=1

It remains to estimate the integrals ' (z) for each i = 1,1. For simplicity of our next calculations, we
assume that

L=115L=2i=122=-1,2=1; (—1,1)CG;R=1+%, (24)

and let us consider L = L* U L™, where L* := {z€ L:Imz >0}, L™ := {z € L:Imz <0}; by taking local
coordinate axis in Definition 1.2. Moreover, let w* := {w =ef:0= (’jl;ﬂpz}, z* € W(w*) and let L’ be arcs

which is connecting the points z*, z;, z~ € L and Lt .= LiNnL* fori =1,2. For simplicity, without loss
of generality, we assume that zyp = z* (zp = z7 ) where z; is taken as an arbitrary point on L* (or on
L~ subject to the chosen direction). Analogously to the previous notations, we introduce Lr = L} U Ly,

where L} := {z€ Lg : Imz 20}, Ly := {z € Lg : Imz < 0} and let wj := {w =Re?:0= @}, zy € W(wy).
On the other hand, we set z;g € Lg such that dig = |z, —z,R| and d(zpr,L? N L*) := d(zar, L%); z¥

={Cell: C-zl = cd(zi, Lr)}, 25 = {Ce L [C-zir| = cid(zip, Lr)|, wy = D(zF). Let Li* = Li N L
where L x| = 1,2, denote arcs, connectmg the points z}, zr, z; € Lg, and | I* ) = mes l ZZ‘R,ZR), where
l;’ (Zz_R’ R) denote arcs connecting the points z; with z ,and letd;rr, = d(L;;, L;;) fori= l, 2. Besides, we
use the notations given by

Ei’i D= {C € LE D0zl < Cidi,Rl}r (25)
E;}'{l o= {Ce Ly adin <IC-zil < | By |}, Fiy, = OER);

Ef* : ={Cel™: |(-z|<cdig,},

Ef : ={el™:adip <IC-zl < |y |}, Fr = O(EY), i,j = 1,2

Taking into consideration these designations and replacing the variable T = ®(C), from (18) and (23), we
have

W' (7)] ld] i-
= F F 26
]n(z) ,]21 f W(z) ,)l(q—l))’i W () — \y(w)lqm ”Zl []( ]Rl) +J( JiR1 )] (26)
and we have
2 ) 1 2 2 . )
An@) = Pl Y [R@] = 0Pl Y (BB ) + BEs )] = IPally Y [l + 1 ], (27)
i=1 i=1 ik=1

from (26) where

Ii/i . _ Il ( ) _ f |‘I’/(T)| |dT|
k,Rq k,Ry kR1 |\I](T) _ \y(wi)|(q—1)y,~ |\I/(T) _ \y(w)lqm
F!,t

KRy

- f d(W(q), L) |d7| i k=12
J W@ - W) W) - W)™ (-1
Fx,x

KRy

According to (26) and (27), it is sufficient to estimate the integrals I:ﬁ( foreachi=1,2and k =1,2.
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Therefore, we consider the notations given below
i,+ _ i+ . _ i,+ . it i+
Fre o= {r e (W(n) - Ww) 2 [W(0) - @)}, By , = Fre \Fre 1,
d(W (D) Lide| o
,. f o gy Vi 0
I =1 (Fi'i ) = e 7D (28)
k,Ri,1 k,R1,1 W@ W) 7 dP() Dt L
1 1 | T wovwrwn - <0
Vi,
i ; d(\¥(7),L)|dt
r= o =I(Fg )= f & ),,( _)1|)+,L ,
o o Jo () = W) (7] - 1)
i

forany k = 1,2, and we will evaluate the integrals here. Given the possible values y; (-1 < y; < 0and y; > 0),
we will discuss the estimates for the I'7 separately. Now, we can start this estimations.

1. Let z € Qg(9).

1.1. Let us calculate the integral I;; + 1 for k,j=1,2incaseofi=1.
,R1,j kRyq,j
1.1.1.1. For the integral I},/I:l,l + 11:1;1,1’ we get that
_ dr| |dT|
I+ I <n- f | < f (29)
LRi,1 - "LRy 1 J [W(7) — \p(w)|)f1(q—1)+qm—1 J k- w|()/1(q*1)+qul)(l+%§
Fr 1Y R FR 1Y R 1
< 0D e (Fi | UFy ) < b0
for y; > 0 and
1,4+ 1,- (=r1)(-1) Jl—qm
g+ g, S0 dl,R11 di R, f |dz| (30)
Fy ViR 1
1+y1(g-1)(1—x —1)(14+% 1, 1,- ~1)(A+0)+y1(g-1)(1-
< pHN@ A=)+ (gm=1)1+7) | o (Fu:l,l U Fl,m) < plam=1)A+R)+y1(g-1)(1-x)
for -1 <y; <0.
1.1.1.2. Analogously to the (29) and (30), for the integral I},’le,z + I}:I;,Z, we have
- dr|
I+ <n f | (31)
1,Ry,2 1,Rq,2 , - |\F(T) _ \Ij(wl)l)/l(q—l)+qm—1
Fyr 2V R, 2
dt| nb1@ Dm0 (g - 1)+ gm - 1](1+7%) > 1,
<n f <{ nlnn, [rig-1)+gm-1]1+%x) =1,
R e R At O R h@-1)+qm—-1]1+%) <1,
PZ;Rl ,ZUFZ:R1,2
for y; > 0 and
1+ 1,- |dT|
/ i < .
11,R1,2 + Il,R1,2 = n f I — w1|[y1(q-1)+qm—1](1+?a (32)
e 2YF1R 2
n[)/1('1—1)+qm—1](1+7<'), yl(q — 1) + qm —-1> 1}__?,
< nlnn, yig-+gm-1= 1=,
n, 1@-1)+qm-1< =,
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for -1 <y, <0.

