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Abstract. The main objective of this paper is to prove some fixed point theorems in partially ordered,
extended b-metric spaces which are not complete. The idea behind the proof is based on the so-called
t-property. Contractions of various kinds, including Boyd-Wong type contraction mappings defined on
incomplete, extended b-metric spaces are studied. Several examples are provided in order to demonstrate
the novel concepts and findings and also, to verify the fact that the existence theorems proved in this paper
can be used whenever the well-known theorems in the literature are not applicable.

1. Introduction

The development of fixed point theory has been significantly influenced by the Banach Contraction
Mapping Principle (BCMP). In 1922, Banach [15] proved his famous theorem on the existence and unique-
ness of a fixed point of continuous contraction map on a complete metric space. Later, researchers widely
extended the BCMP, either by generalizing the space or, the contraction map itself. It is very difficult to list
all of these generalizations.

One very important generalization of the metric space has been proposed by Bakhtin [14] in 1989, and is
known as b-metric space. The BCMP has numerous generalizations on the b-metric spaces [7, 18, 27, 30, 34].
The concepts of b-metric and b-metric spaces were further extended by Kamran in 2017 [20] by introducing
the extended b-metric spaces. Some fixed point results on this new type space followed immediately
[1,3-5,11, 12,23, 35].

In other studies, the BCMP has been extended by broadening the definition of the contraction mapping.
These generalizations include the works os Edelstein [19], Boyd-Wong [16], Meir-Keeler [28], Ciri¢ [17],
Khan et al. [24], Kirk [26] and Kannan [21].

Yet another generalization of the BCMP on partially ordered metric spaces was proposed by Ran and
Reuring in 2004 [32]. The primary distinction between the BCMP and the mappings proposed by Ran and
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Reurings is that the contraction condition is required to hold only for comparable elements of the space
which is endowed with a partial ordering [6, 9, 25, 29, 31, 33, 37].

The idea of t-property and t-contraction on an ordered metric space has been introduced by Rashid et
al.[33] in 2019. This new idea helps to study fixed points on metric spaces which are not complete. For a
list of fixed point results obtained with this configuration, see [10, 34, 38].

This paper is organized as follows. The next section contains the definitions of some preliminary
concepts. The main results are presented in Section 3, where the fixed point theorems are discussed in 3
subsections. Conclusion is given in Section 4.

2. Preliminaries

We start by presenting the definitions of the concepts to be used in the proof of our main results. First,
we recall the definition of b-metric space.

Definition 2.1. (b-metric space)[14]. Suppose dj, : X X X — R* be a map on a nonvoid set X, satisfying
(*1) dp(9,m) = 0ifand only if 3 =7,

(+2) dp(8, 1) = dy(n, 3),

(¥3) dp(9, 1) < s[dp(9, z) + dp(z, )], for some constant s > 1

forall 3,n € X. Then dy is called a b-metric on X and (X, dy) is referred to as a b-metric space with a constant s.

Remark 2.2. It should be noted that for s = 1, b-metric space reduces to a metric space. Thus, every metric space is
a b-metric space with s = 1 but, in general, a b-metric space is not a metric space.

This metric has been further generalized by replacing the constant s by a function. The concept of extended
b-metric space is given as follows.

Definition 2.3. (Extended b-metric space)[20]. Suppose that X is a nonvoid set and by : X x X — R*, where
¢ : XX X = [1,00), is a function satisfying

(+41) bo(8, ) = 0iff 9 =T,

(#%2) by (9, 1) = by(n, D),

(+43) b (3, 1) < H(S, by (S, 2) + bs(z, )],

forall 8,1 € X. Then, by is referred to as extended b-metric on X and (X, by) is called an extended b-metric space.

Remark 2.4. It should be noted that for $(9,1n) = s, for all 9,1 € X and some constant s > 1, the extended b-metric
space reduces to a b-metric space. Each b-metric space is therefore an extended b-metric space, but not the other way
around.

Definition 2.5. [36]. A sequence {3,}in an ordered set (X, <) is said to be increasing or ascending if, for allm,n € Ny
such that m < n, we have 9,, < 9,. It is said to be strictly increasing if 8,, < 3, and 9,, # S,. We denote this as
O < S

Definition 2.6. [33]. Let (X,d, <) be any ordered metric space. X has the t-property if every strictly increasing
Cauchy sequence {9,} in X has a strict upper bound in X, i.e., there exists u € X such that 8, < u, for all n € Ny.

