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Conditional Fourier-Feynman transform and conditional convolution
product given infinite-dimensional vector-valued conditioning
function

Jae Gil Choi?

?Department of Mathematics, Dankook University, Cheonan 31116, Republic of Korea

Abstract. Let Co[0, T] denote Wiener space. Define an infinite-dimensional random vector Xg o : Co[0, T] —
R* by Xeg,0(x) = ({e1,x),{€2,X),...) where & = {e,} , is an orthonormal sequence in L,[0, T] and {e, x) denotes
the Paley—Wiener-Zygmund (PWZ) stochastic integral. In this paper, we study a conditional Fourier-
Feynman transform (CFFT) and a conditional convolution product (CCP) for scale-invariant measurable
(SIM) functionals on Cy[0, T] with the very general conditioning function Xg . In particular, we show that
the CFFT of the CCP is a product of CFFTs.

1. Introduction

The concepts of the CFFT and the CCP for functionals on the Wiener space Cy[0, T] were introduced
by Park and Skoug in [20]. Many authors have provided various results between conditional transforms
and conditional convolutions for functionals on Cy[0, T]. For instance, see [2, 4, 6, 10, 11, 14]. However
the conditioning functions defining the conditional transforms and the conditional convolutions studied
in [2, 4, 6, 10, 11, 14] are finite-dimensional vector-valued functions. In [19], Park and Skoug derived
an evaluation formula for the conditional Wiener integral given an infinite-dimensional vector-valued
conditioning function and established useful formulas to calculate their conditional Wiener integrals.

In this paper, using the evaluation formula [19] for the conditional Wiener integral given an infinite-
dimensional conditioning function, we study a relationship between a CFFT and a CCP associated with
infinite-dimensional conditioning functions on the Wiener space Cy[0, T]. The conditioning function Xg . :
Col0, T] — R™ used in this paper is given by Xg o (x) = ({e1, x), {e2, x), ...) where & = {e,} is an orthonormal
sequence of functions in L,[0, T] and (e, x) denotes the PWZ stochastic integral fOT e(t)dx(t) [15, 16]. Both the
CFFT and the CCP in this paper are defined in terms of a conditional analytic Feynman integral.

In Section 4, we establish the relationship under existence conditions of the CFFT and the CCP for
functionals on Cy[0, T]. We then in Section 5 provide a class of bounded cylinder functionals whose CFFT
and CCP exist. In Section 6, we confirm the relationship for the specific bounded cylinder functionals. In
Section 7, we provide a concluding remark for the topic related with the result in this paper.
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2. Preliminaries

In Section 3 below, we introduce the concepts of the CFFT and the CCP for functionals on the complete
Wiener measure space (Co[0, T], W(Col0, T]), my), where W(Co[0,T]) denotes the o-field of all Wiener
measurable subsets. The definitions are based on the concept of the conditional Wiener integral associated
with an infinite-dimensional vector-valued conditioning function.

2.1. Conditional Wiener integral
We denote the Wiener integral of a Wiener integrable functional F by

E[F] = Ed[F()] = f F)dms (x),

Co[0,T]

and for u € [,[0,T] and x € Cy[0, T], we let {u,x) = fOT u(t)dx(t) denote the PWZ stochastic integral. It is
known that

E[{u, x){v, x)] = (u,0)2 (2.1)

where (-, -), denotes the inner product on L,[0, T].
Let H be an infinite-dimensional subspace of L,[0, T] with a countable orthonormal basis & = {e,}. For
notational conveniences, we let

V(%) = (en, X)

and

t
Bu(t) = f e (s)ds, t €[0,T],
0

respectively, for each n € IN.

Let F be a Wiener integrable functional. Then we have the conditional Wiener integral from a well-
known probability theory: Let V be a real linear space with norm |- |. Clearly, the normed space V is
a topological vector space with respect to the uniform topology induced by |- |. Let B(V) be the o-field
generated by the class of all open subsets of V. Then B(V) is known as the Borel o-field on V. Let X be
a V-valued measurable function and Y a C-valued integrable functional on Cy[0, T]. Let #(X) denote the
o-field generated by X. Then by the definition, the conditional expectation of Y given ¥ (X), written E(Y|X),
is any ¥ (X)-measurable function on Cy[0, T] such that

fY(x)dmw(x):fE(YIX)(x)dmw(x) for A e F(X).

