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Abstract. In this paper, we introduce the notion of the generalized weighted core inverse in a Banach
*-algebra. We characterize this new generalized inverse by using the generalized weighted core decompo-
sition and present the representations by the generalized Drazin inverse. These extend the core-EP inverse
and weighted (pseudo) core inverse for complex matrices and linear bounded operators to more general
setting.

1. Introduction

Let Cn×n be the Banach algebra of all n × n complex matrices with conjugate transpose ∗. The core-EP
inverse of a complex matrix was introduced by Prasad and Mohana (see [13]). A matrix A ∈ Cn×n has
core-EP inverse X if and only if

AX2 = X, (AX)∗ = AX,XAk+1 = Ak,

where k = ind(A) is the Drazin index of A. Such X is unique, and we denote it by A †O. Core-EP inverse is
a natural extension of the core inverse which was first studied by Baksalary and Trenkler for a complex
matrix in 2010 (see [1]). Behera et al. extended the concept of the core-EP inverse and introduced the notion
of weighted core-EP inverse for a complex matrix (see [2]). The weighted core-EP inverse of A is the unique
solution to the system:

AX2 = X, (EAX)∗ = EAX,XAk+1 = Ak,

where k = ind(A), and we denote X by A †O,E, where E ∈ Cn×n.
Recently, the generalized inverses mentioned above were extended to ring and algebras. A Banach

algebraA is called a Banach *-algebra if there exists an involution ∗ : x→ x∗ satisfying (x+y)∗ = x∗+y∗, (λx)∗ =
λx∗, (xy)∗ = y∗x∗, (x∗)∗ = x. Rakić et al. generalized the core inverse of a complex matrix to the case of an
element in a ring (see [21]). An element a in a Banach *-algebraA has core inverse if and only if there exist
x ∈ A such that

ax2 = x, (ax)∗ = ax, xa2 = a.
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If such x exists, it is unique, and denote it by a #O. Gao and Chen extended the concept of the core inverse
and introduced the notion of core-EP inverse (i.e., pseudo core inverse) (see [7]). An element a ∈ A has
core-EP inverse if there exist x ∈ A and k ∈N such that

ax2 = x, (ax)∗ = ax, xak+1 = ak.

If such x exists, it is unique, and denote it by aDO. Many authors have investigated core and core-EP inverses
from many different views, e.g., [5, 6, 8, 15, 16, 23, 25, 26].

Mosić et al. introduced and studied weighted core inverse for a ring element (see [18]). Let a ∈ A and
e ∈ A be an invertible Hermitian element (i.e., e is invertible and e∗ = e). An element a ∈ A has e-core
inverse if there exist x ∈ A such that

ax2 = x, (eax)∗ = eax, xa2 = a.

If such x exists, it is unique, and denote it by ae, #O. LetAe, #O denote the set of all e-core invertible elements in
A. In [29], Zhu and Wang extended the notion of weighted core inverse and introduced weighted pseudo
core inverse. An element a ∈ A has pseudo e-core inverse if there exist x ∈ A and k ∈N such that

ax2 = x, (eax)∗ = eax, xak+1 = ak.

If such x exists, it is unique, and denote it by ae,DO. We refer the reader for weighted core inverse to [9, 11].
The motivation of this paper is to introduce and study a new kind of generalized inverse as a natural

generalization of generalized inverses mentioned above. In Section 2, we introduce generalized weighted
core inverse in terms of a new kind of generalized weighted core decomposition. Many new properties of
the core-EP inverse and weighted (pesudo) core inverse are thereby obtained.

Definition 1.1. An element a ∈ A has generalized e-core decomposition if there exist x, y ∈ A such that

a = x + y, x∗ey = yx = 0, x ∈ Ae, #O, y ∈ Aqnil.

Here,
A

qnil = {x ∈ A | lim
n→∞

∥ xn
∥

1
n= 0}.

As is well known, x ∈ Aqnil if and only if 1 + λx ∈ A is invertible for any λ ∈ C. We prove that a ∈ A has
generalized e-core decomposition if and only if there exists unique x ∈ A such that

x = ax2, (eax)∗ = eax, lim
n→∞
||an
− xan+1

||
1
n = 0.

Recall that a ∈ A has g-Drazin inverse (i.e., generalized Drazin inverse) if there exists x ∈ A such that

ax2 = x, ax = xa, a − a2x ∈ Aqnil.

Such x is unique, if exists, and denote it by ad. The g-Drazin inverse plays an important role in matrix and
operator theory (see [4]). In Section 3, we establish relations between generalized weighted core inverse
and g-Drazin inverse for an element in a Banach *-algebra by using involved images. We prove that a ∈ Ae,dO

if and only if a ∈ Ad and there exists x ∈ A such that

xax = x, xA = ad
A,Ax = A(ad)∗e.

In [19], Mosić and Djordjević introduced and studied core-EP inverse for g-Drazin invertible Hilbert
space operators. This new generalized inverse was extensively investigated in [14, 20]. Recently, Mosić
extended core-EP inverse of bounded linear operators on Hilbert spaces to elements of a C∗-algebra by
means of range projections (see [17]). Surprisingly, the preceding result shows that the core-EP inverse
of Mosić and Djordjević coincide with the generalized weighted core inverse with weight e = 1. New
representations of core-EP inverse for Hilbert space operators are thereby added.

Finally, in Section 4, the relations between other generalized weighted inverses for elements in a Banach
*-algebra were presented. We prove that a ∈ Ae,dO if and only if a ∈ Ad and ad has e-core inverse.