1+ 1,- .
1.1.2.1. In case IZ,Rl,l + IZ,Rl,l’ we obtain

dr|
ot o+ <n- f |
2,Rq,1 2,Rq,1 |\I/(T) _ \I,(w)|y1(q—1)+qm—1

1,+ 1,-
FZ,Rl,l UFZ/Rl,l

| n[)/1(q*1)+t/]m—1](l+i’), V1(q -1+ gm—1> pir_z'
= f Iz — | (1@ Dam=1)1+9) =4 ninn, yi@=1)+qm-1= s
Lt UF- n, 1i@-D+gqm-1< 1=,

2R 177 2,R 1

for y; > 0 and

plam=1]0+0), gm—1> L

1+ 1- |d| Ly
12,R1,1 +IZ,R1,1 <n- = <! nlnn, gm—-1= 1=,
Iz — gl [7m-110+9
it UFh 1, qm—1< 1z,
2,Ry,17 2,Ry,1
for -1 <y, <0.
1.1.2.2. By analogy, for the integral I;”Ellz + 15:1;,2' we get
1+ 1,-
Lgpt hki2
| ab e tlD, g = 1)+ gm—1> o,
<n- < Inn, -D+gm-1=+=,
f It — ay [ D+am=1]0+9) ninn 1@ 1) qm Lo
Fl 29 2 ”’ vilg=D+gm =1 <z,
for y; > 0 and
1+ 1,-
Lg2t k2
dt| nl@=Dsm=1]00, (g = 1) + gm - 1> i
<n- - -1=-L
- n f |T _ wll[}/l(q—1)+qm—1](l+a - n ln n’ yl(q 1‘) + qm 1 1{1(1
Fl VPR " Vi@@=D+gm=1<rz,
for -1 <y, <0.
Therefore, we have
2 - . n[?’i(‘i—l)mm—l](“a, yig-1)+gm-1> #,
Z Ik,’Rl,j + Ik/'Rl/j << nlnmn, Yi@-1D+gqm-1= T
k,j=1 n, Vig=-1)+gqm-1< 1=,
from (29)-(36) for any y1 > -1land i = 1.
1.2. Let us estimate the integrals Ii'gl ; + 113};1 i fork,j=1,2incaseof i = 2.
1.2.1.1. Analogously to the previous cases, we obtain
24 2 |d| |d|
Ierlrl + Il,Rlll =n f |\y(T) _ \Ij(w)|)/2(q—1)+qm—1 =n f v2(q-1)+qm-1

1+
2+ 2,~ 2+ 2,~ |‘I’ 7) — W(wt |
Fl,R1,1UF1,R1,l F],R1,1UF1,R1,1 ( ) ( 2)

3507

(33)

(34)

(35)

(36)

(37)

(38)
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RO (1) paq=DHgm=1 1
] S -
—1)+gm-1
ﬁ n y2(q-1)+gm—1 5 nln n! M = %/
e 55— (1K) +p2 tK
e Gpe [t-wi| TR " ralg- Vel 1
LR 1T LRy A ’ 1+B2 1+x”
for y, > 0 and
2+ 2~ ld|
Il,Rl,l + Il,R1,1 =n f 7} 7} gm—1
W (7) - W(w)l
P> UF%,
LR 1 LR
qm=1 (1+K) qm—l
n+h , m(lﬁ"l{) > 1,
Jd] x| )
<n <n ————— ={ nlnn 1+x)=1
= =T © TR '
2, 2~ |‘I] 7) — W(w? 2 2, 2,— |T —w. 2 qm-—
Fre 1YFTR (1) ( z) Fi VPR 2 n, s 1+x) <1,
for y, <0.
. 2,+ 2,—
1.2.1.2. For the integral I}, , + I}y ,, we have
2+ 2,- |d7|
Pt 4+ <n f
1,R,2 TR 2 = - =
v IW(1) = W) 207D
P> UFY
LRy 27 1R 2
|dT| |dT|
ﬁ n Y2(g=1)+qm-1 (1+K) ﬁ n Y2(g=1)+qm-1 (1+K)
2, 2~ Y(t) — W(wt 2 2, 2~ T—w 1+
Fl,El,ZUFl,Rl,z | ( ) ( 2)| FI,E],ZUFLR-I,Z ' 2
Y2(g=1)+qm-1
e (1+x) Y2(g-1)+gm-1
n h , T(l + K) >1,
Y2(g=1)+qm—-1 _
=< nlnn, T(l‘i‘K)—l,
r2(g-D)+qm-1
n, T(l + K) <1,
for y, > 0, and
2,4+ 2,— |dz|
L ga+ g, 2 51 f V() — V(e[
J () - W)
Fl:R1 ,ZUFI:R],Z
|dT| |dT|
=< T <n ps)
IW(7) — W(wa)|™™" | i
2, 2~ 2, 2~ Y(t) - WY (w 2
Fl,lzl,zupl,Rl,z F1,1§12UF1,R1,2 ( ) ( 2)
qm-1
(1 -1
e nim ) T@Al+K%>L
T -1
< n = <9 nlnn, T=1+x) =1,
qn 1(1+K) 1+I§2
2+ 2,- |T — wi| gm—1 1 1
Flle,ZUFl,'R],z 2 n, T+ ( + K) <1,
for -1 <y, <0.
: 2,+ 2,— .
1.2.2.1. For the integral I, | +I7; |, we write