A A

It is well-known that there exists a Borel measurable and Px-integrable function 1 on (V, B(V), Px) such
that E(Y|X) = ¢ o X, where P is the probability distribution of X defined by Px(U) = m,(X"}(U)) for
U € B(V). The function (1), n € V, is unique up to Borel null sets in V. Following Tucker [21] and Yeh
[22], the function (1), written E(Y|X = 1), is called the conditional Wiener integral of Y given X.

Let Xg 0 : Co[0, T] — R™ be the function defined by

Xg,o(x) = (y1(x), y2(x), . ..). (2.2)
We note that the PWZ stochastic integrals y,(x), n € IN, form a set of independent standard Gaussian
random variables on Cy[0, T]. Consider the projection map Py, : L»[0, T] — H given by

(o)

Puh(t) = Y (1, e0)sen(t). 2.3)

n=1
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Then it follows that [|Pyhll, < |kl if H = Spanfes, ey, ...} G L,[0,T]. For x € Co[0, T] and 5: (&1,&,...) €
R, let

Xolt) = Prlion, ) = Y va@ o ez = ) 7a(0Ba(®)
n=1 n=1
and
Ea®) =) Eullon es = ) Euult)
n=1 n=1

where Ijos; denotes the indicator function of the interval [0, ¢].

In [19], Park and Skoug proved the facts that the process {x(t) —x(t),0 < t < T} and the Gaussian random
variable y,(x) are stochastically independent for each n € IN, and that the processes {x(t) — xe(t),0 < t < T}
and {x.(t),0 < t < T} are also stochastically independent. Using these basic results, Park and Skoug
established the following evaluation formula to express conditional Wiener integrals in terms of ordinary
Wiener integrals.

Theorem 2.1 ([19]). Let F € L1(Co[O, T1). Then it follows that
E(FIXes = &) = Eo[F(x = o + £0)] = EF(x 2 Va0 + Z ) (2.4)

fora.e. EeR™.

2.2. Cylinder functionals
A functional F on Cy[0, T] is called a cylinder functional, if the functional F is represented by

F(x) = f(<vllx>/ ey <Un/ X>), (25)

where f : R" — Cis a Lebesgue measurable function, {vy,...,v,} is a linearly independent set of functions
in L,[0, T]. The functional F given by (2.5) is Wiener measurable if and only if f is Lebesgue measurable [7].

In order to simplify many expressions in this paper, we use the following conventions: for i =
(u1,...,u,) € R and a set {g1, ..., gx} of functions in L,[0, T], let

f([[) Ef(ul,...,u,,), <§/x> = ((!71/X>/-~~/<gmx>)r and f((!?/x>) Ef((gl/x>/”-/<gnrx>)‘
Equation (2.6) below can be easily obtained by the change of variables theorem.

Lemma 2.2. Let G = {g1, ..., gm} be an orthonormal set of functions in L,[0, T] and let f : R™ — C be a Lebesgue
measurable function. Then

m 2
ELFG@ = @0 [ fiexp{ ) 5 fai 26
=1

where by = we mean that if either side exists, both sides exist and equality holds.

The following integration formula also used in this paper:

jﬂ; exp({—av® + boldo = \/Eexp {ZZ} 2.7)

for a, b € C with Re(a) > 0.
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3. Definitions

In order to define a CFFT and a CCP, we need the concept of the scale-invariant measurability on Wiener
space Co[0, T]. A subset B of Cy[0, T] is called an SIM set if pB € W(Co[0, T]) for all p > 0, and an SIM
set N is called a scale-invariant null set if m,,(pN) = 0 for all p > 0. A property which holds except on a
scale-invariant null set is said to hold scale-invariant almost everywhere (SI-a.e.). A functional F is said to
be SIM provided F is defined on an SIM set and F(p - ) is W(Cy[0, T])-measurable for every p > 0. For more
detailed studies of the scale-invariant measurability, see [7, 12].