Throughout the paper, all Banach *-algebras are complex with an identity. Let e ∈ A be an invertible
Hermitian element, (i.e., e is invertible and e∗ = e). Ad and A #O denote the sets of all g-Drazin and core
invertible elements inA, respectively. Let a ∈ Ad. We use aπ to stand for the spectral idempotent 1 − aad.



H. Chen, M. Sheibani Abdolyousefi / Filomat 38:11 (2024), 3691–3706 3693

2. Generalized weighted core decomposition

The aim of this section is to introduce the notion of the generalized weighted core inverse in a Banach
*-algebra. We begin with

Theorem 2.1. Let a ∈ A. Then the following are equivalent:

(1) a ∈ A has generalized e-core decomposition.
(2) There exists x ∈ A such that

x = ax2, (eax)∗ = eax, lim
n→∞
||an
− xan+1

||
1
n = 0.

Proof. (1)⇒ (2) By hypothesis, there exist z, y ∈ A such that

a = z + y, z∗ey = yz = 0, z ∈ Ae, #O, y ∈ Aqnil.

Set x = ze, #O. One easily checks that

ax = (z + y)ze, #O = zze, #O + yz(ze, #O)2 = zze, #O,
ax2 = (z + y)(ze, #O)2 = z(ze, #O)2 = ze, #O = x,

ze, #Oy = xy = xzxy = xe−1(ezx)y = xe−1(ezx)∗y
= xe−1x∗(z∗ey) = 0.

Now by applying ze, #Oy = 0 and [10, Lemma 1.4], we deduce that

axa = (ax)a = zze, #O(z + y) = zze, #Oz = z.

Then
(eax)∗ = (ezze, #O)∗ = ezze, #O = eax,

a(1 − xa) = a − axa = a − z = y ∈ Aqnil.

By using Cline’s formula (see [12, Theorem 2.1]), a − xa2 = (1 − xa)a ∈ Aqnil. As yz = 0, we see that

(a − xa2)z = [z + y − ze, #O(z + y)2]z = (z − ze, #Oz2)z = 0.

Thus we have
||an
− xan+1

||
1
n = ||(a − xa2)an−1

||
1
n

= ||(a − xa2)(z + y)n−1
||

1
n

= ||(a − xa2)yn−1
||

1
n

≤ ||a − xa2
||

1
n [||yn−1

||
1

n−1 ]1− 1
n .

Since y ∈ Aqnil, we deduce that
lim
n→∞
||an
− xan+1

||
1
n = 0,

as required.
(2)⇒ (1) By hypotheses, we have z ∈ A such that

z = az2, (eaz)∗ = eaz, lim
n→∞
||an
− zan+1

||
1
n = 0.

For any n ∈N, we have
az = a(az2) = a2z2 = a2(az2)z = a3z3

= · · · = anzn = · · · = an+1zn+1.

Hence
||z − zaz|| = ||(az)z − zaz||

= ||(anzn)z − z(an+1zn+1)||
= ||(an

− zan+1)zn+1
||.
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Then
||z − zaz||

1
n ≤ ||(an

− zan+1)||
1
n ||z||1+

1
n .

We infer that
lim
n→∞
||z − zaz||

1
n = 0,

hence, z = zaz.
Set x = aza and y = a − aza. Then a = x + y. We check that

(a − za2)z = (a − za2)az2

= (a − za2)a2z3

...
= (a − za2)an−1zn

= (an
− zan+1)zn.

Therefore
||(a − za2)z||

1
n ≤ ||an

− zan+1
|

1
n |||zn
||

1
n .

Since
lim
n→∞
||an
− zan+1

||
1
n = 0,

we prove that
lim
n→∞
||(a − za2)z||

1
n = 0.

This implies that (a − za2)z = 0.
We claim that x has e-core inverse. Evidently, we verify that

zx2 = za(za2z)a = za2za = aza = x,
xz2 = azaz2 = az2 = z,

(exz)∗ = (eazaz)∗ = (eaz)∗ = eaz = e(aza)z = exz.

Therefore x ∈ Ae, #O and z = xe, #O.
We verify that

||(a − za2)n+1
||

1
n+1 = ||(a − za2)n(a − za2)||

1
n+1

= ||(a − za2)n−1(a − za2)a||
1

n+1

= ||(a − za2)n−1a2
||

1
n+1

...
= ||(a − za2)an

||
1

n+1

≤

[
||an
− zan+1

||
1
n

] n
n+1
||an
||

1
n+1 .

Accordingly,
lim
n→∞
||(a − za2)n+1

||
1

n+1 = 0.

This implies that a − za2
∈ A

qnil. By using Cline’s formula, y = a − aza ∈ Aqnil.
Moreover, we see that

x∗ey = (aza)∗e(1 − az)a = a∗(az)∗e∗(1 − az)a
= a∗(eaz)∗(1 − az)a = 0,
= a∗(eaz)(1 − az)a = 0,

yx = (a − aza)aza = a(a − za2)za = 0.

Then we have a generalized e-core decomposition a = x + y, thus yielding the result.

Corollary 2.2. Let a ∈ A. Then the following are equivalent:
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(1) a ∈ A has generalized e-core decomposition.
(2) There exists unique x ∈ A such that

x = ax2, (eax)∗ = eax, lim
n→∞
||an
− xan+1

||
1
n = 0.

Proof. (2)⇒ (1) This is clear by Theorem 2.1.
(1)⇒ (2) In view of Theorem 2.1, there exists x ∈ A such that

x = ax2, (eax)∗ = eax, lim
n→∞
||an
− xan+1

||
1
n = 0.

