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Abstract. In this paper, we introduce the notion of the generalized weighted core inverse in a Banach
*-algebra. We characterize this new generalized inverse by using the generalized weighted core decompo-
sition and present the representations by the generalized Drazin inverse. These extend the core-EP inverse

and weighted (pseudo) core inverse for complex matrices and linear bounded operators to more general
setting.

1. Introduction

Let C"™" be the Banach algebra of all n X n complex matrices with conjugate transpose *. The core-EP
inverse of a complex matrix was introduced by Prasad and Mohana (see [13]). A matrix A € C™" has
core-EP inverse X if and only if

AX? = X, (AX)" = AX, XA = Ak,

where k = ind(A) is the Drazin index of A. Such X is unique, and we denote it by A®. Core-EP inverse is
a natural extension of the core inverse which was first studied by Baksalary and Trenkler for a complex
matrix in 2010 (see [1]). Behera et al. extended the concept of the core-EP inverse and introduced the notion
of weighted core-EP inverse for a complex matrix (see [2]). The weighted core-EP inverse of A is the unique

solution to the system:
AX? = X, (EAX)" = EAX, XAM1 = Ak,
where k = ind(A), and we denote X by A%, where E € C.
Recently, the generalized inverses mentioned above were extended to ring and algebras. A Banach
algebra Ais called a Banach *-algebra if there exists an involution » : x — x* satisfying (x+y)" = x*+y", (Ax)* =

Ax*, (xy)* = y'x*, (x")* = x. RakiC et al. generalized the core inverse of a complex matrix to the case of an

element in a ring (see [21]). An element 4 in a Banach *-algebra A has core inverse if and only if there exist
x € A such that

ax? = x, (ax)* = ax, xa® = a.
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If such x exists, it is unique, and denote it by a®. Gao and Chen extended the concept of the core inverse
and introduced the notion of core-EP inverse (i.e., pseudo core inverse) (see [7]). An element a € A has
core-EP inverse if there exist x € A and k € IN such that

ax? = x, (ax)* = ax, xa**! = a*.

If such x exists, it is unique, and denote it by a°. Many authors have investigated core and core-EP inverses
from many different views, e.g., [5, 6, 8, 15, 16, 23, 25, 26].

Mosi¢ et al. introduced and studied weighted core inverse for a ring element (see [18]). Let a € A and
e € A be an invertible Hermitian element (i.e., e is invertible and ¢* = ¢). An element a € A has e-core
inverse if there exist x € A such that

ax* = x, (eax)" = eax, xa* = a.

If such x exists, it is unique, and denote it by a“®. Let A“® denote the set of all e-core invertible elements in
A. In [29], Zhu and Wang extended the notion of weighted core inverse and introduced weighted pseudo
core inverse. An element a € A has pseudo e-core inverse if there exist x € A and k € IN such that

ax? = x, (eax)" = eax, xa**' = a*.

If such x exists, it is unique, and denote it by a“®. We refer the reader for weighted core inverse to [9, 11].

The motivation of this paper is to introduce and study a new kind of generalized inverse as a natural
generalization of generalized inverses mentioned above. In Section 2, we introduce generalized weighted
core inverse in terms of a new kind of generalized weighted core decomposition. Many new properties of
the core-EP inverse and weighted (pesudo) core inverse are thereby obtained.

Definition 1.1. An element a € A has generalized e-core decomposition if there exist x, y € A such that
a=x+yxey=yx=0x€A?yeAM
Here, . 1
AT =(xeA | lim || x" "= 0}.
n—oo

As is well known, x € A™! if and only if 1 + Ax € A is invertible for any A € C. We prove that a € A has
generalized e-core decomposition if and only if there exists unique x € A such that

* . 1
x = ax?, (eax)* = eax, lim ||la" — xa"*!||" = 0.
n—o0
Recall that a € A has g-Drazin inverse (i.e., generalized Drazin inverse) if there exists x € A such that
ax? = x,ax = xa,a — a*x € A,

Such x is unique, if exists, and denote it by a. The g-Drazin inverse plays an important role in matrix and
operator theory (see [4]). In Section 3, we establish relations between generalized weighted core inverse
and g-Drazin inverse for an element in a Banach *-algebra by using involved images. We prove thata € A®
if and only if a € A? and there exists x € A such that

xax = x, XA = a® A, Ax = A@@")"e.

In [19], Mosi¢ and Djordjevi¢ introduced and studied core-EP inverse for g-Drazin invertible Hilbert
space operators. This new generalized inverse was extensively investigated in [14, 20]. Recently, Mosi¢
extended core-EP inverse of bounded linear operators on Hilbert spaces to elements of a C*-algebra by
means of range projections (see [17]). Surprisingly, the preceding result shows that the core-EP inverse
of Mosi¢ and Djordjevi¢ coincide with the generalized weighted core inverse with weight ¢ = 1. New
representations of core-EP inverse for Hilbert space operators are thereby added.

