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Abstract. The present paper deals with the generalized symmetric metric connection defined on para-
Sasaki-like Riemannian manifolds. We derive a relation between the Levi-Civita connection and the
generalized symmetric metric conneciton on the considered manifold. We investigate the curvature tensor,
the Ricci tensor and scalar curvature tensor with respect to the generalized symmetric metric connection. We
study para-Sasaki-like solitons on para-Sasaki-like Riemannian manifolds with the generalized symmetric
metric connection. Finally, we construct two examples of para-Sasaki-like Riemannian manifolds admitting
generalized symmetric metric connection and verify our some results.

1. Introduction

The study of a semisymmetric linear connection on a differentiable manifold was initiated by Friedmann
and Schouten [22] in 1924. Later, in [16] the idea of semisymmetric linear connection with a torsion
different from zero was introduced and studied. This connection has been studied on manifolds equipped
with different structures such as almost contact B-metric manifolds, almost contact manifolds, Kenmotsu
manifolds [14, 15, 19]. A quarter-symmetric linear connection on a differentiable manifold was introduced
by Golab [1]. Rastogi [20, 21] started the systematic study of the quarter-symmetric metric connection.
Some properties of semisymmetric metric connections have been investigated on manifolds having special
structures [2, 18, 23, 24]. A generalized symmetric metric connection which is the generalized form of the
semisymmetric metric connection and the quarter-symmetric metric connection for Kenmotsu manifolds,
Lp-Sasakian manifolds and Golden Lorentzian manifolds has been defined and studied [11–13].

The study of Riemannian Ricci solitons was carried out in [7]. The investigations into the Ricci solitons
have been generalized in contact geometry, paracontact geometry and pseudo-Riemannian geometry [8–10].
A detailed study on para-Ricci-like soliton has been performed in [4].

The geometry of almost paracontact almost paracomplex Riemannian manifolds (briefly apapR mani-
folds) has been examined [6]. After that, para-Sasaki-like Riemannian manifolds, a special class of apapR
manifolds, have been presented in [4]. Para-Ricci-like solitons with Reeb vector field potential, arbitrary
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potential and vertical potential have been investigated and proved some additional geometric properties
in [3–5].

Motivated by these circumstances we initiate the study of para-Sasaki-like Riemannian manifolds with
generalized symmetric metric connection which is the generalization of semi-symmetric and quarter-
symmetric metric connection. In Section 2, we present some basic definitions and results about para-
Sasaki-like Riemannian manifolds. In Section 3, we define the generalized symmetric metric connection
on apapR manifolds and calculate curvature tensor and the Ricci tensor with respect to this connection for
para-Sasaki-like Riemannian manifolds. Moreover, we investigate some operators with this connection. In
Section 4, we prove that the cases of para-Einstein-like of the manifold and admitting para-Ricci-like soliton
are preserved in this connection. Finally, we give two examples to illustrate the obtained results.

2. Para-Sasaki-like Riemannian Manifolds

Let M be a differentiable manifold of dimension (2n + 1) endowed with a tensor field ϕ of type (1, 1), a
vector field ξ, a 1−form η and a Riemannian metric 1, which satisfies

η(ξ) = 1, ϕ2x = x − η(x)ξ, ϕξ = 0
1(ϕx, ϕy) = 1(x, y) − η(x)η(y), trϕ = 0 (1)

for any x, y ∈ χ(M). Such manifold (M, ϕ, ξ, η, 1) is called an almost paracontact almost paracomplex
Riemannian manifold (shortly, apapR manifold)[6]. Moreover, by using the latter equalities we get the
following:

1(x, ξ) = η(x), 1(x, ϕy) = 1(ϕx, y),
1(ξ, ξ) = 1, η(∇xξ) = 0, (2)

where ∇ denotes the Levi-Civita connection of 1.
The associated metric 1̃ of 1 on (M, ϕ, ξ, η, 1) determined by the equality 1̃(x, y) = 1(x, ϕy) + η(x)η(y) is a

pseudo-Riemannian metric of signature (n + 1,n).
An apapR manifold M is said to be a para-Sasaki-like Riemannian manifold if the following is provided:

