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Abstract. A classical result of Calkin [3] says that the inner derivation maps the algebra of all bounded
operators on a Hilbert space into the ideal of all compact operators if and only if the induced operator
is a compact perturbation of the scalar operator. On the generalized Fock spaces, we use the compact

intertwing relations to study the range of the inner derivations induced by the composition operators C,
and the Volterra type operators J, and I,.

1. Introduction

Let &/ be a Banach algebra over the complex field. A linear map D : &/ — & is a derivation if
D(xy) = xD(y) + D(x)y for all x, y € o/ Over the last half century, there are lots of results giving conditions
on a derivation of a Banach algebra implying that its range is contained in some ideal. One of the famous
results given by Singer and Wermer [14] is that a continuous derivation on a commutative Banach algebra
has the range contained in the Jacobson radial of the algebra. In [3], Calkin proved that an inner derivation
S+ [T, S] := TS—ST maps the algebra of all bounded operators on a Hilbert space to the ideal of all compact
operators if and only if T is a compact perturbation of a scalar operator. But this conclusion fails to hold
on the Banach spaces in general. See [13] for example. In this paper, we are interested in the composition
inner derivations and Volterra inner derivations on the generalized Fock spaces.

Let C be the complex plane and denote by H(C) the space of all entire functions on C. We consider a
class of smooth radial weights that increase faster than the standard Gaussian weight |z|2/2. Precisely, let
Y : [0, +00) — [0, +00) be an increasing function such that ¢(0) = 0 and lim,_,, 1(r) = +00. Extend 1) to C by
setting 1(z) = (|z]). Moreover, we assume that ¢ is twice continuously differentiable such that inf Ay > 0

and
T(Z)"‘ ]-/ OS|Z|<1
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Here 7(z) is a radial positive differentiable function that decreases to zero as |z| = oo and lim,_,. 7'(r) = 0.
And there exists a constant C > 0 such that 7(r)r" increases for large r or

lim 7'(r)log % =0.

The above class of rapidly increasing functions 1 will be denoted by 1 and 7 is called the associated
function of 1. The power functions ¢(r) = r*, @ > 2, the exponential functions y(r) = ¢/, § > 0 and
the super exponential functions y(r) = ¢ are all typical examples of such weight functions. Let ¢1(z) =
Y(z) +log(l + ¢’'(z)) and 71 = {¢ € T : Ay = Ay}. Notice that ¢ € 7 implies i1 € 1.

For 0 < p < oo, the generalized Fock space induced by ¢ is defined by

7y = { feHO:If, = [E [f@Pe " PdA(z) < oo},

where dA is the Lebesgue measure on C. Furthermore,

Fo = { f€H©) : |Iflloy = suplf(z)le¥® < oo}.

zeC

For a given ¢ € H(C), the composition operator C, on H(C) is defined by C,f = f o ¢. The boundedness
and compactness of composition operators on various holomorphic function spaces have been studied
intensively in the past few decades. One can refer to the books [4, 12] for the theory of composition
operators on various specific spaces of holomorphic functions. And interested readers may also refer to the
recent papers [1, 5, 8-10] and the references therein for properties of (weighted) composition operators on
classical or generalized Fock spaces. Let B(le ) be the Banach algebra of all bounded linear operators on

7—'5 . The composition inner derivation induced by C, is defined by
D(C,) : B(ﬁf) - B(ﬁf) T+ [Cyp, T] = CyT — TC,.
Our first result about composition inner derivation reads as follows.

Theorem A . Suppose ¥(r) = r" with m € N and m > 2, or Y(r) = /™ with B > 0 and m € IN, or (r) = ¢°. Let
0 < p < oo, then the composition inner derivation D(C,) on B(F! 15 ) ranges into the ideal of compact operators if and
only if (z) = z or p(z) = az + b with |a| < 1.

For a given g € H(C), the Volterra-type operator ], and its companion operator I, with symbol g are
defined by

1of(@) = fo f@)g @)dw and 1,f() = fo F @)g(w)dw.

The discussion of Volterra-type operators first arose in connection with the semigroup of composition
operators. One can refer to [15] for more backgrounds. Constantin [6] studied the boundedness and
compactness of Volterra-type operators on the classical Fock spaces. Later, Peleaz [7] and Mengestie [11]
characterized the boundedness and compactness of Volterra-type operators on generalized Fock spaces.
Two classes of Volterra inner derivation induced by g € H(C) are defined as follows.