Finally, in Section 4, the relations between other generalized weighted inverses for elements in a Banach
*-algebra were presented. We prove that a € A°® if and only if a € A and 4 has e-core inverse.

Throughout the paper, all Banach *-algebras are complex with an identity. Let e € A be an invertible
Hermitian element, (i.e., e is invertible and ¢* = e). A? and A® denote the sets of all g-Drazin and core
invertible elements in A, respectively. Let a € AY. We use a™ to stand for the spectral idempotent 1 — aa”.
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2. Generalized weighted core decomposition

The aim of this section is to introduce the notion of the generalized weighted core inverse in a Banach
*-algebra. We begin with

Theorem 2.1. Let a € A. Then the following are equivalent:

(1) a € Ahas generalized e-core decomposition.
(2) There exists x € A such that

x = ax?, (eax)" = eax, lim ||a" — xa”“”i =0.
n—o0
Proof. (1) = (2) By hypothesis, there exist z, y € A such that
a=z+yzey=yz=0z€A®yeAM

Set x = z%®. One easily checks that

ax = (z+y)z"® =2z + yZ(Z"”®)2 =229,
ax* = (z+y)(z7®)? = 2(2%%)? = 2% = x,
%%y = xy = xzxy = xe~(ezx)y = xe~(ezx)y

= xe'x*(z'ey) = 0.

Now by applying z%®y = 0 and [10, Lemma 1.4], we deduce that
axa = (ax)a = zz°%(z + y) = 2z°%z = z.

Then
(eax)* = (ezz"®)* = ezz*® = eax,
a(l-xa)=a-axa=a—-z=1ye AN,

By using Cline’s formula (see [12, Theorem 2.1]), a — xa? = (1 — xa)a € A™!. As yz = 0, we see that
(@a—xa®)z=[z+y-2°@z+y)lz = (z-2%2%)z = 0.
Thus we have . .
lla" = xa™» = ||(a - xa*)a" |
@ = xa®)(z + )"+
(@ — xa?)y"=||
< la—xa?| < [y =1

Since y € A™M!, we deduce that

. 1
lim [ja" — xa"™|7" =0,
n—00

as required.
(2) = (1) By hypotheses, we have z € A such that

. 1
z = az?, (eaz)" = eaz, lim ||a" — za"Y||» = 0.
n—00

For any n € IN, we have

az = a(az?) = a*z* = a*(az?)z = a®2°
= ce.=ghgh=... = an+1zn+1.
Hence
llz—zazl| = ||(az)z — zaz||

I@"2")z - z(a"12"1)]|
||({1" _ Zan+1)zn+l ||
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Then
1 1 1
iz —zazlln < |I(@" = za™)||u ||zl

We infer that )
lim ||z — zaz||» =0,
n—oo

hence, z = zaz.
Set x = aza and y = a — aza. Then a = x + y. We check that

(a—za®)z = (a-—za*)az?

(a — za®)a’z>

(a — za®)a" 12"
— (11” _ ZIZ"H)Zn.

Therefore : ) )
@ — za*)z|l" < |la" — za" | ||2"|].
Since :
lim [ja" — za™*Y||" =0,
n—oo
we prove that
lim ||(a — zaz)zll}’r =0.
n—o00
This implies that (2 — za?)z = 0.
We claim that x has e-core inverse. Evidently, we verify that

2

zx? = za(za*z)a = za’za = aza = x,
xz2 = azaz? =az? =z,
(exz)* = (eazaz)' = (eaz)" = eaz = e(aza)z = exz.

Therefore x € A“® and z = x“®.

We verify that
@ -z |7 = ||(a - za?)"(a — za?®)||7
= |l(a - za®)"(a - za®)al| 71
= ||(a - za®)"1a?||w
= |(a — za?)a"||7
"
< [”an _ Za}’H—l”%]nH ||a”||ﬁ
Accordingly,

lim ||(a — za?)"||7 = 0.
n—oo

This implies that a — za> € A", By using Cline’s formula, y = a — aza € A,
Moreover, we see that
x'ey = (aza)'e(l —az)a=a'(az)'e" (1 —az)a
= a'(eaz)'(1 —az)a=0,
= a'(eaz)(1 —az)a =0,
yx = (a—aza)aza = a(a — za*)za = 0.

Then we have a generalized e-core decomposition a = x + y, thus yielding the result.