Claim 1. limn→∞ ||an
− anxnan

||
1
n = 0.We verify that

||an
− anxnan

||
1
n = ||an

− xan+1 + (ax2)an+1
− anxnan

||
1
n

= ||an
− xan+1 + (anxn)xan+1

− anxnan
||

1
n

≤ ||an
− xan+1

− (anxn)(an
− xan+1)||

1
n

≤ ||1 − anxn
||

1
n ||an
− xan+1

||
1
n

≤ (1 + ||a||||x||)||an
− xan+1

||
1
n .

Since
lim
n→∞
||an
− xan+1

||
1
n = [ lim

n→∞
||an
− xan+1

||
1

n+1 ]1+ 1
n = 0,

we get
lim
n→∞
||an
− anxnan

||
1
n = 0.

Claim 2. Assume that there exists z ∈ A such that

z = az2, (eaz)∗ = eaz, lim
n→∞
||an
− zan+1

||
1
n = 0.

Then axa = aza.
Set a1 = axa, a2 = a − a1 and b1 = aza, b2 = a − b1. As in the proof of Theorem 2.1, we prove that

a∗1ea2 = a2a1 = 0, a2 ∈ A
qnil,

b∗1eb2 = b2b1 = 0, b2 ∈ A
qnil.

For every n ∈N, an =
n∑

i=0
bi

1bn−i
2 , and so (an)∗eb2 = (bn

2)∗eb2. Since b2b1 = 0, we have anb1(bn
1)# = (b1)nb1(bn

1)# =

b1. Since ax2 = x, we have anxn = ax. Then

||b1 − a1||
2 = ||b1 − axa||2

= ||b1 − axb1 − axb2||
2

= ||b1 − axb1 − e−1(eax)b2||
2

= ||b1 − axb1 − e−1(eax)∗b2||
2

= ||b1 − anxnb1 − e−1(eanxn)∗b2||
2

= ||b1 − anxnb1 − e−1(xn)∗(an)∗eb2||
2

= ||b1 − anxnanb1(b1)#
− e−1(xn)∗(an)∗eb2||

2

= ||(an
− anxnan)b1(b1)#

− e−1(xn)∗(b∗2)neb2||
2

≤ ||an
− anxnan

||
2
||b1(b1)#

||
2 + ||e−1(xn)∗||2||eb2||

2
||(b∗2)n

||
2

+ 2||an
− anxnan

||||(b∗2)n
||||b1(b1)#

||||(xn)∗||||b2||.

Therefore
||b1 − a1||

2
n

≤ ||an
− anxnan

||
2
n ||b1(b1)#

||
2
n + ||(xn)∗||

2
n ||b2||

2
n ||(b∗2)n

||
2
n

+ 2||an
− anxnan

||
1
n ||(b∗2)n

||
1
n ||b1(b1)#

||
2
n ||e−1(xn)∗||

2
n ||eb2||

2
n

≤ ||1 − ax||
2
n ||||a||2||b1(b1)#

||
2
n + ||x∗||2||b2||

2
n ||(b∗2)n

||
2
n

+ 2||1 − ax||
1
n ||a||2||(b∗2)n

||
2
n ||b1(b1)#

||
2
n ||e−1

||
2
n ||x∗||2||eb2||

2
n .
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Since b2 ∈ A
qnil, then 1 − λb2 ∈ A

−1; hence, 1 − λb∗2 ∈ A
−1. This implies that b∗2 ∈ A

qnil; hence,

lim
n→∞
||(b∗2)n

||
1
n = 0.

Accordingly,

lim
n→∞
||b1 − a1||

2
n = 0,

and so a1 = b1.
As in the proof of Theorem 2.1, we verify that x = (axa)e, #O = (a1)e, #O = (b1)e, #O = (aza)e, #O = z. Accordingly,

x = z, the result follows.

We denote x in Corollary 2.2 by ae,dO, and call it the generalized e-core inverse of a. LetCn×n be the Banach
algebra of all n × n complex matrices, with conjugate transpose as the involution. For a complex A ∈ Cn×n,
it follows by [7, Theorem 3.4] that the pseudo core inverse and generalized core inverse coincide with each
other, i.e., ADO = Ae,dO for e = 1.

Theorem 2.3. Let a = x + y be the generalized e-core decomposition of a ∈ A. Then ae,dO = xe, #O.

Proof. Let a = x+ y be the generalized e-core decomposition of a ∈ A. Similarly to the proof of Theorem 2.1,
xe, #O is the generalized e-core inverse of a. So the theorem is true.

Corollary 2.4. Let a ∈ Ae,dO. Then the following hold.

(1) ae,dO = ae,dOaae,dO.
(2) aae,dO = am(ae,dO)m for any m ∈N.

Proof. These are obvious by the proof of Theorem 2.1 and Theorem 2.3.

We are ready to prove:

Theorem 2.5. Let a ∈ A. Then a ∈ Ae,dO if and only if

(1) a ∈ Ad;
(2) There exists x ∈ A such that

ax2 = x, (eax)∗ = eax, lim
n→∞
||an
− axan

||
1
n = 0.

In this case,

ad =
∞∑

n=0
(ae,dO)n+1(a − aae,dOa)n[1 − (a − aae,dOa)(a − aae,dOa)d],

ae,dO = aadz, where az2 = z, (eaz)∗ = eaz; ae,dO
A = ad

A.

Proof. ⇒ As in the proof of Corollary 2.2, there exists b ∈ A such that

ab2 = b, (eab)∗ = eab, lim
n→∞
||an
− anbnan

||
1
n = 0.

In view of Theorem 2.1, there exists z ∈ A such that

z = az2, (eaz)∗ = eaz, lim
n→∞
||an
− zan+1

||
1
n = 0.

