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Almost convergent double sequences of bi-complex numbers

Sujeet Kumar®’, Binod Chandra Tripathy?

®Department of Mathematics, Tripura University, Agartala 799022, India

Abstract. In this article we have introduced the notion of almost convergence, strongly almost convergence,
almost null and strongly almost null of double sequences in Pringsheim sense of bi-complex numbers. We
have proved that these are linear spaces and with the help of the Euclidean norm defined on bi-complex

numbers, we have proved their different algebraic and topological properties. Suitable examples have been
discussed.

1. Introduction

In this section we procure the detailed preliminaries of bi-complex numbers.
Throughout Cy, C; and C; denote the set of real, complex and bi-complex numbers.
Segre [18] defined the bi-complex numbers as follows:
Yy =u+ irlp
=w+ix+ 12]/ + 11z,
where uy,u; € Cy;w,x,y,z € Cp, and iy, i are two distinct imaginary unit whose square is —1, and 71, is
hyperbolic unit whose square is 1.
The set of bi-complex numbers is denoted by C; and defined by

C =y ={w+ix+iy+ihz:wxyzecC

There are three types of conjugations defined by Rochon and Shapiro [17] as follows:
(i) i1- conjugation of bi-complex number y is y* = uj + iy, for all uy,u; € C; and uy, u; are complex
conjugates of u1, u, respectively.

(i) io- conjugation of bi-complex number y is ¥ = uy — ipuy, for all uy, u, € Cy.

(iif) 71ip- conjugation of bi-complex number y is )/ = Uy — ipuy, for all uy,u, € €y and uy, u; are complex
conjugates of uj, 1y respectively.

A bi-complex number y = u; + i>u; is called hyperbolic if y” = y, where 9’ is the i1i>- conjugation of y.
The set of all hyperbolic element is denoted by H and defined by

H = {w+i1iz: w,z € Cp},
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A bi-complex number y = uy + i1u; is called singular if [u? + 13| = 0 and otherwise it is called non-singular.
In C;, there are exactly two non-trivial idempotent elements e; and e, where
{1+ 11}

e = ———ande = 1= his} i1i2}.
2 2
Obviously,e; +e; =1lande;-ex =ex-e1 = 0.
Every bi-complex number y = u; + i>u; has a unique idempotent representation as
Y = uie1 + ez, where g = uy — it and pp = uy + iju; are called the idempotent components of y.
Norm (Euclidean Norm) on C; is defined by

Iylle, = Jw? + %2+ y* + 22

= V]ui? + uz?

il ol
=\

C, becomes a modified Banach algebra with respect to this norm in the sense that

Iy -slle, < V2Iylic, - lslle,-

"The set C; is a Banach space w.r.t. the Euclidean norm.”
A double sequence x = (x,,) is said to be bounded if

llxll = sup |xpm| < oo.
1,meN

The symbol »{., stands for the set of all bounded double sequences.
A double sequence (x;,,;) of real and complex terms is said to be covergent in Pringsheim’s sense to K, if for
each ¢ > 0 then d a natural number Nj such that |x;,, — K| < &, for all [, m > Ny, written as

P — lim x;, = K.

[—>00
m— oo

where [, m — oo independent to one another.
A double sequence x = (xy,,) is said to converge regularly (introduced by Hardy [5]) if it converges in the
Pringsheim’s sense and the following limits exist,

lim x;,, = P,,,, exists for each m € IN,

|—00

and

lim x;,, = Q,, exists for each [ € IN.
m—o0

Throughout ,, 2le, 2€, 2¢0, 2¢%, 26X, 2¢P and 5 denote the classes of all, double bounded, double convergent,
double null, double regular, double regular null, double bounded convergent and double bounded null
sequence of real or complex terms.

In [4], Cunjalo established the concept of double almost Cauchy sequences.

A double sequence x = (x,) is said to be almost Cauchy if for every ¢ > 0, there exists Ny € N such that

pr=lqi-1 pa=1ga-1

1 Z Z 1 Z Z
—_ xl+n1,m+k1 - xl+n2,m+k2 < g,

[ R P22 45 =0

for all p1,p2, 91,92 > No and (11, k1), (2, k2) € IN X IN.
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1.1. Almost Convergence of Double Sequences
In this subsection we procure the basics of almost convergence and strongly almost convergence of
double sequences. For the following, one may refer to Mursaleen and Mohiuddine [10].