(∇xϕ)y = −1(x, y)ξ − η(y)x + 2η(x)η(y)ξ
= −1(ϕx, ϕy)ξ − η(y)ϕ2x. (3)

In [17], it is proven that the following identities hold for any para-Sasaki-like Riemannian manifold
(M, ϕ, ξ, η, 1):

∇xξ = ϕx, (∇xη)y = 1(x, ϕy),
R(x, y)ξ = −η(y)x + η(x)y, Ric(x, ξ) = −2n η(x),
R(ξ, y)ξ = ϕ2y, Ric(x, ξ)(ξ, ξ) = −2n,

(4)

where R and Ric denote the curvature tensor and the Ricci tensor, respectively. If M is para-Sasaki-like
Riemannian manifold, then we have the following identities by the first equality in (4):

ϕ∇xξ = ∇ϕxξ = x − η(x)ξ. (5)

3. Para-Sasaki-like Riemannian Manifolds with Generalized Symmetric Metric Connection

In [11] the generalized symmetric metric connection for Kenmotsu manifold was defined. Moreover,
the connection on different types of manifolds such as LP−Sasakian manifold, golden Lorentzian Manifold
was discussed [12, 13]. Inspired by these articles we consider a generalized symmetric metric connection
on the apapR manifold.
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Let (M, ϕ, ξ, η, 1) be an apapR manifold. Let ∇ be a Levi-Civita connection of an apapR manifold M and
∇ be a linear connection determined by the condition

(∇x1)(y, z) = 0, (6)

and by its associated torsion tensor T given by

T(x, y) = α{η(x)y − η(y)x} + β{η(x)φy − η(y)φx}, (7)

for all x, y, z ∈ χ(M), where α and β are smooth functions on M.
Suppose that ∇ is a linear connection determined by

∇xy = ∇xy +H(x, y), (8)

for any vector field x and y, where H is a tensor of type (1, 2). Now, we will specify the tensor field H such
that ∇ satisfies the relations (6) and (7). By using the definition of torsion tensor and (8), we obtain

T(x, y) = H(x, y) −H(y, x),

for all x, y ∈ χ(M). The latter equality leads to

1(T(x, y), z) = 1(H(x, y), z) − 1(H(y, x), z). (9)

The equation (6) yields to

0 = x1(y, z) − 1(∇xy, z) − 1(∇xz, y) = 1(H(x, y), z) + 1(H(x, z), y).

Then, the latter equality leads to

1(H(x, y), z) = −1(H(x, z), y). (10)

By virtue of (9) and (10) we can easily calculate the following:

1(T(x, y), z) + 1(T(z, x), y) + 1(T(z, y), x) = 21(H(x, y), z). (11)

By using (7) and (11) we get

21(H(x, y), z) = 1(T(x, y), z) + 1(T(z, x), y) + 1(T(z, y), x)
= 21(α(1(x, y)ξ − η(y)x) + β(1(φx, y)ξ − η(y)φx), z). (12)

Hence, (12) implies

H(x, y) = α{1(x, y)ξ − η(y)x} + β{1(φx, y)ξ − η(y)φx}.

Hence, we have the following:

Theorem 3.1. For an apapR manifold (M, ϕ, ξ, η, 1), generalized symmetric metric connection ∇ is given by

∇xy = ∇xy + α{1(x, y)ξ − η(y)x} + β{1(φx, y)ξ − η(y)φx}, (13)

where α, β denote smooth functions on M.

If (α, β) = (1, 0) or (α, β) = (0, 1), then the generalized symmetric connection is reduced to a semi-symmetric
connection and quarter-symmetric connection, respectively.

By means of (3), (4) and (5), we obtain the following proposition.
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Proposition 3.2. Let M be a para-Sasaki-like Riemannian manifold with the generalized symmetric metric connec-
tion. We have the following relations:

∇xφ = (β − 1){1(φx, φy)ξ + η(y)φ2(x)} + α{1(x, φy)ξ + η(y)φx},
∇xξ = (1 − β)φx − αφ2x,
(∇xη)y = (1 − β)1(φx, y) − α1(x, y) + η(x)η(y),

for any x, y ∈ χ(M).