D(y): BFL) — BFL) T [y, T = J;T T,

and
D(I) : 8(?5) - B(sfj) T (1, Tl =1,T - TI,

Our results about Volterra inner derivations read as follows.
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Theorem B . Let 0 <p < coand 1 € I. Then the Volterra inner derivation D(J;) on B(F! 5 ) ranges into the ideal of
compact operators if and only if
. lg'@)
lim —— =
|z| >0 1+ ll)'(Z)

Theorem C. let 0 < p < coand i € I1. Then the Volterra inner derivation D(I,) on 8(7"5 ) ranges into the ideal
of compact operators if and only if g is a constant.

Indeed, Theorem C is trivial since the boundedness of I, implies that g is a constant function by [11] and
I, — id is compact when g is a constant.

Let X and Y be two metric linear spaces, the symbol B(X,Y) denotes the collection of all continuous
linear operators from X to Y. Let K (X, Y) be the collection of all compact elements of B(X,Y) and Q(X, Y) =
BX,YN\KXY).

For A € B(X,X), Be B(Y,Y)and T € B(X,Y), the phrase “T intertwines A and B in Q(X,Y)” (or “T
intertwines A and B compactly”) means that

TA-BT € K(X,Y) where T #0.

To be more intuitive, the compact intertwining relation means the following commutative diagram,

XL)X

lT lT mod K(X,Y).

y 2y
In the series papers [16-18], Yuan, Tong and Zhou investigated the intertwining relations for Volterra-type
operators and composition operators on the Bergman spaces, bounded analytic function spaces and Bloch
spaces over the unit disk.
When X = Y and A = B it is easy to see the following two assertions are equivalent:

e T intertwines every A € B(X) compactly.
e The inner derivation D(T) on B(X) ranges into the compact ideal.

In this point of view, we will study the compact intertwing relations for composition operators and Volterra-
type integral operators between different generalized Fock spaces. And our main results will follow
immediately as direct corollaries.

Throughout this paper, for two non-negative real-valued functions U and V, we write U < V if there
exists a positive constant C > 0 independent of the essential argument such that U < CV. And we write
U=~VifbothUgsVandV g U.

2. Preliminaries

In this section, we collect some basic properties of generalized Fock spaces and auxiliary lemmas which
will be used latter.
We say that a positive function 7 belongs to .L if there exists a constant ¢; > 0 such that

17(2) — 1(W)| < |z — wl

for all z,w € C. It is obvious that the associated function 7 of ¢ belongs to L as ¢ € 7. We will use the

notation m, = %m. Let D(w, r) be the Euclidean disc centered at w with radius > 0. For simplicity,
write D(0t(w)) for the disc D(w, 6t(w)) with 6 > 0. The following lemmas can be found in [7].
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Lemma 2.1. Suppose t € Land 0 <6 < m,. Then
1
Ef(w) < 1(z) < 27(w)

whenever z € D(6T(w)).
Lemma 2.2. Let 0 <p < g < oo, Y € I and p be a finite positive Borel measure on C. Then

(i) The embedding id : F 5 — Li(u) is bounded if and only if

1
K,y = sup f e@du(z) < oo
o e @27 Jpseay

for some & > 0. Moreover, if any of the two equivalent conditions holds, then

~ 114117
Ky = Hld”(;—:ﬁamp)'

(ii) The embedding id : 7715 — Li(u) is compact if and only if

1
lim —f A du(z) =0
lal—eo T(@)1P Jp(seay) e)

for some 6 > 0.

Lemma 2.2 is known as the Carleson embedding theorem for Tlf . Notice that if ¢ € 71, then Lemma 2.2
still holds for ?51.

By Lemma 7 and Lemma 20 in [7], we have the following pointwise estimate for functions in #", which
is an important ingredient in our subsequent consideration. See also [19, Lemma 3.1].

Lemma 2.3. Let ¢ € 1 and 7 be the associate function of 1. Suppose 0 <p < oo and o, € R, then

rere s L [ wrers
(1 +1I;/(z))a ~ T(Z)2 D61 (1 +1PI(ZU))“

dA(w)

forall f e HC)andz € C.

According to the results in [7, 11], the following Littlewood-Paley type estimates hold for all 0 < p < oo,
providing a natural description of the generalized Fock spaces in terms of the first derivatives.

