Filomat 38:10 (2024), 3665-3681
https://doi.org/10.2298/FIL2410665S

2K

Published by Faculty of Sciences and Mathematics,
University of Ni§, Serbia

U
;
gy gy

Available at: http://www.pmf.ni.ac.rs/filomat

&
5
TIprpor®

r

Revised and expanded numerical radius inequalities for 2x2
partitioned operators
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Abstract. More several power inequalities of the numerical radius for 2x2 partitioned operators are proved
by generalizing earlier inequalities. Moreover, we give some applications of our results in estimation of
numerical radius.

1. Introduction

Let #(¢) denote the C*-algebra of all bounded linear operators on a complex Hilbert space .7 with
inner product (-,-). For T € #(s¢), let w(T) and ||T]| be the numerical radius and the standard operator
norm of T, respectively. Recall that

w (T) = sup {KTu, u)| : u € A, ||ull = 1}
and

ITI| = sup {KTu, v)| : u,v € H, ||ull = |jvll = 1} .

The direct sum of two copies of the complex Hilbert space 7 is indicated as #? = # & #. If
I'1,I,T3,T4 € % (), then the partitioned operator I' = [ 11:; ll:i }is regarded as an operator in # (¢ © )
such that I'u = Tyt + Doz for every vector u = lewon.
F3M1 + Tyun

It is a widely recognized fact that w(.) establishes a norm on % (7¢) that is equivalent to the standard
operator norm ||.||. In fact, for any T € % (5¢),

1
Il < @ (T) < ITI.

1)
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The inequalities in (1) are sharp. The first inequality becomes an equality when T? = 0. The second
inequality becomes an equality when the operator T is normal.

The following inequality is a significant property of the numerical radius, which is called the power
inequality for the numerical radius, asserts that

o(T%) < (T) fork=1,2, .... )
For more details about the numerical radius, see [8, 9].

In [12], Kittaneh refined the second inequality in (1), and obtained the following result:

1 1 1
w(T) < ST+ Tl < E(”T” + HTZHZ) for any T € & (), 3)

The symbol |T| represents the absolute value of the operator T written as |T| = (T*T)%.

Other improvements on the inequalities in (1) have been established in [13]. These improvements assert
thatif T € B (), then

31 |17 + TP < ?(T) < %ll TP + T

. @)

The second part of the compound inequality in (4) is a specific instance of a more extensive form, as stated
in [7].

1
w®(T) < E” [T/ + T, fors>1. (5)

In [6], Dragomir presented a power numerical radius inequality that relates to the product of two operators:

1
@* (['T2) < 5 [| 0 + [Ty f]], fors > 1. 6)

For more such inequalities, see [6, 14,16] and references therein.

In Section 2, we employ the Buzano extension of Schwarz’s inequality to establish new upper bounds
for the numerical radii of 2 x 2 partitioned operators. We provide a sufficient condition for the equality case
in the first part of the compound inequality in (4). In Section 3, we establish additional power numerical
radius inequalities for 2 X 2 partitioned operators. Our numerical radius inequalities are both sharp and
more comprehensive than previous findings in the literature.

Throughout this paper, whenever the phrase “AGM inequality” is mentioned, it means the arithmetic-
geometric mean inequality.

2. Improvements on numerical radius inequalities for 2 X 2 operator matrices

Our study commences with the utilization of the following established lemmas. The first lemma can be
derived from the spectral theorem for positive operators and Jensen’s inequality (see e.g., [11]).
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Lemma 2.1. GivenI' € # () be a positive operator, and let u € ¢ with [[u]| = 1. Then
Tu,u)® < (T°u,u) foralls > 1.

The reverse direction of the above inequality holds if 0 <s < 1.

The second lemma, which can be seen in [2], introduced a norm inequality including convex functions
of positive operators.

Lemma 2.2. Given & be a non-negative, convex function on [0, o), and let 81, N, € # (%) be positive
operators. Then

N1+N2
)

In particular, if s > 1, then

814—825
2

In [11], Kittaneh has proven the third lemma.