Set x = aza and y = a− aza. By the proof of Theorem 2.1, we have a = x+ y, x ∈ Ae, #O, y ∈ Aqnil, x∗ey = yx = 0.
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Clearly, y ∈ Ad, yd = 0 and yx = 0. In view of [18, Theorem 2.1], x ∈ Ae, #O. By using [18, Theorem 2.1],
x# = (xe, #O)2x. In light of [3, Corollary 3.4], a = y + x has g-Drazin inverse. Since yd = 0 and xe, #O = z = ae,dO,
then xd = z2x = (ae,dO)2aae,dOa = (ae,dO)2a. By using [3, Corollary 3.4], we have

ad =
∞∑

n=0
(xd)n+1ynyπ

=
∞∑

n=0
((ae,dO)2a)n+1(a − aae,dOa)n[1 − (a − aae,dOa)(a − aae,dOa)d].

Since a(ae,dO)2 = ae,dO and (eaae,dO)∗ = eaae,dO. Then (2) holds.
⇐ By hypothesis, there exists some z ∈ A such that

az2 = z, (eaz)∗ = eaz, lim
n→∞
||an
− anznan

||
1
n = 0.

Let x = aadz. We claim that ae,dO = x. One directly verifies that

||az − ax|| = ||(a − a2ad)z|| = ||(1 − aad)az||
= ||(1 − aad)nanzn

|| = ||(a − a2ad)nzn
|| ≤ ||(a − a2ad)n

||||zn
||,

Then
lim
n→∞
||az − ax||

1
n = 0;

hence, ax = az, and so (eax)∗ = (eaz)∗ = eaz = eax.

x − ax2 = aadz − (az)x = aadz − azaadz
= (aadz − az2) + az(1 − aad)z = (a2adz2

− az2)
+ az(1 − aad)z = (aad

− 1)az2 + az(1 − aad)z
= (az − 1)(1 − aad)z.

Since z = az2, by induction, we have x−ax2 = (az−1)(1−aad)anzn+1; hence, ||x−ax2
|| ≤ ||az−1||||(a−a2ad)n

||||z||n+1.
Since

lim
n→∞
||(a − a2ad)n

||
1
n = 0,

we deduce that
lim
n→∞
||x − ax2

||
1
n = 0.

This implies that ax2 = x.
Observing that

||an
− xan+1

||
1
n

= ||(an
− an+1ad) + (adana − adanznana)||

1
n

≤ ||an
− an+1ad

||
1
n + ||ad

||
1
n ||an
− anznan

||
1
n ||a||

1
n ,

we have
lim
n→∞
||an
− xan+1

||
1
n = 0.

This completes the proof.

Corollary 2.6. Let A ∈ Cn×n and E ∈ Cn×n be an invertible Hermitian matrix. Then the following are equivalent:

(1) A has pseudo E-core inverse.
(2) There exists X ∈ Cn×n such that

AX2 = X, (EAX)∗ = EAX, lim
n→∞
||An
− AXAn

||
1
n = 0.



H. Chen, M. Sheibani Abdolyousefi / Filomat 38:11 (2024), 3691–3706 3698

Proof. For the Banach algebraCn×n, the generalized weighted core inverse and weighted pseudo core inverse
coincide with each other. This completes the proof by Theorem 2.5.

In [24], Wang et al. introduced and studied right pseudo e-core inverse. An element a ∈ A is right
pseudo e-core invertible if there exist x ∈ A and some positive integer k such that axak = ak, x = ax2 and
(eax)∗ = eax. By using Theorem 2.1 and Theorem 2.5, every g-Drazin and right pseudo e-core invertible
element in a Banach *-algebra is the sum of an e-core invertible and nilpotent elements.

3. Characterizations by using involved images

The aim of this section is to characterize generalized weighted core inverse of an element in a Banach
*-algebra by its involved images.

Lemma 3.1. Let a ∈ Ad. Then
lim
n→∞
||(an
− adan+1)∗||

1
n = 0.

Proof. Let x = a − ada2. Then x ∈ Aqnil. For any λ ∈ C, we have 1 − λx ∈ A−1, and so 1 − λx∗ ∈ A−1. This
implies that x∗ ∈ Aqnil. We easily check that

||(an
− adan+1)∗||

1
n = ||(1 − ada)∗(an)∗|| = ||[(1 − ada)n]∗(an)∗||
= ||[(a − ada2)n]∗|| = ||(x∗)n

||.

Since x∗ ∈ Aqnil, we have
lim
n→∞
||(an
− adan+1)∗||

1
n = 0.

Lemma 3.2. Let a ∈ Ae,dO. Then
lim
n→∞
||(an
− aae,dOan)∗||

1
n = 0.

Proof. Construct x, y, z as in the proof of Theorem 2.1. Then

lim
n→∞
||(an
− xan+1)∗||

1
n = lim

n→∞
||(y∗)n

||
1
n = 0.

Similarly to Corollary 2.2, we check that

||(an
− anxnan)∗||

1
n ≤ (1 + ||a∗||||x∗||)||(an

− xan+1)∗||
1
n .

Therefore
lim
n→∞
||(an
− an(ae,dO)nan)∗||

1
n = 0.

In view of Corollary 2.4, we have
lim
n→∞
||(an
− aae,dOan)∗||

1
n = 0,

as asserted.

We are ready to prove:

Theorem 3.3. Let a ∈ A. Then a ∈ Ae,dO if and only if

(1) a ∈ Ad;
(2) There exists x ∈ A such that

xax = x, xA = ad
A,Ax = A(ad)∗e.
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In this case, ae,dO = x.

Proof. =⇒ Choose x = ae,dO. By using Corollary 2.4 and Theorem 2.5, we have xax = x, xA = ad
A.