2,4 2,—
LRy thg 30

f‘ jd]
W(1) = W(awp) 2000

3508

(39)

(40)

(41)

(42)
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ld7] ldz|
2 n v2(q-D+qm-1 (1+x) =n yo(q-1)+qm-1 (1+x)
_ + T+ _ ot T+p
Fg:’-;lJUFg:I_?lrl |\I’(T) ‘y(wz)| ’ Fiizl,ll'JF;l_il,l 'T w2| ’
V2(q=1)+qm-1 1+ ( 71)+ m—1
nooTR 2 1+ﬁ2q A+1)>1,
(g-1)+gm-1
< nlnn, %(1+K):l,
Y2(q=1)+qm-1
n, 21+—ﬁz(1 + K) <1,
for y, > 0 and
_ dt dt
Ii-'l—{l ) + I%Rll <n f | | — < n | | —
T [W(7) — W(w))l" [W(7) = W(w,)l’
2+ UF%T 2+ 2,—

2Ry 17 2R 1

2R 1Y 2R 1

"L l4x)  gm-1
4

| nth 1+[521(1 +x)>1,

=n f o <y nhnn, T+ =1,
— +)| T+h2 9

g b, O =@ |, P+ <1,

for -1 <y, <0.
: 2+ 2,—
1.2.2.2. For the integral I, , + I,z ,, we get
2,+ 2,— |dT|
12,,R1,2 + IZ,RL,Z 5 n Y2 (q=1)+qm-1 (1+K)
, — |W(r) - W(w} 1+
F;;] yzuFiR]lz ) (7) ( H ))
v (q-1)+qm-1
n%(h‘“) y2(g—1)+qm-1 (1 + K) >1
ldz| ! ( 1;31‘32 . ’
y2(q=1)+gm-— _
<n },2(q71)+qnx71(1+’<) 2 nln n, T(l + K) = 1,
_ _ + 1+ }/2((7—1)+q11’l—1
Ft 295k, 2 v - i n, Sy A +r) <1,
for y, > 0 and
2,4+ 2,- |dT|
2o+ B < f
2,R1,2 2,R1,2 — _
' ! [P (7) — W(w,)| "
F2*  UF>

2R 27 2Ry 2

f |d|
< T =n
J W) - W)
Fyr 2YF2R, 2
qm=1
+5, (1+%) m—1
n 1 1R '11+ﬁ2(1+1<)>1,
qm—1 _
=< nlnn, 1+/321(1+1<)—1,
e
n, Lﬁz 1+x) <1,

for -1 <y, < 0. So, we obtain

ya(qfl)mm—l

1
2 no TR0
2,4+ 2,—
2. [Ik,Rl,j * Ik,Rl,j] =4 nlnn,
k=1
n,

|d|
-1
1+

L (GR{Cy)

2R 271 2,Ry 2

V5(g—1)+qm—-1
1+,

V5 (q=1)+qm—1
1+,

V5 (q=1)+qm—1
1+ﬁ2

1+x)>1,
1+x)=1,
1+x)<1,

3509

(43)

(44)

(45)

(46)
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from ( 38) - (45) for any y, > —1 and i = 2. Comparing (27), (37) and (46) for the z € Qr(5), we have

An(@) < Pl X

5 V5 (q-1)+qm-1 .
Liean] L A+0)  P@-Drgm-1 _ 1
e — * (1+62) L2 2T I S
n 1 (1"’@, 7’1(4 - 1) + qm — 1> 11,;1 noa 4 1+p2 > T+x’
X 1 1 + 1 V5 (q=1)+qm-1 1 (47)
(nlnn)q’ y;(q_l)"'qm_l:ﬁ/ (T’lh’ln)q, T:m,
L 1 Sy _
q * m 1 1 V5 (q—1)+qm—-1 1
7’[’4, 7/1(5]_1)"“] —1< 1+%° nt, 1482 < T

2. Letz e ﬁR((S). Then, it is clear that [W(7) — W(w)| > ¢; and so we must evaluate the above integrals for
eachi, k=1,2.
2.1. Leti=1.