Corollary 2.2. Let a € A. Then the following are equivalent:

3694
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(1) a € Ahas generalized e-core decomposition.
(2) There exists unique x € A such that

x = ax?, (eax)" = eax, lim ||a" — xa””llvl’z =0.
n—oo

Proof. (2) = (1) This is clear by Theorem 2.1.
(1) = (2) In view of Theorem 2.1, there exists x € A such that

x = ax?, (eax)" = eax, lim ||a" — xa"”lI% =0.
n—oo

Claim 1. lim,_e ||a" — a"x"a"||7 = 0. We verify that

”an _ Xﬂn+1 + (ax2)an+1 _ anxnan”%
“an _ xan+1 + (LZ"X")XLI”+1 _ anxnan“}—,

" = a"x"a"||

< “an _ xanJrl _ (anxn)(an _ xa””)“»l?
< 1= a"x||fla” — xa |
1
< (1 + llallllxlDlla™ — xa™ )=
Since . : .
lim ||a" — xa"* " = [lim [ja" — xa™ |75 =0,
n—oo n—oo
we get

lim ||a" — a”x”a”ll% =0.
n—o0
Claim 2. Assume that there exists z € A such that

z = az?, (eaz)" = eaz, lim ||a" — za™ |
n—00

Then axa = aza.
Seta; = axa,a, = a—a; and by = aza, by = a —b;. As in the proof of Theorem 2.1, we prove that

*

ajear = axay = 0,4z € .?Iq”fl,
b;ebz = bzbl =0, bz € ﬂqml.

Foreveryn € N,a" = Y, b' by, and so (a")"eby = (b})*eb,. Since boby = 0, wehaveaby (b)* = (b1)"b1(b!)* =
i=0

b1. Since ax? = x, we have a"x" = ax. Then

by -l = Iy — axal?
= ||by — axb; — axb|?
= |lby — axb; — e~ (eax)b,|?
= |lby — axb; — e~ (eax)*by||?
lby — a"x"by — e~ (eax")* by|[?
= |Iby —a"x"by — e (x") (") eba
= |lby — a"x"a"by(br)* — e~ 1 (x")*(a") eba?
= i@ — a"x"a")by (by)* — e (x) (b5)"eba 2
< la" = a"x"a"| Pl (011 + lle™ () Pllebal Pl (32
+ 2lla" = a"x"a"|[l1(B5)" b1 (b)) 1D
Therefore ,
[1b1 —aql|®
< lla = a7 oy (br)HIIF + Gy I 1Bl 1185) 1
+ 2lla" = a"x a7 15" 17 o1 (br) 1 e~ (x| lleball
< 1L = axllF alPloa b1 + e Pl [1B)" )1
+ 201 = ax|[*alPl ;)11 by ()1 e 17 1 llebal |
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Since by € A™! then 1 — Aby, € AL hence, 1 — Aby € AL, This implies that b} € A™; hence,
lim [|(53)" | = 0.
n—oo
Accordingly,
lim [[b) ~ aill* = 0,
n—oo
and so a; = b;.

As in the proof of Theorem 2.1, we verify that x = (axa)*® = (a1)*® = (b1)*® = (aza)*® = z. Accordingly,
x = z, the result follows. [

We denote x in Corollary 2.2 by a“?, and call it the generalized e-core inverse of a. Let C"" be the Banach
algebra of all n x n complex matrices, with conjugate transpose as the involution. For a complex A € C™",
it follows by [7, Theorem 3.4] that the pseudo core inverse and generalized core inverse coincide with each
other, i.e., A® = A%® fore = 1.

Theorem 2.3. Let a = x + y be the generalized e-core decomposition of a € A. Then a*® = x*2.

Proof. Leta = x + y be the generalized e-core decomposition of @ € A. Similarly to the proof of Theorem 2.1,
x“? is the generalized e-core inverse of a. So the theorem is true. [

Corollary 2.4. Let a € A“®. Then the following hold.

(1) a*® = a*®aa*®,
(2) aa*® = a"(a*®)" for any m € IN.

Proof. These are obvious by the proof of Theorem 2.1 and Theorem 2.3. [
We are ready to prove:
Theorem 2.5. Let a € A. Then a € A*® if and only if

(1) a e A%
(2) There exists x € A such that

. 1
ax? = x, (eax)" = eax, lim ||a" — axa”||" = 0.
n—00

In this case,

oo
at = Y (@)Y (a - aa®®a)"[1 - (a — aa*®a)(a — aa*a)?],
n=0
a*® = aa'z, where az® = z, (eaz)* = eaz;a"*A = a° A.