Since ax = anxn,we have

x = xax = xe−1(eax)∗ = xe−1(eanxn)∗ = xe−1(xn)∗(an)∗e
= xe−1(xn)∗(an

− adan+1)∗e + xe−1(xn)∗(an+1)∗(ad)∗e
= xe−1(xn)∗(an

− adan+1)∗e + xe−1(an+1xn)∗(ad)∗e
= xe−1(xn)∗(an

− adan+1)∗e + xe−1(a2x)∗(ad)∗e.

Hence,
||x − xe−1(a2x)∗(ad)∗e||

1
n = ||xe−1(xn)∗(an

− adan+1)∗e||
1
n

≤ ||xe−1(xn)∗||
1
n ||(an

− adan+1)∗||
1
n ||e||

1
n .

By virtue of Lemma 3.1,
lim
n→∞
||(an
− adan+1)∗||

1
n = 0,

we have
lim
n→∞
||x − xe−1(a2x)∗(ad)∗e||

1
n = 0,

and so x = xe−1(a2x)∗(ad)∗e. ThenAx ⊆ A(ad)∗e.
One directly checks that

(ad)∗e = ((ad)n+1)∗(an)∗e = ((ad)n+1)∗(ean)∗,
(ad)∗eax = ((ad)n+1)∗(an)∗eax = ((ad)n+1)∗(an)∗(eax)∗

= ((ad)n+1)∗(eaxan)∗ = ((ad)n+1)∗(eanxnan)∗.

Then we derive
||(ad)∗e−(ad)∗eax||

1
n = ||((ad)n+1)∗(ean)∗ − ((ad)n+1)∗(eanxnan)∗||

1
n

= ||((ad)n+1)∗(an
− anxnan)∗e||

1
n

≤ ||((ad)n+1)∗||
1
n ||(an

− anxnan)∗||
1
n ||e||

1
n .

In light of Lemma 3.2, we see that
lim
n→∞
||(an
− anxnan)∗||

1
n = 0.

Then we have
lim
n→∞
||(ad)∗e − (ad)∗eax||

1
n = 0,

and so (ad)∗e = (ad)∗eax. HenceA(ad)∗e ⊆ Ax. ThereforeAx = A(ad)∗e, as required.
⇐= By hypothesis, there exists x ∈ A such that

xax = x, xA = ad
A,Ax = A(ad)∗e.

We claim that ae,dO = x.
Step 1.

lim
n→∞
||an
− xan+1

||
1
n = 0.

Write ad = xy for some y ∈ A. For any n ∈N, we have

an = (an
− adan+1) + adan+1,

xan+1 = xa(an
− adan+1) + xaadan+1

= xa(an
− adan+1) + (xax)yan+1

= xa(an
− adan+1) + (xy)an+1

= xa(an
− adan+1) + adan+1.
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Hence,
an
− xan+1 = (1 − xa)(an

− adan+1),

and so
||an
− xan+1

||
1
n ≤ ||1 − xa||

1
n ||an
− adan+1

||
1
n ,

we have
lim
n→∞
||an
− xan+1

||
1
n = 0.

Step 2. (eax)∗ = eax.
SinceAx = A(ad)∗e, we have x∗A = ead

A. Write ead = x∗y for some y ∈ A. As xax = x, we get x∗a∗x∗ = x∗,
and so (ax)∗x∗ = x∗. Then (ax)∗ead = ead. Since xA = ad

A, we can find z ∈ A such that x = adz. Then
(ax)∗e(ax) = (ax)∗ea(adz) = [(ax)∗ead](az) = eaadz = eax. Hence (eax)∗ = [(ax)∗e(ax)]∗ = (ax)∗e(ax) = eax.

Step 3. ax2 = x.
By the argument above, (ax)∗ead = ead. Hence ead = (eax)∗ad = eaxad. As e ∈ A−1, we obtain ad = axad.

Since xA = ad
A, there exists some s ∈ A such that x = ads. Hence x = ads = (axad)s = (ax)(ads) = ax2. This

completes the proof.

Corollary 3.4. Let a ∈ A. Then a has pseudo e-core inverse if and only if

(1) a ∈ Ae,dO;
(2) a has Drazin inverse.

Proof. =⇒ In view of [28, Theorem 3.2], a has generalized e-core inverse. By virtue of [28, Lemma 3.3], a
has Drazin inverse.
=⇒ Since a has generalized e-core inverse, by Theorem 3.3, there exists x ∈ A such that

xax = x, xA = ad
A,Ax = A(ad)∗e.

As a has Drazin inverse, we have ad = aD. Let n = ind(a). Then an = an+1ad, aad = ada and ad = a(ad)2. Hence,
ad = an[(ad)n+1] and an = adan+1. Then an

A = ad
A. On the other hand, we have

(ad)∗ = [(ad)n+1]∗(an)∗, (an)∗ = (an+1)∗(ad)∗.

ThereforeA(ad)∗e = Aane, and soAx = A(an)∗e. This implies that a has pseudo e-core inverse, as asserted.

Let R(X) represent the range space of a complex matrix X and XT be the transpose of X. We improve [2,
Theorem 3.5] and provide a new characterizations of E-core inverse for any complex matrix.

Corollary 3.5. Let A ∈ Cn×n and E ∈ Cn×n be an invertible Hermitian matrix. Then the following are equivalent:

(1) X = A
†O,E

.
(2) XAX = X,R(X) = R(AD),R(XT) = R

(
(AD)∗E

)T
.

Proof. This is immediate from Corollary 3.4 and Theorem 3.3.