Next, we state the definition of the t-property on extended b-metric spaces. We refer the readers to recall
the convergence and Cauchy sequence on extended b-metric spaces (Definition 4 in [20]).

Definition 2.7. Anordered extended b-metric space (X, by, <) is said to have the t-property, if every strictly increasing
Cauchy sequence {9,} in X has a strict upper bound in X, i.e., there exists u € X such that 9, < u.

Example 2.8. Let X = Ror X = Qor X = (a,b],a,b € R be equipped with the natural ordering < and the usual
metric. Then X has the t-property.

We complete this section by presenting some examples to demonstrate the concepts defined above.
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Example 2.9. Let X = Q be endowed with the metric by : X x X — [0, 00) given by bys(9,y) = |9 — y|?, where
¢ : XXX > [1,00) is defined by $(8,y) = 9%+ y* + 2. If we take the sequence {9,} as an increasing Cauchy sequence
in Q such that 92 < 2, for all n € IN, then {9,} is a Cauchy sequence and converges to V2. This shows that (X, by, <)
is not complete but has t-property as every rational number greater than V2 is an upper bound of {9,}.

Example 2.10. Suppose X = [0,2] N Q. We define an extended b-metric by : X X X — [0, 00) by

by(8,m) = 0, if =19
S+n, if S#m.

Let us define ¢ : X X X — [1, 00) defined by ¢(9,1) =8 +1n— 9.
Then clearly, (X, by) is not a complete extended b-metric but has the t-property.

3. Main Results

3.1. Fixed points of ordered extended b-metric space having the t-property

Prior to establishing the main result, it is imperative to prove the following lemma.
Lemma 3.1. Let (X, by, <) be an ordered extended b-metric space. Then for any sequence {9,} in X, we have

bqﬁ(snr Sm) < (P(Snr Sm)bcp(snr ‘9n+1) + (P(Sn, Sm)(P(SVH-l/ Sm)b(b(srwlr Sn+2) + o
+¢(‘9nr 8m)¢(8n+1r Sm)¢(9n+2r Sm) T (P(Sm—l/ 19m)bq5(‘9m—1/ \9,,,),

foralln,m € N withn < m.

Proof. By using the triangle inequality, we have

bﬁp(snr Sm) < (P(Snr Sm)[bqb(snr Sn+1) + b({)(‘gn+1/ Sm)]
(P(Snr Sm)b¢(8nr Sn+1) + (P(Snr Sm)bqb(snﬂr Sm)

Again using the triangle inequality, we have

bd)(‘gm Om) < Qb(‘gn/ Sm)bti)(‘gnl 1) + Qb(sn/ 8m)[¢(8n+1/ Sm)[bzi)(snﬂ/ One2) + bqb(‘9n+2/ Sm)]]
Continuing in this way, we get

bqﬁ(‘gnz Sm) < ﬂb(snz Sm)b<p(\9n, Sn+1) + (P(Sn/ Sm)ﬁb(‘gm—l/ Sm)b(f)(‘gnﬂ/ Sn+2) +-
+¢(\9nr 8m)¢(\9n+1/ 8m)¢(\9n+2/ Sm) e d)(\gm—Z/ Sm)brj)(sm—L Sm)
+¢(‘9nr Sm)(P(SnJrl/ sm)¢(9n+2/ Sm) e (P(Smer 19m)b¢>(‘9mfl/ Sm)-

Since ¢ > 1, we conclude that
(P(STH Sm)(,b(snﬂr 8m)¢(9n+2r Sm) T ¢(9m—2/ Sm)b¢(‘9m—lz Sm)

< ¢(‘9m Sm)@(‘gnﬂ/ Sm)¢(9n+2/ Sm) T (P(Sm—z/ Sm)ﬁb(‘gm—l/ Sm)b¢(‘9m—1/ Sm)/

and hence,

bd)(‘gm Om) < ﬂb(‘gm Sm)bti)(‘gn/ 1) + Qb(sn/ Sm)qb(‘gm—l/ Sm)b¢(‘9n+1/ One2) + -+
+¢(‘9n1 Sm)¢(‘9n+1/ Sm)¢(‘9n+2/ Sm) e ¢(9m—1/ Sm)b(p(sm—l/ ‘9111/

which completes the proof. [

Now, we state and prove our first main theorem.
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Theorem 3.2. Let (X, by, <) be an ordered extended b-metric space having the t-property. Let f : X — X be a
monotone non-decreasing self map such that,
(Cy) there exists 9y € X with 99 < £y,
(C) forall 8,y € Xwith 9 <y,
dy, fy) < Ad(9S, f9), where A € (0,1). (1)

