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Interpolative contractive results for multivalued mappings over
m-metric spaces with an application in homotopy
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Abstract. In this manuscript, we prove some new fixed point results for multivalued Kannan type inter-
polative contractive mappings over m-metric spaces. Our results cover all the possible cases of interpolative
exponents: when their sum is equal to 1, less than 1 and greater than 1. We give examples to support our
results. All the corresponding results in ordinary metric spaces are special cases of our new results for
m-metric spaces. We also provide an application of homotopy to support our main result.

1. Introduction

Fixed point theory has bloomed in numerous dimensions after the proof of well known Banach con-
traction principle [1]. The technique of the Banach contraction principle has been exploited by many
mathematicians to establish fixed point results for different types of contractions and various types of
metric structures. Many researchers have worked on the technique of finding the fixed points for inter-
polative Kannan type contractions. To cite examples, Karapinar [2] developed some fixed point results
for interpolative Kannan type contraction, noting that these mappings are more general than Kannan type
contractions, Gaba and Karapinar [3] gave the result for the case when a + < 1 for interpolative Kannan
type contractions, whereas Errai [4] proved his result for the case when a+ > 1. All these results are proved
in ordinary metric spaces and deal with single-valued mappings. For more results in this direction we will
refer to see [5-9] and references mentioned therein. On the other hand, fixed point results for multivalued
mappings have also been extended in many ways including different metric structures and contractions.
Konwar et al. [10] provided some results for multivalued interpolative Kannan type contractions in or-
dinary metric spaces. Patle at el. [11] proved some fixed point results in m-metric spaces for Nadler and
Kannan (multivalued) mappings. For more references, see [12, 13] and references therein.

Moreover, in the same direction many researchers have worked on interpolative contractions and have
established quite interesting results, which are very useful in fixed point theory. To access these results,
we refer to consult the references [14-19]. Additionally, the generalization of fixed point results in the
structure of m-metric space is significant tool for addressing numerous problems in analysis. Therefore to
explore notable results in m-metric spaces, we recommend referring to [20-30] and the references mentioned
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therein. Furthermore, the use of homotopy made a significant contribution in fixed point theory, especially
in the study of existence and uniqueness of fixed points of continuous mappings. In this direction Frigon
et al. [31] find the fixed points of homotopy over the structure of ordinary metric spaces. In [11] Patle et al.
discuss the existence and uniqueness of fixed point of a homotopy mapping over m-metric spaces.

In this paper, we combine the ideas of multivalued interpolative contractions with the structure of m-metric
and produce significant results for different possibilities of interpolative exponentslikea +f =1, a+p <1
and a + > 1. We have also verified all of our results with different examples. At the end, we gave an
application of homotopy to support our main result.

2. Preliminaries
Firstly, we recall definition of m-metric spaces.

Definition 2.1. [21] Let X be a nonempty set, a mapping m : X X X — R* is called the m-metric on X if it satisfies
the following conditions

(m1) m(x,y) = m(x,x) =m(y,y) © x =y,

(m2) myy < m(x,y) where my, := min{m(x, x), m(y, y)},
(m3) m(x, y) = m(y,x),

(my) (m(x,y) = Myy) < (m(x,z) = myz) + (m(z, y) = mzy),

forall x,y,z € X. The pair (X, m) is called m-metric space.

Remark 2.2. Every partial metric space is an m-metric space, but the converse may not be true, as we can see in the
following example provided by Karpinar et al. in [32]

Example 2.3. Le X = {1,2,3}. Given m on X X X as follows:

m(1,1) =1, m(2,2) =3, m(3,3) =5,

m(1,2) =m(2,1) =10, m(1,3) =m(3,1) =7, m(2,3) =m(3,2) =7.

So (X, m) is a m-metric space but it is not a partial metric space because m(1,2) £ m(1,3) + m(3,1) — m(3, 3).

Definition 2.4. [21] Let (X, m) be a m-metric space. Then
1. A sequence (x,,) in m-metric space converges to a point x € X iff

lim (m(x,, x) — my,x) = 0.

n—oo

2. A sequence (x,) in m-metric space (X, m) is called m-Cauchy sequence if the limits

lim (m(xn/ xﬂl) - mxnxm)’
1,Mm—>00

and
lim (My, v, = My,x,),

n,m— 00

exists(and are finite), where My, x,, = max(m(x,, X,), M(Xp, Xm))-
3. A m-metric space (X, m) is said to be complete if every m-Cauchy sequence (x,) in X converges to a point x € X.