2.1.1.1. For the integral I}:;l,l + I}:Elrl,we obtain

(1)
1,+ 1,- N - X 1,+ 1,-
I +Le  <n (n) mes (Fyr | UFyg ) <1, (48)

for y1 > 0 and

e - 1)1 1\ -0 L
Lgoa + Bgp S dy g, f ldr| = ”(;) mes (Fig 1 UF 1) <1, (49)
Fr aYF R
for -1 <y; <0.
2.1.1.2. Similar to the (48) and (49), for the integral I}:;llz + 1111_21,2' we find that
_ dt|
I+ 41~ <n f | (50)
1,R1,2 1,R1,2 , - |\I](T) _ \P(wl)l)q (q—l)—l
Firy 2YF 1R, 2

] Al @ D10R, g - 1) 1] (147 > 1,

<n f <{ nlnn, [rig-1)-1]Q+x%) =1,

I gy eenass T brg=1)-1]1+7%) <1,

Firy 2V Ry 2

for y1 > 0and

1,+ 1,- 1(1_K) K
I+l <. d(\I/(T),L)ldrlﬁn(E) <",

1,Ry,2 1LRi,2 —

1+ 1,-
Fl,Rl,ZUFT,Rl,Z

for -1 <y, <0.

2.1.2.1. For the integral IV + IV~

2R TR, 1o We get

2R;,1 " "2Ri,1 —

I+ <n- f d(¥(1),L) |dt| < n*, (51)
e aYFak 1

for y1 > 0and

1+ 1 1\
, - N K
Ligoy t g S0 ( ) =n

for -1 <y <0.
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2.1.2.2. For the integral I;’;gl ,t I, we obtain

2,Ry,27

1+ 1,- 1 (=9 K
L+ L, <n: (E) <n", (52)

for y1 > 0and

(1-x)
1+ 1,- - K
L s+ L <0 (n) =n,

for -1 <y <0.
Taking into account (48)-(52), we have

2 nln@ D100 - g -1)-1]1+%) > 1,
2 ik * T, < i, Dig-1)-1]1+8) =1,
k=1 n, [1@-D-1]0+%) <1,

for y; > 0 and

2

1, 1-

Y (R A

kj=1

for -1 <y; <0.
Therefore, we reach
) al @D, g - 1) = 1] (1 +7) > 171> 0,

Le - o) ninm, D1@-1)-1]1+x)=1y1>0,

,{]Zzll"'m k=) 1@ =D =11 +%) <Ly >0, 3)

’ n*, -1<y; <0,

forany y; > -landi=1.

2.2. Now, let us calculate the integrals Ii;g + 1> fork, j=1,2incase of i = 2.
,R1,j kRq,j

2.2.1.1. Similar to previous evaluations for the integral Iigl/l + I%:I_h,l k,j=1,2, we obtain

(1-x) |
2,+ 2,— - 2,+ 2,— K*ﬁ
Pt 4P <n (n) [mes(7, | + P )] <™, (54)

for y» > 0 and

B 1 (1—K) . ~ _
>+ <n- (E) A1 (z,, Lg.) [mes([2’+ + I%:lel)] <n*,

LRyl "LRy1 — 1,R;,1
for -1 <y, <0.
: 2,4+ 2,—
2.2.1.2. For the integral I, , + I ,, we have
- dt drt
B o+ <n ] <n a7 (55)
v (@) - W) W(e) - W) B
' = : - 7) - W(w 2
Pt VP R e, Y@ = P@))
y2lg--1
(1+x) Y2(q-1)-1
ld| moh T 1+1)>1,
=n 22611 =\ nlnn, %(1 +x)=1,
+| T (1K) yz(q_liz)_l
R R, (73] n, (1+1) <1,

1Ry27T 1Ry 2 1442
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for y, > 0 and

1\ 1
2+ 2~ 2, 2,- ]
A f d(¥(7),L)|dt| < n(;) [mes(I“: FRann 2)] <n* TR

LR LR 2 =
ik 2UFTR, 2
for -1 <y, <0.
2.2.2.1. For the integral Ig} 1 Ii’l;lll, we get
2 L 1\
R+ By < f AW (1), L) [dr] < n(ﬁ) <n* (56)
F2+ FZ—

2Ry 17 2R 1

for y» > 0 and

- ) (1-x)
I LR <n( ) <n*
n

2R 2,R,1 =
for -1 <y, <0.
2.2.2.2. For the integral 1;;{ o+ IZR , we find that
dr| ]
12 >t Iz <n f | < f -
2, R 2,Ry,2 — _ Y (l]_l)—l — T
Ft 23k o =Wl Fi 2P |W(r) - \I’(w+)| T (149
1~ 1- .