Proof. = As in the proof of Corollary 2.2, there exists b € A such that

ab® = b, (eab)" = eab, }1_{{)10 ||a” — a”b“a"llﬁ =0.
In view of Theorem 2.1, there exists z € A such that

z = az?,(eaz)" = eaz, ’}1_1;{)10 lla" = za™ |7 = 0.

Set x = aza and y = a — aza. By the proof of Theorem 2.1, we havea = x + y,x € A*®, y € A™M xey = yx = 0.
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Clearly, y € A%,y = 0 and yx = 0. In view of [18, Theorem 2.1], x € A“®. By using [18, Theorem 2.1],
x* = (x*®)2x. In light of [3, Corollary 3.4], a = y + x has g-Drazin inverse. Since ¥’ = 0 and x*® = z = a°®,
then x4 = 22x = (a%®)2aa*®a = (a%®)?a. By using [3, Corollary 3.4], we have

at

Z‘O(xd)nﬂ yn yn

Y. ((a*®)%a)"Y(a — aa*®a)"[1 — (a — aa*®a)(a — aa*®a)?].
n=0

Since a(a%®)? = a%® and (eaa®®)* = eaa®®. Then (2) holds.
& By hypothesis, there exists some z € A such that
az? = z, (eaz)* = eaz, lim ||a" — a”z”a"II% =0.
n—oo

Let x = aa?z. We claim that a%® = x. One directly verifies that

llaz —axll = li@a —a*a®)zll = [|(1 — aa®)az||
= ||(1 —aa?y"a"z"|| = ||(a — a%a?)"2"|| < |l(a — a®a®)"|[|l2",
Then
. 1
lim ||laz — ax||» = 0;
n—oo

hence, ax = az, and so (eax)" = (eaz)" = eaz = eax.

x—ax’> = aa’z - (az)x = aa’z — azaa’z

(aa’z — az®) + az(1 — aa)z = (aa’z* — az?)
az(1 — aa®)z = (aa® — 1)az? + az(1 — aa®)z
(az — 1)1 — aa%)z.

I+ 1

Since z = az?, by induction, we have x—ax? = (az—1)(1-aa?)a"z"*!; hence, ||lx—ax?|| < |laz—1[[l|(a—a?a®)"|[||zI|"+'.
Since
. 1
lim ||(a — a%a®)"||" =0,
n—oo

we deduce that
1
lim |jx — ax?||" = 0.
n—oo

This implies that ax? = x.

Observing that
||61n _ xan+1”}—,
= ||(@" - a™'a%) + (a'a"a — a®a"z"a"a)||n
< et —a s + a5l - az"a" | lall 7,
we have

lim la" — xa™1|7 = 0.
n—oo
This completes the proof. [J
Corollary 2.6. Let A € C™" and E € C™" be an invertible Hermitian matrix. Then the following are equivalent:

(1) A has pseudo E-core inverse.
(2) There exists X € C"™" such that

AX? = X, (EAX)" = EAX, lim |JA" — AXA"||" = 0.
n—oo
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Proof. For the Banach algebra C"™", the generalized weighted core inverse and weighted pseudo core inverse
coincide with each other. This completes the proof by Theorem 2.5. [J

In [24], Wang et al. introduced and studied right pseudo e-core inverse. An element a € A is right
pseudo e-core invertible if there exist x € A and some positive integer k such that axa* = a*, x = ax? and
(eax)* = eax. By using Theorem 2.1 and Theorem 2.5, every g-Drazin and right pseudo e-core invertible
element in a Banach *-algebra is the sum of an e-core invertible and nilpotent elements.

3. Characterizations by using involved images

The aim of this section is to characterize generalized weighted core inverse of an element in a Banach
*-algebra by its involved images.

Lemma 3.1. Leta € A% Then

lim ||(a" — aa™1y"||" = 0.
n—oo

Proof. Let x = a —a%a®. Then x € A™!. For any A € C, we have 1 — Ax € A}, and so 1 — Ax* € AL, This
implies that x* € A™!. We easily check that

@ = a®a™1yls = A - a%ay @)l = A - a%a)"] @
(@ — aa®)" Tl = [1¢x")" |l

Since x* € A we have 1
lim ||(a" — a®a"*1)||» = 0.
n—oo

O

Lemma 3.2. Let a € A%®. Then )
lim ||(a" — aa*®a")*||" = 0.
n—oo

Proof. Construct x, y, z as in the proof of Theorem 2.1. Then

1

" = lim )" = 0.

lim ||(a" — xa
n—oo
Similarly to Corollary 2.2, we check that
@ = a"x"a")'ll+ < (1 + [l DlI(a" — xa™*")'||7.