The definitions of the CFFT and the CCP are based on the conditional analytic Wiener integral [2, 6, 20].
In this paper, we shall use exclusively the conditioning function Xg . given by (2.2) to define our CFFT and
CCP on Co[0, T]. _

LetC, ={A € C: Re(d) > 0} and let C;, = {A € C\ {0} : Re(A) = 0}. Let Xgo : Co[0, T] — IR™ be given
by (2.2) and let F be a C-valued SIM functional such that the Wiener integral E,[F(A~!/2x)] exists as a finite
number for all A > 0. For A > 0 and gin R®, let

JeA; &) = E(FA2 )| Xe (A2 1) = )

denote the conditional Wiener integral of F(A~1/2-) given Xg(A71/2-). If for a.e. £ € R, there exists a

function J5.(A; £), analytic in A on C, such that J;.(4; 5) = Jr(A; 5) for all A > 0, then [i.(A; -) is defined to be
the conditional analytic Wiener integral of F given Xg, with parameter A. For A € C,, we write

E (F|Xg 00 = &) = J2(A; E).
If for fixed real g € R \ {0}, the limit

lim E™ (F|Xg,00 = &)
A——iq
AeCy

exists for a.e. 5 € IR®, then we denote the value of this limit by Eanfs (FiXgoo = 5), and we call it the
conditional analytic Feynman integral of F given Xg ., with parameter g on Cy[0, T].

Let F be a C-valued SIM functional on Co[0, T] such that the Wiener integral E[F(y + A~1/2-)] = E,[F(y +
A~12x)] exists as a finite number for all A > 0. Then one can easily see from (2.4) that for all A > 0,

E(FA 2 ) Xg (A2 ) = &) = EFA V2 ) yu(A2 ) =&, n=1,2,..)

= EX[F(A‘1/2x AT i Yu(X)Bn + i «Snﬁn)]- ey
n=1 n=1

Thus we have that

B (FX e = &) = B [F(x - i V(0B + i &b

n=1 n=1

and

B (FlXe o = &) = X [F(x - Y 5@pe+ Y &b)| (3.2)

n=1 n=1

where EZ"'[F(x)] and Eiﬂf "[F(x)] denote the analytic Wiener and the analytic Feynman integrals of func-
tionals F on Cy[0, T, see [1, 12].
We are now ready to state the definitions of the CFFT and the CCP of functionals on Cy[0, T].
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Definition 3.1. Let F : Co[0, T] — C be an SIM functional such that the Wiener integral E[F(y + A~1/2-)] exists
as a finite number for all A > 0. Let Xgo : Co[0, T] — R* be given by (2.2). For A € C, and y € Co[0, T, let

TaA(FIXg,00)(Y, 5) denote the conditional analytic Wiener integral of F(y + -) given Xg o, that is to say,

Ta(FIXge)(y, &) = BN (F(y + )| Xgoo = &) = E™ [P(]/ +x-— ;Vn(x)ﬁn + ; Enﬁn)]- (3.3)
We define the Ly analytic CFFT T\"(F|Xg,)(y, £) of F given X, by the formula
T (e, )y, €) = lim To(FXe)(, &) = B[ Fly + - Z ya)Ba + Z &b (3.9
We also define the CCP ?);C;IM functionals F and G given X, by the formula
[(F+ G)alXe.w](y, &)
) Fane, (P(%)G(%) X0 = 5), leC,
Eanfq(F(%)G(%) Xg o0 = 5) A =—ig, g€ R\ {0}
E3 [F(% + %(x niy (0B + Z énﬁn)) (3.5)
| x5 gl B Eam))) aec
Ei“f"[F(% - %(x L yu(ps + X énﬁn))
xG(% - %(x niy (OB + ): 55))] A =—ig, g€ R\ {0).