Lemma 2.4. Let ¢ € 1, then for 0 < p < oo,

1AL, ~ FOF + fc F@Pe P OdA()
forall f € H(C). And when p = oo,
Il = [FO)] + sup |f (2.

zeC

Lemma 2.3 tells us that the point evaluations are bounded linear functionals on (flz . In particular, Tj is
a Hilbert space with the following inner product

f,9) = L FIR P PAAR),
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which is equivalent to
f, 9. = f(O)m + Lf’(z)me—zwl(Z)dA(z)

by Lemma 2.4. It follows the Riesz representation theorem in Hilbert space theory that for each z € C, there
exists a unique function Ky, in j such that

f@) =(f.Kyz)

for all f € ?'j. Ky is the reproducing kernel function in ¥ j at z. Let KE;]Z = 0dKy,./dz be the first-order

reproducing kernel function in 2, then
f@ =KD

forall f € 7:15. By the equivalence of the inner product, (I(l[;/]z)’ is the reproducing kernel function of 7:51.

Unlike the classical Fock space, the explicit expression for Ky is still unknown. Recently, Yang and Zhou
[19] characterized the important pointwise and norm estimate for the reproducing kernel Ky ..

Lemma 2.5. Let 1 € I and 7 be the associated function of 1, then for 0 < p < oo,

| |K¢,z | |p,¢ ~ Ew(Z)T(z)z(l—P)/P

Kl,’;,z

22— be the normalized reproducing kernel in F*, then
”Kl,’v,z”p,w

forall z € C. Moreover, let kyy,. =

2
4

ey g2 (@)|T(2)7 = [y 2 ()T (2)

forall z,w € C. And there exists a small 69 > 0 such that
|kp,¢,z(w)|pe_pw(w) = T(Z)_z
whenever w € D(07(z)) and 6 < 0p.

Through a similar argument as in [1], we obtain the following Berezin-type transform for a positive
measure /.

Lemma 2.6. Suppose 1 € I and 1 is the associated function of 1. Let u be a positive Borel measure on C. Then for
O<p<g<oo,

. w(D(67(2)))
(i) sup ¢ wopr - < ®

< supzeC fc |kp,1p,z(w)|qe_q¢(w)dy(w) < 00,

T D(6
(ii) Timyy oo M2 = 0

& limy oo [ [k, 2(@)le™ @ dp(w) = 0.

We end this section with a key result which helps us to obtain the characterization of composition inner
derivatives.

Proposition 2.7. Let s > 0 and f,¢ € H(C) such that f(0) # 0. Suppose ¢ : [0,4+00) — [0, +00) is a radial
differentiable function such that lflf? increases to +o0o as r — oo for some € > 0. If

P (PE)-$()

WV Tey <

then ¢(z) = az + b for some |a| < 1 and b = 0 whenever |a| = 1.

@.1)
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Proof. Taking logarithms on both sides of (2.1), there exists a M > 0 such that

P(p(2)) — Y(z) +log|f(2)| —slog(1 + ¢’ (z)) <M
for all z € C. For any R > 0, putting z = Re? and integrating with respect to 0 on [0, 27] yields

27

W (Reig))d—6 —P(R) + f2” lo |f(R€i6)|d—6 —slog(1+¢'(R) <M
4 2n 0 & 2n & -

By Mean-value property of harmonic function, we have

27 ; 4o
[ og1rre 2 = 1ogis01

It follows that )

Pp(RE) 52 ~ P(R) ~ slog(1 + ¢/ (R) < M

for any R > 0. Since 1 is radial, there exists a radial function & on C such that y(|z|) = h(z[*) and k' (r?)/r¢
increases to +00 as r — oo by our assumption. Then Jensen’s inequality gives

271
h( fo |¢(Rei9)|2g—i) — h(R?) — slog(1 + 2RI (R?)) < M.

Now consider the power expansion ¢(z) = Y., a,2" for z € C. Then

[ iprop 2 = 3 o
: ¢ 2 o ! '

Notice that log(1 + 2R’ (R?)) < log(1 + 2R) + log(1 + 1’ (R?)). Then by Langrange’s Differential Mean Value
Theorem, we obtain

W (Cr) [Z |a,|>R*" — Rz] —slog(l + 2R) —slog(1 + ' (R%)) < M
n=0

for some Cg. If |a;| > 1 or a, # 0 for some n > 2, then (g > R? and

lim W (CR) [Z |a, > R*" — Rz] —slog(1 + 2R) — slog(1 + I’ (R?)) = +oo,

n=0

which is a contradiction. Therefore ¢(z) = ag + a1z with |a;] < 1. Moreover, if |a1] = 1 and a¢ # 0, then we
also have
Iym lao*H’ (Cr) — slog(1 + 2R) — slog(1 + I’ (R?)) = +oo,

which is also a contradiction. Thus a9 = 0 whenever |a;| = 1. The proof is complete. [

3. D(Cy) and D(J],)

In this section, we give the proof for Theorem A and Theorem B. To this end, we first study the
compact intertwing relations for composition operator C, and Volterra-type operator ], between different
generalized Fock spaces.