Theorem 3.3 infers that the generalized e-core inverse for e = 1 and core-EP inverse for a bounded linear
operator over a Hilbert space and an element in a ring introduced in [19, 20] coincide with each other. If a
and x satisfy the equations a = axa and (eax)∗ = eax, then x is called (e, 1, 3)-inverse of a and is denoted by
a(1,3)

e . We useA(1,3)
e to stand for the set of all (e, 1, 3)-invertible elements inA. We now derive

Theorem 3.6. Let a ∈ A. Then the following are equivalent:

(1) a ∈ Ae,dO.
(2) a ∈ Ad and ad

∈ A
(1,3)
e .

(3) a ∈ Ad and there exists an idempotent q ∈ A such that ad
A = qA and (eq)∗ = eq.
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In this case, ae,dO = (ad)2(ad)(1,3)
e = adq.

Proof. (1)⇒ (2) In view of Theorem 3.3, a ∈ Ad. Let x = ae,dO. By using Theorem 3.3 again, we have xax = x
and (eax)∗ = eax. Let z = a2x. Then we check that

||adzad
− ad
||

1
n = ||ad(a2x)ad

− ad
||

1
n

= ||ada2(xan+1)(ad)n+2
− ada2an(ad)n+2

||
1
n

≤ ||ada2
||

1
n ||an
− xan+1

||
1
n ||ad
||

1+ 2
n .

Therefore
lim
n→∞
||adzad

− ad
||

1
n = 0.

This implies that adzad = ad. In view of Theorem 2.5, ad
A = xA. Then aadx = x, and so

eadz = ead(a2x) = e(ada2x) = eax,
(eadz)∗ = (eax)∗ = eax = eadz.

Therefore ad
∈ A

(1,3)
e , as required.

(2)⇒ (1) Let x = (ad)2(ad)(1,3)
e . Then we verify that

xax = (ad)2(ad)(1,3)
e a(ad)2(ad)(1,3)

e = (ad)2(ad)(1,3)
e ad(ad)(1,3)

e = (ad)2(ad)(1,3)
e = x.

Clearly, xA ⊆ ad
A. Also we see that ad = (ad)2a = [(ad)2(ad)(1,3)

e ]ada = xada; hence, ad
A ⊆ xA. This implies

that xA = ad
A.

We easily verify that

x = (ad)2(ad)(1,3)
e = (ade−1)[ead(ad)(1,3)

e ]
= (ade−1)[ead(ad)(1,3)

e ]∗ = (ade−1)[(ad)(1,3)
e ]∗(ad)∗e;

hence,Ax ⊆ A(ad)∗e. Also we see that

(ad)∗e = [ad(ad)(1,3)
e ad]∗e = [(ead(ad)(1,3)

e )ad]∗

= (ad)∗(ead(ad)(1,3)
e ) = [(ad)∗ea](ad)2(ad)(1,3)

e
= [(ad)∗ea]x,

and thenA(ad)∗e ⊆ Ax. Accordingly,Ax = A(ad)∗e. Therefore a ∈ Ae,dO by Theorem 3.3.
(2)⇒ (3) Since ad

∈ A
(1,3)
e , we have ad = ad(ad)(1,3)

e ad and (ead(ad)(1,3)
e )∗ = ead(ad)(1,3)

e . Let q = ad(ad)(1,3)
e . Then

ad
A = qA, q2 = q and (eq)∗ = eq, as desired.

(3)⇒ (2) Set x = adq. Then ax = aadq = q, and so (eax)∗ = (eq)∗ = eq = eax. Moreover, we have

ax2 = (aad)qadq = qadq = q(aad)adq = (aad)adq = adq = x.

We verify that
||an
− xan+1

|| = ||(an
− (adq)adan+2) − [x(an+1

− adan+2)]||
≤ ||an

− adan+1
|| + ||x||||an+1

− adan+2
||

≤

(
1 + ||x||||a||

)
||an
− adan+1

||

=
(
1 + ||x||||a||

)
||an(1 − ada)n

||

=
(
1 + ||x||||a||

)
||(a − ada2)n

||.

Since a − ada2
∈ A

qnil, we have
lim
n→∞
||(a − ada2)n

||
1
n = 0.

Therefore
lim
n→∞
||an
− xan+1

||
1
n = 0.

In view of Theorem 2.1, a ∈ Ae,dO. In this case, ae,dO = adq = (ad)2(ad)(1,3)
e .
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Corollary 3.7. Let a ∈ A. Then the following are equivalent:

(1) a has pseudo e-core inverse.
(2) a ∈ AD and aD

∈ A
(1,3)
e .

(3) a ∈ AD and there exists an idempotent q ∈ A such that aD
A = qA and (eq)∗ = eq.

In this case, ae,DO = (aD)2(aD)(1,3)
e = aDq.

Proof. As a ∈ AD, we have ad = aD. Therefore we complete the proof by Theorem 3.6.

4. Relations with other weighted generalized inverses

The aim of this section is to establish the relations between generalized weighted core inverse and
other weighted generalized inverses. We come now to the demonstration for which this section has been
developed.

Theorem 4.1. Let a ∈ A. Then the following are equivalent:

(1) a ∈ Ae,dO.
(2) a ∈ Ad and ad

∈ A
e, #O.

In this case,
ae,dO = (ad)2(ad)e, #O.

Proof. (1)⇒ (2) In view of Theorem 2.1, a ∈ Ad and we have a generalized e-core decomposition, i.e., there
exist x, y ∈ A such that

a = x + y, x∗ey = yx = 0, x ∈ Ae, #O, y ∈ Aqnil.

