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Multivalued Sehgal-Proinov type contraction mappings involving
rational terms in modular metric spaces
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Abstract. This study intends to achieve new fixed point results, which will extend Seghal’s results,
considering the concept of a—admissibility and Proinov type contraction comprising rational expressions

for multivalued mappings in the frame of modular metric space. In addition, the viability of the outputs
obtained here is demonstrated using a nonlinear integral equation.

1. Introduction and Preliminaries

Throughout the study, the symbol N represents the set of all positive natural numbers, and R, represents
the set of all non-negative real numbers.

Due to its straightforward applicability to many different areas of mathematics, the Banach fixed point
theorem [6], announced by S. Banach, was a significant contributor to the development of metric fixed
point theory a century ago. In light of this, there has been and still is a remarkable interest in and demand
for this hypothesis. Besides guaranteeing the existence and uniqueness of a fixed point of contraction self-
mapping, the theorem provides an effective technique to find the fixed point. In summary, the contraction
self-mapping Q on a complete metric space (U, d), i.e., for all 5,3 € U, the expression

d(Qs, Q3) < ud(s,3), where pe(0,1) (1)

is satisfied, then Q owns a unique fixed point, and for every s, € U, the sequence {Q"sp},n convergences
to this fixed point.

There are several generalizations of the Banach fixed point theorem. One of them, at first, is Bryant’s
fixed point theorem [7], indicated by Bryant in 1968, as noted below.

Theorem 1.1. [7] Let Q : U — U be a self-mapping on a complete metric space (U,d). So, provided that QN

satisfies the inequality (1), which means that QN is a contraction map for some N € IN, then Q has a unique fixed
point.
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That QV is continuous is a natural inference of Theorem 1.1. However, this result does not require that
Q is continuous. Bryant gave an example illustrating this observation in [7].

In 1969, Sehgal [33] asserted a novel result, an extension of Theorem 1.1, with respect to “the contractive
iteration of each point” in a complete metric space, as indicated below.

Theorem 1.2. [33] Let a continuous self-mapping Q : U — U and q € [0, 1) be given on a complete metric space
(U, d). If for each s € U, there exists a positive integer n = n (s) such that

d(Q"s,Q"93) < 4d (5,3) ’

forall 3 € U, then Q has a unique fixed point in U.

Furthermore, in [33], Sehgal’s example uncovers that even if the inequality (1) is not satisfied, that is, not a
contraction, it provides (2) and owns a fixed point. Next, Guseman [13] redefined the results by removing
the continuity condition on the mapping. Also, for the latest study involving Sehgal’s fixed point, see
[2,3,12,25,32,34, 35].

On the other hand, many authors have tried introducing new generalized metric space mainly by
changing or adding the axioms of the studied metric space. Hereof, new forms have emerged, and many
new topological forms have been contributed to the literature. One of these generalizations is modular
metric space, introduced by Chistyakov [8-11] as a very attractive and stunning idea.

Initially, let m : (0, 00) X U X U — [0, o] be a function where U is a non-empty set. If so, for clarity, we
will prefer the notion of m, (s, 3) rather than m (b, 5,3) forallb > 0 and 5,3 € U.

Definition 1.3. [9, 10] Let m : (0, 00) X U X U — [0, oo] be a function where U is a non-empty set. Thereby, m is
entitled to modular metric provided that for all 5,3,z € U, the circumstances

(mq) my (s,3) =0forallb>0ifand only if s = 3,
(mz) my (s,3) =m, 3, 9)forallb >0,
(m3) mb+‘Lt (5/ 3) S mb (51 Z) + m}l (Z/ S)for all b/ H > 0/

are satisfied. Thereupon, (U, m) is a modular metric space abbreviated as MMS.
Instead of (m1), if we consider the condition

(my”) my(s,s)=0forallb>0,

then m is a (metric) pseudo-modular on U. Moreover, a modular metric m on U has the property of regular if the
new condition, which is a weaker version of (my),

(m1”) s =3ifand only if m, (s,s) = 0, for some b > 0,

is provided. Lastly, m is called convex modular if for b, > 0 and 5,3,z € U,

b H
my,, (s,3) < mmb (s,2) + mmp (,3).

On the other hand, the function b — m, (s, 3) is non-increasing on (0, o) for any s,3 € U, where m is a
metric pseudo-modular on a set U. Undoubtedly, for 0 < u < b, it is verified by

my (5,3) <my_, (5,9) +my(s,3) = my(s,3).