Lemma 2.5. [21] Assume that x, — x and y,, — y as n — oo in m-metric space (X, m). Then

’}ijgo(m(xn, Yn) = My,y,) = m(X,Y) = Myy.
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Lemma 2.6. [21] Let (x,,) be a sequence in m-metric space (X, m), if there exists r € [0, 1) such that
m(xn+1/x‘rl) < Tm(xn, xn—l)/ Vn e N/

then

(A) im0 m(xn/ Xnt1) = 0.
(B) lim,,_, 0o m(x,, x,) = 0.

(C) limyy, p—sco My, x, = 0.

(D) (x,) is m-Cauchy sequence.

Karapinar have defined the following Kannan type interpolative contraction in [2] and proved the corre-
sponding fixed point result.

Definition 2.7. [2] Let (X, d) be a metric space, a self mapping T : X — X is said to be an interpolative Kannan type
contraction, if there exists A € [0,1) and a € (0, 1) such that

d(Tx, Ty) < Ald(x, Tx)]*[d(y, Ty)I'"™
forall x,y € X with x # Tx.

Theorem 2.8. [2] Let (X, d) be a complete metric space and T be an interpolative Kannan type contraction. Then T
has a unique fixed point in X.

In [3] Gabba and Karapinar have defined the following Kannan type interpolative contraction for the case
when a + < 1 and proved the corresponding fixed point theorem.

Definition 2.9. Let (X, d) be a metric space, a self mapping T : X — X is called (A, a, B)-interpolative Kannan type
contraction if there exist A € [0,1) and o, p € (0,1) with a + B < 1, such that

d(Tx, Ty) < Ald(x, Tx)1*[d(y, Ty)l’
forallx,y € Xwithx # Txand y # Ty.

Theorem 2.10. [5] Let (X, d) be a complete metric space such that d(x,y) > 1 forall x,y € Xandlet T : X — X is
an (A, a, B)-interpolative Kannan type contraction, then T has a fixed point.

In [4], Errai et al. proved the following fixed point result of Kannan type interpolative contractions for the
case when a + > 1 with o, € (0,1).

Theorem 2.11. [4] Let (X, d) be a complete metric space and T is a self mapping on X, such that
d(Tx, Ty) < Ald(x, Tx)1*[d(y, Ty)I¥,

forall x,y € X withx # Tx and y # Ty, here A € (0,1) and a, p € (0,1) such that a + > 1. If there exist x € X
such that d(x, Tx) < 1, then T has a fixed point in X.

In [13], Konwar et al. proved the following fixed point result for multivalued interpolative Kannan type
contractions.

Definition 2.12. [13] Suppose that (X,d) is a metric space. A map T : X — CB(X) is called a multivalued
interpolative Kannan type contraction if there exist A € [0,1) and o € (0, 1), such that

H(Tx, Ty) < Ala(x, TO)]*[a(y, Ty)]' ™
forall x,y € X with x,y & Fix(T).

Theorem 2.13. [13] Suppose that (X, d) be a complete metric space and T is a multivalued interpolative Kannan type
contraction, such that Tx is compact for every x € X. Then T has a fixed point.
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The concept of M-Pompeiu-Hausdorff metric is defined by Patle et al. in [11], following are the basic
definition and results for such metric.

Definition 2.14. [11] A subset “A” of a m-metric space (X, m) is said to be bounded if for any x € A, there exist
xo € X and r > 0 such that x € By, (xo, 1), that is, m(x, xp) < My + 7.

Let CB,,(X) be the collection of all non-empty, bounded and closed subsets of m-metric space X, then

Hy, (P, Q) = max{ou(P, Q), 6m(Q, P)},

where 0,,(P, Q) = sup{An(x,Q) : x € P} and A, (x, Q) = inf{m(x,y) : y € Q}.
In general, H,,(A, A) # 0, for A € CB,(X).
Note that P is closed in (X, m) if and only if P = P, where P denote the closure of P w.r.t. m-metric.

Lemma 2.15. [11] Let P be any non-empty set in an m-metric space (X, m), then x, € P if and only if

Ap(xo, P) = sup miyx.
xeP

Lemma 2.16. [11] For any P, Q, R € CB,,(X) following are true

1. Hy(P,P) = 6u(P, P) = SupxeP{Supy‘EP My}
2. Hu(P,Q) = Hu(Q, P).

3. Hu(P,Q) - SUP,ep SUP e My < (Hu(P, R) — infyep inf,eg my.) + (Hu(R, Q) —
inf,erinfyeqm,,).

Lemma 2.17. [11] Let P,Q € CB,,(X) and q > 1. Then for any x € P, there is at least one y € Q such that
m(x,y) < qHu(P, Q).
Lemma 2.18. [11] Let P, Q € CB,,(X) and r > 0. For any x € P, there is at least one y € Q, such that
m(x,y) < Hy(P, Q) + 1.
The author in [11] also proved the following Nadler’s fixed point result for the structure of m-metric spaces.