Proposition 3.3. Let (M, ϕ, ξ, η, 1) be a (2n + 1)−dimensional para-Sasaki-like Riemannian manifold with the gen-
eralized symmetric metric connection. The relation between the curvature tensors of the generalized symmetric metric
connection ∇ and the Levi-Civita connection ∇ is given by the following formulas:

R(x, y)z = R(x, y)z + x(α)1(y, z)ξ + (α − αβ)1(y, z)φx
−x(α)η(z)y + x(β)1(φy, z)ξ + (2β − β2)1(φy, z)φx
−x(β)η(z)φy + (α2 + β)1(y, z)η(x)ξ + αβ1(φy, z)η(x)ξ
−α21(y, z)x + (α2 + β)η(y)η(z)x + (α − αβ)1(φy, z)x
+αβη(y)η(z)φx − y(α)1(x, z)ξ + y(α)η(z)x
−y(β)1(φx, z)ξ + (β2

− 2β)1(φx, z)φy + y(β)η(z)φx
−(α2 + β)η(y)1(x, z)ξ − αβ1(φx, z)η(y)ξ + α21(x, z)y
−(α2 + β)η(x)η(z)y + (αβ − α)1(φx, z)y
−αβη(x)η(z)φy + (αβ − α)1(x, z)φy.

Proof. The curvature tensor R of the generalized symmetric metric connection ∇ on M is defined by

R(x, y)z = ∇x∇yz − ∇y∇xz − ∇[x,y]z.

Substituting (13) in the last equation and using Proposition 1, through (1), (2), (3), we complete the proof
by direct computation.

If α, β are constant functions, then the curvature tensor R is given by

R(x, y)z = R(x, y)z + (α − αβ)1(y, z)φx + (2β − β2)1(φy, z)φx
+(α2 + β)1(y, z)η(x)ξ + αβ1(φy, z)η(x)ξ
−α21(y, z)x + (α2 + β)η(y)η(z)x + (α − αβ)1(φy, z)x
+αβη(y)η(z)φx + (β2

− 2β)1(φx, z)φy
−(α2 + β)η(y)1(x, z)ξ − αβ1(φx, z)η(y)ξ + α21(x, z)y
−(α2 + β)η(x)η(z)y + (αβ − α)1(φx, z)y
+(αβ − α)1(x, z)φy − αβη(x)η(z)φy.

(14)

Setting z = ξ in the above equality and using (1), (2) and (4), we get

R(x, y)ξ = αη(y)φx + (β − 1)η(y)x − (β − 1)η(x)y − αη(x)φy. (15)

Plugging x = ξ in (15) and using (1) we obtain the following equality:

R(ξ, y)ξ = (1 − β)φ2y − αφ(y).

Let {ξ, e1, . . . , e2n} be an orthonormal basis of the tangent space at each point of the manifold M. If
R(x, y, z,w) = 1(R(x, y)z,w), then the Ricci tensor Ric and the scalar curvature scal with respect to generalized
symmetric metric connection ∇ are presented by

Ric(x, y) =
2n∑
i=0

R(ei, x, y, ei) (16)
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and

scal =
2n∑
i=0

Ric(ei, ei), (17)

respectively.

Theorem 3.4. Let (M, ϕ, ξ, η, 1) be a (2n+ 1)−dimensional para-Sasaki-like Riemannian manifold with the general-
ized symmetric metric connection. Then, there exists the following relationship between the Ricci curvatures Ric and
Ric, respectively:

Ric(x, y) = Ric(x, y) + [β2
− β + (1 − 2n)α2]1(x, y)

+[(2n + 1)β − β2 + (2n − 1)α2]η(x)η(y)
+[(αβ − α)(2 − 2n) + α]1(x, φy)

(18)

Proof. Taking into account the equality in (16), we have

Ric(x, y) =

2n∑
i=0

R(ei, x, y, ei) =
2n∑
i=0

1(R(ei, x)y, ei). (19)