4. Relationship between conditional Fourier-Feynman transform and conditional convolution product
given R*-valued conditioning function

In this section, we establish a relationship between the CFFT and the CCP of general SIM functionals
on Cy[0, T]. Theorem 4.2 below tells us that the CFFT of the CCP of SIM functionals F and G is a product of
the CFFTs of each functional. To ensure this result, we need the following lemma.

Lemma 4.1. Given an orthonormal sequence {e,};, of functions in L,[0,T], let Z1, Z> : [0,T] x Co[0, T] %
Col0, T] — R be given by

Zi(x, %) = 11(0) = Y yu)Ba(®) + 128 = ) yu(2)Bul)
n=1 n=1

and

Do, %) = 11(0) = Y yal@)But) = xa(t) + ) yulx)Bult).
n=1 n=1

Then the processes {Z1(t;-,-) : t € [0, T1} and {Zx(t;-,-) : t € [0, T1} are stochastically independent.

Proof. We first note that for each t € [0,T], x(t) = fot dx(s) = (I, x). Using this and equation (2.1), we
also see that E[x(t)y,(x)] = Bu(t) for each t € [0,T]. Using this fact and the facts that E,[x(t)] = 0 and
E[x(s)x(t)] = min{s, t} for all s, t € [0, T], it follows that

Ex [Ex,[Z1(s; x1, x2) Za(t; x1, x2)]] = 0 = Ey [Ey, [Z1(5; x1, X2)|1Ex, [Ex, [Z2(t; X1, X2)]]
fors,t €[0,T]. O



J.G. Choi / Filomat 38:10 (2024), 3375-3387 3380
In Theorem 4.2 below, we show that the CFFT of the CCP is a product of CFFTs.
Theorem 4.2. Let Xgo be given by equation (2.2). Let F and G be SIM functionals on Cy[0, T]. Assume that
TO(IE * Gyl Xe (-, 10| X0 ) o), TS (FIXe00) (), and TSN (GIXeg,0)(, 7, all exist at q € R\ {0). Then

Yomrm\ Y m-m
5 )74 e 5 | ICEY

TO(L(F * Gl Xe (- 0 Xe e 0, ) = T4 (Pl

for Sl-a.e. y € Co[0, T].

Proof. In view of (3.4), (3.3), and (3.1), it will suffice to show that

—) >

% ”3}”1 )TA(G|XSM)(% \;z’“)

for A > 0. But using equations (3.1), (3.3), and (3.5), we observe that for all A > 0,

TA(I(F * GOalXewl (- 1) X )y, 12) = TA(F|X800)(

TA((F * G)alXeeol(-, 1) X)(y, 172)

(]

= B[l Oty + <= = Yyt i |

S TERERS SRR BTN s
(% 1 {xl Z Yn(X1)Bn — X2 + Z Vn(xz)ﬁ"} " Z S ’71" )”

By Lemma 4.1 above,

(e2Vd 2(x1 - i Vn(xD)Bn +x2 = i yn(xz)ﬁn)
n=1 n=1
and
(ZA)_l/z(xl - i Vn(xl)ﬁn — X2 + i Vn(XZ),Bn)
n=1 n=1

are independent processes. Hence the expectation of FG equals the product of the expectations and so we
see that

TA(I(F * G)rlXe,eol( -, 7] Xe o), 1)

e el - Sl £ )]
el R L b L)

=1

Now the processes (x1 + x2)/ V2 and (x1 — x2)/ V2 on Co[0, T] X Co[0, T] are equivalent to the Wiener process,
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x, on Co[0, T] by the rotation-invariant of the Wiener measure m,,. Thus for A > 0,

TA(I(F + GoalXg ol (-, 1) X o0 ) (¥ 712)

0o

sl b L) £

x E [ (7 + ?{x - Z.; Vn(x)ﬁn} + Z?, TDL\/;mﬁ")]
- T/\(F|X800)( 5_ 173\/_ 1)TA(G|X800)(% 3\75—1)

and the theorem is verified. [

5. Conditional Fourier-Feynman transform and conditional convolution product of bounded cylinder
functionals

In order to establish equation (4.1) above, we assumed that the transforms appearing (4.1) all exists. In
this section, we present specific bounded cylinder functionals on Cy[0, T] whose CFFT and CCP exist.

