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Abstract. In this paper, we give known embedding theorems in Sobolev spaces and Sobolev-Morrey
spaces with dominant mixed derivatives. And as an application of the embedding theorems we study the
problem of existence, uniqueness and smoothness of solutions of p-type equation.

1. Introduction and preliminaries

In this paper we study a p - type equation in the form

Y. 'D" (|D1“u e D“u) =) 'D'f, )

ulac = Plac, )

where )" = Y, e, ={1,2,..,n}, 0 # e any subset of the set e,, 1° = {w], @5,... @)}, w; =1 (j € e), (u? =
0+eCe,

D¥u

(jee\e=¢),

. \2\2
= (Z ’ (D1 u) ) , 1< p < oo, u e S,W(G) the Sobolev spaces with dominant mixed
derivatives is defined and studied in (see,[4, 22]), f € L, (G), % + r% =1, G C R"is a bounded domain, with

nonsmooth boundary. Denote by S;W(G) the Sobolev spaces with dominant mixed derivatives of locally
summable functions u(x) on G having the weak derivatives DY u (e C e,) with the finite norm

1E
i) = Z D" ullL, (G)-

eCey
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More precisely in this paper using the variational method an existence and uniqueness of solution to

Dirichlet problem for p type equation (1)-(2) in space S:, W(G). Also, using known embedding theorems in

the space S;,a,x W(G) by the Riesz functional method we prove theorems that the solution of p -type equation

belong to the Holder class inside the domain, and has a zero boundary to Dirichlet problem condition up
to bounds.

It should be noted that in [13] it was proved that the “smoothness exponent” in the case of parameters
greater than in the non-parameters cases. Note that in this paper the smootness of solution of problem
(1)-(2) is also studied in the parametrized space SIIM,K W(G) . ( see, Theorem 2.4 and Theorem 2.5).

The equation (1) in the case p = 2 takes the following form

Z /DZ"u — Z /Dl"f’
and in the case p = n = 2 haw the form

Pu  Pu  du of of I*f
et = =+ =+ .
ox2  Jdy? Ix2dy* Jdx dy Ixdy

The existence and uniqueness of Dirichlet problem for the p-harmonic equation in the form
dio (IVu~ Vu) = diof,
were studied in [1, 3, 5, 10, 11, 12, 19, 20, 27, 28]. Also, a similar and various problems of partial differential

equations were studied in [6, 7, 8, 9, 10, 13-18, 21, 23-26, 29, 30] and soon.
Definition 1.1. A weak solution of the Dirichlet problem (1)-(2) on G is a function u(x) € S},W(G), if

u—@e E;W(G) such that

Z' f |D1“u|”‘2D1“uDle¢dx:Z' f FDY dx 3)
G G

for every ¢ € E;W(G).

2. Main results

In this section we give main results of the paper.
Theorem 2.1. Let G C R" be a bounded domain, 1 <p <o, g,h € S},W(G) ,pE S;W(G) and f € L, (G).

Then the Dirichlet problem for p type equation (1) has a unique weak solution in Sll, W(G).
Proof. Let g, h € S; W(G). Then we consider the bilinear functional as the form

E(g,h) = Z f |leg}”’2 DY gD hdx — Z f DY hdx =
G G

~ Al )= Y [ FD"Hdx =g - () @
G
Therefore, we have

|A(g,9)| = |A(9)| <

<

Z ’ f |D]”g|7]_2 Dl"ngfgdx
G
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p2Dle dx— f|D1g)pdx<oo

< 2 f )Dlg

[A@] < 119116

The variational problem is stated as follows. Find a function g € S;W(G) such that which gives the
minimum value to the functional let E(g,g9) = E(g) and is unique. The Euler-Lagrange equation for the
variational problem (4) is the equation (1), and we have

> |A(g)| - ‘ " | fD"gdx
Ll

el =@ - Y [ 0" e S
G
> [A@g)|- ) ffDl“gdx 2|A(g)|—Z’f|fDleg|dx2
G G
> Cligllsywc) = |fIdx D"l dx| t = Cliglis i)~
Jre il

=Y (Il + ID* gl (G)) = Cliglisiiey = Mo = Igllsyic) = =M,

|E(g)) >-M*, M = const.
This means that E(g) is lower bounded on S}, W(G). So there exists gg € S}, W(G) such that E(gg) = minE(g).
Fix some sequence {g,,} € S}?W(G) (m =1,2,...) such that lim E(g,) = mp. Let 6 > 0 choose m;s so m > m,
and s = 1,2,... it holds E(gu+s) < mg + 6. Then noting that % (Fmes + gm) € S},W(G) we have E (g"”TJrg’”) > my,