Setting x = ξ in (14), we get

R(ξ, x)y = (β + 1)1(x, y)ξ + α1(φx, y)ξ − (β + 1)η(y)x − αη(y)φx. (20)

Putting x = ei in (14), we obtain

R(ei, x)y = R(ei, x)y + (α − αβ)1(x, y)φei + (2β − β2)1(φx, y)φei − α21(x, y)ei
+(α2 + β)η(x)η(y)ei + (α − αβ)1(φx, y)ei + αβη(x)η(y)φei
+(αβ − α)1(ei, y)φx + (β2

− 2β)1(φei, y)φx − (α2 + β)1(ei, y)η(x)ξ
−αβ1(φei, y)η(x)ξ + α21(ei, y)x + (αβ − α)1(y, φei)x.

(21)

Substituting (20) and (21) into (19) and using (1), (2), we complete the proof.

Using (17) and (18), we obtain the following theorem.

Theorem 3.5. Let (M, ϕ, ξ, η, 1) be a (2n+ 1)−dimensional para-Sasaki-like Riemannian manifold with the general-
ized symmetric metric connection. The scalar curvatures scal and scal satisfy the following relation:

scal = scal + 2n[β2 + (1 − 2n)α2].

Theorem 3.6. Let (M, ϕ, ξ, η, 1) be an apapR manifold. The Hessian, the divergence and the Laplace operator with
respect to the generalized symmetric metric connection ∇ satisfy the following relations:

div (x) = div x − 2nα η(x) (22)

Hess f (x, y) = Hess f (x, y) + α(x f )η(y) − α(ξ f )1(x, y)
+β(φx) fη(y) − β(ξ f )1(φx, y)

∆ f = ∆ f − 2nα ξ f
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Proof. Let {ξ, e1, . . . , e2n} be an orthonormal basis of TpM, p ∈M. By taking the trace of ∇x, we get

div (x) =
2n∑
i=0

1(∇ei x, ei).

The latter equality together with (13) completes the first part of proof.
By definition we have

Hess f (x, y) = 1(∇x1rad f , y).

We know that 1(1rad f , x) = x( f ). By virtue of (13), we prove the second part.
The Laplace operator associated with the connection∇ is defined by∆ f = div (1rad f ). Then, substituting

x = 1rad f in (22) and using (13), we obtain the Laplace operator ∆ f .

4. Para-Ricci-like solitons on Para-Sasaki-like Riemannian Manifolds With Generalized Symmetric
Metric Connection

It is known from [3] that the apapR manifold (M, φ, ξ, η, 1) is called para-Einstein-like with constants
(a, b, c) if its Ricci tensor Ric satisfies the following formula:

Ric = a 1 + b 1̃ + c η ⊗ η (23)

where a, b, c are constants. In particular, if b = 0 and b = c = 0, then the manifold is called an η−Einstein
manifold and an Einstein manifold, respectively. If a, b, c are functions on M, the manifold M is called
almost para-Einstein-like, almost η−Einstein-like or an almost Einstein manifold, respectively.

Theorem 4.1. If the para-Sasaki-like Riemannian manifold (M, φ, ξ, η, 1) is a para-Einstein-like manifold with
constants (a, b, c), then the apapR manifold (M, φ, ξ, η, 1) with the generalized symmetric metric connection is also a
para-Einstein-like manifold with constants (λ, µ, ν) determined by

λ = β2
− β + (1 − 2n)α2 + a,

µ = (2 − 2n)(αβ − α) + α + b
ν = (2n − 1)α2 + (2n − 2)αβ + (1 − 2n)α + (2n + 1)β − β2 + c

Proof. Since the para-Sasaki-like Riemannian manifold (M, φ, ξ, η, 1) is a para-Einstein-like manifold with
constants (a, b, c), (23) is valid.

According to (18), we get

Ric(x, y) = Ric(x, y) − [β2
− β − (1 − 2n)α2]1(x, y)

−[(2n + 1)β − β2 + (2n − 1)α2]η(x)η(y)
−[(αβ − α)(2 − 2n) + α]1(x, φy).