We introduce the class of bounded cylinder functionals on Co[0, T]. Let M(IR") be the space of C-valued
Borel measures on B(IR"), the Borel class on IR". It is known that a C-valued Borel measure y has a finite
total variation |||/, and the class M(IR") is a Banach algebra under the norm || - || and with convolution as
multiplication.

Given a complex measure y in M(IR"), the Fourier-Stieltjes transform i of u is a C-valued function on
R” defined by

(i) = f}RV exp {zi ujvj}dy(z?). (5.1)
=1

Given an orthonormal set A = {aq,...,a,} of functions in L,[0, T], let Eﬂ be the class of functionals F,
on Cy[0, T] defined by

R0 =@ 0) = [ exp (i) (a0 52)
UL

for SI-a.e. x € Cy[0, T]. Given any u € M(RR"), the function i corresponding to p by (5.1) is bounded (and so
is F,), because [u(if)| < ||ull < +oo for every i € R". Note that the functional F,, having the form (5.2) is SIM
on Co[0, T].

Given an infinite-dimensional subspace H of L,[0, T], let & = {e,,} be a countable orthonormal basis of H
and let the projection map Py : [,[0, T] — H be given by (2.3). Even if A = {a, ..., a,} is an orthonormal
set of functions in L,[0, T, the set {a; — Pyay, ..., & — Py, } may not orthonormal. Let {g1, ..., gn} be an
orthonormal basis of the subspace Span{a; — Py, ..., a, — Pya,}. Then we see that foreach j € {1,...,v},

aj— Pyaj = Z(aj — Puaxj, 9291

I=1

Lemma 5.1. Given a linearly independent subset {ay, ..., a,} of L2[0,T], let G = {g1, .. ,gm} be an orthonormal
basis of the subspace Span{ay — Py, ..., a, — Pyay} of L,[0, T]. Then for any p € R\ {0}, it follows that

Ex[ exp {ip ZV“ <a}, Z yn(x)ﬁn>v]}] =exp { (Z(a] Praj, 91)201)2} (5.3)
j=1

I=1

where the projection map Pyq : L]0, T] — H is given by (2.3).
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Proof. Notice that foreach j € {1,...,v},

<aj,x - i )/n(x)ﬁn> ={aj,x) - i yu(xXaj, Bu) = <aj - Puaj, x>
n=1 n=1

( aj = Pyaj, 91)2(g1, X).

=1

P'7‘{a]/ 91)291/ > (54)

. NME

Using (5.4), (2.6), the Fubini theorem, and (2.7), it follows that

Ex[exp {ip ZV‘ <aj,x - i yn(x)ﬁn>vj}]
=1 n=1

_ Ex[ exp {ip Z ( Z(ocj — Puaj, g1, x))w’}]
=1

=1

<

m

- Ex[exp {ip (

(@j — Puaj, gz)zvj)(yb x)}]

=1  j=1
= ﬁ ((Zn)—l/z jl; exp {ip( ]va(aj - Pwa,-,gl)zvj)ul - ,Z:" %lz}dul)
B fll(exp{ %(]Z;(a] S0740‘1/!71)201)2})

From this we obtain equation (5.3). O

In our first theorem of this section, we establish the existences of the CFFT T,Sl)(F ulXe ) of functionals

F, in the class ’iy{.

Theorem 5.2. LetF, € T4 be given by equation (5.2), and let Xg o be given by equation (2.2). Then for a.e. EeR>,
it follows that

T (FIXeg,00) (1, €)

feXP{ Z(OC]/ Y)vj — 2 2(2(04] Ha]-,gl)zv]) +1

forall g € R\ {0} and SI-a.e. y € Co[0, T1.