Definition 1.1. A linear functional L on »{s is said to be a Banach limit if it has the following properties:
(i) L(x) 2 0if x > 0 (i.e., x4y 2 0, for all [, m),
(ii) L(E) = 1, where E = (ay,) with ay, = 1, for all j, k, and
(iii) L(D11x) = L(x) = L(D10x) = L(Do1x), where the shift operators Dy1, D19 and D1 are defined by
Do1x = (X1m+1), D10x = (Xe1,m), D11% = (X141,m41), for all [, m € IN.

Lorentz [6] established the idea of almost convergence for a single sequence. Later, Mdricz and Rhoades [9]
introduced the notion of almost convergence for double sequences.

Consider, B; is the collection of all Banach limits on »{.. A double sequence x = (x,) is said to be almost
convergent to a number K if L(x) = K, for all L € B,.

Definition 1.2. The sequence space f, of almost convergent double sequences was defined in [9] as

= {x = (X1m), p,lqiinoo ITpqij(x) — K| = 0, uniformly ini, j € ]N},

where

Tpaii ZZx , forallp,q,i,j € N.
paij = p+1)(q+1) b 1+1m+] p,q,1 ]
It may be noted that a convergent double sequence has some unbounded sequences, therefore it need not
be almost convergent. However, the inclusion 2B ¢ f2 C 2ls are strict.

Maddox [7] introduced the notion of strong almost convergence for single sequences. Later on, Basarir [3]
introduced the concept of strong almost double sequences.

Definition 1.3. A double sequence (x,) is said to be strongly almost convergent to a number K if

i+p j+q
1
P- lim — |x1 — K| = 0, uniformly in 1,m € IN.
A T D@+ D) Z,zi zm:,. g formly

1.2. Almost Convergent Double Sequence of Bi-complex Numbers
In this subsection we introduce the notion of almost convergent and strongly almost convergent double
sequences of bi-complex numbers.

Definition 1.4. A double sequence (y1,) of bi-complex numbers is called bounded, if there exists a real number M > 0
such that
”Vlm”Cz <M, fOT all I, m € IN.

Let 20(C2) be the set of all bounded double sequences (yy,,) of bi-complex numbers with the norm

I(imllo = sup llymllc, < co.
I,meN

Definition 1.5. A double sequence (yy,,) of bi-complex numbers is said to be convergent to y € C if for each € > 0
there corresponds an No(e) € IN such that

lVim = Vllc, <€, forall [, m> No(e).
It is written as

llim VYim =Y.

300

where I and m tend to co independent of each others.
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Definition 1.6. A double sequence y = () of bi-complex numbers is said to converge reqularly if it converges in
the Pringsheim’s sense and the following limits exist,

llim Vim = P, exists for eachm € N,
—00

and

lim yy, = Qy, exists for each I € IN.

m—00

Definition 1.7. A linear functional L on »{.(C>) is said to be Banach limit if it has the following properties:
() L) 2 0, if [Vimllc, 2 O, for all [, m € N,

(ii) L(E) = 1, where E = (aj,) with ay, = e1 + ey, forall [,m € N, and

(iii) L(D11Y1m) = L/im) = L(D10V1m) = L(Do1Y1m), where the shift operators Doy, D1o and D1y are defined by

Do1Yim = Vim+1, D10Vim = Vierm D11Vim = Vieims1, forall [,m € IN.
Definition 1.8. A double sequence (y1y,) of bi-complex numbers is said to be almost convergent to a limit K if
ip j+a

(p+1>(q+1>22”'”’

I=i m=j

P - =0, uniformly in i,j € IN.

p q—)(X!

G

In this case K is said to be the generalized limit of (yim).