We verify that
||a2(ad)e,dO

− ad[a2(ad)e,dO]2
|| = ||a2(ad)e,dO

− a(ad)e,dOa2(ad)e,dO
||

= ||a[an
− (ad)e,dOan+1][(ad)e,dO]n

||

≤ ||a||||an
− (ad)e,dOan+1

||||(ad)e,dO
||

n.

Since
lim
n→∞
||an
− (ad)e,dOan+1

||
1
n = 0,

we deduce that
lim
n→∞
||ad[a2(ad)e,dO]2

− a2(ad)e,dO
||

1
n = 0.

Hence ad[a2(ad)e,dO]2 = a2(ad)e,dO. Furthermore, we have

ad[a2(ad)e,dO] = a(ad)e,dO,
(ead(a2(ad)e,dO))∗ = (ea(ad)e,dO)∗ = ead(a2(ad)e,dO),

a2(ad)e,dO(ad)2 = a2ad = ad.

Accordingly, ad
∈ A

e, #O and (ad)e, #O = a2(ad)e,dO, as required.
(2)⇒ (1) Set x = (ad)2(ad)e, #O. Then we check that

[ad(ad)e, #Oa][(ad)2(ad)e, #O] = [ad(ad)e, #O]2 = ad(ad)e, #O,

hence, [ead(ad)e, #Oax]∗ = [ead(ad)e, #O]∗ = ead(ad)e, #O = ead(ad)e, #Oax.Moreover, we see that

ad(ad)e, #Oax2 = ad(ad)e, #O(ad)2(ad)e, #O = (ad)2(ad)e, #O = x,
x[ad(ad)e, #Oa]2 = (ad)2(ad)e, #O[ad(ad)e, #Oa]2 = (ad)2a(ad)e, #Oa = ad(ad)e, #Oa.

Then ad(ad)e, #Oa ∈ Ae, #O and [ad(ad)e, #Oa]e, #O = (ad)2(ad)e, #O.
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Write a = a1 + a2, where a1 = ad(ad)e, #Oa and a2 = a − ad(ad)e, #Oa. It is easy to verify that

a2a1 = [a − ad(ad)e, #Oa]ad(ad)e, #Oa
= aad(ad)e, #Oa − ada(ad)e, #Oa = 0,

a∗1ea2 = a∗(ad(ad)e, #O)∗e[a − ad(ad)e, #Oa]
= a∗(ead(ad)e, #O)∗[a − ad(ad)e, #Oa]
= a∗ead(ad)e, #O[a − ad(ad)e, #Oa]
= a∗ead(ad)e, #O[1 − ad(ad)e, #O]a = 0.

Moreover, we check that (a−a2ad)[1−ad(ad)e, #O] = a−a2ad
∈ A

qnil. By using Cline’s formula (see [12, Theorem
2.1], we have

[1 − ad(ad)e, #O]a = [1 − ad(ad)e, #O]a − [1 − ad(ad)e, #O]ada2

= [1 − ad(ad)e, #O](a − a2ad) ∈ Aqnil.

Thus, a2 = a − ad(ad)e, #Oa = a − ad(ad)e, #O
∈ A

qnil. Therefore a = a1 + a2 is the generalized e-core decomposition
of a. Then ae,dO = ae, #O

1 = (ad)2(ad)e, #O.

As an immediate consequence, we provide a new formula of the weighted core-EP inverse which also
extend [2, Theorem 3.23] and [23, Corollary 3.4].

Corollary 4.2. Let A ∈ Cn×n and E ∈ Cn×n be an invertible Hermitian matrix. Then

A
†O,E
= (AD)2(AD)E, #O.

Proof. This is obvious by Theorem 2.4.

Example 4.3.

Let A =


0 1 −1 0
0 −1 0 0
0 0 0 0
−1 −1 0 0

 ,E =


1 0 0 0
0 1 0 0
0 0 2 0
0 0 0 1

 ∈ C4×4. We take the involution on C4×4 as the conjugate

transpose. Then AD =


0 1 0 0
0 −1 0 0
0 0 0 0
0 0 0 0

. Moreover, we have (AD)E, #O =


−

1
2

1
2 0 0

1
2 −

1
2 0 0

0 0 0 0
0 0 0 0

 . By using

Corollary 4.2, we compute that

A †O,E = (AD)2(AD)E, #O =


−

1
2

1
2 0 0

1
2 −

1
2 0 0

0 0 0 0
0 0 0 0

 .
Evidently, we check that

A(A †O,E)2 = A †O,E, (EAA †O,E)∗ = EAA †O,E,A †O,EA4 = A3.

If a and x satisfy the equations a = axa and (exa)∗ = exa, x is called (e, 1, 4)-inverse of a and is denoted by
a(1,4)

e . We useA(1,4)
e to stand for sets of all (e, 1, 4) invertible elements inA.

Lemma 4.4. Let f ∈ A be an idempotent. Then the following are equivalent:

(1) f ∈ A(1,3)
e .

(2) fπ ∈ A(1,4)
e .
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Proof. It is obtained by [27, Lemma 4.1].
(2)⇒ (1) This is proved in the similar way.

Theorem 4.5. Let a ∈ A. Then the following are equivalent:

(1) a ∈ Ae,dO.
(2) a ∈ Ad and aad

∈ A
(1,3)
e .

(3) a ∈ Ad and aπ ∈ A(1,4)
e .

In this case, ae,dO = ad(aad)(1,3)
e = ad[1 − (aπ)(1,4)

e aπ].

Proof. (1)⇒ (2) In view of Theorem 2.5, a ∈ Ad and aadae,dO = ae,dO. For any m ∈N, we check that

||ae,dOaad
− ad
|| = ||ae,dOam+1(ad)m+1

− am(ad)m+1
||

≤ ||am
− ae,dOam+1

||||(ad)m+1
||.