4

3 5.5
én(aj, @n)zv]'}d‘u(ﬁ) ( )

]: n=1

Proof. Using (5.2), (3.1) with F replaced with F,(y + -), the Fubini theorem, and (5.3) with p replaced with
A~172 it follows that for (A, &) € (0, +00) X R,

ey (5:8) = E(Fuly + A2 [ Xg(17121) =€)

= B[Ry + A7 271 i YuO)Bu + i &b
n=1 n=1
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[ O o 15 M S0 O o

ew&waWwapmMmrﬁfKXw %%WMHW@
n=1

Il
7

j:l j=1 1=1
Let
. 5 ) 4 ) v o 1 m 14
i ey i) = f]R exp {z;mj, Y)o; +i > ; Eulag en)v; = 5 ; (Z(a] Pﬂa],g,)zv,) Jdu(@ (56)

for A € C,. Since Re(A) > 0 for all A € C,, it follows that

14

. o _(A;§)| < f}RV exp {i;(aj,y)vj+iiién(aj,en)zvj— %i(Z(aj—Pwaj,g;)zvj)z}

j=1 n=1 =1 j=1 (5.7)

gfmmaﬂwk+m
Rv

Hence, applying the dominated convergence theorem, we see that ];(y A &) is a continuous function of
A€ E+. Since

K(A) = exp{ L (Z(Of] Pﬂ“]r!]l)ﬂ’]) }
1=1

is analytic on C,, using the Fubini theorem, it follows that

fr T gy s ) = fR exp {i;mj, Yy, + igggn(aj,en)zvj}( fr K(A)d/\)dy(z?) ~ 0

for all rectifiable closed curves I' lying in C.. Thus by the Morera theorem, J; o +.)(/\ ; 5) is analytic on C,.
u
Therefore, the conditional analytic Wiener integral

TA(FulXe,)(y, &) = ™ (Fyy + NWXeoo = &) = i () (A E)

exists and is given by the right-hand side of (5.6). Finally, by the dominated convergence theorem (the use
of which is justified by (5.7)), the L; analytic CFFT T{"(F,|Xg . = ) of F, exists and is given by (5.5). [

From the definition of the conditional Feynman integral and the L; analytic CFFT, it follows that
Tfil)(F 1Xg,00)(0, &) = EVi(F|Xg 00 = £). We thus have the following corollary.

Corollary 5.3. Let F,, and Xg o beasin Theorem 5.2. Then the conditional analytic Feynman integral E™(Fy|Xg 00 =
) of Fy, exists for all g € R\ {0} and a.e. e R, and is given by the formula

(o8]

exp{ q (Z(OIJ 507{&],{71)20]) + lZZEn(a],en)zv]}dy(ﬁ)

j=1 n=1

v

FWamm=é=f

Remark 5.4. Given a functional F in T 4 with the corresponding measure u € M(IR"), and given a non-zero real
number q and a vector £eR>, define a set function Mo B(R") — C by the formula

(e8]

Vq,ﬂG):LeXP{ Z‘q (Z(a] P«Hoz,,gl)zvj) +zZZ£n(a],en)zv]}dy(z7) (5.8)

j=1 n=1
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for each G in B(RY), the Borel o-field on R". Then o2 is obviously a complex measure in M(RV) and || H, E” = |ull
forany g € R\ {0} and &€ R, Then equation (5.5) can be rewritten by

T (FulXe,)(y, ) = fm exp {iij, y>vj}duq,g<m = 1, ) (59)
j=1

for Sl-a.e. y € Col0, T, and so the Ly analytic CFFT Tgl)(F ulXe,00)(+, ) of F, with parameter q is an element of T
for each EeR™.

In view of Theorem 5.2 and Remark 5.4, we easily obtain the following corollary.

Corollary 5.5. Let F, and Xg o be as in Theorem 5.2. Then, for any finite sequence {q1, . ..,qn} in R\ {0} which
satisfies the condition

l+m+l;tOforeachke{1,...,N}, (5.10)
q1 qk

it follows that

N
TO(T (- T EXe ), 8K, VD) X1, ) = TOFEXs) 1), &)

=1
for SI-a.e. y € Co[0, T] and a.e. (5(1), e, §<N>) in (R®)N, the product of N copies of R, where
-1
aNz(l+~~+i) . (5.11)
q1 aN

In our next theorem, we also establish the existence of the CCP of functionals F,, and F,, in the class
Ta.