The space »c¢(C>) of almost convergent double sequences of bi-complex numbers is defined by,

207(Co) = {y = (Vim) € 20(C2) : P — plqiinoo 1Tpgi(Yim) — Kllc, = 0, uniformly in i, j € ]N},

and for the set of almost bounded and almost null double sequence of bi-complex numbers are defined as
follows:

2l f(C2) = {)/ = (Vim) € 2leo(C2) : sup || Tpgij(Yim)llc, < o0, uniformly ini, j € ]N},
ILm

200£(C2) = {y = (Yim) € 20ee(Cp) : P — plqiglm 1Tpgij(Vim)llc, = O, uniformly in i, j € JN},

where
1 pP.4
Tpgij = m IZ:(; mzzo Visimsj, forallp,q,i,j € IN.

Definition 1.9. A double sequence (yy,,) of bi-complex numbers is said to be strongly almost convergent to a limit K
if
1+p ]+q
P - pq_m m Z,‘ Z lVim — Kllc, = 0, uniformly in i, j € IN.

We denote the space of strongly almost convergent double sequence of bi-complex numbers by [>c(Cs)].
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The space [2c£(C2)] of strongly almost convergent double sequences of bi-complex numbers is defined by,

cr(Cr)] = {7/ = (Vim) € 20e(Cp) P — 11£nm o 1)(11 ) Z Z 11+im+j — Klle, =0,

uniformly in i, j € ]N},

and for the set of strongly almost bounded and strongly almost null double sequence of bi-complex numbers
are defined as follows:

P14
[2fmf<c:z>]={ = (/) €26(Ca) : sup (p+1)(q+1);anmﬂucz<oo uniformly in, ]eN}

0

1 R\ . .
[ZCOf(CZ)] = { ()/lm) € 2l (CZ) :P — pq—)oo m ZO: mZ:O ”yl+i,m+j||Cz =0, unlformly ini,je N}

Definition 1.10. A double sequence y = (yim) of bi-complex numbers is called almost Cauchy if for every € > 0,
there exists Ny € IN such that

pri-lqi-1 p2-1g2-1
Z Z yl+n1 m+k1 Z Z ‘)/l+n2 m+k2 < S/
plqllOmO pqlemO C,

forall p1,p2,491,q2 > No and (ny, k1), (n2,ky) € N X IN.
“Note that every almost convergent double sequence of bi-complex numbers is bounded.”

Definition 1.11. A double sequence space E of bi-complex number is said to be solid if (aynym) € E, whenever
(Yim) € E, for all double sequences () of scalars with |ay,| < 1, for all [,m € IN.

Definition 1.12. A double sequence space E of bi-complex number is said to be symmetric if (Y1,,) € E = (Yrm) €
E, where 1 is the permutation of IN x IN.

Definition 1.13. Let K = {(l;;mj) : i,j € IN; ]y <l <...and m; <my < ...} CIN XN and E be a double sequence
space. A K-step space of E is a sequence space

& = {1m,) € 20(C2) : (yim) € E}.

A canonical pre-image of a sequence () € E is defined as follows:

b= )/lm/ Zf(l/ m) € K/
fm = 0, otherwise.

A canonical pre-image of a step space AL is a set of canonical pre-images of all elements in A%.

Definition 1.14. A double sequence space E is said to be monotone if it contains the canonical pre-images of all its
step spaces.

Remark 1.15. It follows that, "If a sequence space E is solid, then sequence space E is monotone.”

Definition 1.16. A double sequence space E is said to be convergence free if (t,,) € E whenever (yi,,) € Eand ty,, = 6,
whenever vy, = 0, where 0 is the zero element of C.

Definition 1.17. A double sequence spaces E is said to be sequence algebra if (V1) * (tim) = (Vimtm) € E, whenever
(Vlm)/ (tlm) €E.
In this article we consider the termwise product of the sequences.

Definition 1.18. Let E be a subset of a linear spaces X. Then E is said to be convex if (1 — A)(Yim) + A(tym) € E for
all (Yim), (i) € E and scalar A € [0, 1].
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2. Main Result

This section discusses the article’s results. The following results are stated without proof since they can
be established using standard methods.

Result 2.1. The following inclusions are strict.
(Z) QCB(Cz) C zcof(Cz) C ch(Cz) C 2500(([:2).

(if) 2¢°(C2) C [200£(C2)] C [26(C2)] C 2leo(C2).
(ii1) [2c0(C2)] € 200 £(Co).

We discuss the following example to show that the inclusion (iii) is strict. Similar examples can be con-
structed to show that the other inclusions are strict.