For ¢, g € H(C), let

Tpg = Coly = JsCo = Co., Jl.

Suppose T, : 7:5 - 7:12 is bounded, then it is obvious that o ¢ — g = T, 41 € TIZ.
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Theorem 3.1. Letp € I,0<p<g<ocoandgop—g€F,, then

(i) If0 < p < q < oo, then Ty, : F|) — F,] is bounded if and only if

sup | py-(@@)(g 0 @ = g) @)l'e™ @ dA(w) < co. 3.1)
zeC JC

(it) If0<p<q=oo,then Ty, : Tlf — F 7 is bounded if and only if

sup|(g o ¢ — g) @)AP(@(2))7 X P 1) < oo, (3.2)
zeC

(iii) Ifp = q = oo, then Ty g - F° — F° is bounded if and only if

sup [(7 0 @ — g)/ (2)[e? @D < oo
zeC

Proof. We begin with the proof of (i). By Lemma 2.4, we have
1Tyl = TosfON + [ Ty e ™ @A)
= Tpa fON + f |f o p@)ll(g © @ = g)’ (w)I"e™ " W dA(w)
C

forall f € 7:5 . Taking f = k., the “only if part” of (i) follows immediately. To prove the “if part”, we
consider the weighted pullback measure i, ; defined by

HyglE) = f ®) (g0 @ —g) @) ODdA(z),
P\ (E

where E is any Borel subset of C. Then [Ty, 5f =T, f(O)llg,¢ = llfllLo(u,,) forany f € 7:5. Letdvy, = eq‘/”(z)dy(p,g,
by Lemma 2.6, condition (3.1) implies that

V(p,g(D((S(T(Z)))
zeg T(Z)Zq/p

This, together with Lemma 2.2, shows that id : F lz — L(ug,,) isbounded. Thus, [Ty 4 f = Tp,qs f(O)llgy < 11 fllye
forall f € F 5 . On the other hand, by Lemma 2.3,

(0)
Ty0f (0)|=’ | fw)g' )dw| < p(0)] sup |f(w)llg’(w)|

[wl<lg(0)]

eV (@O) (33)

< lp)] sup g’ (w)| 71 fllp,g-
lwl<lp(0) (¢(0))”

Therefore, the boundness of T, , : 7:5 - TlZ is established.
Now we proceed to prove (ii). If Ty ; : F, l/’j — ¥, is bounded, then by Lemma 2.4, we have

”T(p,y” > ||Tq7,gkp,¢,z”oo,¢; 2z |(T(p,gkp,¢,z),(w)|e_¢l(w)
=~ |(g 0 @ = 9) @)Ilky 2 (P(w))le™#®)
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for all z,w € C. In particular, taking z = @(w) and by Lemma 2.5, we have

sup|(g 0 @ — g) (W) T(p(w)) 7 eV @EIH®) < oo

weC

This is exactly (3.2) since 7(p(w))™? =~ A(p(w)). Conversely, suppose (3.2) holds, then by Lemma 2.4 and
(3.3), we have

”T(p,ngDO,t// = |Tgo.yf(0)| + sug [(gop— g)l(z)”f((P(Z))k_wl(z)

< fllyp +supl(g o @ = 9)' @)le¥ PO V1O () ( f |f (@)PPe P dA(w) p
D)

zeC
< Ufllpg + 1flly SUp1(g © @ = g) @IAY(()) 7 eV P41
zeC
S llpy

forall f € F 5 , which estalishes the boundedness of T, : Tlf - TJ}’".
The proof for (iii) is similar to that for (ii) and we omit the routine details. [J

The condition in (3.1) is difficult to apply. In fact, under the assumption of Proposition 2.7, the bound-
edness of T, : 7"5 - 7:12 will imply that ¢(z) = az + b with |a| < 1.