Definition 1.4. [9, 10] Let m be a pseudo-modular on U and sy € U be fixed. Thereby, the following sets are
mentioned as modular spaces (around so):

o Upn =Un(so) ={s€U:my(s,5) — 0} as b— oo, and
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o U, =U(50)={s€U:Tb="b(s) >0 such that my (s,s) < co}.

Note that Um C Uy, but the inverse is generally not valid. Accordingly, from [9, 10], a (nontrivial)
metric dm, which is presented in follows and generated by the modular m, for any s,3 € U

dm(s,3) = inf{b > 0:m, (s,3) < b},

is identified on Up. Furthermore, if we consider a convex modular m on U, then Uy, = U}, thereupon,
these sets are endowed with the metric

di(s,3) =inf{b >0:m, (s,3) <1},
which is referred to as the Luxembourg distance, for any s,3 € Unp.

Definition 1.5. [9, 10] Let U, be an MMS, {s,},en € Ui, be a sequence, and M be a subset of U,

1. {su}uen is an m—convergent sequence to s € Uy, if and only if my, (s,,5) = 0,as n — oo forall b > 0 and s is
called the m—limit of {$,},eN-

2. If im my (sy,5,) =0, for all b > 0, then the sequence {s,},en in Uy, is named as an m—Cauchy sequence.
1,1Mm—00

3. If any m—Cauchy sequence in Uy, is m—convergent to the point of Uy, then Uy, is called m—complete space.

4. The set M is m—closed, provided that the m—limit of an m—convergent sequence of M all the time belongs to
M.

5. Q: U, — U;, is an m—continuous mapping if my, (s,, 5) — 0, provided to my, (Qs,, Qs) = 0asn — oo.
6. M is an m—bounded set provided that

Om (M) =sup {m; (5,3) : 5,3 € M} < o0.

7. M is an m—compact set if, for any {s,},cn in M, there exists a subset sequence {s,} and s € M such that
m; (s, 5) — 0.
8. m holds the Fatou property & for any sequence {s,},en in Uy, m—convergent to s, then

my (s,3) < liminfmy (s,,3)
n—oo

forany 3 € U,.
Definition 1.6. [1] Let m be modular. m is said to satisfy the A,—condition if the following expression holds:

(D) lim m, (s,,s) = 0 for some b > 0 implies lim m,, (s,,, s) = 0, for all b > 0.

Nevertheless, the converse of condition (D) is not always valid.
Consider the subsequent sets.

e CB(M) ={X: Xisnon—void, m — closed, and m — bounded subset of Mi}.
o K(M) ={X: Xisnon - void, m — compact subset of N}.
e The Hausdorff-Pompei modular metric is defined on CB() by
Hm (R, S) = max{supmy (5,S),supm; (R, 3)
seR €S

for m; (s, 8) = infm; (s, 3).
3ES
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In 1969, Nadler [24] expanded the Banach fixed point theorem for multivalued mappings in a metric
space by handling the notion of the Hausdorff-Pompei metric. Moreover, this concept is also discussed in
modular metric spaces. As noted in [1], Abdou and Khamsi characterized the multivalued Lipschitzian
mapping in this space.

Definition 1.7. [1] Let (U, m) be an MMS, Q : M — CB(IM) be a mapping, and I be a non-void subset of Un.
Then, for any s,3 € M and y > 0, if the inequality

Hm (Q(5), Q) < ymu (5,3)
is provided, then the mapping Q is entitled to a multivalued Lipschitzian.
The following lemmas are essential for multivalued mappings in MMS.

Lemma 1.8. [1] Let (U, m) be an MMS and M be a non-void subset of U, Let R, S € CB (IM); then for each ¢ > 0
and s € R, there exists 3 € S such that

m (5,3) < Hm (R, S) + €.

Furthermore, provided that S is m—compact and m fulfills the Fatou property, then for any s in R, 3 € S comes into
existence such that

my (5,3) < Hn (R, S).

Lemma 1.9. [1] Let (U, m) be an MMS. Assume that m satisfies the Ay—condition. Let Mt be a non-void subset
of Um, Ry be a sequence of sets CB(IM), and suppose im H, (R, Ro) = 0, where Ry € CBM). If s, € R, and

lim s, = s, it follows that sy € Ro.
n—oo
Now, we recollect the concept of a—admissibility and some generalizations, as indicated below.

Definition 1.10. Let Q : U — U be a self-mapping and a : U X U — R be a function. We contemplate the
following circumstances.