Example 2.2. Consider the double sequences (yy,,) of bi-complex numbers defined by

| (e1 +e), ifl +miseven;
Vim = —(e1 +ey), otherwise .

Then (yim) € 2¢0£(C2), but (yim) € [2c0£(C2)].
Result 2.3. A P-convergent double sequence of bi-complex numbers may not be almost convergent.
Example 2.4. Let us consider the double sequence (Y1) of bi-complex numbers defined by

(e1+e)?, if m=1foralll €N,
yim =14 (e1+e)m, if I=1forallmelN,

(ell;nef), if I>1andm>1.

P fim i =
In this case,

sup [[y1mllc, = oo.
I, meN

Therefore, the double sequence (Y1) of bi-complex numbers is unbounded.
Hence, the double sequence (y1,) of bi-complex numbers is not almost convergent double sequence of bi-complex
numbers.

In view of the above example, we state the following result.
Result 2.5. A P-convergent double sequence of bi-complex numbers may not be strongly almost convergent.
We present the following two results without proof, these can be established using standard technique.

Theorem 2.6. Every bounded convergent double sequence of bi-complex numbers is almost convergent double se-
quence of bi-complex numbers.

Theorem 2.7. Every regular convergent double sequence of bi-complex numbers is almost convergent double sequence
of bi-complex numbers.

Result 2.8. Almost convergent double sequences (yyy,) of bi-complex numbers may not be P-convergent in general.
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Example 2.9. Consider the double sequences (y1,,) of bi-complex numbers defined by

e1+ e, ifl =modd,
Yim =1{—(e1+e2), ifl=meven,
e162, otherwise.

It is clear that (yy,,) is almost null but not P-converget, that is, 2¢3(Ca) C 20£(Co).

We state the following theorem without a proof that can be established by standard techniques.

Theorem 2.10. The class of double sequences of bi-complex numbers ¢o¢(Cz), 20£(C2), [2¢0 f(C2)] and [2¢(C2)] are
linear space under the coordinatewise addition and coordinatewise scalar multiplication.

Theorem 2.11. Every double sequence y = (Vi) of bi-complex numbers is almost convergence if and only if it is
almost Cauchy.

Proof. Consider y = (y1,,) be almost convergent double sequence of bi-complex numbers. Then, for every
e > 0, there exists Ny € IN such that

p-1 g-1
1
H— Vienm+k — < g, forallp,q > Nyp and (n,k) € N x IN.
pq 1=0 m=0 Cz
Therefore,
1 1 R
Z yl+n1,m+k1 - Vitn,, m+k2
= P22 455 =0
) k Vieny,mik, — K
plql ZO‘ Z +nq,m+Kq . pzqz ZO +ny,m+Kp .
<fifoe
2 2 7

for all p1,p2, 41,92 > No and (111, k1), (12, k2) € IN X IN. Hence, the sequence y = () is almost Cauchy.
Conversely, let y = (y;,,) be almost Cauchy double sequence of bi-complex numbers. Then, for every ¢ > 0,
there exists Ny € IN such that

)/l+n1 m+ky T )/l+n2 m+ky < a7 (1)
plqllOmO qu1omo G 2
for all p1,p2, 41,92 > No and (11, k1), (12, k2) € IN X IN.
Vitny,m+k, — Vl+ny,m+k, <z (2)
plqllOmO pqlemO C, 2

for all p1,41,92 > No and (n1, k1), (11, k2) € N X IN.
S0 (Yim)q is almost Cauchy sequence in C; for each p > No. Hence almost convergent. Let

p-1q-1
qh_%lo o Z Z Visnm+k = My, for all p > No, uniformly in [,m € IN.