(24)

Substituting (24) in (23), the theorem is proved by straightforward calculations.

The concept of the para-Ricci-like soliton with potential ξ is introduced in [3]. An apapR manifold
(M, φ, ξ, η, 1) admits a para-Ricci-like soliton with potential ξ and constants (λ, µ, ν) if the following identity
is valid:

1
2
Lξ1 + Ric + λ1 + µ1̃ + νη ⊗ η = 0, (25)

where L and Ric denote the Lie derivative and the Ricci tensor, respectively.
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If µ = 0 or µ = ν = 0, then M admits an η−Ricci soliton or a Ricci soliton, respectively. If λ, µ, ν are
functions on M, then the soliton is said to be almost para-Ricci-like soliton, almost η−Ricci soliton or almost
Ricci soliton. Moreover, this notion can be generalized for any potential. We say that (M, φ, ξ, η, 1) admits
a para-Ricci-like soliton with any potential vector field v if the following condition is valid for a triplet of
constants (λ, µ, ν):

1
2
Lv1 + Ric + λ1 + µ1̃ + νη ⊗ η = 0. (26)

For a para-Sasaki-like Riemannian manifold (M, φ, ξ, η, 1), we obtain

Lξ1(x, y) = 1(∇xξ, y) + 1(x,∇yξ) = 21(x, ϕy). (27)

The Lie derivative of 1 along v corresponding to connection ∇ is defined by

(Lv1)(x, y) = 1(∇xv, y) + 1(x,∇yv). (28)

Substituting v = ξ in the last equality and using (27) we get

Lξ1(x, y) = Lξ1(x, y) − 2β1(x, ϕy) − 2α1(φx, φy). (29)

We can generalize the notion of the para-Ricci-like soliton. An apapR manifold (M, φ, ξ, η, 1) admits
a para-Ricci-like soliton with potential ξ and constants (λ, µ, ν) corresponding to the connection ∇ if the
following condition is satisfied:

1
2
Lξ1 + Ric + λ1 + µ1̃ + νη ⊗ η = 0, (30)

where L and Ric denote the Lie derivative and the Ricci tensor corresponding to the connection ∇, respec-
tively.

Theorem 4.2. If the para-Sasaki-like Riemannian manifold (M, φ, ξ, η, 1) admits a para-Ricci-like soliton with po-
tential ξ and constants (a, b, c), then (M, φ, ξ, η, 1) with the generalized symmetric metric conneciton ∇ also admits a
para-Ricci-like soliton with constants (λ, µ, ν) determined by

λ = (2n − 1)α2
− β2 + α + β + a

µ = 2(n − 1)αβ + (1 − 2n)α + β + b
ν = β2 + (1 − 2n)α2 + (α − αβ)(2n − 2) − (2n + 2)β + c

Proof. Suppose that the para-Sasaki-like Riemannian manifold (M, φ, ξ, η, 1) admit a para-Ricci-like soliton
with potential ξ and constants (a, b, c). Then, the relation (25) is valid. From (29), we have

Lξ1(x, y) = Lξ1(x, y) + 2β1(x, ϕy) + 2α1(φx, φy). (31)

If (31) and (24) are substituted in (25), we infer the assertion.

Theorem 4.3. Let (M, φ, ξ, η, 1) be a para-Sasaki-like Riemannian manifold of dimension (2n + 1) and let it admit
a para-Ricci-like soliton with constants (a, b, c) whose potential vector field v satisfies the condition v = kξ, i.e., it is
pointwise collinear with the Reeb vector field ξ, where k is a differentiable function on M. Then, M also admits a para-
Ricci-like soliton with respect to the generalized symmetric metric conneciton ∇ with constants (λ, µ, ν) determined
by

λ = a + αb − β2 + β + (2n − 1)α2

µ = b + βb + (α − αβ)(2n − 2)
ν = αb − (2n + 1)β + β2 + (1 − 2n)α2 + c − βb + (αβ − α)(2n − 2)
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Proof. Bearing in mind (13) and (28), we compute Lie derivative of 1 along v = kξ corresponding the
generalized symmetric metric conneciton ∇ as follows

Lv1(x, y) = Lv1(x, y) + 2αkη(x)η(y) − 2αk1(x, y) − 2β1(x, φy).