Y2(q-1)-1
e (EEOES )

|d7| ,
<n —7— =1{ nlnn, ”(‘7 P+ =1,
2h - |T - w+| Ty () yz(q 1) 1
F2R12UF2R12 2 n, T (1+K)<1,
for y, > 0 and
2,4+ 2,
12” + I2R 2 <n",
for -1 <y, <0.
Thus, we reach
v2(g-1)-1
) n 21*!‘2 (1+K), 72(17 1) 1(1 + K) > 1,)/2 >0,
Z [ nlnmn, VZ(q 1) 1(1 +x)=172>0, (58)
- kRi,j KRy j VZ(‘? 1) 1 1 1 0
k,j=1 n, BT 1+x)<Ly2>
n*, -1<7,<0,

from (54) - (57) for any y, > —1 and i = 2. Taking into consideration (27), (53) and (58) for the z € ﬁR(é), we
obtain

SN y2(0-1)-1
nw,bﬁ(q -1)-1](1+%x)>1y1 >0, [ ) (HK), — 1) BOIZ (1 +%) > 1,72 > 0,

1 1. yag i1
An(2) < P4l (nlmf)a, [yl(q—l)—l](1+7<')_1,y1>0,+ (nlmf) TS 1+x)=1y.>0, (59)
n',  Da@-1)-1]0+%) <Ly >0, n', PS40 <172>0,

’ﬁ/ -1<y1 <0, na, -1<y,<0.
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B) By Cauchy integral representation of the v — th derivatives (®+1(Z))(v), we have

1 \2 1 1 dc
((Dn+1(z)) T Ton f D) (¢ — 2)™* 2 € Q.
L

Ry

Then, using notation for L%, E** E;;l and Fi.’f CD(EZ z,) from (25), we obtain

LRy’
B ) : =l <t |d<:| 1 g
& =) zf w0l <2 o
Z f _Wlldt] Z f d(¥(0),L)ldt]
P U W(x) - () P Ve [W(1) - W(@)™* (Il - 1)

Let us calculate the integrals in the final sum for the cases z € Qr(6) and z € ﬁR(é).
Let z € Qgr(5).
3.1. For the integrals over the F}’* UFY ,j=1,2,in case of i = 1 we get

JiR’
f d(W(t),L)|d| <n. f |d] <. f |d| )
W (1) — W(w)[ (7] - 1) |W(1) — W(w)|° I __|v<_m
/o YFiR, o YFiR, i UETR,
and
f d(W(r),L) IldTI <n. f |d] _<n. f |dt| < 49
W (1) — W(w)"" (7] - 1) |W(1) - W(w)| It — w0+
Fy%, YR, Fy%, V3R, %, YEsR,

3.2. For the integrals over the FJZ,'I; j=1,2,in case of i = 2 we find

JR ’
f (W (1), I;illd’cl <. f ld]| _ <. f |d7| —
[W(7) = WY ()|"" (IT| - 1) Y(1) — W(w?)| P e
Fyy UFT iy VR (@) - W) Frr YRR, | 2
neE, 1) > 1,
<3 nlnmn, ﬁ(l-ﬂ():l,
n, ﬁ(l +x)<1,
and
f d(¥(t),L) |d| . f |d] . f |dz| < o),
W (1) — W(w)[" (7] - 1) W (1) — W(w)| T — "
F UF R, ok VPR, 2k, YR,
Therefore, we have
nm 1) 1+ﬁ (1+x)>1,
Bo(z) <m0 + ! ninn, rm(1+K) =1, +n70, (60)
n, 1+52(1 +x) <1,

for the z € Qg(5).
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3.3. Letz e ﬁR(é). Then, we obtain that
d(W(q), L) ld7| L) | _ .
Bo@=<), [ weue=Y | <. 61
| L[
TE UFL TEGUPL
Now, combining (19), (20), (21), (47), (59), (60) and (61), we reach
(1Pl
P (2)] < [0 (2 >|[ E A p(2) + Z CiBuo(2) [P, (62)
where
Anp(z) 2
(rzﬂ +m_1)11++}< m>2,
n\r b2, >1,
(B am)asd oF Br<(m—-1)(1+x) -
" f »op>1 mz2 (B > m>2,
D, p<pl, m=1, ] o <P <P gy s - 1) (w0 -
= Yo+l 14x
(nlnn) p=p, m=1, nor 1]+ﬁz p<p? m=1
11 ; 1_1 57 7
n o, pP>Py m=1, nnn) P, p:pé, m=1,
1 r, p > pé, m = 1
if Y1,Y2 > 0 and
App(z) <
( +m— 1) Lo m22,
1 e, p> By < (m—1)(1+x) 1,
n(f+m—1)(1+z), p> 1, m>2, n(%"'m_l)l]:ﬁz L<p<p? m>2,
BE p<24% m=1, | PSPy oz m-1(1+x)-
a (nlrlm)l_?, p=2+x, m=1, n%%ll:ﬂz, p<1+11+Lg, m=1,
1-1 ~ _
nv, p>2+x, m=1, (nlrlm)l v, p_1+11;fé\2 m=1,
n'r, p>1+1+", m=1,
2
if -1 <y9,y2 <0,
nrm 9 1+/3 1+x)>1,
Buo(z) < n?M*® 10 ninn, 1+ﬁ 1+x) =1, +n"1+0,
n, 1+/3 1+x)<1,
for z € Qr(6) and
y1+1 iy +1-p
51 1+~), p<pl, 711>0, ) (149 p<pi y2>0,
_1 _1
An(2) < (”111171) v,oop=p, >0, + (nlrlm)1 r,op=pi 12>0,
4 n'r, p>pl, y1>0, n'r, p>pi 12>0,
nK(l_%), p>1, -1<y1<0, nK(P%), p>1, -1<9y,<0,

and

B, y(z) < n*
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forz e ﬁR((S).