Therefore .
lim [|(a" — a"(a%®)"a")"||" = 0.
n—o00

In view of Corollary 2.4, we have
lim [|(a" — aa*®a")'||* =0,
n—00

as asserted. [

We are ready to prove:
Theorem 3.3. Let a € A. Then a € A*® if and only if
(1) a € A%

(2) There exists x € A such that
xax = x,xA = a’ A, Ax = ?((ad)*e.
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In this case, a*® = x.

Proof. = Choose x = a“®. By using Corollary 2.4 and Theorem 2.5, we have xax = x, xA = a’A.
Since ax = a"x",we have

x = xax = xe Yeax)' = xe l(ea"x")" = xe~L(x")'(a")'e
xe L (x")*(a" — ata™ 1) 'e + xe 1 (x") (a"1) (a%)e
xe N (x") (a" — aa™ 1) e + xe N (@ 1x") () e

= xe (x")(a" — a%a™)'e + xe 1(a*x)*(a)"e.

Hence,

”xe—l(xn):e(an _ adan+1)*€”%
llxe™ ey Il Nl (@ — ala™ Lyl el

llx = xe~"(a2x)"(a)el|

IA

By virtue of Lemma 3.1,
lim ||(a" — a®a™ )| = 0,
n—oo

we have :
lim [|x — xe~ (a2x)*(a%)"el|* =0,
n—oo

and so x = xe”!(a%x)*(a%)*e. Then Ax C A(a%)'e
One directly checks that

(a%)e

(a%)*eax

@y @"ye = (@) (ea™),
((ad)n+1)*(an)*eax - ((ad)nﬂ)*(an)*(eax)*

(@)1 (eaxa”)” = (@)Y (ea"x"a"

Then we derive )
Iy 1y Gea™y = (@) 1) (ea"x"a") ||+
= (@yty @ - anxaryells

(@) 1y | 1@ — a”xam) ||« lel|

ll(a?) e~ (a)"eaxl|

IA

In light of Lemma 3.2, we see that
lim [|(a" — a"x"a")"||+ = 0.
n—oo

Then we have )
lim [|(a%)e — (a%)*eax||* =0,
n—oo

and so (a%)e = (a?)*eax. Hence A(a?)'e C Ax. Therefore Ax = A(a?)’e, as required.
<= By hypothesis, there exists x € A such that
xax = x, XA = a® A, Ax = A@@")"e.

We claim that a®® = x.
Step 1.

. 1
lim (la" — xa™*!||7 = 0.
n—o0

Write a? = xy for some y € A. For any n € N, we have

at = (an a an+1)+a an+1
n+1 xa(a" —a an+1) + xaa an+l

xa (

xa(@" — a%a™1) + (xax)ya"*!
(
(

xa(a" — a%a™") + (xy)a”+1

= xa(@" —a%a"™) + a1,



H. Chen, M. Sheibani Abdolyousefi / Filomat 38:11 (2024), 3691-3706 3700

Hence,
a — Xﬂn+1 — (1 _ xa)(a" _ ﬂdﬂn+1),
and so X . .
lla" = xa™ )% <||1 - xall#|la" — a’a™||7,
we have

. 1
lim ||la" — xa"1||" = 0.
n—oo

Step 2. (eax)* = eax.

Since Ax = A(a’)'e, we have x'A = ea’A. Write ea’ = x*y for some y € A. As xax = x, we get x'a’x" = x*,
and so (ax)'x* = x*. Then (ax)‘ea’ = ea’. Since xA = a’A, we can find z € A such that x = a’z. Then
(ax)*e(ax) = (ax)‘ea(a’z) = [(ax)'ea’](az) = eaa’z = eax. Hence (eax)* = [(ax)*e(ax)]* = (ax)*e(ax) = eax.

Step 3. ax? = x.

By the argument above, (ax)*ea’ = ea?. Hence ea’ = (eax)'a’ = eaxa’. Ase € A~', we obtain a? = axa.
Since xA = a’A, there exists some s € A such that x = as. Hence x = as = (axa?)s = (ax)(as) = ax?. This
completes the proof. [

Corollary 3.4. Let a € A. Then a has pseudo e-core inverse if and only if

(1) a € A°,;
(2) ahas Drazin inverse.

Proof. = In view of [28, Theorem 3.2], a has generalized e-core inverse. By virtue of [28, Lemma 3.3], a
has Drazin inverse.
= Since a has generalized e-core inverse, by Theorem 3.3, there exists x € A such that

xax = x, XA = a® A, Ax = A@@")"e.