Further, suppose that the mapping ¢ : X x X — [1, oo) satisfies

?(9,2) 2 ¢(y,2), ()

1
forall 8,y € Xwith 8 < y and anyz € X. Suppose also that lim ¢(,,, 3,) < T where 9, = f"8, n € IN. Then
m,n—00
f has a fixed point in X.
Proof. By the assumption (C;), there exists 99 € X with 99 < f9y. Starting with this element 3y, define the
sequence {9,},1n € Ng as 9,41 = f9y. If 9,41 = 3, for some n > 0, the proof is done. Assume that 9,1 # 9,
for all n > 0. From the assumption (C;) we have 3¢ < 91, and using the fact f is non-decreasing, we deduce

9y = 91 < fy = 91. By continuing the process, we conclude that the sequence {9,} is strictly increasing.
Now, since 9y, 91 € X with 9y < 94, then by (1), we have

bp(91, f91) < Aby(So, fS0). 3)
Again, since 91, 9, € X with 91 < 9, then by (1), we have
bp(S2, f92) < Aby(91, f91). 4)

Using (3) in (4) , we get
bo(92, £92) < A%by(So, f90).

Continuing in this way, we get
bd)(sn/ fSn) < Aanb(SO/ fSO)/ n € N. (5)

Now we will show that {9,} is a Cauchy sequence.
Let n,m € N with n < m. Then by Lemma 3.1, we have

bqﬁ(‘gnz Sm) < ﬂb(snz Sm)bq>(\9n, Sn+1) + (P(Sn/ Sm)¢(9n+1/ Sm)-bq‘)(snﬂz 9n+2) +--
+¢(\9nr 8m)¢(\9n+1/ Sm)¢(\9n+2/ Sm) e d)(‘gm—l/ Sm)brj)(sm—lz Sm) (6)

Since {9,} is strictly increasing sequence, then by using the property (2) of ¢, we have

(P(Sm—ll Sm) < ¢(8m—2/ Sm) <..< ¢(Sn+1/ Sm) < ¢(‘9n1 SWL)/ (7)

for all n,m € IN with n < m. Now by using (7) in (6), we get

b¢)(‘9n/ Sm) < (P(SVI/ Sm)btp(snr Sn+1) + [¢(Sn/ Sm)]zb(b(snﬂr Sn+2)
+[¢(Snz Sm)]3b¢(\9n+2/ ‘9n+3) +eeet [¢(\9nr Sm)]m_n_lbqb(sm—lz Sm) (8)
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By using (5) in (8), we have

Do (S, ) < [0, 3)Ibs(Srs Se1) + (DS, S) PBp(Sat, Srs2) + -
HO, S)1" " bp(S1, O,
< @81, SN by (S0, £90) + [H(S, Su)PA" by(So, £90) + -+
+H[P(S, 91" A by (S0, £90),
< (6O AT + (9O, SmIAT™ + - + [d(8, 8,)AT" | by (S0, £80)

= [t” +m* 4y tm_l]b¢(\90,f\90)
(1 _ tm—n—l)
1-t

=

b (So, fS0),

where t = ¢p(9,,, 9,,)A. Using the fact that lim ¢(9,, ) < %, we have lim t < 1. Hence, passing to limit

n,Mm—00

as n,m — oo in the inequality above, we conclude that,

(1 _ m—n—l)

. . n
H,lrir—r)loo b(‘b(sn/ S’n) < n}?llr—l}oo t 11—t

by (S0, f90) = 0. ©)

This proves that {9,} is a strictly increasing Cauchy sequence and since (X, by, <) has the t-property, there is
aw € X, such that 9, <w, V¥n € IN. Thus, by using (1) and (5), we have

b¢(w, fW) < /\bq)(snr f‘gn)/
< An+1b¢)(801 st)/

— 0, as n — oo,
implying that by (w, fw) = 0 and hence, f has a fixed point in X which completes the proof. [
We provide some illustrations to support our theoretical result.