Therefore, it remains to show that d(z, Lr,) > d(z, L) for the complete the proof of the Theorem 2.1. Let us
show thatd(z, Lg,) > d(z, L) holds for all z € Qg. Really, wehaved(z, Lg,) = 6 > d(z, L) for the points z € ﬁR((S).
Now, let z € Q(Lg,,d(Lg,,Lr)). Then, we find that |w — wq| > ||w — wa| — |w2 — w1 || = )lw — Wo| — % |w — w2|| >
%lw — wy| where d(z,Lg,) = |z —&| for & € Lg, and d(z,L) = |z — & for & € L and w = O(z), w; = D(&;),
i=1,2. According to Lemma 3.1, we obtain the inequality d(z, Lg,) > d(z, L) that ends the proof of Theorem
2.1.

Proof of Theorem 2.3. Suppose that G € @(K;ﬁ, gz), forsome 0 < x <1, fi(x) = Cix™*® g > 0 and

g2(x) = Cox!*P2, By > 0 and h(z) is defined as in (1). By applying Cauchy integral formula to H, (z) = <1>[: ';(lz()z)
for z € Qg, we write
Py (2) 1 f P,(C) | ldC] f
o = P, (O)l1d 63
o+l(z)| T 2n ()| [C—2] ~ d(z LR1 [P, (Ol ldC| = ( ) (63)
Lg,
Therefore, according to the above reason d(z, Lr,) > d(z, L) for z € Qg, we obtain
P, (z)] < o )‘A where A, = Z fIP (©l1dc]. (64)
LT Az, L) T "

Let us evaluate the integrals in A,,. By first multiplying the numerator and denominator of the integrand
by h'/#(C) and then applying the Holder inequality, we get

1/p 1/q
2
ac 1 1
A< Y| [womereal | [—5— 2 (s ) 5+ 2 =1 (65)
= oIl |C —Zj|;y/ i=1
Ry Ry j=1
According to Lemma 3.3, we obtain
Tig, <Py, i=1,2 (66)
for the integral E &,- Then, from (65) and (66) we have
2 <
An<IPull, Y (Fog,)-
i=1
For the integral F]Z,Rl , we find that
= dc dac .
]Z,Rl f | | XfIC | ||qu, i=1,2. (67)
; pi ; —zi|r""
L, H |c-z)| I,

Then, from (67), we write

2

= l4c] ,

Ay = ||Pn||pZ (E/Rl), where J; ;= fm =12 (68)
i=1 . —al

Ry
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Taking into consideration above notations, replacing the variable 7 = ®(C), we get

7 dcl f W’ (7)) d| Xi f W’ (1)) |
2 J =zl W(t) = W)@ =) W(r) - W)
by (L) TR P
2 —~— .
= )[R +TER)]
1 =1
and herefrom we obtain
2 2
An < WPully Y [Tor, ] = WPully Y [ (B ) + Ta(ES )] =2 1P ||pZ I + T (69)
=1 i=1 ik=1
owing to (68) where
W’ d d(¥ L)|d
I =T (Ere) = f kol T(' — xf ( (T)’( _)1')? i k=1,2,
! 1 () - W) J W) - W) (1 - 1)

k,R1 kR

from (18) and (25). According to (63) and (64), it is sufficient to estimate the integrals AI;’(R foreachi=1,2
andk=1,2.

1. Let us estimate the 1ntegrals I 1; ,fork=1,2incaseof i = 1.
"1
1.1. For the mtegral A +1p , we have
d
T+ < f . f 4 (70)
Ri R1 L W (1) _\I](wl)l)l(q_ )— Y |T_w1|(y1(q—1)—1)(1+§)
F1R1UF1R1 le F1R1
< n-n(0E@D-1)AD) | o0 (pi; UF7 ) < pbn@n-1]a+d
AN AT
for y1 > 0and
T4, T —r1)(g-1
I +Le < n-d )0 Vd g f d| (71)
Fiiy VFiR,
1\CrDE=-D+D)-x) 1 -
< n (E) - mes (F1:1:1 U Flle) <1
for -1 <y; <0.
1.2. For the integral E;l +B:I§1’ we find
L + T, <1 f al (72)
Ry Ry I |W(T) _\I/(wl)P’l(q—l)—l
Fyr,YE2k,
] aln@D]R) (g -1) - 1]1+%) > 1,
<n- f << nlnn, [@-1)-1]0+x%x) =1,
O 1 S [1g-1)-1]1+%) <1,
FZR1 FZR1
for y1 > 0and
e . W(r) = Weop)l TV d(W(), L) ]
12;1 +LE < f EE) n* ld7| < n* (73)
F1+ Fl— F1+ Fl—

2Ry T 2Ry 2Ry 2Ry
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for =1 < y; £ 0. Therefore, we have

nln@-n-1]a+o

2

- ninn,
Z Tow 1] = "
k=1 e

for any y; > —1.