(1) a(s,3) > 1implies @ (Qs, Q3) > 1,
(@2) a(s,Qs) > 1implies a (Qs, Q%) 2 1,
(a3) a(s,3) > 1and a(3,Q3) = 1implies a (5,Q3) > 1.
Taking into account the function («;), we put forward that
e i =1, Qis an a—admissible mapping in [31].
o i =2,Qis an a—orbital admissible mapping [26].
o i =2,3,Qis a triangular a—orbital admissible mapping [26].
The concept of a—admissibility is redefined for multivalued mappings, as noted below.

Definition 1.11. [21] Let Q : U — CB(U) be a multivalued mapping and o : U X U — R be a function. Q is
called a*—admissible mapping if a* (s,3) > 1 implies a* (Qs, Q3) > 1, where a* (A, B) = inf{a (s,3)|s € A, 3 € B}.

Moreover, a mapping Q : U — CB(U) is said to be a*—orbital admissible if
(O) a*(s,Qs) = 1implies a* (Qs, Ozs) > 1, where a* (A,B) = inf{a(s,3)|s € A, 3 € B}

In addition to the condition (0), if the following condition (7°0) is satisfied, then Q is called triangular
a*—orbital admissible;
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(TO) a(s,3)=1and o’ (3,Q3) = 1implies a* (5,Q3) > 1.

Lemma 1.12. [26] Let Q : U — U be a triangular a—orbital admissible mapping and a (o, Qso) > 1 with 5o € U.

Thereupon, o (5]-, sm) > 1 for all j,m € N with j < m, where the sequence {s]-} is defined by sj,1 = Qs;.

jEN
The following lemma can be presented with respect to Lemma 1.12.

Lemma 1.13. Let Q : U — U be a triangular a—orbital admissible mapping and a (so, Qso) > 1 with sp € U.
Thereupon, o (s]-, sm) > 1 for all j,m € IN with j < m, where the sequence {sj} is defined by sj.1 € Q"'s; with
nj=n (S ]').
Besides, consult [4, 16, 19, 22, 23, 28, 30] for further details about admissible mappings.

With the increasing demand for developing the newly introduced contraction conditions via some
auxiliary functions in metric fixed point theory, many authors have made progress, and many new concepts

are acquainted with the literature. One of them is Proinov type contraction, which was recently created by
Proinov [27] and sums up several contraction mappings in the existing literature.

jEN

Definition 1.14. [27] Let Q : U — U be a mapping on a metric space (U,d) and ®, ¥ : (0,00) — R be two
functions that satisfy the following features:

(p1) @ is a non-decreasing function,
(P2) W) <D(t)forallt >0,
(p3) limsup W () < @ (to+) for any tyo > 0.

t—to+

Thereby, for all 5,3 € U, if the inequality
@ (d(Qs,Q3)) < W (d(s,3)),
is satisfied, the mapping Q is called Proinov type contraction.

Theorem 1.15. [27] Let (U, d) be a complete metric space and Q : U — U be a Proinov type contraction. Then Q
admits a unique fixed point in U.

Various fixed point results appear in the literature involving Proinov type contraction. Some examples are
in [5, 14, 15,17, 18, 20, 29].
2. Fixed Point Results for Multivalued Mappings

Throughout this session, we will consider and draw on the following property:

(€Q) Let m be a convex regular modular, which obeys the Fatou property and the A,—condition, and 9t be
a non-void m—complete subset of Uyy,.

Definition 2.1. Let (U, m) be an MMS, 3t be a nonempty bounded subset of U, and a : Uy — Ry bea function. A
multivalued mapping Q : M — CB(M) is called multivalued Sehgal-Proinov type (a*, ©, V) —contraction mapping
if there exists ®, W : (0, c0) — IR such that for each s,3 € I, there exists a positive integer n (s) such that:

o (5,3) @ (Hm (Q"95,Q"3)) < W (R(5,3)), 3)

where @,V : (0, 00) — R are two functions satisfying

(c1) D is a lower semi-continuous and non-decreasing function;
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(c2) W(t) <D(t) forallt>0;

(c3) limsup W (t) < D (to+) for any to > 0,

totg+
and also,
_ 52(5,Q"93)+52(3,Q"9s)  61(3,Q"3)52(5,Q"¥3)+61(3,Q")3)52(3,Q")s)
R (5/ 3) = max { my (51 3) ’ 2 ’ 52(5,(}'1(5)3)4—61(3,Qn(s)5)+1

for all Hm (Q”(g) s, Q"("’)s) >0

Theorem 2.2. Let (U, m) be an m—complete MMS. Presume that the property (Q) holds and Q : M — K (M) is
multivalued Sehgal-Proinov type (o, ®, V) —contraction mapping. If the circumstances