Proposition 3.2. Let ¢ € 1 and T be the associated function of . If Ty, : F 5 - TIZ is bounded, then

1@ 1909 = 9@ -y

z) o
e M@ 1+9() < . (3.4)

Furthermore, suppose lfl—ft) increases to +oo for some € > 0 asr — oo, then @(z) = az+bwith |a| < 1and b =0

whenever |a| = 1.
Proof. If Ty, g : 7:5 - 7:5 is bounded, then by Lemma 2.3 and Lemma 2.4, we have
ITggll 2 1T, gkp,pzllg, 0
2 (T gy =) (@)I(av) i@
= T(w)z/ﬂ(g op— g),(w)||kp,¢,z((l7(w))|€_¢l(w)

for all z, w € C. In particular, taking z = ¢(w) and using Lemma 2.5, we obtain

sup 7(w)* z I(gog _Ig)'(w)|e¢(¢(w))—¢(w) < oo,
weC T((P(w)) Ip 1T+ I,D (ZU)

Since lim,_, (1))’ (r) = +00 by [7, Lemma 18] and 7(r) < 1 for all 7, then (3.4) implies that

u lgop - 9)'(“’2)| VP Y@) < o
weC (1 + ' (w))' "

Thus according to Proposition 2.7, ¢(z) = az + b with |a| <1 and b = 0 whenever |a| = 1. [

Remark 3.3. Note that if 0 < p < q = oo, then condition (3.4) is exactly sufficient for the boundedness of Ty, :
7"5 — F° by Theorem 3.1. In fact, if 0 < p < q < co and Y(r) = r* with a > 2, then the condition in Proposition

3.2 is also sufficient for the boundedness of Ty ; : Tf - TIZ .
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Proof. Without loss of generality, assume @(z) = az + b with 0 < |a| < 1. Let

@21 1Go@ =g @y
M =su P POYE) o o
L@ 1+9@)

and Vo,g be defined as in Theorem 3.1, then

V,4(D(07(2))) B fD(éT(z)) [(goqp— g)’(w)|‘Jgﬂ¢((/’(w))—’11,’)1(w)dA(w)
T(Z)2‘7/p - T(Z)Qq/p
T(p(w)*/?
Joiseioy ~ ztap—4AG@)
T(z)%p
©(p(2))*?
T(z)2lp

<M

7

where the last inequality follows from Lemma 2.1. Since i(r) = r* with @ > 2 and ¢(z) = az + b, we have

()
oo 1(2) -
Thus,
Ve,g(D(07(2)))

zeC T(Z)Zq/p

Then via a similar argument as in Theorem 3.1, T, ; : 775 - TIZ is bounded. [
Theorem 3.4. Let ) € T and 0 < p < g < co. Suppose p(z) =az +bwith0 < |a| < land go ¢ — g € F, then

(i) If0<p<qg<oo,thenT,,: 7:5 - le is compact if and only if

i fn lkp,p,2(@@)II(g © @ — g)’ (@)le™ 1 dA(w) = 0. (3.5)

zl>e0
(it) If0<p <q=oo, then Ty, : fﬁ — 7 is compact if and only if
lim (g 0 ¢~ 9) @IAY(p(e) e/ PG = (3.6)
(iii) If p = q = oo, then Ty, 5 - F ;> — F 7 is compact if and only if
Jim [(go - 7Y @)V P16 = g
Proof. We begin with the proof of (i). Assume 0 <p <g<ocoand Ty, : 7:5 - 7:12 is compact, then

|21|1E>r‘}o ”T(p,gkp,lp,znq,lp =0. (3.7)

By Lemma 2.4,

”T(p,gkp,t/;,zug’w = |Tgu,ykp,1p,z(0)|q + L |kp,1/1,z((P(w))|q|(g °p - 9)/(w)|qe_w1(w)dA(w)'
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Thus the “only if part” follows directly. Conversly, let {f,} be any bounded sequence in Tj the converges
to 0 uniformly on compact subsets of C, then by (3.3),

T4, a0 < 1p(0)l sup |g" @)l fu(w)| — 0 (3.8)
[wi<ip(O)

as n — oo. Consider the positive measures (,, and v, ; appearing in Theorem 3.1, then by Lemma 2.6 and
Lemma 2.2, condition (3.5) implies that

