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Clairaut anti-invariant Riemannian maps to trans-Sasakian manifolds

Adeeba Zaidi?, Gauree Shanker

?Department of Mathematics and Statistics, Central University of Punjab, Bathinda, Punjab-151 401, India

Abstract. In this article, we introduce Clairaut anti-invariant Riemannian maps from Riemannian mani-
folds to trans-Sasakian manifolds. We derive necessary and sufficient condition for an anti-invariant map
to be Clairaut when base manifold is trans-Sasakian manifold. We discuss the integrability of ranger, and
(rangert,)*. Further, we establish harmonicity of these maps. Finally, we construct nontrivial examples of
such maps for justification.

1. Introduction

The concept of Riemannian maps between Riemannian manifolds was firstly introduced by Fischer
in 1992 [7]. He described Riemannian maps as the generalization of isometric immersions, Riemannian
submersions and isometries. The interesting part of Riemannian maps is that they satisfy general eikonal
equation which is a bridge between geometrical and physical aspects of optics. In [7], Fischer described:
let 7w : (M, g1) — (B, g2) be a smooth map between smooth finite dimensional Riemannian manifolds (M, g1)
and (B, g2) such that 0 < ranknt < min{dimM, dimB}. Let m, : T,M — Ty, B denotes the differential map at
p € M, and 7t(p) € B. Then T,M and Tp)B split orthogonally with respect to g1(p) and g2((p)), respectively,
as [7]

TyM = kerm., @ (kerm.,)*,
=V, oH,,
Tr(pB = rangem., ® (rangem.,)*,

where V, = kern., and H, = (kerm.,)* are vertical and horizontal parts of T,M respectively. The map 7 is
called Riemannian map at p € M, if the horizontal restriction

h i
()" = Ty | g, + Hy — ranger,,
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is a linear isometry between the spaces (kerm.y, g1 lkern,,) and (rangert.y, golangen.,))- In other words, (1)
satisfies the equation

R(W,nZ) = ¢1(W,2), (1.1)

for all vector fields W, Z tangent to I'(kerm.,)*. During the last three decades, many authors have studied
Riemannian maps [1, 2, 12, 14, 15, 22] and the investigation is still going on.

Clairaut’s theorem plays an important role in differential geometry, which states that for any geodesic y on
a surface of revolution, the function rsin0 is constant, where r is the distance between a point on the surface
and rotation axis, whereas 0 is an angle between y and the meridian curve through y. Inspired by this
theorem, Bishop [5] introduced Clairaut Riemannian submersion and derived the necessary and sufficient
conditions for a submersion to be Clairaut Riemannian submersion. Hereafter, Riemannian submersion is
investigated broadly in both hermitian geometry as well as contact geometry [8, 9, 17, 18]. Sahin [13, 16]
investigated Clairaut conditions on Riemannian map. Later, various types of Clairaut Riemannan maps
such as invariant, anti-invariant, semi-invaiant are studied with Kahler structure and cosymplectic structure
[11, 16, 19-21].

The notion of a trans-Sasakian structure (¢, &, 1, g, a, ) on (2n + 1)-dimension manifold B, was introduced
by Oubina [10] which can be seen as a generalization of Sasakian, Kenmotsu and cosymplectic structure
on a contact metric manifold, where a,  are smooth functions on B . Generally, a trans-Sasakian manifold
(B,y,&,1m,9,a,p) is called a trans-Sasakian manifold of type (a, ) and manifolds of type («,0), (0, 8) and
(0,0) are called, a—Sasakian, f—Kenmotsu and cosymplectic manifolds respectively. Since the geometry
of Sasakian manifolds is very rich, it would be interesting to study different type of Riemannian maps
on this structure. In this paper, we study Clairaut anti-invariant Riemannian maps from Riemannian
manifolds to trans-Sasakian manifolds. The paper is organized as follows: In section 2, we give all the basic
definitions and terminologies, needed throughout the paper. In section 3, we introduced Clairaut anti-
invariant Riemannian maps from Riemannian manifolds to trans-Sasakian manifolds admitting horizontal
Reeb vector field. Further, we study necessary and sufficient condition for a curve on base manifold to be
geodesic and obtain necessary and sufficient condition for an anti-invariant Riemannian map to be Clairaut
when base manifold is trans-Sasakian with horizontal Reeb vector field. We find the integrability condition
for distributions of tangent bundle on base manifold. Later, we check the harmonicity of these maps. We
also construct some nontrivial examples for such maps.