Theorem 2.19. [11] Let (X, m) be a m-complete m-metric space and T : X — CB,,(X) be a multivalued mapping,
suppose there exist A € (0,1) such that
Hy(Tx, Ty) < Am(x, y)

forall x,y € X. Then T admits a fixed point.

The following results are regarding to the fixed points of homotopy which are proved in [31] and [11].

Theorem 2.20. [31] Let O be an open subset of a complete metric space (X, d). Consider a homotopy G : [0,1]x0 — X
with closed bounded nonempty values, which satisfies the following conditions: for any two points x,y € O and
numbers t,s € I = [0, 1], there exists A € (0, 1) such that

(ii). dg(G(t, x), G(s,x)) < |p(t) — P(s)|, where ¢ : I — R is a continuous and increasing function.

(iii). FixG(0,.) N 9O = 0.

IfFixG(0,.) # 0, then FixG(1,.) # 0.

Where FixG(t, .) denotes the set of fixed points of homotopy for any fixed t € I.



A. Raza, S. H. Khan / Filomat 38:10 (2024), 3547-3562 3551

Theorem 2.21. [11] Let C be a closed set and O is an open subset of C in m-complete m-metric space (X, m). Let
G : C x [a,b] = CBu(X) be a mapping which satisfies the following conditions:

(i). x ¢ G(x,t) for all x € C\O and for every t € [a, b].

(ii). There exists A € (0, 1) such that for every t € [a, b] and for all x, y € C we have

Hu(G(x, 1), G(y, 1)) < Am(x, y).

(iii). There exists a continuous mapping ¢ : [a,b] — R satisfying

Hu(G(x, 1), G(x,5)) < Alp(t) = P(s)l-
(iv). If c € G(c, t) then G(c, t) = {c}.
If G(., t1) admits a fixed point in C for at least one t; € [a,b], then G(.,t) admits a fixed point in O for all t € [a, b].
Moreover, the fixed point of G(., t) is unique for every fixed t € [a, b].
Now in the next section we prove some fixed point results in the frame work of m-metric spaces for
interpolative Kannan type multivalued contractions.

3. Main results

Definition 3.1. Let (X, m) be a m-metric space, a multivalued mapping T : X — CB,,(X) is called m-interpolative
Kannan type contraction, if there exist A € (0,1) and o € (0, 1) such that

Hu(Tx, Ty) < A[am(x, T)]*[An(y, Ty)]' 2, (1)
forall x,y € Xwith x,y & Fix(T) and Ay (x, Tx) # 0, Ay(y, Ty) # 0.

Theorem 3.2. Let (X, m) be a m-complete m-metric space and T : X — CB,,(X) is m-interpolative Kannan type
contraction. Then T has a fixed point.

Proof. Choose q = \Lﬁ and r = VA, clearly we have g > 1 and r < 1. Let x € X, be an arbitrary element and
x1 € Txp, since g > 1 so by Lemma 2.17 there exists x, € Tx; such that

m(x1,x2) < gHu(Txo, Tx1). )
By Definition 3.1, we have
H,u(Txo, Tx1) < AlAm(xo, Tx0)*[2m(x1, Tx1)]' ™. 3)

By combining (2) and (3),
m(x1, Xx2) < r{Am(x0, Tx0)]*[Am(x1, Tx1)]' .

Since x1 € Txg, so
Am(xo, Txo) = inf m(xo, x) < m(xo, x1).
x€Txy

Similarly, Ay (x1, Tx1) < m(x1, x2). Thus
m(x1,x2) < rlm(xo, x1)]*[m(x1, x2)1' 2,

m(x1, x2)* < rm(xo, x1)]%,
m(x1,x2) < rM%[m(xo, x1)] < rlm(xo, x1)].

Also for x, € Tx; and g > 1, then by following Lemma 2.17 there exist x3 € Tx; such that

m(xz, x3) < gHu(Tx1, Tx2). (4)
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By Definition 3.1, we have
Hyu(Tx1, Txz) < Alam(er, Txn)1* [am(x2, Txo)]' ™ )

By combining (4) and (5),
m(xz, x3) < r[Am(xr, Tx)]* [Am(x2, Tx2)'

Thus
m(xz, x3) < 1% [m(x1, x2)] < rlm(x1, x2)].