ITp0fn = T fuO)llgy = llfallou,,) — O

as n — oo. This, together with (3.8), shows that || T, ; full;,y — 0, which implies the compactness of T .
Now we proceed to prove (ii). Assume0 <p <g=ocoand Ty, : TJ}J - Tl;" is compact, then by (3.7) and
the proof of (ii) in Theorem 3.1, we have

lim  |(g0 @ — g) @) Ap((w))7 V@@ 1@ = o,

lp(w)l—oo

Since ¢(z) = az + b with 0 < |a| < 1, then |p(w)| — o as |w| — oo. Thus condition (3.6) holds. Conversely, let
M(w) = (g 0 ¢ — g)’ (@)|Ap(p(a))F e/ P91,

which converges to 0 as [w| — co. Let {f,} be any bounded sequence in ?'5 that converges to 0 uniformly on
compact subsets of C, then by Lemma 2.4 and Lemma 2.3, we have

117
”T(p,gfn - T(p,gfn(o)”oo,lp < sup M(ZU) (f |fn(Z)|p€_p¢(Z)dA(Z))
D(6t(p(w)))

weC

[l)
$suphﬂwﬂmmn¢+supAAWA(Jﬂ If(2)PePY@dAz)| .
D(6t(p(w)))

|w|>R |w|<R

Letting R — oo and then n — o0, and combining (3.8), we have
’}gl‘}o ”Tq),gfn”oo,lp =0,

which establishes the compactness of T, ; TJ: =5
The proof for (iii) is similar to that for (ii) and we omit the routain details. [

Proposition 3.5. Let 1 € I and t be the associated function of Y. If Ty ; : 7"5 - 771;’ is compact, then
2 _ ’

im T(Z) /7 |(9 oQ g) (Z)lew((‘u(z))_w(z) _
oo T(@E)?P 1+¢()

Furthermore, if 0 <p < q < coand P(r) = r* witha >2,0r 0 <p < g = o0, or p = g = oo, then the above condition
is also sufficient for the compactness of Ty, 5 : F! 5 - ?IZ.

0.

Proof. The proof is just a modification of Proposition 3.2 and Remark 3.3, the details are left to interested
readers. [J

Now we are ready to prove Theorem A and Theorem B.

Proof of Theorem A . The “if part” is trivial since C,, = id if ¢(z) = z and C, is compact if p(z) = az + b with
la] < 1 according to [9, Theorem 2.1] and [10, Theorem 2.2].
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Now we proceed to prove the “only if part”. It suffices to show that C, compactly interwines all
bounded Volterra-type operators ], only if ¢(z) = z or ¢(z) = az + b with |a| < 1.

LetT,,; = CyJ;—];Cyp. By Proposition 3.2, the compactness (boundedness) of T, ; implies that ¢(z) = az+b
with |a| < 1 and b = 0 whenever |a| = 1. In the latter case, we only need to show thata = 1.

Suppose Ty, 4 is compact and |a| = 1, then by Proposition 3.5, we have

lag'(az) - g’ 2)| _

|z|IE>I:o 1+¢'(2) 0 (39)

Choose g € H(C) satisfying that

o e
e B w7

for any 0 < 6 < 2m. Then by [7, Theorem 3], ], is bounded on ?‘5 but is not compact. For such g, (3.9) holds
only if a = 1. The proof is complete.

i P . . p e 9@
Proof of Theorem B . The “if part” is trivial since ], is compact on Tw if 55

Theorem 3]. To prove the “only if part”, we assume that ], compactly intertwines all bounded composition
operators C,.

Let ¢(z) = €%, by [9] and [10], C, is bounded but not compact on TJJ for any 6 € [0,2n]. Then
Proposition 3.5 tells us that

— 0 as |z| = o by [7,

. 1% (%2) - g'(2)|
Jim —— T 0

Suppose g(z) = Y- 4,2" and integrating with respect to 0 from 0 to 27, we get

+00

Z nanzn—l(einﬂ _ 1)

n=1

do de

1+9/(2) S 1+Y9(2) Jo

fZT( |ei69/(ei62) _ g/(z)l _ 1 27
0

1
C1+y(2)
_ 27y’ (2)l
RSN

+00 27T ]
Z na,z" ! ("% —1)de
n=1 0

Thus the “only if part” follows immediately. The proof is complete.

In fact, Theroem B tells us that D(J,) on B(Tlfj ) ranges into the ideal of compact operators if and only if
J; is compact. However, there exist non-compact C, and ], such that T, ;, is compact.

Example 3.6. Let ¢(z) = iz, g(z) = z* and Y(z) = |z|*, then neither Cyp nor |, is compact on 7:5 but T, is compact
according to Theorem 3.4.
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