2. Preliminaries

In this section, we recall the definitions of contact manifolds, trans-Sasakian manifolds and some
important properties related to Riemannian maps.
Let B be a (2n + 1)—dimensional differentiable manifold, then B is said to have an almost-contact structure
(¥, &, m), if it admits a (1, 1) tensor field ¥, a vector field called characteristic vector field or Reeb vector field
&, and a 1-form 1, satisfying [6]

¢2:_I+n®ér 1705:0/ T]Ol)b:(), n(g)zll (21)

where [ is the identity mapping. A Riemannian metric g4 on an almost-contact manifold B is said to be
compatible with the almost-contact structure (¢, &, 1)), if for any vector fields W, Z € I'(TB), g satisfies [6]

JYWYZ) = gW,Z) = n(W)n(2), (22)
gWW, Z) = —gW,92), n(W) = gW, &), (2.3)

the structure (¢, £, 1, g) is called an almost contact metric structure.

The almost contact structure (¢, &, 17) is said to be normal if N+ dn®¢ = 0, where N is the Nijenhuis tensor of
Y. If dn = ®, where ®(W, Z) = g(yW, Z) is a tensor field of type (0, 2), then an almost contact metric structure
is said to be normal contact metric structure. An almost contact metric manifold B is called a trans-Sasakian
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manifold of type (a, ) [6], if it satisfies

(Vwi)Z = a(g(W, Z2)¢ = n(Z)W) + Bla(WW, 2)E = n(Z)p W], (24)
(VwmZ = —ag($W, 2)E + pg(yW, ¢ Z), (2.5)
Vwé = —apW + (W — n(W)<), (2.6)

where a, p are smooth functions and V is Levi-Civita connection of g on B. Further, it can be seen that a
trans-Sasakian manifold of type (¢, 0) is a a—Sasakian manifold and a trans-Sasakian manifold of type (0, §)
is a f—Kenmotsu manifold. A trans-Sasakian manifold of type (0, 0) is called a cosymplectic manifold. In
particular, for « = 1,5 = 0; and a = 0, = 1, a trans-Sasakian manifold will be Sasakian and Kenmotsu
manifold respectively.

Example 2.1. [6] Let B = {(u,0,w) € R3,w # 0} be a 3—dimensional Riemannian manifold associated with
Riemannian metric g, given by
1 [1 +72 0 —v]
g2 = — 0 1 0 ,

o 0 1
1—form n = %(dw — vdu) and linearly independent global frame {E1, E,, E3} be defined as Eq = 2%,E2 =yPE; =
2(% + v%), E3 = 2% = &, where & is the characteristic vector field (Reeb vector field) and the (1, 1)— tensor field
is given by the matrix
0 1 0
y=(-1 0 0f,
0 v 0
then B is a trans-Sasakian manifold of type (1,0).

Further, let 7 : (M™, 91) — (B, g2) be a smooth map between smooth finite dimensional Riemannian
manifolds, then the differential map m. of 7 can be viewed as a section of bundle Hom(TM, n1TB) - M,
where "' TB is the pullback bundle whose fibers atp € Mis (n'TB), = Tr(,)B. The bundle Hom(TM, n~'TB)

B
has a connection V induced from the Levi-Civita connection VM and the pullback connection V7, then the
second fundamental form of 7t is given by [13]

(Vr)(W,2) = ngVmZ - . (VMZ) (2.7)

B
forall W,Z € I(TM) and Vi m.Z ot = V8 | . Z.