Similarly, for any x,, € Tx,— and g > 1, by following Lemma 2.17 there exist x,+1 € Tx, such that
m(xy, Xp+1) < GHp(Txp—1, Txp). (6)
By Definition 3.1, we have
Hy(Txtn1, Txn) < ALAp (1, To1) ] [Am (i, Tan)]' 4 @)
By combining (6) and (7),
M, Xn41) < 118 (X1, Txn-1)1 [Am (0, Tx)]'

Thus
mM(Xp, Xn41) < rl/a[m(xn—lz xn)] < rlm(x,-1, x4)].

Hence the relation m(xy, X,+1) < [m(x,-1,x,)] holds for all n € IN. Thus for any n € IN, we have
(X, Xpa1) < PM(Xo1, Xn) < PP1(X0—2, Xpo1) -+ - < 71X, X1),

or
m(Xy, Xp41) < 7"'m(xo, X1).

by taking limit as n — oo, we have
lim m(x,, X,01) < lim r"m(xg, x1) = 0,
n—oo n—oo

because r € (0, 1). Also by definition of m-metric, we have

lim my x,., < lim m(x,, x441) = 0.
n—oo

n—oo
Thus
lim min{m(xn/ xn)/ m(xn+1/ xn+1)} =0.
n—oo
Hence

lim m(x,, x,) = 0.

n—oo

Similarly, for any n,p € IN with n > p we have

Hm (M, = f3,5) = 0
n,p—oo

also by triangle inequality of m-metric we have

lim (m(xn,xp) - mx”xp) =0.

n,p—oo

Thus by definition (x,) is m-Cauchy sequence in m-metric space (X, m) and the completeness of such metric
space yields that there exist x € X such that (x,) converges to x w.r.t. convergence in m-metric, i.e.

lim (m(x,,, x) — my,x) = 0.
n—oo
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Also by Definition 3.1, we have
Hiy(Tx, Tx) < Al o)1 [An(x, Tx)]' ™

or
Hyu(Txg, Tx) < Alm(xg, Xie)1* [am(x, TX)]'

Since A, (x, Tx) < o0, s0 we have
]}im H,,(Txx, Tx) = 0.

Since xx41 € Txy, so for g > 1 there exist y € Tx such that

m(xiv1,Y) < qHu(Txy, Tx).

Thus
111_)12 m(xes1,Y) < q &g?o H,(Txy, Tx) = 0.
Hence
%LI?O[TH(XM, Y) = My, = 0. 8)
Since

Ap(x, Tx) = sup myy < Ap(x, TX) = My, < m(x, y) — My
yeTx

Thus by triangular inequality of m-metric we have

m(xr y) - me < [m(x/ xk+1) - mXXkH] + [m(xk+1/ y) - mxk+‘|y]/

by taking limit k tends to infinity on both sides and by using equation (8) along with the fact that (x,)
converges to x, we get

Am(x, Tx) = sup 1y, < m(x, y) — iy, <0,
yeTx

or

Am(x, Tx) < sup Miyy.
yeTx

Also, following is the consequence of properties of m-metric

Am(x, Tx) 2 sup miy,.
yeTx

Hence
Am(x, Tx) = sup miyy.
yeTx

Thus by Lemma 2.15, x € Tx = Tx. Hence x is the fixed point for T. [J
Example 3.3. Let X = [0, oo) and m-metric on X be defined as follows:
m(x,y) = lx—yl +a,
where "a” is any non-negative real number. Let the mapping T on X be defined as:
3,41  ifxe[01/2),

T(x) =<[1/4,x] ifxe[1/2,200),
[1/x,1] if x € [200, o).
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Now for A = 3/4 and o = 1/2, we will show that T satisfies the m-interpolative condition used in Theorem 3.2.
(Case 1.) For x,y € [0,1/2), we have

H,(Tx,Ty) = H,([3,4],[3,4]) <1 +a.
Also
A By (¢, TOY? Dy (y, Ty) 2 = 3/4)m(x, 3)*m(y, 3)'/?,
= @/4)(x =3[ +a)"(ly - 3| +0)'/?,
> (3/4)(5/2 + a).
Since (3/4)(5/2 +a) > 1 + a holds, when 0 < a < 7/2, thus in this case the m-interpolative condition holds for all

a€l0,7/2].
(Case 2). If x € [0,1/2) and y € [200, o0), then we have

Hm(Tx/ T]/) = Hm([3/ 4]/ [1/]// 1]) = 3 +a.