2

Hh(xl) +h(2<2)(
- |

NS+ N;(

< > |

Lemma 2.3. Given M € % (s¢), and let f and g be non-negative functions on [0, co) which are continuous
and that satisfy the relation f (t) g (t) = t for all t € [0, o). Then

KMu, o)| < ||f (M) u|||lg (M) || for all u, v € 2.

The fourth lemma, known as the Buzano extension of Schwarz’s inequality, can be found in reference [5].

Lemma 2.4. Given u,v,e € 7 with |le]| = 1, we have

1
K, e) ¢e, ) < 5l ol + Ku, 0.
The fifth lemma, which includes two parts, is very helpful (see, e.g., [3,10]).

Lemma 2.5. Given K1, N, € Z (), we have

(i) a)([ DI ]) = max {w (1), @ (R)).

(ii) a)([ 2; :j ]) = max {w (N1 +N2), 0 (R — No)}.

In particular,
0 N |)_
4% e

The last lemma is a simple consequence of Jensen’s inequality, concerning the convexity of the function
f(x)=x},A>1onxe]l0, ).

Lemma 2.6. If x1, x2, ..., X, are non-negative real numbers, then
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v+ x4+ -+ xn)A<nA‘1(x/1‘+ x) + ---+x;})for/\21.

The initial outcome can be expressed as follows.

R N

Theorem 2.1. LetT = [ N5 Ny

]e%(%@%)amdrzl. Then

a)Zr(| :; :421 ]) < 2" 'max {er R1) , 0 (N4)} + 272 max (0" (RoN3) , " (N3N))

+2" % max {

)

(e« sy |}

Proof. Letu€%®%with||u||=1,and1et¢)=[ 8 0 :|1/1=[ 0 & ] Then

0 N VT8 0
(% 8]

= |<(¢ + w)u,u> ”
= |(pu,u) + (W,u)‘zy

< ([w )|+ v )

<221 ( (gu, u) |27 + [y, u) |27) (by Lemma 2.6)

P (K¢u,u> |2r () (u, yu |’)

<2 (g, + 2 [[Cpe )|+ g ul] ) oy Lemma 2.9
<22 (pu )| + 222 [yl Tyl + gm0 [ ] @y Lemma26)

i
:22’1<(pu,u 2r+22r2[< uu> <|¢!uu> |<'¥’“f”>r]

2r

2r

)

< 21 <¢u u> 4+ or 2< (w}‘ w}*l )u,u> 4 02r-2 <¢2u, u> |r(by the AGM inequality)
< p2r-1 <¢)u,u> z 4o 2<(|1/}| |¢*|2)ru u> +22r—2< 2y, u> |r(by Lemma 2.1)

SR B (LSRR 0 ST RRs 0 ’
A A g [

Thus,
K[xl xz]uu>”< 22H<[x1 0 ]M>2’+zr < (1o + ) 0 M>
Rs Ry [0/ 7 U 0 (|><z|+|?<|) '

NN 0 '
(1557 e Jo)]

By considering the supremum over all u € 5 ® S with ||u]| = 1 in the above inequality, we have

+ 22;‘72

CL)ZV ([ g; gi ]) < 227—1max {wZV (Nl) , wZF (N4)} + 227—2max {wr (8283) ’wr (8382)}
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I iz

+2" % max {

(mf+

N

(mf+

N

as required.

Theorem 2.1 presents a collection of power numerical radius inequalities for partitioned operators. The
following results illustrate some of these inequalities.
If Ny = N4 and N, = N3 in Theorem 2.1, then we get the following;:

N1 N

Corollary 2.1. LetI' = [ 8 N

]e%(%@%)andrzl. Then

o ([ :; :i ]) - {w2f (N1 +82), 0 (N1 - 82)} (by Lemma 2.5(ii))
2 r
I}

Remark 2.1. Letting 8 = 8, in Corollary 2.1, we have the following inequality which is a generalization of
the inequality given in [1]. To see this, note that
2)’ ‘

220 (Ny) = @ (281) < 27710 (Ry) + 2220 (N2) + 22
So,
1 2\"
W (Ny) < o (N]) 4270 (|:<1|2 e )
which is an improvement of the inequality (5). To prove this, note that