Also, for any vector field W on M and any section V of (ranger+)*, we have ViV, the orthogonal projection
of VEVV on (rangem.)*, where Vri; is linear connection on (ranger.)* such that Vg, = 0.
Now, for a Riemannian map, we have [13]

VE WV = —AvW + ViV, (2.8)

where Ayn.W is the tangential component of VE*WV. Atp € M, wehave V2 | V(p) € Tr()B, Avt.W(p) €
Tp(TpM) and Vii-V(p) € (m.,(T,M))*. It is easy to see that Ay 7. W is bilinear in V and 7. W, and Ay 7. W at
p depends only on V), and 7., W,. By direct computations, we obtain [13]

92( Ay W, .Z) = g2(V, (V. )(W, Z)) (2.9)

for W,Z € I'((kerm.)*) and V € T'((ranger.)*). Since (V7,) is symmetric, it follows that Ay is a symmetric
linear transformation of ranger..
Moreover, Let 7t : (M, g1) — (B, 92) be a Riemannian map between Riemannian manifolds, then m is umbilical
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Riemannian map if and only if [13]
(Vr.)(W, Z) = g1(W, 2)Hz (2.10)

for W, Z € I'((kerm.)* and H, is nowhere zero vector field on (ranger.)*. Also, the mean curvatures of vertical
distribution V and horizontal distribution H are defined as [13]

9 m—q

Z 1 Z
W(Veiei), Q(H = m—_q (V(VE,.E]'), (2.11)

- =

where {¢;}!_ and {]5]-};”:_1

if for each point in M, the mean curvature vanishes. 0

7 are local frames of V and H respectively. A distribution on M is said to be minimal,

Lemma 2.2. [13] Let 7 be a Riemannian map from a Riemannian manifold (M, g1) to a Riemannian manifold (B, g,).
Then, ¥ W, Y, Z € T((kerm.)*), we have

72((Vr)(W,Y), .Z) = 0.

Clairaut Riemannian maps are related to geodesics and therefore have been defined by using geodesics
on the total manifold M as well as base manifold B separately. In the sense of a geodesic on total manifold,
Sahin has given the following definition.

Definition 2.3. [13] A Riemannian map 1 : (M, g1) — (B, g2) between Riemannian manifolds is called Clairaut
Riemannian map if there is a function ¥ : M — IR™ such that for every geodesic J on M, making angle 6 with the
horizontal subspaces, Fsin6 is constant.

By using the above definition, we have the following result.

Theorem 2.4. [13] Let 1t : (M, g91) — (B, g2) be a Riemannian map such that fibers are connected. Then Tt is a
Clairaut Riemannian map with ¥ = e if and only if each fiber is totally umbilical and has mean curvature vector field
H = —gradf, where H is the mean curvature vector field of the fibers.

Further, Yadav et al [20] have studied Clairaut Riemannian maps using geodesic on base manifold B and
have given the following definition.

Definition 2.5. [20] A Riemannian map 1 : (M, g1) — (B, g2) between Riemannian manifolds is called Clairaut
Riemannian map if there is a function r : B — R* such that for every geodesic Q) on B, the function (r o Q)sin6(s) is
constant, where, 7.Z € T(ranger.) and V € T(rangem.)*are components of CQ(s), and 6(s) is the angle between C)(s)
and V.

Following is an important result based on the above definition.

Theorem 2.6. [20] Let 7w : (M, g1) — (B, g2) be a Riemannian map between Riemannian manifolds such that rangert.,
is connected and (rangem.)* is totally geodesic, and y, Q) = 1 oy be geodesics on M and B respectively. Then, T is
a Clairaut Riemannian map with r = e if and only if 7 is umbilical map, and has H = —V®h, where h is a smooth
function on B and H is the mean curvature vector field of rangert..

3. Clairaut anti-invariant Riemannian maps to trans-Sasakian manifolds

In this section, we define Clairaut anti-invariant Riemannian map from a Riemannian manifold to a
trans-Sasakian manifold and discuss the geometry of such maps. Further, we construct non-trivial examples
of such maps. Throughout this section, we are considering Reeb vector field in horizontal space H of TM
and (ranger.)* as totally geodesic distribution.
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Definition 3.1. Let 1t be a Riemannian map from a Riemannian manifold (M, g1) to an almost contact metric manifold
(B, 92,4, 1, &). Then we say that  is an anti-invariant Riemannian map at p € M if (rangem.,) C (rangem.,)*. If
T is an anti-invariant Riemannian map for all p € M, then 1 is called an anti-invariant Riemannian map.