1=0 m=0
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-1

p-1
1
H Z Vitnm+k — Mp

=0 0

Q

<e¢, forallp,qg > Ny
C

3
Il

Similarly, Let

p-1g-1
o1
;1_{{)10 o ; Z Visnm+k = Ly, for all ¢ > No, uniformly in [,m € IN.

i.e.

p-1 g-1

leq Z Z Vitnm+k —

1=0 m=0

<e¢, forallp,qg > Ny
Cz

First we show that (M)) is almost Cauchy sequence. Let p,i > Ny then

p-1 g-1 p-1 g-1
1 1
(IMp = Millc, = ‘Mp -— Z Vienmek + — Z Z Vienm+k — M;
Pl = =0 P4 =
1 p-1 g-1
< Mp - 7/l+n,m+k
pq 1=0 m=0 1=0

< €+ ¢ =2¢, by equation (3).
Hence, (M,) is almost Cauchy sequence. Let

lim M, = K;, uniformly in [,m € IN.

p*)OO
Similarly, we can so that (L;) is almost Cauchy sequence. Let

lim L; = Ky, uniformly in [,m € IN.

q—)OO

Now we show that K; = K».
From equation (5) there exist N1 € IN such that

IM, — Killc, < ¢, forall p,q > Nj.
From equation (6) there exists N, € IN such that
IL; — Kallc, < ¢, forallp,q > N».

Let N3 = max{Ny, N1, Nz}. Then for all p,g > N3

p-1 g-1 p-1 g-1
1 1
1Ky — KZ”CZ = (|Ky = Mp + Mp - — Z Z Vienm+k + — Z Z Vitnm+k — Lq + Lq -K;
P4 1=0 m=0 Pq 1=0 m=0
p-1 p-1 g-1
< IIKs = Mylle, + ||, - — 2 Z Visnmok
1=0 m=0 G 1=0 m=0

<e+e+e+e=A4e, By equation (3), (4), (7) and (8).

Pl_q Z‘ Z Vienm+k — Lq

C;

3964

+|ILy = Kzlle,

(4)

(6)

)

(®)
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Since, ¢ is arbitrarily small, so K; = K; = K, (say). Therefore, we have
1 p-1 g-1
lim — = K, uniformly in [,m € IN.
pime pg IZ_;‘ mzzo Vitn,m+k y

Hence, the double sequence (y1,,) of bi-complex numbers is almost convergent. [J

Theorem 2.12. The class of double sequences of bi-complex numbers ¢y ¢(Ca) and 2c¢(Ca) are Banach spaces under
the norm || - ||, defined by

I(im)lleo = sUp 174 (yim)llc, - )
Lm

Proof. We establish it for the case »c(C>) and other case can be shown via a similar method.
Let (y},) be the Cauchy sequence in »¢¢(C2). Then, for each [, m, ()} ) is Cauchy in C,. Therefore )| — yim
(say). Let y = (yi), then for a given ¢ there exists an integer Ny(¢) = Ny say such thata, b > Nj.

b e
" =7 lle < 5
Hence,
(1 b £
SUP||quz]()/;m V]m)”Cz < 5’
paij

then for each p,q,i,j and a,b > Ny, we have

a €
1Tpaii (V5 = Villes < 5
Taking limit as 2 — oo, we have for b > Nj and for each p, g, i, j

€
Tpaii (V5 — Klle, < 7 (10)

Now for a fixed b, (Vzbm) € 205(C2), so we get

lim quij(y;’m) =K,

p,q—>oo

uniformly in i, j. Then, for a given ¢ > 0, there exist positive integers py, 4o such that

&
”qui]'(slm) —Kllg, < (1)

E/
for p > po,q = qo and for all i, j. Here py, qo are independent of i, j but depends on ¢. Now by using relation
(10) and (11) we get
1pai (i) = Klles =Tpgij (Vi) = Tpais (i) + Tpaij(im)” = Kl
< i (Vi) = Tpaii i) e, + s (i) = Klle,

<g,

for p > po,q = qo and for all 7, j. Hence, y = (Y1) € 2¢(C2) and 2¢£(C>) is complete.
This establishes the theorem. [

Theorem 2.13. The class of double sequences of bi-complex numbers [2co(C2)] and [2c¢(Ca)] are Banach spaces
under the norm || - ||, defined by
i+p j+q

1
I/l = sup m;ﬂmmucz.
=i m=j

Lm,j,jeN
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Proof. The proof is similar to the proof of Theorem 2.12. [J
Result 2.14. The spaces »co¢(Ca) and »c¢(Cz) are not monotone.
Example 2.15. Consider the double sequence (yy,) of bi-complex numbers defined by
Vim = {=(e1 + e}*™, foralll,m e N