(i) thereis a point sy € I that has the property o (so, Qsg) = 1,
(i) Qs a triangular o*—orbital admissible mapping, i.e., Q satisfies the conditions of (O) and (T O),
(ii1) Q is an m—continuous mapping,

(iv) there exist 5,3 € M (Q"®)), which denotes the set of fixed points of multivalued mappings of Q"™), such that
a(s3) =1,

are provided, then, Q owns a fixed point s* in M C Uy, where my (59, 51) < co for some sy, 51 € Un.

Proof. Let sp € M be a point in the condition (i) such that a*(sp, Qsp) = 1. Now, since Q is a*—orbital
admissible mapping, we achieve a* (Qso, Q? 50) > 1, which yields that

o (@ 'ey, Qkeg) 21, forallkeN. (4)

Taking (if) and (4) into account, we acquire that a* (sp, Q"sp) > 1. So, by choosing s, € Q™sy with ng = 1 (sp),
we get a (o, 51) > 1 and sp # $1. As a result of this, from (3) and the fact that (c;), we have

D (01 (51, Q"51)) < D (Hm (Q50, Q" 51)) < ¥ (50, 51) P (Hm (Q59, Q" 1))
< W (R(s0,51))-

Hence, there exists s, € Q"s; with 17 = n(s1) such that

D (my (s1,%2)) < a(s0,51) P (Hm (Q"59, Q" s1)) < W (R(s0,51)), 5)
where
52(50,Q" 51)+62(51,Q"050)  51(51,Q" 51)52(50,Q" 51)+61 (50,00 50)5(51,Q"
R (s0,51) = max { my (so, 51), Zpdraina@un) saQubeR wibeRabe ) |

and so forth

o 57 (s0,QMsp) = . Eignfls {m; (s, 52)} < My (50, 52),
2 1

* 55 (s1,Q"s) = emf {my (s1, 1)} =

o 01 (s0,Q"sp) = . Elgf {my (50, %1)} < my (30, 51),
1 S0

o 61(51,Q"sp) = . Eignflg {my (51, %)} <my (s1,9).
2 1
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Thereby, we procure that

my(so,52) My (51,52)my(s0,52)
R (50, %1) SmaX{ml (80, 81), =3, T et }

my (S0,51)+my(51,5%) m(s1,92)my(50,52)
< max {ml (SO/ 51) ’ 2 ’ my (50,5)+1

< max {my (s, 1), m; (51, %)} .
If max {m; (sg, $1), my (51, 52)} = my (51, 52), then, by considering (5) and (c), we get
D (my (51, %2)) < W (my (31, %)) < P(my (31, %)),

such that a contradiction arises. Then, we deduce max {m; (s, 51), mj (51, 52)} = my (o, 1), which implies
D (my (s1,52)) < P (my (sp, 51)) . Likewise, due to the fact that Q is triangular a*—orbital admissible, we can
write a (51, 52) > 1 with 51 # 5, and so, for s3 € Q™s,, we gain

D (my (52, 53)) < D (01 (52, Q%)) < (51, 52) P (Hm (Q" 51, Q™ 5y))

< W(my (s1,%)) < D(my(s1,%))
that is,
O (my (52, 53)) < @ (my (51, %2)).

Inevitably, by proceeding with this procedure, we contrive a sequence {s]-} with initial point sy such

jEN
that s, € Q%s; with n; = n(sj). On the other hand, considering the assumptions (i7) and (4), we get
a* (sj, 05]-) > 1 and a* (Qsj, stj) > 1 such that a* (5]-, st]-) > 1. Thereupon, a* (9]-, Q”sj) >1foralln € N,

which stands for a (5]-, 5]'+1) > 1. Then, by (3), we have

(O] (m1 (5j+1/ 5j+2)) <o (61 (S]‘+1, Qi S]'+1)) <a (5]', 5]'+1) ) (Wm (anS]', Qrin 5j+1))
(6)
< \y(ﬂ (Sj, S]‘+1)) ,

where

N o) 2 Q s )40 (510,QY ) 01 (5741, Q7 5101)82(5, Q" 5501 ) 401 (51,Q" )00 (5141, 5))
R (5]1 Sj+1) = max { m; (5]/ 5]+l> 7 2 7 52(5/',an+1 5j+1)+61(5]+1,an5])+1

. ) ml(s/'r5j+1)+m1(5j+]/5j+2) m1(5j+1:5/+2)m2(5j,5j+2)
Sma"{ mi (s, 5j41), P B . v

< max {m1 <5j, 5j+1) ,my (5j+1/ 5j+2)} .