In this case, the horizontal distribution (rangern.)* can be decomposed as
(ranger,)* = Yrangem. & y, (3.1)

where p is the orthogonal complementary distribution of iranger, in (ranger.)* and also invariant with
respect to 1. pi admits vertical Reeb vector field if £ € rangern. whereas if it admits horizontel Reeb vector
field &, then & € (rangem.)*. It is clear that in case of horizontal Reeb vector fields, & € u. For any
V € (rangem.)*, we can have

YV =BV +CV, (3.2)

where BV € I'(rangemn.) and CV € T'((rangert.)*).

Definition 3.2. An anti-invariant Riemannian map from a Riemannian manifold to a contact manifold is said to be
Clairaut if it satisfies Definition 2.4.

Theorem 3.3. Let 7w : M™ — B be an anti-invariant Riemannian map from a Riemannian manifold (M™, g) to a
trans-Sasakian manifold (BY, g2, ), 1, &) of type (@, f) with horizontal Reeb vector field Eand y : ] C R — M bea
geodesic curve on M, then the curve Q) = 1t o y is a geodesic on B if and only if

~Apr.wW = AcureW + m(HVRZ) + Vim.Z + n(U)[em.W + pr.Z] = 0, (3.3)

Vi P W) + VRECZ + ViYW + Vi CU + (Y)W, 2) = allCPE + Dl
+ (W) +CU) =0 (3.4)

for any U € T((rangeF.)*) and W,Z € T'((kerF.)*) such that n.Z = BU with n.W and U as vertical and horizontal
components of C(s).

Proof. Let U € T((rangeF.)*) and W € T((kerF.)*) such that Q(s) = .W(s) + U(s). Since B is a trans-Sasakian
manifold, using (2.4), we get

YVEQ = VEPQ - alg2(Q, Q)E - n(Q)Q] - Blga(¥Q, Q)& - n(Q)PQY].

Since Q = ,W + U, the above equation can be rewritten as

YVEQ =VE W + V2 U + Vg W + ViU — o IQIPE - n() W — n(U)U]
+ By (W) + n(t)ypu].  (3.5)
Using (2.8) and (3.2) in (3.5), we get

YVEQ = Ay wt W + Vi (e W) = Acure W + Vi-CU + V2 | BU + Vi (W)
+ V28U + VECU - af|lQIPE - n(U)m.W — n(U)U] + BIn(U)y (. W) + n(U)y U],
= —&’{W*me - Acym. W + V%}VJ'QD(T(*W) + VWCU + VZILIP(T[*W) + V;}J‘CU
+ V7 wBU + Vi BU ~ alllQIPE ~ n(t) W — n(UUl + Bin(U)g(r. W) + n(U)yU].

(3.6)

Since g(BU, V) = 0 for any V € I'((rangen.)*), therefore Vi BU € I'(rangem.). Let Z € T((kerm)*) such that
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n.Z = BU, then using (2.7) in (3.6), we have
YVEQ = Ay wt W = Acunt.W + V(W) + Vi-CU + V(W) + ViCU
+ (VIL)(W, Z) + m(HVRZ) + VimZ — all|QIPE — (U)W — n(U)U] (3.7)
+ Bty (. W) + (U UL

Since, Q) is geodesic, VgQ = (. Separating vertical and horizontal parts of the above equation we get (3.3)
and (3.4). O

Corollary 3.4. Let  : M™ — BY be an anti-invariant Riemannian map from a Riemannian manifold (M™, g1) to
a trans-Sasakian manifold (B, g», 1y, 1, &) of type (v, 0) with horizontal Reeb vector field Eand y : JC R — M be a
geodesic on M, then the curve () = 1 o y is a geodesic on B if and only if

~Apr.weW = AcureW + m(HVRZ) + Vi m.Z + n(Uarn.W =0,

V(e W) + VEECZ + V(W) + VESCU + (Vr)(W, Z) + aln(UDU — [QIPE] = 0

forany U € F((rangeF*)L) and W, Z € T((kerF.)*t) such that n.Z = BU with 7..W and U as vertical and horizontal
components of )(s).