Withdrawing Lv1(x, y) in the latter equality and using (18) and (26), we complete the proof.

Note that if (M, φ, ξ, η, 1) admits a para-Ricci-like soliton with any potential v, it may not admit a
para-Ricci-like soliton with respect to a generalized symmetric metric connection.

5. Examples

In this section, we construct two examples of the para-Sasaki-like Riemannian manifold admitting a
generalized symmetric metric connection and after that validate our results.

5.1. Example 1
Let us consider the following example given in [5]. A 3−dimensional Lie group L is considered with a

global basis {ξ = e0, e1, e2} of the left invariant vector fields on L such that the commutators of its associated
Lie algebra are determined as follows

[e0, e1] = −e2, [e0, e2] = −e1, [e1, e2] = 0.

L is endowed with an apapR structure (φ, ξ, η, 1) by

φ(e0) = 0, φ(e1) = e2, φ(e2) = e1, η(e0) = 1,
1(e0, e0) = 1(e1, e1) = 1(e2, e2) = 1,
1(ei, e j) = 0 for i, j ∈ {0, 1, 2}, i , j.

It was obtained in [5] that the basic components of the Levi-Civita connection ∇, Ri jkl = R(ei, e j, ek, el) and
Rici j = Ric(ei, e j) are calculated by

∇e1 e0 = e2, ∇e2 e0 = e1, ∇e1 e2 = ∇e2 e1 = −e0;
R1221 = −R1001 = −R2002 = 1, Ric00 = −2. (32)

It was proved in [5] that the constructed manifold L is a para-Einstein-like para-Sasaki-like Riemannian
manifold with constants (a, b, c) = (0, 0,−2). Moreover, L is a para-Ricci-like soliton with constants (0,−1, 3).
The only non-zero component of (Lξ1)(ei, e j) = (Lξ1)i j is given by (Lξ1)12 = 2.

Now, let us consider the generalized symmetric metric connection ∇ on L. Taking into account (13) and
(32), we compute the non-zero components of ∇ as follows

∇e1 e0 = (1 − β)e2 − αe1, ∇e2 e0 = (1 − β)e1 − αe2,
∇e1 e2 = ∇e2 e1 = (β − 1)e0, ∇e1 e1 = ∇e2 e2 = αe0.

(33)

By virtue of (14) and (33), the components Ri jkl = R(ei, e j, ek, el) = 1(R(ei, e j)ek, el) excluding the well-known
their symmetries and antisymmetries are calculated as follows:

R0110 = −R0202 = (β − 1),
R0102 = −α
R1212 = α2

− (β − 1)2

Using above relations, we compute the nonzero components of the Ricci tensor as follows:

Ric00 = 2(β − 1), Ric11 = Ric22 = β(β − 1) − α2, Ric12 = α. (34)
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Taking into account (34), we obtain scal = 2(β2
− α2

− 1).
Therefore, by virtue of (34), it can be easily seen that the manifold (L, ϕ, ξ, η, 1) admits a para-Einstein-like

manifold with regard to the generalized symmetric metric connection ∇with constants (λ, µ, ν) determined
by

λ = β(β − 1) − α2, µ = α, ν = α(α − 1) − (β − 1)(β − 2). (35)

The non-zero components of Lξ1 are determined by the following equalities:

(Lξ1)11 = (Lξ1)22 = −2α, (Lξ1)12 = 2(1 − β). (36)

Therefore, using (34) and (36), we establish that the constructed manifold admits a paraRicci-like soliton
with regard to the generalized symmetric metric connection ∇with the following constants:

λ = α2 + α + β − β2, µ = β − α − 1, ν = (β − 1)(β + 3) − α2. (37)

In conclusion, the constructed 3−dimensional example of a para-Sasaki-like Riemannian manifold (L, ϕ, ξ, η, 1)
with the generalized symmetric metric connection with the results in (35) and (37) support the proven as-
sertions in Theorem 4.1 and 4.2.