1 r
0¥ (N1) < 7o' (N}) +277 (|><1|2 + 2) ‘

<2210 (Ny) + 2220 (N2) + 272

0&F+

N

(mm+

N

7

N

1 s+ 2y N
< @ (W) +277 — || (by the inequality (2))
Thus,
¥ (81) < @271 (2r) || R+ [ 2|| (Lemma 2.2)
1 . )
=§|| 2+ N

Remark 2.2. Letting r = 2 in Remark 2.1 yields the second inequality in (4). In fact, we have
1 1 2\2
4 2 (K2 2
) (Nl) < E(L) (Nl) + g H(|N1| + ) H

N}

1 1 2 2112
< §w4 (Nq) + 3 || [Na]” + N} | . (by the inequality (2))
Now,
1 1 2112
2 %

st (80 < o | P+ N
So,

1 0|12
w? (Nl) < Zl ” |81|2 + N; ‘ .
Thus,

1 2
w? (Nq) < 5 ” |N1|2 + N’lr ‘
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Theorem 2.2. LetT = [ z; zi ] € B(H ®H),r>1,and let f and g be non-negative functions on [0, oo),

which are continuous and that satisfy the relation f () g (f) = ¢ for all t € [0, o). Then

N N 37—1
2r 1 2
w (| Ny Ny ]) < 5 max{

0 NoN
r=1_.r 2834
+6' w ([ RN, 0 ])

Proof. Letue%”EB%”Withllullzl,andletgb:[ 8 0 ] Ip:[ 0 % ] Then

0 Ny Ns 0
N1 Ny
N3 Ny

—Vw@u@

£ 8+ g (85 ]) + £ (8D + ¥ (183]) + (I + 85F) H
£ )+ 9 (N3]) + £ 08D + 0 () + (I + [85F°)

< + (Yu, u)‘
<([(or DKWWD
:(< u +2 ¢)uu “(1/)u u)( |(41u u)()
<3 |<¢)u u>| |<1,bu u)| +2r<qbu u><u¢u)”(byLemma26)

[ (Pl ) (o) )+ (2 (9l u) (g (j9f)w )
<3 _ 1o (o r)(”qbu””yb u” | i, v ) (by Lemma 2.3 and Lemma 2.4)

1_ f2r|¢|uu 2’)¢|uu f2’|1p|uu 27|1,b|uu
<3 < ( ) ><+27_(1 (”qgu”ruz) u||< ( (p)u u )(g ( ) > (by Lemma 2.1 and Lemma 2.6)
o] B O s (e )
+2r-1 (<|¢|2u,u> <(¢ | u, u> l(gbd)u u r)

= (o () + g (o) + £ (j9l) + 9% (lo71)) . )
+6'" 1( <(|qb| |z,b*|2)ru, u>) +61 <z,bc¢>u u>
= (P ) )+ )+l o o)+ 6

Thus,
|q§l§]%ﬁ < (ol o1) 2 ) - () + (0 ) o )
+6 | (pepu, )|

By considering the supremum over all u € ¢ ® ¢ with |[u|| = 1, we obtain the desired outcome.

r

(by Lemma 2.1 and the AGM inequality)

(wou, )|

2r

Theorem 2.2 presents a collection of norm inequalities pertaining to the numerical radii of partitioned
operators. Below are some of these inequalities.
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Let f(H) =g () = t%, N1 = N4 and 8, = 83 in Theorem 2.2. Then we get the following;:
N Ny

Corollary 2.2. LetI' = [ N, N

N1 N

2r 1 2

(8%

= max {wzr (N1 +82), 0® (R — Nz)}

r—1

]693(%”69,%”),1’21. Then

« |27 . |27

1N+ N+ 1802+ N

2) 61" (RoR1).
Remark 2.3 If 8; = N, in the above corollary, then

%) < o 5 r ‘2(& o+
@7 (M) < A7 [N1]

To see this, note that

+ (NP +

N

%

2r
N ) + (|?~<1|2 +

N*

439

3 . ,
22 (Ry) = ¥ (28y) < g”z(wzw N[? )+(|><1|2 + [N 2) H +6 1w (N2).
Thus,

7 1 3 ' 2r * 2r 2 * 2 " 1 3 ' r
W (N) < E(Z) 218+ N[+ (1 + s ) ‘*g(g) o (¥2).