Example 3.3. Let X = {—1,—1,-%,..) U {0} and “ <" is defined as natural ordering “ < ”. We define the metric
by : X X X — [0, 0) by

bp(8,m) = 0, iff 9=n
3+3+n, iff S+

Further, if we specify ¢ : X X X — [1,00) by ¢(8,1) = 5+ 1 — 9, then we can easily verify that (X, by, <) is an
ordered extended b-metric space.
Now, we consider f : X — X by f9 = 5. and A = 1.

)

1 1
OO, ) = 5_27"'271

and hence lim ¢(8,,9,)=5<7= %

Now, it remains to prove (1). Let 8,1 € X with 3 < n, we have

1 N
~105(8, )1 = by (1, )

_ 1 9 n
= 7[3+S+2] [3+1]+2]

0.

Aby(9, f8) = by(n, fn)

v

Thus, all of the requirements of Theorem 3.2 have been met. Hence, f has a fixed point in X which is 0.
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3.2. Fixed points in O-complete ordered extended b-metric spaces
We will first review some definitions before moving on to the major finding.

Definition 3.4. [2]. An ordered metric space (X, by, <) is said to be O-complete if every increasing Cauchy sequence

in X converges in X. In an ordered metric space, completeness implies O-completeness, but the converse is not true
in general.

Example 3.5. Let X = (0, 00) induced with the natural ordering and by(8,y) = |9 — yl, then clearly (X, by, <) is
O-complete but not complete.

Theorem 3.6. Let (X, by, <) be an O-complete ordered extended b-metric space. Let f : X — X be a self-mapping
which is continuous, monotone non-decreasing and satisfies,

(D1) there exists 9y € X such that 9y < f9y.

(Dy) forall 8,y € Xwith 8 <y, 3 # f(9), the inequality

by, fy) < Alby (S, y) + by (9, fyl, (10)
holds for some A € (0, 3). Further, suppose that the mapping ¢ : X x X — [1, 00) is such that
P(,2) =2 Py, 2), (11)

1-—
holds for all 9,y € X with 9 < y and for any z € X. Let also lim ¢(3,,, 9,) < TA, where 9, = "9y, ne€N.
m,n—0o0
Then f has a fixed point in X.

Proof. As in Theorem 3.2, starting with 99 € X in the condition (D), we construct a strictly increasing
sequence {9,} in X as

Opa1 = fO, neN. (12)

Since 9y < 91, we replace y, 9 in (10) by 94, ¢ respectively, and we get

b¢(\91,f\91) < /\[bq,(@o, 9) + b¢(f\90, ]
Ab¢(90,f90) + /\b¢,(\91,f\91).

Then

1 i\)\%(\%,f‘%)- (13)

by(91, f91) <
Again as 91 < 9,, by using (10) with y = 35, 9 = 9; and (12), we obtain

by(S2, f92) < Alby(91,92) + by(fd1, f92],
Ab¢(\91,f\91) + /\b(/)(SQ, f\92)

Then,
A
by(82, f92) < mbqb(sllfsl)/

which implies,

2
b¢(\92,f\92) < (1 i\)\) b¢(\90/f‘90)/

upon using (13). Continuing this process, we get

A n
by(Ou £9) < (12 ) bo(o, £30), (14
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foralln € N. Since 0 < A < , then 0 < k = & < 1. Now, the inequality (14) becomes

by(Sn, f(9n)) < K"by (S0, £ S0)- (15)
As in the proof of Theorem 3.2, we can show that {3,} is an increasing Cauchy sequence in X. Since (X, by, <)
is O-complete, there exists w € X such that

lim 9, = w. (16)

n—o0

Since f is continuous, we conclude that
w = lim 9,41 = lim f(9,) = f(w). (17)
Hence w is a fixed point of f in X which ends the proof. [

3.3. Fixed points of extended b-metric space in the sense of Boyd-Wong

In this section, we state and prove our last main result which is a fixed point theorem for contractions of
Boyd-Wong type on ordered, extended b-metric spaces with the t-property. The Boyd-Wong contractions
[16] are known to be one important extension of the Banach contractions and studied by many authors
[13, 22].

First, we recall the auxiliary functions involved in the definition of Boyd-Wong contractions.

Let W be set of all functions ¢ : [0, 00) — [0, o0) satisfying,

(i) ¢ is non-decreasing,
(i) P(x) <x, Yx>0,
(iii) yhrg P(r)<x, Yx>0.

We will use the following lemma, the proof of which can be found in [8].