If we consider max {m1 (s]-, sj+1) ,my (s]-+1, sj+2)} =m (s]-+1, 5j+2), then, we achieve that R (5j, sj+1) <my (5j+1, sj+2).
Hence, by using (c,), the inequality (6) becomes

D (ml (5j+1, 5j+2)) v (‘D (ml (5j+1, 5j+2))) <0 (m1 (5j+1, 5j+2)) ,

but this causes a contradiction. Then, we conclude that R (s]-, s]-+1) <m (5 ir 9 j+1) and so, we get® (m1 (5]-+1, s]-+2)) <

O} (m1 (s is S j+1)). Moreover, since @ is non-decreasing, we obtain

my (5j+1, 5j+2) <my (5]‘, 5j+1) .
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Therefore, we deduce that the sequence {m1 (s]-, 5j+1>}je]N is non-increasing. Hence, a number £ > 0 exists

such that lim my (sj, 5j+1) = L. The main aim of this step is to signify that £ = 0. Contrarily, let £ > 0.

]—)00

Then, from (6), we attain

DL) = ]152 o (m1 (5j+1, 5j+2)) < lim sup W (m1 (sj, sj+1)) < limsup @ (s)

j—oo s—L

such that this contradicts with the supposition (c3). We perceive that our supposition is incorrect; that is,

lim m; (5]', S]‘+1) =0. (7)

j—oo

Itis required to indicate {sj}jGN is an m—Cauchy sequence. Rather, presume that {sj} is not an m—Cauchy

sequence. Then, we write the following;

jEN

m; (Sj(k)r 5m(k)) > E. 8)

In this case, for at least a ¢ > 0 and m (k) > j(k) > k whenever k € IN U {0}, the following expression is
provided. Let m (k) be the smallest index satisfying (8). We have m, (sj(k), sm(k),l) <e.
Hence, by using (mj3) and (7), we procure

E<m (5j(k)/ Sm(k)) smy (Sj(k), 5j(k)+1) +my <5j(k)+1/ 5m(k)+1) +m; (Sj(k)+1, 5m(k)+1)
such that

lim sup m; <5j(k)+1, Sm(k)+1) > €. 9)

k—oo

Likewise, considering (7), we infer that
my (Sj(k)r 5m(k)) smy (5j(k)/ Sm(k)fl) +my (5m(k)—1r 5m(k))
such that

lim sup my (sj(k), Sm(k)) <e. (10)

k—oo

Again, one can reason out

my <5j(k)/ 5m(k)+1) <m (Sj(k)/ Sm(k)—l) + m; (Sm(k)—l/ 5m(k>) + my (Sm(k)/ Sm(k)+1) ’
and

mp (5j(k)+1/ Sm(k)) <m (5j(k)+1/ Sj(k)) +my (Sj(k), 5m(k)—1) +my (Sm(k)—1, Sm(k))
which means that

lim sup m, (sj(k), sm(k)+1) = lim sup m, (sj(k)+1, sm(k)) <e. (11)
k— o0 k—o0
On the other hand, from Lemma 1.13, we gain oc(sj, 5,,,) > 1 for all jm € IN with j < m. Thereby, by
considering (3) with ;411 € Q"9 54) and syx)+1 € Q"0 5y, we attain

(0] (m1 (Sj(k)+1, sm<k>+1)) Sa (Sj(k)/ sm(k>) @ (W‘“ (QW w0 SM(k)))
(12)
<y (72 (Sj(k)/ 5m(k))) ’
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where

81 (300, Q" 0 51t ) +01 (51, Q"0 559)
m; (5j(k)/ Sm(k)) ’ 5 ’

R(5](k)’ Sm(k)) = max 7 7" (k) "k
81 (St Q"0 5300 )51 (500 Q"8 511019 ) +01 (501, Q"1 51y )01 (St Q10 5 )
81 (570, Q"0 5,50 ) +61 (St Q10 519 ) +1

(13)