Remark 2.4. If » = 1 in Remark 2.3, then we have
3 1
PN <2 ” 1R+ ] | + 762 (N1) . (by the inequality (2)

Note that the last inequality is a refinement of the second part of the compound inequality in (4).

The last theorem in this section, however, can be proved using similar techniques as in the previous
theorems and Lemmas 2.6, 2.4, 2.6, and 2.1, respectively.
Ni Ny

Theorem 2.3. LetIT = [ Ny Ny

]e%(%ﬂ@%)andrzl. Then

2([ :1 22 ])S3Hmax{ 2 (Ny) , w? (x4)} B—rmax [0 (NaR3), @ (N3N0))
3 4
3" 5 2\"
Yot

o S|

Theorem 2.3 presents a collection of norm inequalities pertaining to the numerical radii of partitioned
operators. Below are some of these inequalities.
If N1 = N4 and 8; = N3 in Theorem 2.3, then we get the following;:

Nx-

N

1/3
N3 +
+6r—1wr([ 0 32?{4 H ( )(| 3|

N3N 0
o H |N2| I8

N

N Ny

Corollary 2.3. LetI' = [ R, N

(8%

= max {wzr (81 + Na), 0¥ (Ry — x2)}

3 (-

]e%’(%@%)andrzl. Then

<3 10” (Ny) N

N

+%rwf (N2) + 610" (RaNy)

37
) €(|?<1|2 +

2)r
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Remark 2.5. If r = 1 and N; = N, in Corollary 2.3, then we have

1 1
@ R) < 7| N3]+ 82| + 50 (83)
To see this, note that
402 (1) = @? (281) < @? (Ry) + (|Nﬂ s ) (|Nﬂ2+ x;z)-+%w(x9-+w(xgy
So,
3 3
307 (1) < 7| Iuf + [N; ] + 50 (88)
Thus,

1 2 1
W (1) < ]| NP+ ;[ + 50 (88).
Here, this inequality becomes an equality if N} = 0. That is, if N} = 0, then in view of the last inequality and
the first inequality in (4), we get

a)z(Nl):;}H N1 * + 2|-

3. Generalized power numerical radius inequalities for 2 X 2 partitioned operators

N

This section commences with the proof of a lemma that relies on the Buzano extension of Schwarz’s
inequality.

Lemma 3.1. Let u,v,e € 5 with |le|]| = 1,7 > 1,and z € C. Then

K, e) e, )" < T (2 P + (27 + ) ol ¢, o
T = 4 \\1+ 7 1+|z|
Proof. Using the Cauchy-Schwarz inequality, we have

1+ |z|
2r _ 2r
[{u, 0)|” = (1 " |Z|) [{u, )|
_ 1 2r |Z| 2r
—(T:HyWJN +(1+HmeM

1 2r 27 | |
S(1+|Z|)I|ull [l (1+| |)II Il K, 0)I"

Using Lemma 2.4, we get

2r

1 r
= 2 (I1P1I1P + 211l el K¢, 031 + Ko, )F)
r—1

— (Pl + K, o)+ 2Nl oIl K, o)1) (by Lemma 2.6)

2r

3 llull® llol* ol + ( i )|| Mol Ku, o)
= 4 | | 1+ [z

+2"|lull" IIUII Ku, o)

_37_1 2+| 2r 2r
=7 ((1+| )II Il ( )Ilull lloll"Ku, v>|)

Remark 3.1. The inequality in Lemma 3.1 is more stricter than the inequality in [4, Lemma 3.1] whenr = 1
and z = 0. To show this, note that

as required.
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K, e) (e, 0D

IA

»-lkIH N N

(21l Il + 211zl fol] |2, 0)1)

IA

2 2 2 2
(ZIIuII [l + 1l Pl + el lol) K, 0)1)

= 5 (Ul + Nl ol K, 2)1).
The above lemma enable us to prove the following theorem.