Theorem 5.6. Let F,, and F,, be the functionals in T 4 with corresponding Borel measures [11 and p, respectively,
in M(IR"), and let Xg . be given by equation (2.2). Then for a.e. SR>, it follows that

m

S ) (wj+v;) i 4 2
(E= Gl = [ [ explita, =t ~ 3g 2 Ly = P e =)

1=1
(5.12)

l v 0

- S, e (i — v3) Ydu (iD)d
"Bl ;é (@gen)a (e = o) g (@i
forall g € R\ {0} and Sl-a.e. y € Co[0, T1.

Proof. Using similar techniques as those in the proof of Theorem 5.2, it follows equation (5.12) immediately
by the definition of the CCP. O

Remark 5.7. Given two functionals F,, and F, in the class T with the corresponding measures [y and [y in
M(R"), and given a non-zero real g and a vector EeR>, define a set function UNE B(R"xRR") — C by the formula

¢, AH) = ffH eXP{ - 4%] i (ZV‘(OCJ' — Puatj, gi)2(uj - Uj))2 + é jV i Enlaj, en)a(uj - Uj)}dlll(ﬁ)dﬂz(a

=1 j=1 =1 n=1

(5.13)
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for each H in B(R” X IR"), the Borel o-field on R” X IR". Then P2 is a complex measure on B(R” X R¥). Define a

function ¢ : R” x R* — R” by ¢(it,9) = (il + 9)/ V2. Then ¢ is a continuous function, and so it is B(R" X R")-
measurable. Thus the set function P20 ¢~ B(R") — Cis in M(R") obviously. Under these setting, equation
(5.12) can be rewritten by

[(Fﬂl * Fyz)q|X8,m](]// g) = jl\{v exp {ZZ<a]/ y>”j}d(Pq/g° (P_l(f)) = (Pq/;o\(P_l(«fr ]/>)
j=1

for SI-a.e. y € Co[0, T]. Thus the CCP [(F,, * Fy,)qlXe,0 (-, &) of Fy, and F, is an element ofgfﬂfor each & € R,

6. Confirm the relationship

In this section, we confirm the relationship, equation (4.1), between the CFFTIs and the CCPs for the
functionals F,, and F,, in the class T4, via direct calculations.

Theorem 6.1. Let F,,, Fy,, and Xgo be as in Theorem 5.6. Then for all g € R\ {0}, equation (4.1) with F and G
replaced with F,,, and F, respectively, holds true.

Proof. Using (5.9) with F,, and u replaced with [(F,, * F,,);1Xge] and P, e © ¢! respectively, (5.8) with p
replaced with Py © ¢‘1, and (5.13), it follows that for Sl-a.e. y € Cy[0, T,

Tél)([(ﬂh * P#z)Q’X‘S °°]( " CS_)(1))|X8 m)(y' &)

= f exp{ Z(a], )r]}d((p o (P_l)q,g(z)(f)
. .oom v . \2
f f exp <0zj, y>M,\J/r§U; - éZ(Z(ai = Puaj, g1)2 u]\—;;])
ZZén (Ofpen)z }d(Pq,ga)(” 9)

j=1 n=1
:va ﬁ\,exp{i;<“f’y>uj%vj
i i 4 v P
4 Z [(Z(a] Pratj gia(u; + UJ)) + (Z(aj — Puaj, g1)2(uj - z)]-)) ]
=1 =

N

+ %/_ Z 5(2 (aj, en)2(uj +0j) + cSn (aj, en)2(uj— v,))}gly1 )d (D).

j=1 n=

We note that

(i(a]' - Pq,laj,g,)z(u,- + U]'))Z + (i(&j - P(HOZ]‘, gz)z(uj - Z)j))Z

j=t j=t

4 v
20,2 2
= ZZ(D(]‘ — P:HO(]‘, gl)z(uj + U]-) +2 Z (01]'1 - P(Hajl,gl)g(ajz — Pq{ajz,gl)z(ujlujz + vjlvjz)
=1 %]
2

v > v
= 2( Z(ij - Puaj, _l]z)zuj) + 2( Z(ij - Puaj, .’71)501‘)

j=1 j=1
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and
ED (@ en)a(uj +07) + ED(aj, en)a(ut; — v)) = (€D + EP) ey, en)au; + (ED = EP) ), en)20;.