Also
A B (6, T2 8 (y, TY)'? = 3/4)m(x,3)2m(y, )72,

= B/4)(x =3[+ a)"(ly - 1| +a)'?,

> (3/4)(5/2 + a)Y/*(200 — 1 + a)'/.
Since relation

(3/4)(5/2 + a)2(199 + a)'/? > 3 + 4,

holds, when 0 < a < 247. Thus in this case the m-interpolative condition holds for all a € [0, 247].
(Case 3). If x, y € [200, 00), then we have

Hy(Tx, Ty) = Hu([1/x,1],[1/y,1]),
<max(|1 -1/x|+a,]1 -1/y|l +a),
<1l+a.

Also,

A B (6, TX)Y? 2 (y, TY)'? = B/4)m(x, 1) m(y, 1),
= (3/4)(x -1+ a)*(ly - 1| + a)'/?,
> (3/4)(200 — 1 + a).
Since the relation
B3/4)(199 +a)=1+a

holds, when 0 < a < 593. Thus in this case the m-interpolative condition holds for all a € [0,593].
Hence from all the above cases we conclude that the m-interpolative condition of Theorem 3.2 holds, whenever
a € [0,7/2]. Thus for such values of "a” the multivalued mapping T have fixed points, which are for all x € [1/2,200).

Definition 3.4. Let (X, m) be a m-metric space, a multivalued mapping T : X — CB,,(X) is called (A, a, B)-type
m-interpolative Kannan contraction, if there exist A € (0,1) and o, € (0, 1) with o + p < 1, such that

Hy(Tx, Ty) < Alawm(x, TX)1* [an(y, Ty)lP
forall x,y € Xwith x,y & Fix(T) and Ay (x, Tx) 2 1, Ay(y, Ty) # 0.

Theorem 3.5. Let (X, m) be a m-complete m-metric space and T : X — CB,,(X) is a (A, a, B)-type m-interpolative
Kannan contraction, then T has a fixed point.
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Proof. Choose q = \Lﬁ and r = VA, clearly we have g > 1 and r < 1. Let x € X, be an arbitrary element and
x1 € Txp, then for g > 1 by using Lemma 2.17, there exist x, € Tx1, such that

m(x1,x2) < qH,,(Txo, Tx1). )

By Definition 3.4, we have
H,u(Txo, Tx1) < AlAw(xo, Tx0)*[Am(x1, Tx1)IF,

or
H,u(Txo, Tx1) < A[Aw(xo, Tx0)]' P [An(x1, Tx1) PP, (10)
because @ < 1 — f and A, (xo, Txg) > 1. Thus by combining (9) and (10),
m(x1,x2) < rlAm(xo, Txo) P[Aw(x1, Tx1)1P.
Since x1 € Txg 50 A (X0, Txo) = infyery, m(xo, x) < m(xo, x1), similarly A,,(x1, Tx1) < m(xq,x2). Thus
m(x1,%2) < rfm(xo, x1)]' Pm(x1, )1,
m(x1, x2)' P < rlm(xo, x1)]'F,

m(x1,x2) < ' Plm(xo, x1)] < r{m(xo, x1)].

Also for x; € Tx; and q > 1, by following Lemma 2.17 there exists x3 € Tx; such that

m(xz, x3) < qH,u(Tx1, Txy). (11)
By Definition 3.4 and (11), we get

m(xz,x3) < ' PIm(xy, x2)] < rlm(xr, x2)]. (12)
Similarly, for any x,, € Tx,, , and g > 1 by following Lemma 2.17, there exist x,4+1 € Tx, such that

m(xn, Xp+1) < GHp(Txp—1, Txy). (13)
By Definition 3.4 and using the fact that a + § < 1, we have

Hy(Txtn1, Txn) < LA (1, Totu )] P LA (i, Txn) 1P (14)
By combining (13) and (14),

M, Xns1) < 1801, T 1)1 P20, Tx) TP,

or
m(xn/ xn+1) < rl/l_ﬁ[m(xn—ll xn)] < r[m(xn—l/ xn)]-

Hence the relation

m(xn/ xn+1) < r[m(xn—l/ xn)]

holds for all n € IN. Next by adopting the similar procedure as in Theorem 3.2 we get the fixed point. [

Now we give an example to justify the Theorem 3.5.
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Example 3.6. Let X = [0, 00) and m-metric on X be defined as follows:

_Jx fx=y

m(x,y)_{x+y ifx#y.
Let the mapping T on X be defined as:

0o
T(x) = {x,x+1} 1fx€[0,5],
(3} if x € (5,00).