N1 N

Theorem 3.1. LetT' = Ns Ny

0)47 N1 NZ
N3 Nu
2+ 7|
4r-1 ar 4r 1
< 2% Vmax {w N1) ,w (N4)} +(12) (1 T

]e%(ﬁf@%),ze(ﬁ,andrzl. Then

4r

)max{Hm‘” sy

)

4 N e (%), 0 (85800

12) 1|2
+(12) ( 1

z| )max{”|83|2r + |N§)2r
Proof. Let u € 5 @ ¢ with |ju|| = 1, and let ¢ = [ %1 ;24 ], Y= [ £3 %2 ] Then
(1% %
= |<qbu, u> + <1pu,u)'4r
4r
< (|<¢u, u>| + |<1pu,u)()
<241 (‘<¢u,u> |4r + () (u, gru) |2r) (by Lemma 2.6)
2+ |Z| 20 (1w 1127
o (55 e o
<qi)u, u> | +2471 (T] (by Lemma 3.1)
(2 o) ol ol g

(i) (o)

4r

< 24r—1

= p4r-1 <qbu,u> 4 02r-1 3r 1
| 1+|z|) M > <|1,D| u,u> ’
Izl 2r
21){ g u) v, % |Z|) ( |"u, <|l,b [, u> |
(ZV )W‘ ) (I (0,
<2, ) v (12 (22++—2LTL|)<(| "+ )¢*|4r)u,u>
" et ) (1 b P |92

(by the AGM inequality and Lemma 2.1)
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4r
Ny 0 12+ 12
([0S Jo] oo () o )

1+ |z
_ Izl s+ [8: 0 NoN; 0
r=1lnpr, " 3 2 2693
+(12) (2 + 1+|z|)<[ 0 Ko + N o U, U 0 RaNo u,ulf .

Thus,

(%8 ]

4 o |47
|N3| "+ NZ 0

0 N[ +

— n4r-1
=2 4r

4r

4r

N1 0 INa[* + [N 0
0 N uu 4r + u,u
4 0 |N2| + N:,)

. l2| a2 + [N 0 NoN; 0
=1 [nr 3 2 2893
+(12) (2 + —1 n |Z|) <[ 0 |N2|27 4 N; 2 U U 0 N?,Nz u,uji.

By considering the supremum over all u € S ® 5 with |lu]| = 1 in the last inequality, we have the
desired outcome.

4r
2+ |z
< 241 +(12)! (—' |)<

1+ ar

Now, we will introduce some special cases of Theorem 3.1.
If 81 = 84 and N, = N3 in Theorem 3.1, then we get the following:

N1 N

Corollary 3.1. LetI' = [ N, N

]e%(%@%),ze@,amdrzl. Then

a)4r([ 2; zi ]) —max {w (N+X2), 0% (%-8)} (by Lemma 2.5(ii)

2 4 Iz
<4r-1 ,4r (R 12 r—1
<29 Tt () +(12) (TIH

4r

)Hmﬁw

N

2r

N

+(12)! (2r + 1%') H N2+ o (82).

Remark 3.2. If N; = N, in Corollary 3.1, then we have

iy <2 3\ e 1, M 3\’ < P
wr=g 3) [l g2+ g ) 5) I

1+ |z
To see this, note that from Corollary 3.1 with 8; = N, we have

4r 2r

N

N

" (N%) .

2+|z
D4 y4r (Ny) = a)4r (28) < 24r=1, 4r (N1) + (12)r—1 ( |zl

1+h0w&ﬁﬂﬁf

2r|| 134 (N%) )

N

12) 1 2r
+(12) ( +1+

|2||Z|) H NPt

So,

4r

2 2+
4r r—1 4r
St () < (12) (TIEMMM'+

Thus,

4r 2r

N

+(12)! (2’+ i )” N1+

1+ [z
12+ (3\ |1 . 4 1 RV T
o v <) (3) [t g 2+ o) (3) [P o ().