Since
lim

m→∞
||am
− ae,dOam+1

||
1
m = 0,

we have
lim

m→∞
||ae,dOaad

− ad
||

1
m = 0.

Hence ae,dOaad = ad, and then
(aad)(aae,dO) = aae,dO,

(e(aad)(aae,dO))∗ = e(aad)(aae,dO),
(aad)(aae,dO)(aad) = aad.

Accordingly, aad
∈ A

(1,3)
e , as required.

(2)⇒ (1) Let x = ad(aad)(1,3)
e . Then we verify that

ax = aad(aad)(1,3)
e , (eax)∗ = eax,

ax2 = [aad(aad)(1,3)
e aad]ad(aad)(1,3)

e = a(ad)2(aad)(1,3)
e = x,

||an
− xan+1

||

= ||an
− adaadan+1 + adaad(aad)(1,3)

e aadan+1
− xan+1

||

≤ ||an
− adan+1

|| + ||adaad(aad)(1,3)
e aadan+1

− xan+1
||

≤ ||an
− adan+1

|| + ||ad(aad)(1,3)
e adan+2

− adaad(aad)(1,3)
e an+1

||

≤ ||an
− adan+1

|| + ||x||||adan+2
− an+1

||

≤ ||an
− adan+1

||[1 + ||x||||a||].

Hence,
lim
n→∞
||an
− xan+1

||
1
n = 0.

Therefore a ∈ Ae,dO. In this case, ae,dO = ad(aad)(1,3)
e .

(2)⇔ (3) In view of Lemma 4.4, aad
∈ A

(1,3)
e if and only if aπ = 1 − aad

∈ A
(1,4)
e , as desired.

Corollary 4.6. Let a, b ∈ A. If α = ab ∈ Ae,dO, then the following are equivalent:

(1) β = ba ∈ Ae,dO.
(2) bαe,dOa ∈ A(1,3)

e .
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Proof. In view of Theorem 3.3, β = ba ∈ Ad. By virtue of Theorem 4.5, β = ba ∈ Ae,dO if and only if ββd
∈ A

(1,3)
e .

Clearly, we have αa = aβ. Write y1 = αd and y2 = βd. Then we have

αy1 = y1α, y1αy1 = y1, lim
k→∞
||αk
− αk+1y1||

1
k = 0,

βy2 = y2β, y2βy2 = y2, lim
k→∞
||βk
− βk+1y2||

1
k = 0.

Hence, we check that
y1a = (yk+1

1 α
k)a = yk+1

1 (αka) = yk+1
1 (aβk)

= yk+1
1 a[βk

− βk+1y2] + yk+1
1 (aβk+1)y2

= yk+1
1 a[βk

− βk+1y2] + yk+1
1 (αk+1a)y2

= yk+1
1 a[βk

− βk+1y2] + (yk+1
1 α

k+1)ay2

= yk+1
1 a[βk

− βk+1y2] + (y1α)ay2.

Thus,
||y1a − y1αay2||

1
k ≤ ||y1||

1+ 1
k ||a||

1
k ||βk
− βk+1y2||

1
k .

Therefore
lim
k→∞
||y1a − y1αay2||

1
k = 0,

and so y1a = y1αay2.
Interchanging αwith β and y1 with y2, dually, we check that

ay2 = a(βkyk+1
2 ) = (aβk)yk+1

2 = (αka)yk+1
2 = αk(ayk+1

2 )
= (αk

− y1αk+1)(ayk+1
2 ) + y1(αk+1a)yk+1

2
= (αk

− y1αk+1)(ayk+1
2 ) + y1(aβk+1)yk+1

2
= (αk

− y1αk+1)(ayk+1
2 ) + y1a(βk+1yk+1

2 )
= (αk

− y1αk+1)(ayk+1
2 ) + y1aβy2

= (αk
− y1αk+1)(ayk+1

2 ) + y1αay2.

This implies that ay2 = y1αay2. Therefore αda = aβd, and then ββd = b(aβd) = bαda. Hence, ββd
∈ A

(1,3)
e if and

only if bαda ∈ A(1,3)
e , as desired.

Corollary 4.7. Let a, b ∈ A. If α = 1 − ab ∈ Ae,dO, then the following are equivalent:

(1) β = 1 − ba ∈ Ae,dO.
(2) bαπ(1 − ααπ)−1a ∈ A(1,4)

e .

Proof. By virtue of Theorem 3.3, 1 − ab ∈ Ad. In view of Jacobson’s Lemma (see [4, Corollary 6.4.14]),
β = 1 − ba ∈ Ad. In light of Theorem 4.5, β = 1 − ba ∈ Ae,dO if and only if βπ ∈ A(1,4). Since bα = βb, as in the
proof of Corollary 4.6, we prove that bαd = βdb. Then bααd = ββdb, and so bαπ = βπb. By induction, we have
b(ααπ)i = bαiαπ = (ββπ)ib for any i ∈N. Accordingly,

bαπ(1 − ααπ)−1a
= bαπ[1 + ααπ + (ααπ)2 + · · · ]a
= βπb[1 + ααπ + (ααπ)2 + · · · ]a
= βπ[1 + ββπ + (ββπ)2 + · · · ]ba
= βπ[1 + ββπ + (ββπ)2 + · · · ](1 − β)
= βπ(1 − ββπ)[1 + ββπ + (ββπ)2 + · · · ]
= βπ(1 − ββπ)(1 − ββπ)−1

= βπ.

Therefore βπ ∈ A(1,4)
e if and only if bαπ(1 − ααπ)−1a ∈ A(1,4)

e , as desired.
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