81(5m+1)+01 (Smeey Sj0+1)
ma |\ Sy, Smk) ) - 5 ’
< max
01 (Sm(k)rgm(k)ﬂ )51 (5j(k)r5m(k)+1 )+51 (5/(k)r5j(k)+1 )51 (Sm(k)/s/'(k)ﬂ )
61 (570951 ) +01 (Sn Sj0+1 ) +1

If we take the limit superior in (13) and use (7), (10), and (11), we achieve

R e+ €
lim supR(sj(k), 5,,1(k)) < max {é‘, T,O} = €.

k—o0
Hereupon, taking (7), (9), and(c,) into account and from (12), we induce
D (é) < lim sup () (m1 (Sj(k)+1r 5m(k)+1)) < lim sup v (7% (5j(k)/ Sm(k)))
k—o0 k—o0

<® (lim sup R (5 i(k)r Sm(k)))

k—oo

<®(e),
but this results in a contradiction, that is, we get { sj}jeN is an m—Cauchy sequence in (¢, m), which implies
there exists a point s* € M such that
hm m; (5]', 5*) =0. (14)

]—)OO

By the condition (iii), let Q be an m—continuous multivalued mapping and Q"®)s; be a sequence in
CB(M). Then, from (14), we deduce that Q"®)s; — Q")s*, and so lim Hp (O”(g’*)sj, Q”(B*)S*) = 0, where

]—)(X!

Qs € CBOM). If sjy1 € Q")s; and limsj,; = ¢, then, considering Lemma 1.9, we acquire that
jooo

s* € Q"®)s*, which implies that s* is the fixed point of Q"¢). The next step is to indicate the uniqueness of
the fixed point of Q"®). For this purpose, we assume that a point z* resides in M with s* # z* such that
z* € Q"¢)z*. From the hypothesis, we have a (s*,z") > 1. Thereupon, by using (3), we obtain

D (m (5',2Y) < a (s, 2) O (Ha (Q"s,Q"2')) < W (R(s,2)), (15)

where

02(5*,071(5*)2»)4-(52 (Zx,Qrz(s") 5*) 5 (Z*,Q”(S”)Z*)bz(S’r,O”(s*)Z*)+b1 (s»,On(s") 5*)(32 (Z*,Q”(S*)S*) }
2 ’ 52 (5, Q2 )+61 (2, Qs +1

R(s',2) = max{ m (5,2),
< max {ml (5*/ Z*) , My (S*/ Z*) ’ O} =m (5*/ Z*) .
So, using (cy), the inequality (15) turns into

@ (my (s,27) < W (my (57, 27) < D (my (57,27))

such that this contradiction proves that Q") owns a unique fixed point.
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Eventually, we assert that s* € Qs*. However, to demonstrate this, let us theorize the opposite, that is,
s' ¢ Qs'. Hence, by regarding the uniqueness of the fixed point, from (3), we attain

D (5 (5", Qs") < @(Hm (Q")s',Q(Q")s")))

(16)
<a(s,Qs) O (Ha (Q)s', Q) (Qs))) < W (R (57, Qs)),
where
. A e A 02(55Q7E)(@s)+62(Qe,Q)s)  61(Qs, Q) (@)oo (57, Q1) (@s) ) 461 (57, Q)5 Jon (@, Q1))
R (5 ’ QS ) = max{ 61 (5 , Qs )/ 2 ’ 62(5*,0”“”(@5*))4—61(Qs*,Q”(B*)s*)-ﬂ }

<61(s%,Qs").
Consequently, considering (c;), the expression (16) becomes
D (61 (5%, Qs") < W(R(s,Qs")) <D (61 (57,Qs7)).
However, this is not possible due to (c1). Then, we achieve s* € Qs*. O

The above theorem can be demonstrated without the continuity of the mapping by replacing it with a
suitable property, as indicated below.

Theorem 2.3. Let (U, m) be an m—complete MMS. Presume that the property (Q) holds and Q : M — K (M) be a
multivalued Sehgal-Proinov type (a*, ®, V) —contraction mapping. If the following conditions hold:

(i) thereis a point sy € I that has the property a* (so, Qsp) > 1,

(it) Qs a triangular a*—orbital admissible mapping,
(iid) if {5j}je]1\l is a sequence satisfying

(a) a (sj, 5j+1) >1forall j,
(b) s; > s"€Masj— oo,

then a subsequence {sj(k)} of {s]-}jeN exists such that (sj(k), s*) >1,
(iv) there exist 5,3 € Mri(Q"®), which denotes the set of fixed points of multivalued mappings of Q" such that
a(s,3) > 1.