2. Let us estimate the integralsf2 .

[i@-1-1]0+%) >1,
ig-1)-1](1+x) =1,
ig-1)-1](1+%x) <1,
—1<)/1SO

+ kR,fork—l 2in case of i =2

2.1. For the integral I/} TfR , we get
D4 T |d|
T+ <n f
VR (1)~ W(wn) 2!
F2+ FZ*
LRy ZT 1R,
e Kty ) (G-1)-1
n R , 72f+ﬁ 1+x)>1,
dt y
<n | T =4 nlnn, Mﬂ;) 1(1+ x) =1,
1+p
Fre UFY ) (1) - W(w*)) ’ n, yz‘ﬂ;’ rala-D-1q 4y < q,

for y, > 0 and

2,4+ 2~
Il,R1 + Il,R1 <n f W (T)

2+ | p2-
F % UFY
LRy~ LRy

_ \Ij(wz)|(—yz)(q—1)+1 dz|

(=y2)(g-1)+1 (=72)(g-1)+1

<n ‘f \W(0) - W@))| " Al <n-d,, " mes(Fyy UFy) =<1

Fik, VFiR,
for -1 <y, <0.
2.2. For the integralfﬁ}rz +7§’I§1, we obtain
L P ldz]
by + ok, <1 f y2(g-D-1
J ) - )
PZ/Rl UFz:R1
R A S PR
<n ld] < I Vz(lqtﬁlz)—l —
= )Z(qll)ﬂym 1(1+1< = ninmn, 148, (1 + K) =1,
F U ’\P(T) ‘I/(w’r)) i n, @D 4 <1,

for y, > 0 and

1+’Bz

- d(W(1),L)ld|

2,4+ 2,

L + 1R = f ECEOE <n*
Fa VSR,

for =1 <y, < 0. Therefore, we find

2ED
4

n ik VZ(q 1) D7l 4y,
2 )/
erz,+ L2 <] ninn, }Z(q D el eyl P N
kR TR ] = yz(q 1) 11 1,
k=1 n, Ti+p ( + K) <
I’ZK, -1< V2 < 0,

3517

(74)

(75)

(76)

(77)

(78)
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from (75) - (77) for any y, > -l and i = 2.
By combining the results (69), (74) and (78), we write

[)/1(q;1)—1] 1+9

r2(q-1-1

(1+x)

y2(4-1)-1

3518

n , 7/1(‘7 _ 1) 1> 1%1?’ 1 90+p2) 175, > Tres
1 e yag-D-1 _ 1
R L S B 79)
" n@-H-l<gz |, e < T
n -1<y1<0. ni 1<y, <0,
for the p > 1 and z € Q. Taking (64) and (79) together, we have
()"
Py (2)] < CmBn,l 1Pl , (80)
forany p > 1 and z € Qg where c = ¢(L,p,y;) > 0, i = 1,2, is the constant independent from n and z and
n("lp” —1)(1+7<7’ p< P%/ y1>0, n(%‘l) (11++/sz), p < pg, Y2 >0,
B (ninn)*"v, p=P%, y1>0, (”ln”)l_'l’/ Pngr y2>0,
1= _1 _1
" n' rl?, p>pl, y1>0, nt rlf, p>pi 12>0,
i) p>1, -1<y1<0, all=h)e p>1, -1<y2<0.
Therefore, the proof of Theorem 2.3 is completed.
Proof of Theorem 2.4. From Corollary 2.2 and Theorem 2.3, we get
o+ (2)| AT if 7 € Qp(0)
, < 2 1 P s AR s
PL@| = Gy [AE D + 1P @) { o i£2 e Onld), (81)

where for m =1 and any y1,y2 > -1, 2 > 0.
Taking into account estimates (12) for Aﬁ,p(z, 1) and (13) for |P, (z)| and then substituting them into (81),

we have

|q)2(n+1) (Z)‘
Az, L)

P, (2)| < IPll,

y1+1

nor M0 1 <p<pl,
72+ 14k
nor 1<p<ps
1-1
(nlnn)"7  p=max {p}l;pg},
-3 1.2
nor p > maxip,;psi,
1 a —_
nr 1+ p<2+X,
_1 —
(nlnn)1 v, p=2+x,
_1 —_
n'r, p>2+x
71+l
nor 19, 1<p<p],
yotl 1+ ~
n[ - _1]1:ﬁ2+1+7<, 1 <p<p§,
~ _1
n1+1< (71 In 1’[)1 v, p= P%;
~ _1
W (nlnn)' v, p= p3,
_1l.z
nz p+1<, p > P%/
_1.=
nz p+k1 p > pg/
_1 x
nK(l V)+1+K p> 1,