As a has Drazin inverse, we have a? = aP. Let n = ind(a). Then a" = a"*'a%,aa? = a%a and o = a(a

a® = a"[(@®)"*'] and a" = a?a"*'. Then a"A = a"A. On the other hand, we have
@y = [@)™*'T@"y, @y = @'y @)

Therefore A(a’)’e = Aa"e, and so Ax = A(a")*e. Thisimplies thata has pseudo e-core inverse, as asserted. [J

)2 Hence,

Let R(X) represent the range space of a complex matrix X and X' be the transpose of X. We improve [2,
Theorem 3.5] and provide a new characterizations of E-core inverse for any complex matrix.

Corollary 3.5. Let A € C"™" and E € C"™" be an invertible Hermitian matrix. Then the following are equivalent:

(1) X =A".

T
(2) XAX = X,R(X) = R(AP), R(X") = R((AP)'E) .
Proof. This is immediate from Corollary 3.4 and Theorem 3.3. [J

Theorem 3.3 infers that the generalized e-core inverse for ¢ = 1 and core-EP inverse for a bounded linear
operator over a Hilbert space and an element in a ring introduced in [19, 20] coincide with each other. If a
and x satisfy the equations a = axa and (eax)" = eax, then x is called (e, 1, 3)-inverse of a and is denoted by

agl’S). We use f(gm) to stand for the set of all (e, 1, 3)-invertible elements in A. We now derive
Theorem 3.6. Let a € A. Then the following are equivalent:

(1) a € A°.
) a € A% and a® € AM.
(3) a € A and there exists an idempotent g € A such that a*A = qA and (eq)* = eg.
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In this case, a%® = (a®)2(a)"? = alq.

Proof. (1) = (2) In view of Theorem 3.3,a € A?. Let x = a®®. By using Theorem 3.3 again, we have xax = x
and (eax)* = eax. Let z = a’x. Then we check that

1
gl

n

la?(a*x)a? — ol
”ada2(xan+1)(aﬂl)n+2 _ a a an(ad)rH—Z”

1
llaa?|||ja™ — xa™+||5 |la?|| 1+ 7

lla%za® — a

IAN

Therefore
hm lla%za® — a ||n =0.

d

This implies that a%za? = g, In view of Theorem 2.5, a?A = xA. Then aa’x = x, and so

eaz

(ea’z)"

ea(a%x) = e(aa®x) = eax,
(eax)" = eax = ea‘z.

Therefore a? € A, as required.
(2) = (1) Let x = (a®)2(a®){"”. Then we verify that

xax = (@ @)V a@? @e? = @) Pat @) = @ = x.

Clearly, xA C a’A. Also we see that a? = (a%)%a = [(ad)z(ad)él’a)]ada = xaa; hence, a*A C xA. This implies
that xA = aA.
We easily verify that
@@ = @eleal @) ]
(e Mea’ (@) = (@'e (@)1 (@)

hence, Ax C A(a?)*e. Also we see that

=
Il

@lye = [a'@){Va'e = [(ea’(a) M)
= (@) (@’ @){"?) = [(@") eal(@)? (@)
= [@%)ealx,

and then A(a?)'e C Ax. Accordingly, Ax = A(a?)*e. Therefore a € A*® by Theorem 3.3.
2) = (3) Since a4 € A, we have a? = a9(a")"?a? and (ea?(a®)”)* = ea(a?)?). Let g = a?(a?){"”). Then
A = qA,¢* = g and (eq)" = eq, as desired.
(3) = (2) Set x = adq. Then ax = aaq = g, and so (eax)" = (eq)* = eq = eax. Moreover, we have
ax? = (aa")qa’q = qa’q = g(aa”)a’q = (aa")a’q = a’q = x.
We verify that
”an _ xa””ll ||(a" _ (adq)ada"+2) _ [X(ﬂn+1 _ ada”+2)]||
”un _ adan+1” + ”x””anﬂ _ adan+2”
(1 + lixlllall)lla™ — aa™1|
1+ IIXIIIIaII)IIIZ”(l —a‘a)"|

1+ [Ixlllall)li(@ — a%a?)".

ININ I

Since a — a%a? € A™! we have

lim [l(a - a g2y = 0.
Therefore )

lim |la" — xa"*1|" = 0.

n—o00

In view of Theorem 2.1, 2 € A%®. In this case, a%° = a'g = (a")*(@)"”. O
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Corollary 3.7. Let a € A. Then the following are equivalent:

(1) ahas pseudo e-core inverse.
) a € AP and a € A",
(3) a € AP and there exists an idempotent g € A such that a® A = gA and (eq)* = eq.

In this case, a%® = (aP)*(aP)" = aPy.

Proof. Asa € AP, we have a? = aP. Therefore we complete the proof by Theorem 3.6. [
P P y

4. Relations with other weighted generalized inverses

The aim of this section is to establish the relations between generalized weighted core inverse and
other weighted generalized inverses. We come now to the demonstration for which this section has been
developed.