Then, Q owns a fixed point s* in M C Un,; where my (s, 51) < o0 for some 59,51 € Unn.

Proof. Similar to the proof of Theorem 2.2, we can construct a sequence {sj} in M by sj;1 € Qs; and

jEN
conclude that {s j} is an m—Cauchy sequence, which converges to s* € M.
N such that a (5j(k), s*) > 1. Because K ()

is compact, an element s* € K(M) C Uy, exists such that s; — s*. Then, from the Fatou property, we procure

jEN
From the hypothesis, there exists a subsequence {5 j(k)} of {5]-}
01 (5*, Qn(s‘*)S*) < 11]1('1’_1}ng m; (5j(k)+1/ Qn(s*)g*) = h]Icllglf m; (Q"f(k) Sji(k)s Qn(s*)s*)

S 7_.{m (an(k) Sj(k)/ Qn(s*)s*) ,
and as @ is a non-decreasing map, by (3) and (cz), we achieve

@ (6 (5*, Q”@)s*)) <a (sj(k), s*) @ (‘Hm (@54, Q”(S*)s*)) <W (R (5]‘(k), s)) , (17)
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where

02 5'(1{),0”(5’{)5* +02 5*,O”j(k)5_(k)
m; (5j(k), S*) , ¢ )2 ( / ),
Rr (Sj(k)/ S*) = max . (18)
61(5",@"(5*) 5*)62(5]'()(),Qn(s*)5*)+61 (Sj(k),Q”/(k) Sj(k))éz(S*,Q”j(k) 5j(k))
62(5j(k),0"(5*)5*)+61 (S*,Q”N{) S/(k))+1

If we assume s* ¢ Q"*)s* and take the limit as k — oo in (17) and (18), we attain

@ (51 (5, Q")) < lim W (R (s, 5°))

k—oo
<@ (Jim R (0, )

<® (max {O, (s, Q@ E)s) 557, Q)5 )or(s, Q1)) })

2 ’ 62(5*,Q"(5*)s*)+1

<P (51 (5*, Q”<5*>s*)),

which is a contradiction. Hence, we gain s* € Q"*)s*. Consequently, an analogous method as in Theorem
2.2 can be followed for the rest of the proof and induce that s* € Qs*. [

If we accept 11 (s) = 1 in Theorem 2.2 (also Theorem 2.3), then the following results can be obtained.

Corollary 2.4. Let (U, m) be an m—complete MIMS, and the property (QQ) holds. Let Q : M — K(IM) be multivalued
self-mapping and o : Uy — R, be a function. Presume that the following conditions hold:

(i) there exist ®, W : (0, 00) — R such that for each s,3 € M;
a(s,3) P (Hm (Qs,Q3)) < W (R(s,3),

where @,V are two functions satisfying the conditions (c1) — (c3) and

R (5,3) = max { m; (s,3), 62(5,05);52(3,05) 01(3/Q3)52(5,Q3)+61(3,Q3)6,(3,Q3) }

’ 52(5,05)+61 Q)+ 1
for all Hiy (Qs, Q3) > 0.
(ii) there is a point sy € M which has the property o (o, Qsp) = 1,
(iti) Qs a triangular a*—orbital admissible mapping,
(iv) Q is an m—continuous mapping,
(v) there exist s,3 € Mrix(Q), Mrix(Q) indicates the set of fixed points of Q such that a (s,3) > 1.
Thereby, Q owns a fixed point s* in M C U, where my (sp, 1) < o0 for some s, 51 € Up.

The following one can be given for a single-valued mapping considering Theorem 2.2 (also Theorem
2.3).

Corollary 2.5. Let Uy, be an m—complete MMS, Q : U, — Uy, be a self-mapping and o : Uy — R, be a
function. Presume that
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(i) there exist ®, ¥ : (0, 00) — R and a positive integer n (s) such that:
a(s,3) @ (my (Q"9s,Q"3)) < W(R(s,3)),

where @,V are two functions satisfying the statements (c1) — (c3) and

R(s,3) = max{ my (s,3),
forall s,3 € U;, and m; (Qs, Q3) > 0,

(ii) there is a point sy € Uy, such that a (sy, Qsp) = 1,

my(5,Q3)+my(3,Qs)  my(3,Q3)my(s,Q3)+m;(3,Q3)m;(3,Qs) } 19)
2 ’ my(5,Q5)+m; (3,Qs5)+1