Then, we have

iHp g iHp jtq
I+m
(p+1(q+l) ;;wm . p+1)(q+1) IZ; (1 + e} .
_ i [1+{=(er + e)IP][1 + {—(e1 + €2)}7]
= mH{—(El +eo)} 1 . (12)

On apply P-limit as p,q — oo in equation (12), we get (yim) € 2007(Ca). Now consider the double sequence
tim €10, 1NN defined for all I, m € N by

tn = {—(e1 + e2)}*™, 1 + m is even ;
= e1ep, otherwise .

and let (spy) = (Vimtim). Hence, when p,q,iand j are even we have

1 on i jtg
-+ s t
p+1)(@g+1) ;;lm . (P+1)(q+1) ;mzj)/lmlm .
‘ g+1 plg+1)
R 1)(11 +1) 2 |,
which yields,
1 i+p jtq 1
P- lim ——— sm|| = =, uniformly inl,m e IN.
pg—e (p+1)(g + 1) == 2

Hence, (i) € 2c0¢(Ca). Furthermore, we obtain the same outcome in other case for p,q,iand j. Define the sequence
v = (vx) by
_ { (1 +e), k=2%,.,2%1—1;

e16y, k= 221+1, veey 221+2 - 1,‘

(k=0,1,2,3,4,...) for all k € N. Now, we contruct the double sequence of bi-complex numbers (u1,,) ¢ 2¢7(Cz) whose
rows are all of the sequence v, that is

(e1+e) eier eer (e1+e) (e1+e) (e1+e) (e1+e) eer
(e1+ex) eiex erex (e1+e) (e1+e) (e1+ex) (e1+e) erer
Um) =|(e1+e) erer e12 (e1+e) (a1+e) (1+e) (1+e) eer .|

and take the double sequence (y1,) of bi-complex numbers with y,, = (e1 + e2), for all k,1 € IN. Therefore, we have

< _NMi+p—i+ DG +9-j+Dle,

P+D@+1)

=1. (13)

I=i m=
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If we apply P-limit as p,q — oo in the equation (13), then we get

l+p ]+q

22 vm

I=i m=j

P - =1, uniformly in I,m € N.

S ) 1>(q )

C

that is (Y1) € 2¢7(C2). Obviously, the sequence (uy,) is in {0, 1NN byt the multiply sequence (zpy,) =

(1) is not in 2c¢(Ca).
Thus, the space »c¢(Cy) is not monotone.

We state the following result in view of Result 2.14. and Remark 1.15
Result 2.16. The sequence spaces ¢g f(Cz) and ¢¢(Cy) are not solid.

Result 2.17. The sequence spaces 2c¢(Cy) and [2c¢(Cz)] are not symmtric.
Example 2.18. Consider the double sequence (yy,,) of bi-complex numbers defined by

_ | (e1+ep), ifl +misevenand l,m € IN;
Vim = e162, otherwise .

Then, (ym) € 20£(Ca).
Consider the rearranged double sequence (ty,,) of bi-complex numbers defined by

; (e1 + €2), if m = k*,k € N and for all I;
Im = e16, otherwise .

Then, (tim) ¢ 2¢5(C2). Hence »cf(Cy) is not symmetric.
1t is clear from this example that the space [>c¢(C2)] is not symmetric.

Result 2.19. The sequence spaces 2¢o f(Cz) and [»co f(Cz)] are not symmitric.
Example 2.20. Consider the double sequence (yy,) of bi-complex numbers defined by

(e1 +e), ifl +misevenandl,m e N;
Vim = _ .
(e1 +e2), otherwise .

Then, (yim) € 260£(C2).
Consider the rearranged double sequence (t1,,) of bi-complex numbers defined by

; (e1+e), ifm=k*keN, forall;
b = —(e1 + e), otherwise .

Then, (t1,) € 2co f(Cz). Hence, >cp f(Cz) is not symmetric.
It is clear from this example that the space [yco (C2)] is not symmetric.

Result 2.21. The sequence spaces ¢y f(Cz), 20£(C2), [2c0 f(Cz)] and [2¢¢(Cz)] are not convergence free.

Example 2.22. Consider the double sequence (yy,) of bi-complex numbers defined by

(e1+e), ifl + mevenl,meN;
Vim = _ .
(e1 +e2), otherwise .