Theorem 4.1. Let a € A. Then the following are equivalent:

(1) a € A°.
(2) a € A% and o € A°®.

In this case,
a%® = (ad)Z(ad)e@'

Proof. (1) = (2) In view of Theorem 2.1, 4 € A? and we have a generalized e-core decomposition, i.e., there
exist x, y € A such that

a=x+yxey=yx=0x€A®ye A
We verify that
lla*(a®)® = alla® @) Pl = lla*(@®)*® — a(a®)"®a* (@)
= llala" — @) 2a™ (@)1
< lallla” = @)*2a" |l @)= "
Since

. 1
lim [la" — (a®)*®a™!||" = 0,
n—o0

we deduce that :
lim [[a?[a?(@?)*®]? - a®(a®)*®||" = 0.
n—oo

Hence a%[a%(a%)*°]? = a?(a?)*®. Furthermore, we have

ad[az(ad)e’@] — a(ad)e’@,
(ead(aZ(ad)e,@))* — (ea(ad)e,@)* — ead(a2(ad)e,@)’
a2(ad)e,@(ad)2 = 247 = 4%,

Accordingly, a € A%® and (a?)%® = a*(a?)*®, as required.
(2) = (1) Set x = (a%)*(a")*®. Then we check that

[’ (@) ®a][(a")*(a")"®] = [a*(@*)*®]* = 2’ (a")"®,
hence, [ea®(a%)*®ax]" = [ea(a?)*®]" = ea’(a?)*® = ea®(a’)*®ax. Moreover, we see that

ad(ad)e,®ax2 — ad(ad)e,@)(ad)Z(ad)e,@ — (ad)2(ad)e,® =x,
x[ad(ad)e@alz — (ad)z(ad)e,@a[ad(ad)e,@)alz — (ad)za(a”’)"’@a — ad(ad)"'@a.

Then a%(a%)*®a € A*® and [a” (a?)*®a]*® = (a%)*(a")>®.
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Write a = a; + ap, where a; = a(a?)*®a and a, = a — a(a?)®a. It is easy to verify that

may = [a—a%(a®)®ala(a?)®a
= aa*(a®)*®a — a%a(a®)*®a = 0,
desy = a'(@'(a’)®)ela — a(a®)®a]

= a'(ea’(a)*®) [a — a(a”)*®a]
aea(a?)®[a — a*(a?)*®a)
= a'ea’(a?)*®[1 - a%(a?)*®]a = 0.

Moreover, we check that (a —a%a?)[1 —a(a?)*®] = a—a%a? € A™!. By using Cline’s formula (see [12, Theorem
2.1], we have
[1-a@)®la = [1-a%@)"®]a-[1-a%@a")®]aa?
[1 - a%(a)*®](a — a®a) € A,

Thus, a, = a — a%(a)*®a = a — a(a?)*® € A, Therefore a = a; + aj is the generalized e-core decomposition
of a. Then a® = a?® = (a?)?(a?)*®. O

As an immediate consequence, we provide a new formula of the weighted core-EP inverse which also
extend [2, Theorem 3.23] and [23, Corollary 3.4].

Corollary 4.2. Let A € C"™" and E € C"™" be an invertible Hermitian matrix. Then
AT = (AP APy,

Proof. This is obvious by Theorem 2.4. [

Example 4.3.
0 1 -1 0 10 00
|1 0 -1 0 0 10 1 00 ixd . . Ax4 :
Let A = o o o0 o0l E= 00 2 0|€ C**. We take the involution on C*** as the conjugate
-1 -1 0 0 0 0 01
01 00 -2 3 00
transpose. Then AP = 0 -1.0°0 Moreover, we have (AP)E® = 3 3 00 By usin
pose. 0 0 00 / 0 0 0 0f Yuwns
0 0 00 0 0 00

Corollary 4.2, we compute that

A®’E — (AD)Z(AD)E,G}) —

|
OONIHNIH
[N e NN
oo oo

|
e C)Nh_‘l\?l»—-

Evidently, we check that
A(A®F)? = AE (EAA®F)" = EAA®E, A%EA* = A3,

If a and x satisfy the equations a = axa and (exa)* = exa, x is called (e, 1, 4)-inverse of a and is denoted by
aE,M). We use ﬂf}"” to stand for sets of all (e, 1,4) invertible elements in A.

Lemma 4.4. Let f € A be an idempotent. Then the following are equivalent:

(1) feAl.
@ freA?.
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Proof. 1t is obtained by [27, Lemma 4.1].
(2) = (1) This is proved in the similar way. [

Theorem 4.5. Let a € A. Then the following are equivalent:

1) a € AR,
) a € A and aa’ € A",
3) a € A and a™ € AMY.