Lemma 3.7. [8]. Let i € WV and {u,} be a given sequence such that u, — 0" as n — oco. Then P(u,) — 0% as
n — oo. Also ¢(0) = 0.

Theorem 3.8. Let (X, by, <) be an ordered extended b-metric space having the t-property and f : X — X be a
monotone non-decreasing self-mapping. Assume that for all 9,y € X with 9 < y, we have

bo(y, fy) < Y(by(9, £9)), (18)

where 1 € V. Suppose that the series Z Y"(t) converges for all t > 0 and there exists 9y € X such that 99 < f(p).
nx1

Suppose also that the mapping ¢ : X X X — [1, o) satisfies for all 9,y € X with 9 < y
(3,2) 2 P(y, 2),
forall 8,y € Xwith S < yand any z € X, and

lim (Pm(sm/ %) =1L,

m,n—00

where L < oo, and 9, = f"Sy, n € IN. Then f has a fixed point in X. Moreover, every strict upper bound of fixed
point of f is also a fixed point of f.

Proof. The proof starts as the proof of Theorem 3.2 by constructing a strictly increasing sequence {9,} in X
defined by

1 = fsn (19)
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Denote Ty, = by(8y, f9,), for all n € INp. Since ¥, # f9,, we have T,, > 0 for all n € Ny. Also, using the fact
that 9, < 9,41 for all n € IN, from (18), we have

Ty = bq§(9n+1/f\9n+1) < ll’(btp(snrfsn)) = Hb(Tn) < Ty. (20)
This shows that {T}} is a monotone decreasing sequence in IR* so, there exists r > 0 such that

Iim T, =7 (21)

n—00

Letting n — oo in (20), we get

r < lim ¢(T,) <,

which implies
lim ¢(Ty) = . (22)
Suppose that v > 0. By (22) and the property (iii) of the function i, we get
r=lim y(T,) = lim ¢(T,) <7,
which is a contradiction, so that, » = 0, and

lim T, = 0. (23)

n—o0

Now, the condition (18) with y = 91, 9 = 8¢, we have
by(91, £91) < P(by(So, fS0)-

Repeating this process n times, we deduce
Ty = be(Sn, f94) < " (by(So, fS0)), forall n>1.

Since ), " (t) converges for all t > 0, we have that }’,.; T,, converges.
We shall show that {9,} is a Cauchy sequence in X. As {9,} is a strictly increasing sequence, for n,m € IN
with n < m, by using the triangle inequality, (18), (19), (23) and the definition of ¢, we obtain

bo(8n,9m) < (S, 9)b (S, Sns1) + [, 8)Pbg (Srss1, Sns2)
+ (S, 93)Pbp(Ss2, nsa) + -+ + [P(S, 9" ™ b (St Sim)

< [¢(Sn/ Sm)]m [Tn + Tn+1 +e Tm—l]
< [P0 91" Y | T, (24)
k=n

Due to the fact that lim (8, 9,,)]" is finite and the series }_ ., T} is convergent, its tail },;” Tx = 0 — 0 as
n>1 & ky

n,m—0co

n — oo and we have,
Hm (S, 9m)]™ E Te=0,
,MM—00 k’z

which implies that
Lim by(8,, 9,) = 0.

1,m— 00
Hence, {9,]} is a monotone increasing Cauchy sequence in X, which has the t-property, so there exists w € X
such that 9, < w for all n. By using (18) and (22), we have

by(w, fw) < P(by(Sn, f91)) = Y(T,) — 0, as n — oo.

This shows that w is a fixed point of f in X. Let z € X be any strict upper bound of w, i.e., w < z. By using
(18) and Lemma 3.7, we have

bo(z, f2) < Y(by(w, fw)) = H(0) = 0.

Hence z is also a fixed point of fin X. O
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4, Conclusion

This article provides a thorough analysis of fixed point theorems in ordered extended b-metric spaces,
with a focus on incomplete spaces. The primary goal was to demonstrate the existence of fixed points for
different contractive mappings in such spaces, even though conventional theorems of existing literature are
not applicable. The t-property notion was presented and investigated as a basic instrument to accomplish
this goal.

More in-depth applications and generalizations of the existing findings may arise from future studies
in this area. Overall, the study of fixed point theorems in incomplete ordered extended b-metric spaces
extends the knowledge in this field and opens up fascinating new research directions.
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