Y12 Ys,
0<y1<7s
Y1 >0,
71 >0,
-1<y1 <0,
-1<y1 <0,
-1<y1 <0,

Y1273,
0<y1 <73
V1292,
0<y1 <Yz,
V1292,
0<y1 <Yz,
-1<y1 <0,

Y2 >0,
Y2 >0,
y2>0,
Y2 >0,
-1 <y, <0,
-1<9y2<0,
-1 <y, <0,

Y2 >0,
Y2 >0,
¥2 >0,
y2>0,
¥2 >0,
y2 >0,
-1 <y, <0,
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for the z € Qg(5);

y1+1 _

nl 3 )(1+%>/ l<p<pl, 1273
Yot 1+x .
n[ P —1]1+f2, 1<p< p%; 0<y1 <Yy
(n lnn)l_f , p= p%, V1292,
(n hlln)l‘ﬁ , p= Pi, 0<y1 <7,
o, P>pl, nzn
1-1 5 —
nr, p > Py, 0<y1 <y,
@2 (z)| 0, p>1, -1<y1 0
P (z)| x ————|IP +
2@l e 1Pl - 1 )
n Pl 1<p<P1/ ‘)/12]/3/
Yot 14k L 7= .
n[ v —1]1+ﬁ2 +K, 1< p< P%, 0< Y1 <73,
_ 1 -
n* (nln n)1 rlJ , p= Pi, V1292,
n* (7’1 lnn)l_; ’ P = P%/ 0< '}/1 < ‘)’72,
1 x —_—
nl_;ﬂ(’ p> p%/ V1 2 V2,
1-1+% 2 ~
n P1/_~ p>py 0<y1 <y
n1<(1—*)+1</ p>1, -1<y1 <0,
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2 >0,
y2 >0,
y2 >0,
y2 >0,
Y2 >0,
¥2 >0,
—1<)/2S0,

Y2 >0,
y2 >0,
y2 >0,
y2 >0,
2 >0,
Y2 >0,
—1<)/2S0,

if z € Qr(6). Performing addition on the right-hand sides, after simple calculations we find the correspond-

ing estimate for the modulus of the first-order derivative.
Proof of Theorem 2.5. From Corollary 2.2, we know that

[1Pxll, 2
d(z, L) "

P, (2) < |@"(z)] (z,2) + C3B},, P, (@) + C2B, Py (2)]|.-

In this last inequality, by considering the estimates (12) for Aﬁ,p(z, 2), (13) for |P, (z)|, (14) for

1

previously given related for B, ,, v = 1,2, we obtain

@D )| IIPl,

|P;; (Z)| = d(Z, L) An,p(z)

with the simple calculations where

1 +1
e R P 7127102), p2<x,
yq+1
7’1(11}’ 1+1)(1+?)/ p=ps, V1> 0, 52 K
72+, 1) dee =
n( P +1) 146y , p3 < p < pé(z)/ 71 < )/1(2)/ ‘BZ > K,
+
n()’l;l +2)(1+%)’ 1<p< p%, V1>73,
v2tl 4] 14k ~ =~
A (2) = al RS, <pl, Faxyi<n
np =)0 (5 p =, 71272
i’l(l_%)+3(1+ﬂ/ p > p%, V1 > ?2,
n(l‘%)+3(1+7‘7, p>q1, V5 <Y1 <)2,
n(l*%)+2(1+a (h’l 1’1)17% , p= p%, )75 <1< ]72/
n[,vzpﬂ 1] +3(1LHR) 1<p<pd 7 <7Vs
n(17%)+3(1+@, p>p3 Y1 <2,

P, (2)| and
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if V1,72 > 0,
nk(l—;)+3(1+a p> 1 52 <x
(2) K(1=1)43(147) " ar9eepy) _
P n o r , I<p< g -’ B2 > x,
if =1 < y1,y2 <0, for the z € Qr(5);
AT, deppl [l xR
11:;2 , 1<p<pl, 0<yi<7ys n[ZT i 2 l<p<py 0<y1<ys
_1 —_ 1y _1 —_
A5 (2) = (”ln”) ’I’ p=pl, Mz a7, p=p, o iz
’ (n lrlln)l_%7 . p=ri 0<y1 <72 n'” *17 2 (Inn) 77, p=ps, 0<y1 <72,
n', p>pl, iz, n' p>r, Nz
7, p>p 0<y1<72, ntm p>pi 0<y1<72,

if)/l,)/z > 0,

_1
Af,,p(z) = nK(l V)+2K,

if =1 <y1,72<0 forthez e Qg (6). Therefore, the proof of Theorem 2.5 is completed.
Proof of Theorem 2.6. Assume that G € PQ( 5 fir 91) forsome 0 < x <1, fi(x) = cx!*%, a; >0,i =1, ll,

and g;(x) = cix*Pi, Bi >0, i =11 +1,1. By the Cauchy integral formula for m — th derivatives, we have

P,(t)
m) D) _
@)= 27‘[1 f (t — z)m+1 dt, m=1,2,...

9B(z,d(z,Lr))

According to (3), we get

Prels g ma wol [ o < max PO s

271 2€9B(z, d(z Lr)) Zm T dmn(z,Lg)’
0B(z,d(z,LR))

Applying [14, Th.2.1] and using Lemma 3.3, we find that

i 7+ LR e
mﬂmswm{wmaﬂmm}%1p+wéﬂ }
So, we complete the proof of Theorem 2.6, since z € L is arbitrary.
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