Using these, the Fubini theorem, and (5.5), we conclude that for SI-a.e. y € Cy[0, T],
TO([(Fu * FuadalXeee | E)[Xeo) (9, €2)

= fv exp{ii<a],—> uj— ZLZ(Z‘(&] P(Ha],g;)zu])2+i
j=1 =1 '

< @), (1)
Z b+ —(aj, en)Zu]}d:ul(ﬁ)

j=1 n=1 2
V v (2 _ (1)
Xf“{"exp{i;@ﬂ > Zl(z a ““f’g’)zz’f)z+l]= ZE \/{E (@) e0)20; ()
= 1) - }ém )Té”(FmXa,m)(%,&‘;”)

as desired. [

We finally provide a more general relationship involving the iterated CFFT for functionals in Ta.

Corollary 6.2. Let F,;,, Fy,, and Xg o be as in Theorem 5.6. Then for any finite sequence {q1,...,qn} in R\ {0}
which satisfies the condition (5.10) above, it follows that

T;}\/)(qu\/ 1( T(l)([(}:yl * Fu)an | Xe,0l (- ,7)';(8,00)( . ,5‘11)) . |X8,oo)( . ,gthl))|X&m)(yl g(N))

N
= folz([(F * G)aN|X8,oo]( Ty m'X&w)(}// Z gk))

k=1

= T e Z?M )T<1)(sz|Xaoo)( 1ZZNj§k> )

k:l

for Sl-a.e. y € Col0, T], where ay is the real number given by (5.11).

7. Concluding remark

The definitions of the CFFT and the CCP based on the conditional Feynman integral. As mentioned
above, the conditioning functions defining the conditional transforms and the conditional convolutions
studied in [2, 4, 6, 10, 11, 14] are finite-dimensional vector-valued functions. But, Park and Skoug [19]
derived a simple formula to calculate conditional Wiener integrals associated with infinite-dimensional
vector-valued conditioning functions. In the celebrated papers [17, 18], Park and Skoug established simple
formulas in order to evaluate the conditional Wiener integral which can be used in heat and Schrodinger
equations.

The Feynman-Kac functionals are given by

F(x) = exp { - fo oG, x(s))dt} (7.1)

where 0 is a complex-valued potential on [0, T]XR. The conditional Feynman integrals of the Feynman-Kac
functionals are important in a branch of the study of the Schrédinger equation.

Many physical problems concerning the Schrédinger equation can be represented in terms of the con-
ditional Feynman integral E2"i(F|X;) of the Feynman-Kac functional F, where X;(x) = x(t). The conditional
Feynman integral of the Feynman-Kac functionals given by (7.1) thus is important in the study of the
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Feynman integration theory [18]. Moreover, the conditional Feynman integral provides solutions of the
integral equations which are formally equivalent to the Schrodinger equation [8, 9, 13, 17, 18]. We are
obliged to point out that the conditional Feynman integral was defined in terms the conditional Wiener
integral. Based on this history, evaluation formulas for conditional Wiener integrals have been established
through the papers [17, 19, 22]. For a detailed survey of the conditional Wiener and Feynman integrals, see

[5].

As a first application of the evaluation formula (Theorem 2.1 above) for the conditional Wiener integrals
associated with infinite dimensional conditioning functions, we in this paper extended the ideas in [19, 20]
to the CFFT and the CCP for functionals on Cy[0, T]. However, the fundamental concept of the conditional
Wiener integral given infinite dimensional conditioning functions would have been very useful to us in
establishing many of the results in [3, 8, 9, 17, 18]. We thus feel that the concept of CFFTs and CCPs
associated with infinite dimensional conditioning functions, as well as Theorem 2.1, will prove to be very
useful in future work by ourselves as well as other researchers in this area.
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