(ii1) Q is a triangular a—orbital admissible mapping,
(iv) Q is an m—continuous mapping,
(v) there exist 5,3 € Fix(Q), Fix(Q) indicates the set of fixed points of Q such that a (s,3) > 1.
Thereby, Q owns a fixed point s* in Uy, where my (5o, $1) < oo for some s, 51 € Uy,

Corollary 2.6. Let U;, be an m—complete MMS and Q : U, — U, be a self-mapping. @, ¥ : (0,00) » Rand a
positive integer exist n (s) such that:

@ (my (Q"s, Q"93)) < W (R(5,3)),

where R (s, 3) is defined by (19) for all m; (Qs, Q3) > 0 and for each s,3 € U;,.
Thereby, Q owns a fixed point s* in Uy,; where my (5o, 1) < oo for some sy, 51 € Uy,.

Proof. The proof is obtained by taking a (s,3) = 1 in Corollary 2.5,. O

Corollary 2.7. Let Uy, bean m—complete MMS and Q : Uy, — U, beaself-mapping. Thereexists @ : (0,00) — R,
which is left-continuous and non-decreasing such that

@ (m; (Qs, Q3)) < k@ (R(s,3)),

where R (s, 3) is defined by (19) and x € [0, 1) for all m; (Qs, Q3) > 0 and for each s,3 € U;,.
Thereby, Q owns a fixed point s* in U}, where my (5o, $1) < oo for some s, 51 € Uy,.

Proof. The proof is achieved if W (s) = k@ (s) in Corollary 2.6. [

3. An Application to Nonlinear Integral Equation

We demonstrate an existence theorem for solving the following nonlinear integral equation.

5() = f Y(,050)do, (20)

where a1,a, € R by a1 < a3, s € Clay,ay] (the set of all continuous functions from [a1,4,] into R) and
Y i [a1,a2] X [a1,a2] X R — R is a specified mapping. We endow U, = C[a;,42] with the following function

m; (f8) = [f()-gWle’, b>0,

for all f, g € Uj,. Evidently, (U, m) is an m—complete MMS.
Furthermore, let Q : U}, — M, be defined by

Qs (1) = f Y(,05(0)do

for all s € Uy, and 1 € [a1,a2] . Accordingly, the existence of a solution to (20) is equivalent to the existence
of a fixed point of Q.
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Theorem 3.1. Contemplate the nonlinear integral equation (20). Presume that the following statements are met:
i. Y a1, a:] X [a1,a2] X R — R is continuous and non-decreasing in the third variable,

ii. there exists p > 1 satisfying the following condition: for each t, 0 € [a1,a2] and s,3 € Uy, with s(r) < 3(r) for
all ¥ € [a1,a;], we acquire

|~y (‘r 0,5 (Q)) -Y (L, 0,3 (Q))' Y (L, Q) R(S, 3)/ (21)
where ¢ : [a1,a2] X [a1,a2] — [0, o) is a continuous function identified by

az

1
sup fo(t,@)dg < > (22)

1€lay,a2]
a

and

my(5,Q3)+my(3,Qs) My (3,Q3)my(5,Q3)+my (3,Q3)my (3,Qs) }
5 .

R (57 3) = max { mg (5/ 3) ’ ’ mo(s,Q3)+my (3,Q5)+1

Then, the nonlinear integral equation (20) owns a solution.

Proof. From (21) and (22), for all ¢ € [a1,a2], we attain

20 [Q"50)-Q"50)]
e s

©(m; (Q"9s(1),Q"93())) = @my (Q"9s (1), Q"3(0) =

= ¢ fy(b 0,5(0))do— fy (1L 0,3(0) d@'

<e f[y (L o,5(0) - Y (es3(0)] d@‘

1

<eé af2|y (t0,5(0) =Y (1030 d@]

<eé fa (L, 0) R(s, 3)d@]

<e (}2 a(s, Q)de)R(f» 3)

Gt

<W(R(s3)-

Considering @ (f) = e?fand W (f) = f for all f > 0, we deduce that all the conditions of Corollary 2.6 are
held. Consequently, a unique s € U, exists, such that s € Fix (Q) indicates that s is the unique solution for
the integral equation (20). O

4. Conclusion

In conclusion, in the modular metric space setting, we bring forward the outcomes of Proinov [27] and
Sehgal [33] by combining these notions through both multivalued mappings and a—admissible functions.
Incidentally, we demonstrate that the outcomes which we have achieved can be applied to a nonlinear
integral equation.
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