In this case, a*® = a%(aa®)"? = a?[1 — (@)?am).

Proof. (1) = (2) In view of Theorem 2.5, a € A¢ and aa?a®® = a*®. For any m € IN, we check that

”ae,@aad _ Eld” — ”ae,@amﬂ(ad)mﬂ _ am(ad)nﬁ—l”
< o™ = afam ||| (@)L

Since

lim |ja" — a%®a™ )% =0,

m—00
we have

lim [|a*®aa® — a?||% = 0.

m—o00
Hence a%®aa® = 4, and then

(aa®)(aa*®) = aa®®,

(e(aa?)(@aa*®))" = e(aa’)(aa*?),
(aa®)(aa*®)(aa?) = aa®.

Accordingly, aa® € A, as required.
(2) = (1) Let x = a(aa?){"”. Then we verify that

ax = aa®(aa®)"?, (eax) = eax,
ax®> = [aa%(aa®)P a0 (a0 = a(a)?(@a?) = x,
”un _ xan+1||

“an _ adaadarﬁl + adaad(aad)£1’3)aada"+l _ xan+l“
lla" — a%a"*Y| + |la%aa‘ (aa®)

21,3)aadan+1 — g+l I

lla" — adan+1|| + ||ud(aad)£1’3)ada”+2 _ adaad(aad)gl,?’)anﬂu
”an _ adan+1” + ”x””adan+2 _ Ll”+1||
lla" — a%a" M |[1 + ||xl|lal]].

INIANIN A

Hence,

. 1
lim |la" — xa"*1||" = 0.
n—o0

Therefore a € A% In this case, 4% = a®(aa®)").
(2) & (3) In view of Lemma 4.4, aa® € fﬂgm) if and only if 4" = 1 — aa? € ﬂ£1,4)l as desired. [

Corollary 4.6. Let a,b € A. If a = ab € A*?, then the following are equivalent:

(1) B = ba € AP,
@) ba*®q € A,
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Proof. Inview of Theorem 3.3, 8 = ba € ﬂd By virtue of Theorem 4.5, 8 = ba € A% if and only if Bg? € A,
Clearly, we have aa = af. Write y; = a and y, = . Then we have

. k k+1 1
ayr = yia, yiayr =y, im fla* — o y|lF =0,
k— o0

BY2 = yab, yaBy2 = o, lim [IB° — Byl = 0.

Hence, we check that
ya = (yk+1 k) yk+1(a Ll) H(Q‘Bk)
eyl
+1, + + +1,
]Z}(Ha{gk §k+1 } k+1ak+1);iz
— 11<+1a[ﬁk ﬁk+1]/2] + (yla)ayz

Thus,
k+1

1 141 1 k 1
ly1a — yraaya|lx < [yl *llall< (1B = B vall -

Therefore :
,}ijg ly1a — yraay,||x = 0,

and so y1a = yjaays.
Interchanging o with § and y; with y,, dually, we check that

ay, = a(ﬁky§+1) — (aﬁk)ygﬂ — (ocka)yg“ — ak(ay’;rl)

— (ak _ ylakﬂ)(aykﬂ) + yl(akﬂa)ykﬂ
= (a" = pad"* Ny, + yi@pt )y
= (@ = pat ") + alyt
= (" = yia*™*N)(ay +1) + y1aBy2
= (@ =y ayy™) + yraay,.

This implies that ay, = y;aay,. Therefore aa = ap?, and then Bp? = b(ap?) = ba’a. Hence, pp* € A if and
only if ba'a € A, as desired. [

Corollary 4.7. Leta,b € A. Ifa =1 —ab € A*°, then the following are equivalent:

(1) p=1-ba e AP,
) ba™(1 - aa™)la € AP,

Proof. By virtue of Theorem 3.3, 1 —ab € A?. In view of Jacobson’s Lemma (see [4, Corollary 6.4.14]),
B =1-baec A Inlight of Theorem 4.5, = 1 — ba € A°? if and only if g € A4, Since ba = fb, as in the
proof of Corollary 4.6, we prove that ba? = %b. Then baa® = pp?b, and so ba™ = p7b. By induction, we have
b(ea™) = ba'a™ = (BB7)'b for any i € N. Accordingly,

ba™(1 — aa™)a

ba™[1 + aa™ + (aa™)* +---]a
Bb[1 + aa™ + (aa™)* + -+ ]a
BR[1+ BET + (BF7) + -+ Ibu

B[+ BB™ + (BF™)* +---1(1 = p)
BE(L =B+ PP + (BT + -+
BT(1 = BE)(1 ~ BB~

B

Therefore ™ € A if and only if ba™(1 — aa™)la € A, as desired. O
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