Nowfora =1/2, =1/4and A = 3/4, we will show that T is (3/4,1/2,1/4)-type m-nterpolative Kannan contraction
and satisfies the condition used in Theorem 3.5.
For x,y € (5, 00), we have

Hu(Tx, Ty) = Hy ({3}, {3}) = 3.

Also,

A B (6, TX)'2 Ay (y, Ty) " = B/4)m(x, 3)"*m(y, 3)"/*,
= (3/4)(x + 3)3(y + 3)'/4,
> (3/4)(8)°7° =3.57 > 3.

Hence T satisfies the interpolative condition of Definition 3.4 and also Ay (x, Tx) = Am(x,{3}) = 1 for all x ¢ Fix(T).
Thus by Theorem 3.5 T has fixed point which are infinite many, i.e.Vx € [0, 5].

Theorem 3.7. Let (X, m) be a m-complete m-metric space and T : X — CB,,(X) be a multivalued mapping such that

Hyu(Tx, Ty) < Alam(x, T [an(y, TY)P (15)

forallx,y € Xwithx,y ¢ Fix(T) and Ay (x, Tx) # 0, 2,(y, Ty) # 0, where A € (0,1) and o, p € (0, 1) witha+p > 1.
If there exist a € X such that Ay, (a, Ta) < 1. Then T has a fixed point.

Proof. Choose q = % and r = VA, if a = xo such that A,,(xo, Txp) < 1. Let x; € Txy, then for g > 1 by using
Lemma 2.17 there exist x, € Tx, such that

m(x1,x2) < qH,,(Txo, Tx1). (16)
By (15), we have
Hy(Txo, Tx1) < Alam(x0, Tx0)1*[2m(x1, Tx1)1P. (17)

Thus by combining (16) and (17),
m(x1,x2) < r[Am(xo, Tx0)]*[Am(x1, Tx)]F.

Also
m(xl/ xZ) < r[Am(xOI Txo)]a[m(xll xZ)]‘BI

or
m(x1, x2) P < r[Am(xo, Tx0)]%,

m(x1, x2) < 1P (x0, Txo)]YF < 7,

because /1 — § > 1 and A, (xo, Txp) < 1. Similarly, we get

m(xa, x3) < 12
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Thus by mathematical induction and interpolative condition, following relation holds for all # € IN,
m(x,, Xpe1) < 77
Now by taking limit, we get

lim m(x,, x441) = 0.

n—oo
Also by second condition of m-metric, we have

My vy < m(xn/ xn+1)~

Thus

lim my ., = 0.

00 Xn+1

This implies lim;,—,c 71Xy, x,) = 0 Or limy, o0 M(Xy41, Xn+1) = 0. If one is zero then obviously other is zero.

lim [My, x, — #y,.,] = 0. (18)

n,p—0o
Also if n > p, then by triangular inequality of m-metric and by using above relations, we have

lim [m(xy, xp) — My, x,1 = 0. (19)

n,p—0o

It follows from (18) and (19) that (x,) is m-Cauchy sequence. Since (X, m) is m-complete m-metric space, so
the sequence (x,) converges to a point x € X. Also by (15), we have

Hy(Tx, Tx) < AlA(xe, Txi) 1 [Am(x, TX))F,

or
Hy(Txg, Tx) < Alm(xg, x401)1* [2m(x, TX)1P,

by taking limit k — oo, we get
]}im H,,(Tx, Tx) = 0.

Since X441 € Tay, so for g > 1 there exist y € Tx, such that

m(Xes1, Y) < qHu(Tx, Tx).

Thus
]}1_)r£10 mXe+1,Y) < g ’}1_{1; H,(Txg, Tx) = 0.
Hence
Hm (21, ) = 1] = 0. (20)
Since

Ap(x, Tx) = sup iy < Ap(x, Tx) — myy, < m(x, y) — myy.
yeTx

Thus for x, y € X, by using triangular inequality of m-metric we have

m(x, y) — Myy < [m(x, Xg1) — mxxkﬂ] + [m(xpe1, y) - mxmy]-

By taking limit k tends to infinity on both sides and by using equation (20) along with the fact that (x,)
converges to x, we get
Am(x, Tx) — sup myy, < m(x, y) — My, <0,
yeTx
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because the right hand side is independent of k, so no limit involve there. Hence

Am(x, Tx) < sup my,,.
yeTx

Also by following properties of m-metric, we have

Ap(x, Tx) 2 sup my,.
yeTx

Hence
Am(x, Tx) = sup myy.

yeTx

Thus by Lemma 2.15, x € Tx = Tx. Hence x is the fixed point for T. [J

Example 3.8. Let X = [0, oo) and m-metric on X be defined as follows:
x ifx=y,
m(x'y)_{x+y ifx # y.