5.2. Example 2

Let us consider as an explicit example a 5−dimensional para-Sasaki-like Riemannian manifold G given
in [17]. Then, the Lie group G has a basis of left-invariant vector fields {e0, . . . , e4} with corresponding Lie
algebra determined as follows

[e0, e1] = pe2 − e3 + qe4, [e0, e2] = −pe1 − qe3 − e4,

[e0, e3] = −e1 + qe2 + pe4, [e0, e4] = −qe1 − e2 − pe3,

where p, q ∈ R. The Lie group G is endowed with an almost paracontact almost paracomplex structure
(φ, ξ, η, 1) as follows:

ξ = e0, φe1 = e3, φe2 = e4, φe3 = e1, φ4 = e2,
1(ei, ei) = 1, 1(ei, e j) = 0, i, j ∈ {0, 1, . . . , 4}, i , j.

The non-zero components of the Levi-Civita connection were given in the following way [17]:

∇e0 e1 = pe2 + qe4, ∇e1 e0 = e3, ∇e0 e2 = −pe1 − qe3, ∇e2 e0 = e4,
∇e0 e3 = qe2 + pe4, ∇e3 e0 = e1, ∇e0 e4 = −qe1 − pe3, ∇e4 e0 = e2,
∇e1 e3 = ∇e2 e4 = ∇e3 e1 = ∇e4 e2 = −e0.

In [4], it is proved that (G, φ, ξ, η, 1) is a para-Sasaki-like Riemannian manifold and η−Einstein with con-
stants (a, b, c) = (0, 0,−4). Moreover, it admits a para-Ricci-like soliton with potential ξ constants (0,−1, 5).
The only non-zero component of the Ricci tensor Ric is Ric00 = −4. The non-zero of the components
Ri jkl = R(ei, e j, ek, el) = 1(R(ei, e j)ek, el) are determined by the following equalities with the well-known their
symmetries and antisymmetries:

R0110 = R0220 = R0330 = R0440 = −1,
R1234 = R1432 = R1331 = R2442 = 1. (38)

The non-zero components of Lξ1 are determined by the following equalities:

(Lξ1)13 = (Lξ1)24 = (Lξ1)31 = (Lξ1)42 = 2.
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The non-zero components of the generalized symmetric metric connection ∇ are given in the following
way:

∇e0 e1 = ∇e0 e1 = pe2 + qe4, ∇e1 e0 = (1 − β)e3 − αe1,
∇e0 e2 = ∇e0 e2 = −pe1 − qe3, ∇e2 e0 = (1 − β)e4 − αe2,
∇e0 e3 = ∇e0 e3 = qe2 + pe4, ∇e3 e0 = (1 − β)e1 − αe3,
∇e0 e4 = ∇e0 e4 = −qe1 − pe3, ∇e4 e0 = (1 − β)e2 − αe4,
∇e1 e3 = ∇e3 e1 = ∇e2 e4 = ∇e4 e2 = (β − 1)e0,
∇ei ei = αe0, i , 0.

Taking into account (14) and (38), we compute the components Ri jkl = R(ei, e j, ek, el) = 1(R(ei, e j)ek, el) exclud-
ing the well-known their symmetries and antisymmetries as follows:

R0101 = −R0440 = R0202 = −R0330 = 1 − β,
R0103 = R0402 = −α,
R1412 = −R3423 = −R3441 = −R2312 = α(β − 1),
R3434 = R2323 = R1414 = R1212 = α2,
R1313 = R2424 = α2

− (β − 1)2,
R1234 = −R2314 = (β − 1)2.

The nonzero components of the Ricci tensor Ric are calculated as follows:

Ric00 = 4(β − 1),
Ric11 = Ric22 = Ric33 = Ric44 = β2

− β − 3α2,
Ric13 = Ric24 = 3α − 2αβ.

(39)

Hence, by using above relations the scalar curvature is obtained by

scal = 4(β2
− 3α2

− 1).