Now, if = 1in the last inequality, then we get a refinement of the inequality (5) with s = 2 as shown below:

N

@’ (N%) .

4r
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1(2+|z| 4 Jonld 2+ 3|z )
w4(81)§§(1+|z|) IR |+8 ( 1+|Z|)” N+ | (2)
1/2 243
< g(li:z:) [ e] +z (1++—|.:|)” |x1|2+|x;|2Hw2 (N1) (by the inequality (2))
< %(i::z:) |N1|4+|x;)4 +% (ijﬁ') |><1|2+)><;|2||2 (by the inequality (4))
_1 2+ 7| 4o 1 (243 A
= §(1+|z|) art i)+ 5 ( 1+|z|) ('N” +N )
CL2EE el L (23 218, P28 ’
_§(1+Iz|) i+ )+ 16(1+|z|) 2
1(2+ |z 1(2+3]z i .
< g(l n Izl) | |?’¢1|4+|N’i|4 '+§ ( T )‘ |N1|4+|Nl|4'| (by Lemma 2.2 with s = 2)

_ %“ |x1|4+|x;|4H.

Remark 3.3. The inequality in Theorem 3.1 is more stricter than the inequality in [4, Theorem 3.1] when
z € Cwith |z] =1 and r = 1. That s,

S|

< 8max (w? (81) , w (Ra)) + gmax {|| INa[* +

s

+§max{|| NP+ [ | e + |x;|2“} max {w (RoNa), @ (Rs80))

M)

) v (5285), 0 (8580

< 8max {w4 &) , 0 (84)} + 3max {” INs[* +

+max{

Remark 3.4. Let z € C with |z] = 1 and ¥ = 1 in Remark 3.2. Then we have an improvement of the
inequahty in [15, Theorem 2.1], namely

ooz sl S o)

To see this, note that

3 5
E” |x1|4+|x;|4|| + ‘ |x1|2+|N;|ZHw N2)

§|| | +§|| %P o (42).

3 3
== N[N oo RPN (82) +—H 18PN ”w N2)

3 g 3
< || st [ 2 | P (xl)+—” Mo+ ;7| @ (82) @y the inequality (2))
< 2t |2+(z~<*|] +—H NP pNi | (82) oy lity (4))
<76l ™ 1 3l N 1 Tl ™1 1 a) 1 y the inequality

3 3 2
< || st 2 | i 2| P | (82) by Lemma 22)

3 1
= 2| a5 P o (82)-

N1 N2

Theorem 3.2. LetT = [ Ny N

]e%(%@ff),rzl,andzec Then
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N1 N
4r 1 2
| 1851+

4r

max{ 4 (N7) ¥ (R 4)} (ii—:_j:)(-) max[|

2r
1 . lzI \(3)
+8 + 1+ |Z| Z max ’

< 41’—1 6" 1 H |N3|2r +
+Emax{ ¥ (R) , 0¥ (&1)} Smax

2r
1 [n S
—max

gr| 2 szf

)

max {w” (NaN3), w” (N3N7)}

1N, + |x

[ max {wzr (R1), 0¥ (34)} ]

w8

vorf] O NN ]
YA %N 0

Proof. Le’tuE%ﬂEB%”wi’chllull:1,andle’fgi):[N1 0 ],1#2[ 0 % } Then

(R
< ([(g )] + kv )

_ r K¢u u>|4 |(1/)u u)|4 +6‘ |2|(gbu u>|2 }r
| +4| qbu u ' |(1,bu u)|+4| “(l]bu u>|

4r

_ |<¢“ru>' +2|<W/u><u, yru) |2+6|<¢u,u>' () (u, gru | }r
RTINS

r |<qbu,u>|4 + |(1,bu,u)(u, Yruy )2 + 6|<qbu,2u>|2 |<¢u,u> (u, Yruy ( r
+4 |<¢u,u> (u, ¢u>|(‘<¢)u,u>| + |(1,bu,u))2)

|<({)u,u> |4y + |(1/)u,u) (u, Y'u) |Zr +6 <qi)u,u> |27|(1/)u,u) (u, Y'u) |r

<41 , 2 2\
4l v ((on)f + oo

(by Lemma 2.6)