Let the mapping T on X be defined as:

(lo,x+11 ifxefo,4],
Tt = {[1/x,1/4] if x € (4, c0).

Now fora =1/2, = 3/4 and A = 98/101, we will show that T satisfies the interpolative condition used in Theorem
3.7.
If x,y € (4, ), then we have
Hy(Tx, Ty) = Hu([1/x,1/4],[1/y,1/4]),
=max(m(1/4,1/x),m(1/4,1/y)) < 1/2.

Also,

A By (¢, TOY? By (y, Ty’ = (98/101)m(x, 1/x)*m(y, 1/y)**,
= (98/101)(x + 1/x)2(y + 1/y)*/*,
>592>1/2.

Hence the required interpolative condition of Theorem (3.7) holds. Thus T have infinite many fixed points which are

forall x € [0,4].

4. Application

In this section we will give an application of our main result and prove the existence of fixed point for
the homotopy in the structure of m-metric spaces. To start the main result of this section first we will prove
the following lemma.

Lemma 4.1. Let (X, m) be a m-metric space, T : X — CB,(X) be a multivalued m-interpolative Kannan type
contraction satisfying (1) for all x,y € X. If c € Tc for some ¢ € X, then m(x,x) = 0 for all x € Tc.
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Proof. Let c € Tc. Then by Lemma 2.15, we have

Ap(c, Tc) = sup My,

xeTc
or
Ap(c, Tc) = sup Miy,.
xeTc
Also we know that

H,(Tc, Tc) = 6m(Tc, Tc) = sup Ap(x, Tc) = sup .

xeTc x€Tc
Let’s assume that m(c, ¢) > 0, then we have
sup 1y = Hy(Te, Tc) < A Ay (¢, T)* A (¢, Te)' ™ = A Ay (¢, Tc) < Ami(c, ).
x€Tc

Thus we get sup, ;. 11,x < Am(c, c). A contradiction, because A € (0, 1). Hence our first supposition is wrong
and we have m(c,c) = 0. Also sup, ;. M = 0, hence m(x,x) =0 forallx € Tc. O

Theorem 4.2. Let C be a closed set and O is an open subset of C in m-complete m-metric space (X, m). Let G :
C x [a,b] = CB,(X) be a mapping which satisfies the following axioms:

(i). x € G(x, t) for all x € C\O and for every t € [a, ].

(ii). For any x, y € C and for every t € [a, b] there exist A € (0,1) and a € (0, 1) such that

Hun(G(x, ), G(y, 1)) < Anu(x, Glx, D) 2y, Gy, ).
(iii). There exists a continuous function ¢ : [a,b] — R satisfying

Hiu(G(x, 1), G(x,5)) < Aly(t) = ¢(s)l.

(iv). If c € G(c, t) then G(c, t) = {c}.
If G(., t1) admits a fixed point in C for at least one t; € [a, b], then G(.,t) admits a fixed point in O for all t € [a, b].

Proof. Consider, the set

W ={t €[a,b]:ae G(a,t) for some a € O}.
Then W is non empty because G(., 1) admits a fixed point in C for atleast one ¢; € [a, b], then by (i) that fixed
point belongs to O thus W is non empty.
Now to prove our result, we only show that W is both open and closed in [g, b], then by connectedness of
[a, b], it follows that W = [a, b].
First we show that W is open. Let t; € W and ag € O with ay € G(ay, to). Since O is open and 4 is an interior
element in O, so there exists an open ball B, (ag, r) such that ag € B,(ap,r) € O, where r > 0. Since ¢ is a
continuous function so for € = %(r + Mya,) > 0 there exists 6 > 0 such that for any ¢ € (ty — 0, to + 0) = Ss(to),
we have

[p(t) — P(to)l <e.

Since a9 € G(ao, t9), by Lemma 4.1, we have m(x, x) = 0 for every x € G(ay, tp). Thus by definition of m-metric
we have, my,, =0, for all x € X. Now by (ii), (iii), (iv) and Lemma 2.16, we have

m(G(a, t), a0) = Hn(G(a, ), G(ao, to)),

< o .
> Hm(G(a/ t)/ G(ll, tO)) + Hm(G(a/ tO)/ G(ﬂo, to)) pelcl?(g,t) qelGr(ILftg) Mg

— inf inf mg+ sup sup my,
q€G(@a,to) c€G(ao,bo) peG(a,t) ceG(ag, to)

= m(G(a/ t)/ G(ﬂ, to)) + HH’I(G(a/ tO)/ G(aO/ to)) - pGICI;l(Lf,t) qelGr(lai,:tO) mpq/

< Hu(G(a, t),G(a, to)) + Hu(G(a, to), G(ao, to)),
< ARP(E) = U(to)l + A A (@, G(a, o)™ Am (@0, Glao, t))' ™%,
< Ae+ A Ay (a,G(a, to)*m(ag, ag) ™.
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Since m(ag, ap) = 0 and € = +[r + 11,,,] thus we have
m(G(a, t),ap) < 17+ Myq,.