Moreover, the non-zero components of the Lie derivative of 1 along ξwith connection ∇ are given by

(Lξ1)11 = (Lξ1)22 = (Lξ1)33 = (Lξ1)44 = −2α,
(Lξ1)13 = (Lξ1)24 = 2(1 − β)

(40)

By virtue of (39) and (40), the considered manifold (G, φ, ξ, η, 1) is para-Einstein-like manifold with constants
(λ, µ, ν) given by

λ = β2
− β − 3α2,

µ = −2αβ + 3α,
ν = 3α2 + 2αβ − 3α + 5β − β2

− 4.
(41)

and it admits a para-Ricci-like soliton with potential ξwith constants (λ, µ, ν) determined by

λ = 3α2 + α − β2 + β,
µ = 2αβ + β − 3α − 1,
ν = β2

− 3α2
− 2αβ − 6β + 2α + 5.

(42)

Consequently, the obtained manifold (G, ϕ, ξ, η, 1) with the results in (41) and (42) support the proven
assertions in Theorem 4.1 and 4.2.
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Eskişehir Technical University.

References

[1] S. Golab, On semi-symmetric and quarter-symmetric linear connections, Tensor 29 (1975), 249–254.
[2] A. K. Mondal, U.C. De, Some properties of a quarter-symmetric metric connection on a Sasakian manifold, Bull. Math. Anal. Appl.

(2009), 99–108.
[3] H. Manev, M. Manev, Para-Ricci-like solitons on Riemannian manifolds with almost paracontact structure and almost paracomplex

structure, Mathematics, 9(14) (2021), 1704.
[4] H. Manev, Para-Ricci-like solitons with vertical potential on para-Sasaki-like Riemannian

∏
−manifolds, Symmetry, 13 (2021), 2267.

[5] H. Manev, M. Manev, Para-Ricci-like solitons with arbitrary potential on para-Sasaki-like Riemannian
∏
−manifolds, Mathematics, 10(4)

(2022), 651.
[6] M. Manev, M. Staikova, On almost paracontact Riemannian manifolds of type (n,n), J. Geom. 72 (2001), 108–114.
[7] H. D. Cao, Recent progress on Ricci solitons, Adv. Lect. Math. 11 (2009), 1–38.
[8] H.G. Nagaraja, C.R. Premalatha, Ricci solitons in Kenmotsu manifolds, J. Math. Anal. 3(2) (2012), 18–24.
[9] A.M. Blaga, η−Ricci solitons on para-Kenmotsu manifolds, Balkan J. Geom. Appl. 20 (2015), 1–13.

[10] M. Manev, Ricci-like solitons on almost contact B-metric manifolds, J. Geom. Phys. 154 (2020), 103734.
[11] M. D. Siddiqi, O. Bahadır, η−Ricci solitons on Kenmotsu manifold with generalized symmetric metric connection, Facta Univ. Ser. Math.

Inform. 35 (2) (2020), 295–310.
[12] O. Bahadir, M. A. Choudhary, S. Pandey, LP-Sasakian manifolds with generalized symmetric metric connection, Novi Sad J. Math. 51(2)

(2021), 75–87.
[13] M. A. Choudhary, K. M. Khedher, O. Bahadır, M. D. Siddiqi, On golden Lorentzian manifolds equipped with generalized symmetric

metric connection, Mathematics, 9(19) (2021), 2430.
[14] S. Sharfuddin, S. I. Husain, Semi-symmetric metric connexions in almost contact manifolds, Tensor, 30 (1976), 133–139.
[15] M.M. Tripathi, On a semi-symmetric metric connection in a Kenmotsu manifold, J. Pure Math. 16 (1999), 67–71.
[16] H. A. Hayden, Subspaces of a space with torsion, Proc. London Math. Soc. 34 (1932), 27–50.
[17] S. Ivanov, H. Manev, M. Manev, Para-Sasaki-like Riemannian manifolds and new Einstein metrics, Rev. Real Acad. Cienc. Exactas Fis.

Nat. Ser. A Mat. 115 (2021), 112.
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