Gm+s—Im )
2

and by direct calculations we show that A( < 46, then we have ||gy+s + gl SIW(G) < C4. This means

that the sequence {g,,} is fundamental in the spaces S; W(G). Thus there exist a function gy € S; W(G) such
that lim |7, - gollsiw(c) = 0. By theorem on trace in S;W(G) (see[4]), we get
[E(@m) = E(g0)l < Callgm = gollsiwc).

and hence it follows that my = lim E(g,,) = E(go). Show that the function delivering minimum to the

functional E(g) is unique and satisfies equation (1) in the space Sll, W(G). Then g € Sll, W(G) and E(go) = myg
We have

g—g0\_1 1 _ (M) my ™o . _
0<A( ) SE@) + 5EG0) - E(I52) < 22+ B2 g =0,

A(g=90) = 0.
By llgm — goll siw) = 0 (m — o0), it follows that the function g coincides with gy as an element of the
space 5}17 W(G). And with the help of the theorem on trace in S; W(G) in [4], we have

1 (gm — g0) lacllL,ac) < Cllgm — gollsiwc) — 0 (m — o0),
and

lgmloc — (PL?G”LP(&G) -0 (m—> o),
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then
ll90loG — locllL,6) = 0 (m — o).

Taking into account the condition % (E(go + Aw)),_, = 0, show that the function gy € S; W(G), minimizing
the integral E(g), satisfies the equation

A(go,w) = (f, @) =0, )

where

w(x) = y(%) - y(i), 0<li<h<o r=pxxp)
is a infinitely differentiable finite function with a support lying on a annular domain % <r < I, and
therefore y, w € C3(G), and D®w|yc = 0 forall s = 1,2, ....
Now prove that the function gy € S;W(G) minimizing the integral E(g) is the weak solution of the
Drichlet problem (1)-(2).
For the function go(x) we can constucted Sobolev’s [31] averaging 7o, i = 1,2 on the ball [; (i = 1, 2) with
centered at the point x as

1 z — X| .
9o, (x) = — f K(l |)go(Z)alz, i=1,2.
Tnli ll'
RH
Note that the function

()= T (o) o ) S vene

Satisfy the following properties:

1. is an infinitelly differentiable function with support in the ball r < [;;
2. all its derivatives on sphere R =  are zero;

3.
1 r
- fK(l—i)dx—l

G

1
{1—” _ f 5"-1K(é>dé].
r(s)+

Then by (5), we can rewrite equality

fK(%)g(x)dxsz(i)g(x)dx

G G

in the form go 1, (x) = go,(x). Thus forl; <l <0

Go1, (%) = go, (%)

Since the average functions g ,(x), i = 1, 2 are continuous and have continuous derivatives for any order,
then go(x) is a kernel. Integrating by parts in the equality A(go, ) — (f, w) = 0, whence is the limit case
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Z ’ fw(x)Dle (|D1C!70|p72 Dlego)dx = Z ’ fa)(x)Dlefdx.

G G

Hence by the arbitrariness of the functions w(x) it follows that

Y pv ( DY g Dl”go) =Y 'D'f.

Thus, solution of the variational problem (4) in the space S; W(G) is also solution of Dirichlet problem
(1)-(2) and this solution is unique.

Thus completed the proof of Theorem 2.1 .

Now let’s prove the next two theorems in order to study the problem of smoothness of the solution of
the equation (1) with the help of the known embedding theorems in S;m,% W(G)in (see, [13], I =1;,...,1,,
lieN, x=(x1,...,nn), %j €(0,00), j € ey, a€[0,1]).

Theorem 2.2 [13] Let G C R" be a domain satisfies the condition of flexible horn [2, 13]; 1 < p < g < oo;

n=cx, % = r]rgx Lixj;v=(v1,v2,...,va), vj 2 0 are integers, j € ¢,; f € S;,MW(G) and let

1 1 .
€ =1j_vj—(1—xja)(; - 5) >0, jeen.
Then
D" flye < e ) ] [ 500" Ao

eCey jee,

||va||q,b,x;u < CZ“f”s;ﬂ/Kw(G)/ p=q<o.