} + max (" (RoN3), 0" (N382)}] '
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r 3,1{ (2o Pl ]

|<¢u, u> ‘4 + T

o L (e

<4 (by Lemma 3.1 and Lemma 2.4)
T ([ e R
(ol o+ (o g | (e )+ o )|
L [ () () J |
(ou)| + 5
< g1 " (zr Ty IZI) \/<|I’D| > <|¢*’2r”’”>|<¢2”’ ) 'r

+%r|<¢u, u> 'Zr(\/<|1{1( Mr”> <)1,b| u, ”> + '< wzu’”>|r)
8’(¢<|¢| uu><|¢| sl o ot

(by Lemma 2.1,and Lemma 2.6)

s T
( 1'+Z'|Z|)(Z) [+ [0 e} | (920, )
Sl (( 3 b)) + (42}

e B e (2 Y
(by the AGM inequality and Lemma 2.1) ]
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(R
e

=41 +§ N, O
2 0 Ny

4r 1
+6(

i)

N+ 5]
0

oo

2r

1 <[ IN3[> +
2r =

2

N+ o[ 0

0 INo[* +

u, u>

NoNy 0
(5" i Joe

4r

N

0 }u u>
r % 21‘ 4
NI + [N

83| 0 >
2 2 |U U
0 |82| + N;

NoNs 0 '
0 :~¢3x2]”f”>

+

|

1<{ NP+ [N 0 ]u u>
8" P 2r < |27 4 2r "
I 2 0 [N + [N ) (KQZ)“/”M +|(1/Ju,u)|2)
4 N 0 NoNy
_ Nay 0 |
Thus,
4r
N1 N,
(%% Jo
_ Nl 0 4r N 1 24+ |Z| E r |N3l4r + N; 4r 0 o
0 N | 6\1+ /2 0 Nl ) |
T B (BY [ IR+ N[ 0 NoN; 0
+5(2 + —1+IZ|)(Z) <| 0 o + N o | U, U 0 83N, u,u
N < Na? + N3 0 . u>
<41 6_<[ N1 0 ]u u> | 2 0 o+ N5 ]
2\[ 0 Ry |7 NoNs 0 '
+ 0 RN, u,u
2 0 N+ N | ( 2r or
+— 3l wu)| + (u,u) )
4 0 NNy |<¢ >| [
+ RN, 0 u,u

r

r
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By considering the supremum over all u € # ® .7 with |lu]| = 1 in the final inequality, we obtain the desired

outcome.

In the subsequent statements, we present specific instances of the aforementioned theorem.

Remark 3.5. If Ny = 84 and 8, = 83 in Theorem 3.2, then we have

(NN

=max {w* (R1+82), ' (N1 —8y)}
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Nx-

. 2+ 7| ir
W' (1) + (1HJ()wm|

12r || s
e\© "1 ) \a ”'2'+

N*

N,

+§&w&%%w&ﬁ+

2r
%
N2

82(2“ M+

Remark 3.6. If 8; = N, in Remark 3.5, then we have

1 Izl \/(3)
4r N S4—r—1 “|nr - 2r
w* (Nq) +42+1+hJ@)w&|+

6" +8
+

N

)er (N1) (% || N1 >+

o (%)
o (9)

+ " (Nle)) (cu2’ (Nl) + w2r(x2))

W' (Ny) + — (1+:§:)( ) H N[+

N

Na(-

e )

e )
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Using simple stepé, it can be shown that this inequality (whenr =1 ) is more stricter than the inequality (5)

when s = 2.

Now, we will prove the following helpful lemma.

Lemma 3.2. Letu,v,e € 5 with |le] = 1,7 > 1,and z € C. Then

K, e) (e, 0" <

=31 +@\4

3}'
()UMWMW+KuwW+TwmwKuwd

|Z| r r r r
+(m)[llull loll” + (1, o) '] (e, €) {e, o)

Proof. We have
u, €) (e, v)*" .