Hence for for every fixed t € Ss(ty), the mapping G(., t) : By(ao, r) — CB™(B,(ao, 1)) satisfies all the conditions

of Theorem 3.2, therefore G(., t) has a fixed point in B,,(a, 7) C C for every t € S5(t). By following (i), that
fixed point should be in O. Thus by construction of W we conclude that Ss(tp) € W, because for every
t € Ss(to) we got a € O such thata € G(a, t). Since fy € W is an arbitrary element of W, so W is open in [a, b].
Now we show that W is closed. Let {t(} be a sequence in W which converges to some #* € [a, b]. Since for
every natural number k > 1 we have t; € W, also by construction of W for every such ¢, € W there exist an
element gy € O such that a; € G(a, tx). Thus we have

m(ax, a;) = Hu(G(ax, t), G(aj, t))),
< Hu(Glax, t), Gla, 1)) + Hu(Glax, t)), G(aj, £)),
< AY(te) = P+ A Ay (ar, Glag, 1)) A (aj, Glaj, )7,
< AY(t) — P+ A Dy (ag, Glag, ) m(aj, a))' ",
= AlY(te) — P(t))l-
By using the continuity and the fact that {t;} converges to t', we get Y(t) — ¢(t), Y(t;) — P(t*) ask, j — oo.

Thus
lim m(ax, a;) = 0.

k,j—wo

Thus limy, j e Mgq; = 0 and limy,e m(ax, ax) = 0 = lim; m(aj, a;). Hence

kljiinm(M(ﬂk, aj) = Mgq;) =0 and lim (Mg a; = Mgya;) = 0.

k,j—o0

Hence {a;} is a m-Cauchy sequence. Thus by completeness of X, it yields that there exist a* € X such that
{ax} converges to a*. By definition of convergence in m-metric. We have

I}im(m(ak, a") = ) = 0 and I}im (Mg o+ = M0r) = 0.

Since limy_, o, m(ax, ax) = 0, so we have
lim m(ax,a*) = 0 and lim M, . = 0.
k—oc0 k— o0

Thus we get m(a*,a") = 0. Now we show that a* € G(a*, t*). Since for any z € G(a, t;) by Lemma 4.1 we have
m(z,z) = 0, thus m,, = 0 for all x € X, hence

Am(ar, G, 1)) < Hy(Glax, t), G(@', 1)),
= Hu(G(@", '), G(ax, t)),

< Hy(G' 1), 6@, 1) + H(Gla', 1), Glaw, t)) = _inf  inf

- inf inf my,+ sup sup my,
yeG(a* ty) zeGla,t) YeG (@ t) z€Glag b)

= Hy(G' 1), Gl 1) + Hy(G' 1), Gla ) = _inf | inf sy,

< Hu(G(a', 1), G(@", t)) + Hn(G(@, t), Gag, t)),
< AY(E) = ()l + A 2 (@, G@", )" B (ax, Glag, 1)),
< A(te) = Y(E) + A d (@, G, 1)) milag, a)' ™.
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Since ay € G(ay, tx), so m(ag, ax) = 0, by Lemma 4.1. Also if we take k — co we get
]}im Am(ag, G@a*, t%)) = 0.

Hence
Ap(a*, G(a*, 1)) = 0.

Since m(a*,a*) = 0, we have

sup Mg, = sup min{m(a*,a"), m(b,b)} = 0.
beG(a*t*) beG(a*t*)

Thus by combining above two expressions, we get

Am(a’, G, t7)) = sup  Mgp.
beGlar )

Therefore, by Lemma 2.15, we have a* € G(a*,t*). Thus a* € O. Hence t* € W and W is closed in [, b].
Hence W is both open and closed in a connected space [a, b], so W = [a, b]. Thus G(., t) admits a fixed point
inOforallte[a,b]l. O

5. Conclusions

The fixed point results for multivalued interpolative Kannan type contractions has been proved for all
possible cases of sum of interpolative exponents and for every case significant examples are discussed.
Also at the end, the homotopy result verified the validity of the main result.
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