In patricular, if
1 .
é‘]',o =l]-—v]-—(1—%]-a)5 >0, ]Een
then DV f is continuous on G and

su(};) |DV f (x)‘ <0 Z H T;frw” D" f [
XE!

eCen jee,

where

— I
1Al wi) = ) ID" ey

eCey

1
||f||L‘y,g';((G) = 51-(1;p —x/»a”f”p,G,x(x) 7
xeG, E
10, | TTIE]"

jee,, jEE,,
Gpe(x) = GNIn(x) =GN {y vy —xf < %t;‘f, je en},
&j, jEe

1 1) .,
_Vj_(l_%ja)(;_o_a)’ jee

Sg/j =
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€0, jEe

Se,j0 =

7

-vi—(1- %ja)%, jee

[til = min{l,t;}, T; € (0,min(1,to;)), j € en; tois a fixed positive vector, ¢1, ¢, are constants, indepen-
dent of f and c; is also independent of T.

Theorem 2.3 [13] Let all conditions of Theorem 2.2 be satisfied. If ¢ i>0 (j € e,), then D" f satisfies the
Holder condition in L,;(G) with exponent 6;. Moreover

14, G fllg < Cliflls,, weey [ ] 111",
j€en
where

0<0;<1,if ¢j>1, jee,
0S6j<1,if€]‘=1, jEe;OSéjﬁl,]'Ee,
0S6j<€j,if€j<1, j€e.

If €j0 >0 (j € ey), then

sup|a(&, GD"f()| < Cliflls,, we) | [ 1€,
xeG "

j€en

where )9, j € e, satisfy the similar conditions as 6;, with ¢ instead of ¢;.

Theorem 2.4. If p > n, then every weak solution to (1) in S;W(G) belongs to the space Cs,(Gp), Gy C G.
First of all, let’s note that we will prove the theorem by the Riesz method, and accordingly, we set the

right side of (1) equal to zero, i.e. f = 0. Suppose that I;(xo) = {x D= xjol < d;.{j, je en} and let xg € G, if
I(xo) € G. By the principle of variation

Y f D (O)(u(x) - o)) DY (0)(u(x) - v(x)) D* (O(x)(u(x) - v(x))) dx >

L(xo)

2} f ID (u(x) = o) DY (ux) - 0(@)) D ((u(x) ~ 0(x)) dx =

I (XO)

> Z ! f |D1€ (u(x) — v(x)))p_2 |D1E (u(x) - U(X))|2 dx =

La(x0)

Y [ 1P e = ot dx = Autr) - o0, L)
Ia(xo)

we can write, forevery 0 <a; <d; <1, je€e,,

O(x)=1- H rj (xj ;,xj'o)
]

je€en

such that O(x) = 1 in a neighborhood of I,(xp) and for every polynomial v(x) = }. c.x°. Let rj(t;) = 1 for

eCey
ltil < 3;7i(t) =0,t;> 3, j € ey, and 0 < 7j(t) < 1, € ey
It is clear that ©(x) = 0 in Iz (xo), we choose the coefficients of v(x) so that.
Now let’s prove the next two theorems in order to study the problem of smoothness of the solution of

the equation (1) with the help of the embedding theorems in Siﬂ,u,x W(G) (see, [13]).
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(u(x) — v(x)) x°dx = 0.

In(xo)\lg(xo)
Therefore
A@u(x) - v(x) < A (u(x) = 0(3), Li(x0) \ 15 (x0))
and since A(u(x) — v(x), G) = A(u(x), G),
A(u(x), I3 (x0)) < A (u(x), L(x0)) — A ((x), Lo(xo) \ I3 (x0)) <
< A (u(x), L(x0)) - $A (@), I(x0)) = (1 - %)A (@), Lo(x0),

and hence, by inducation, we get

k
A(u(0), 15 (x0)) < (1 - 3) A (u(x), I,(x0)) -

, 1T aj .
Let0 < o; < Z—l, j€en0< Il 0j <S5, then I, (xo) C Izik(xo), and k In2 <In[] Z—] Let
j€en j€en
In Tl ﬁ—’
k— jeen !
| m2

andlets =1 - % Then for every x; € Gy

In T1 i;/_
jcen
A@u(x), 1,(x0)) < A (u(x), G) < s~ 1A (u(x),G) =

m Il ‘T] Ins _ Ins _
jeen ]

a;
Il # [1”2 Wl
=e¢ T2 Ins—In SA (u(x), G) — (8 jeen aj ) ”jet’n 7;