2r 2r
h+u%“d“”' ( H%u@@w

1 2r
<(1 )[ (Nl 1ol + ICu, v>|)] +( i )I<u,6><e,v>lrl<u,6><e,v>|’ (Lemma 2.4)

1+ |z

hJUwﬂmF+waF+mmwmewW

+
_ﬁ(1+

< —
T2 (1+|z|

1+ |z

|Z| —r (Hr-1 r r r r
+ 27 (27 ) [l lloll” + K, 0) '] Ku, €) (e, )" (Lemma 2.6)

Izl \(1 ' .
1+|Z|)(§(Ilullllvll+I<u,v>l)) [(u, e) (e, v)|" (Lemma 2.4)

ﬂ?ﬂwmmmW+meW+TWMMW%wﬂ
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1 1 \(3
_ - 2r 2r 2r r r r r
—3(1+h0@jhmnuw + K, 0) P+ 2l ol Ko, o) |

1( I r
+( lJNMWMHWva%@me

Now, we can prove the last theorem in this paper using similar techniques as in the previous theorems
and Lemma 2.6, Lemma 3.2, Lemma 2.1, the AGM inequality, respectively.

N1 N2

Theorem 3.3. LetT = [ Ny Ny

(N

< 2% Ymax {a)‘” (N1) , (84)} + (

]e%(%@%),rzl,andzec Then

4r

%

4r
N; }

4r
+
N2

127—1 { N 4r
l+|z|)( ) max ”' ol +

+ ( 1 ) Q max {er (8382) P 0)27 (8283)}

1+]z|)] 6
1\ e 2 ) r
+(1 " |z|) > mux{” N[+ N5 |l + N3 ”} max {w” (RaN3), 0" (N3N)}

1 . 2r , L2

(e ol ot ) o %)

ke +wmwmmmme» ’
Now, we will introduce some special cases of Theorem 3.3.

If Xy = N4 and N, = N3 in Theorem 3.3, then we get the following;:

Corollary 3.3. LetI' = [ :1 22 ] € B(A# ®H),r>1,and z € C. Then
2 N
4r([ 2; 22 ]) =max {a)4r (N1+87), ™ (81—82)} (by lemma 2.5(ii))
1

N*

1+z|
1 1 1
5 (g 127 o 09) 53 g oo

(o (s st o ()

Remark 3.7. If 8 = N, z € Cwith |z] = 2, and r = 1 in Corollary 3.3, then we get the inequality given in [14,
Theorem 3] namely

<1t (Ny) + ( yurlme+

2r

2r
*
N2

o (%)

N

i+ 1( (82) + || o4

o)

Remark 3.8. If N; = N, and r = 1 in Corollary 3.3, then we get a refinement of the inequality (5) with s = 2

as shown below . .
|+ 4&+RJ@ﬂ@9+”mf+
R

0)4(Nl) S; (
1 g | +a)(8%)).

W (Nl)<—

|a) NZ)

N

+§w2(N1) (E || N1+

N*

o)

| i+ N;

1+ Izl)

1R, )
2 (1 n |z|)“’ (Nl)(i ” N+
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1/ 1 ar 1/ 1 )
- 41N i 2 (82 2, laes 5
() It 3{) (o200 s oves)
+1 = @*(¥1) 1” [N+ N*z‘+ %(N1)|. (by the inequality (2))
2\1+z Pz (™M 1 w*(N1)|. (by the inequality
1 i 1 1 1 1 S|P
= §(1+|z) H Nl +[N; | 1 (1+|z|)(§| + 5“ N1+ |85 ' )
1 |Z| % . .o . .
+§(1 n Izl) ( ) ’|81| +|N] | (by the inequalities (4) and (6) with s = 2)
1 e 1 (1+2[ 2
T\ Dl BT ( )
2
1/ 1 Sl 1(1+20\ [|(2:P+2 )%
T A\T+ i+ 8\ 1+ 2
1 1 N N 1(1+2]z " N4 oL 22 with )
<- 42 . ‘ _
<1 N[+ 1\ T |1|+|1 |(y emma 2.2 with s = 2)
! N N
§||| W+ |
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