Then the sequence (Vi) € Z.
Construct the double sequence (ty,) of bi-complex numbers by

P (e1 +ex)lm, if |+ mevenl,m e IN;
= —(e1 +e2)lm, otherwise .

Clearly, (tin) ¢ Z, where Z = 2¢0£(C2),2¢¢(C2), [2¢0 (C2)] and [2c4(Co)].
Hence, the spaces »cg f(Cz), 207(C2), [2c0 f(CZ)] and [2¢¢(Cz)] are not convergence free.

3967

(Uimyim) =
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Result 2.23. The classes of double sequences »c¢(Ca) and »co¢(Cz) of bi-complex numbers are not sequence algebras
in general.

Example 2.24. Consider the double sequences (), (tim) of bi-complex numbers defined by

— = (e1 +e), if I+ miseven;
Vim = Hm —(e1 +ey), otherwise .

Then
1 i+p j+q
TR ER PR

I=i m=j

P - =0, uniformly inl,m € N

G

m
pg—

and

i+p j+q

1
TP IIME

pP- =0, uniformly inl,m € N

C;

im
p,qaoo
Now,

l+p ]+q

e DI IRIRLE §

I=i m=j

l+p ]+q
<P- lim * t
<P- lim p+1) 77D ZZIIVW mllc,

I=i m=j

P -

p q—)OO

C

H—p ]+q

1
<P- lim ——— E z i
- pqlg)oo (p + 1)(q + 1 ”7/1 tl ”Cz (el + 62) * 0

I=i m=j
Clearly, (Vi) * (tim) € 20 f(Cz). Hence, the double sequence space »co f(Cz) is not a sequence algebra.
Theorem 2.25. The classes of double sequences [5co f(Ca)] and [2¢ 1(C2)] of bi-complex numbers are sequence algebras.

Proof. The conclusion comes from the inequality given below,
Let the double sequence (i), (tim) € [2¢£(C2)] of bi-complex numbers. Then

i+p j+q

1
P-lim — mllc, = Ky (say) , uniformly in [, m € IN.
Jim (p+1>(q+1);mz_;”” lle, = K (say) y
1 i+p j+q
P-lim — tmllc, = Ko (say) , uniformly in [, m € IN.
p/w(pﬂ)(qﬂ);;uz le, = Ka (say) y

Thus, we have for the product (termwise) of the two sequences

i+p j+q
1
T S < . .
P p};inw ST ; mZ:; Y imtimllc, < KiKp, uniformly inl,m € N,
where Kj, Ky € Cy. Clearly, (yi) * (tin) € [2c£(C2)]. Hence, the double sequence space [>c¢(C»)] is a sequence
algebra.
Similarly, we have the space [>¢o¢(C2)] is a sequence algebra. [
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Theorem 2.26. The spaces ¢ £(€2),20¢(Ca), [2co f(Cz)] and [>¢¢(Cz)] are convex.

Proof. Let the double sequences (y1), (tim) € [2¢,(C2)] and A € €y satisfying 0 < A < 1. Then

i+p j+q
1
P-lm ——— mllc,, uniformly in [,m € IN
A G D e Y
and
1 i+p j+q
P- lim — ltmllc,, uniformly inl,m € IN
pames (p+ 1)+ 1) ,Zmz] Y

are strongly almost convergent to K; and K; respectively.

l+p ]+q

P- lq*“’ (p+ 1)(17 +1) IZ; ; 1AV + (1 = Dbimlle,
Hp i+p jq
<P- pl;inm e 1) 77D ; ;j Yimllc, + P — thoo v 1) " 1) Z mZ; ltmlle,
G & itp jtq
- /\{P dm T (q S ||y,m||cz} +(1- A){ B e (q PN lmncz}

I=i m=j I=i m=j

= AK; + (1 — D)K.

Which implies, A(yim) + (1 = A)(tim) € [2c£(C2)]-
Use the similar technique for the spaces »cg f(Cz), 2cf(C2) and [»cp f(Cz)] are convex. [

Conclusions. In this article, we have introduced and investigated properties of the almost convergent
and strongly almost convergent double sequences of bi-complex numbers. We have examined its various
algebraic and topological properties, discussed some examples.
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