Aux),G) <

Ins ___ns

Il 2\"* nwpgd
S e jeen jeen 1 A(u(x), G) —
Ins Ins
1 [an n Il (T]
=Ill=] 7 'Awxc =
jeen 7
Ins _ Ins
n2 n “7]
icen j
=[Tes] ™ 'Aww,0),
j€en

AW, Lx) < [ [ o)A@, 6),

j€en

3913
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g
H(é) f ID“u()f’ dx < CA(u(), G).

jEE” I (xU)

It follows that & = xja, j € ey, D' € L,x(Ga), e C e,. Since p > n, then ¢; > 0 and €j9 > 0 (j € e,). So
the conditions of Theorem 2.2 and Theorem 2.3 are satisfied. Thus by Theorem 2.2 a weak solution u(x) is
continuous on G4 and by Theorem 2.3 is satisfied the Holder condition.

We consider a non-homogeneous p- type equations corresponding to (1), and let u,, be a solution to
equation (1) in S;W (I,(xo)). Putting ¢ = tg4, in (3), we have

fZ'Dleua,xOrdxs IZ'

T (x0) La(x0)

f | |Dleua,,c0| dx <

<G (TT’ZESIE(XQ))’% <G Ha}c.f,
j€en

1
P

ol avs| [ T [ 10w i

a(x0) Ia(xo)

==

IA

J L
Ia(x0)

<C (TT’ZESLZ(Xo))’% <G Hajc.f,

j€en
where (; < %, j € ey, therefore,
Cv
< i
AQu), L) < G2 [ [ o7,
]ee”

C; is a constant independent of # and xj. The function u(x) = u(x) — u,, is a solution to the equation (1)
in I;(xo) an so u(x) satisfies the inequality

A\G
A, L) <G [ | (%) A, G),
j€en ]

and for every 0; < a; (j € e,), xo € G4, we have

Gj
A, 1o (50)) < CoA (), o (50)) + CaA (s o 50)) << Cs TT () A @), G),

j€en
therefore,

ST [

jeen IO' (xo)

P dx < C'A(u(x),G),

for all xg € G;. Applying Theorem 2.2 and Theorem 2.3 we find that u(x) is continuous and satisfied the
Holder condition.

This completed the proof of Theorem 2.4.

Theorem 2.5. Let G C R" be a domain such that there exists m > 0 for any xy € JG and the number ky < 1
there exists a parallelepiped

[Tt e [[uton®\6)
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and u(x) is a weak solution to (1) from the space § ;W(G). If p > n, then u(x) belongs to the space Cs, G),
(Cs,(G) is Holder’s space).

Proof: Let xg € JG and f = 0 in I;(xo), u(x) = 0 outside of G. From the variational principle it follows
that

A (u(x), L(x0)) < A (O@)u(x), Lo(x0)) -

Leto; <a;j <1(j€e,), forall xg € dG, f = 0in I;(xo). Since O(x) = 0 in Is(x,), then by Theorem 2.4, we
have

A (), I(x0) < 1 [ [ 094 (), G). (6)

jeen
Let for all 0 < 0; <aj, xo € G and we consider two cases:

1. xo € G%,
2. X0 ¢ G‘E

1) In this case for all 0; < a; (j € e,) assuming that a; = /7; (j € e4), we have

A (), 1) < C [ [ 094 (), G). 7)

jeen

2) In this case there is x' € dG such that I, ;(x") D I,5(x%). Leta; > 2+ (j € e,), Uy is a solution of
equation (1) in the space E;W (I,,(xl) N G). Then the inequality
At Tax0) < G5 [ [ a% ®)
j€ey,

is hold, if assuming that u, » = 0 outside of L(x') N G.
The function u(x) — u, ,1 is a solution of equation (1) in I, (x!) and f = 0. From the inequalities (6)-(8), we
have

A (1), L 5 (")) < CoA (1(x) = g, I 5 (")) ++C5A (11,0, I 5 (1)) < Co 1 0,94 (u(x), G),

j€en

Au(x), I,(x)) < Cy H 0,9 A (u(x),G).

j€ey,
Therefore,
’ 1 1¢ P
Z =7 DY u(x)| dx < CA (u(x),G),
jeen ! I5(x0)

forall xg € G . Itimplies that u € S! W(E) and by the conditions of Theorem 2.2 and Theorem 2.3 it follows

- pa,x
that u € Cs,(G).
This completed the proof of Theoerem 2.5.
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