Corollary 3.5. Let 7 : M™ — BY be an anti-invariant Riemannian map from a Riemannian manifold (M™, g1) to
a trans-Sasakian manifold (B, g», ¥, 1, &) of type (0, B) with horizontal Reeb vector field Eand y : ] C R — M be a
geodesic on M, then the curve ) = 1 o y is a geodesic on B if and only if

~Apr.wW = AcureW + m(HV R Z) + V] m.Z + pn(U)m.Z] = 0,

Vi p(mW) + Vii-CZ + Vi (W) + Vi-CU + (Vr)(W, Z) + Br(U)[Y (. W) + CU] = 0

forany U € F((;ifangeF*)L) and W, Z € T((kerF.)*t) such that n.Z = BU with 7t.W and U as vertical and horizontal
components of )(s).

Corollary 3.6. Let 7 : M™ — BY be an anti-invariant Riemannian map from a Riemannian manifold (M™, g1) to
a trans-Sasakian manifold (B, g», Y, 1, &) of type (0, 0) with horizontal Reeb vector field Eand y : ] C R — M be a
geodesic on M, then the curve ) = 1 o y is a geodesic on B if and only if

~AprwtW = Acurt.W + . (HVRZ) + VETZ = 0,

Vi O W) + Vi CZ + Vi (W) + Vi-CU + (Vr)(W, Z) = 0 38)

for any U € T((rangeF.)*) and W,Z € T((kerF.)*) such that n.Z = BU with n.W and U as vertical and horizontal
components of C)(s).

Theorem 3.7. Let 0 : M"™ — B’ be an anti-invariant Riemannian map from a Riemannian manifold (M™, g1) to a
trans-Sasakian manifold (B, g2, ¥, 1, &) of type (a, B) with horizontal Reeb vector field &. Let y and Q be geodesics
on M and B respectively. Then 7 is a Clairaut anti-invariant Riemannian map with r = e if and only if

d(h o Q)

g2 (W, . W) 5

= 92y W, .2) = ga(Vit (W) + V(. W), CU)
— n(Wlagi(W,2) + BlyUIP],

3.9
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where U € T'((rangert,)*) and W, Z € T'((kerm.)*) such that 1.Z = BU. Also m.W and U are vertical and horizontal

part of CQ)(s) respectively and h is a smooth function on B.

Proof. Lety : ] C R — Mand Q = oy be geodesics on M and B respectively such that Q(s) = . W(s) + U(s),

where 1,W € T'(rangert,) and U € T'((ranger.)* ).
Considering ||Q(s)I[* = ¢, we have

Facre) (U, U) = ccos*0(s),
Jooys) (W, W) = csin®6(s),

where 0(s) € [0, 7] is the angle between Q and U. Differentiating (3.10) along Q, we get

d _ B _ . do
%gZ(ur u) =2g>(V U U) = 2ccos@sm6E.

Since B is a trans-Sasakian manifold, (3.12) can be written as
B . do
202(Vap U, pU) = 2g2(V, w9 U, pU) = —2cc0595m6%.
Now, using (3.2) and (2.8) in (3.13), we get
B s B €L : do
92V, wBU — Acyn.W + Vi-CU + Vi 8U + Vi;CU, YU) = —ccosOsind—.

ds
Let Z € I'((kermt,)*) such that 7,Z = BU, using (2.7) in (3.14) we have

72((VEr) (W, Z) + (VM Z) = Acur.W + Vii-CU + VEm.Z + VCU, YU) = —ccos@sin@ili—f.

Using (3.3) and (3.4) in (3.15) and simplifying, we obtain

- ccos@sineiz—f = (AprwtW, .Z) — go(Vii- (. W) + V(. W), CU)

= an()g2(W, Z) = pnU)liypUP.

Further, 7t is a Clairaut Riemannian map with r = ¢" if and only if

4 (P*Osing) = 0,

ds
This implies,
eh°Qsin6d(h °Q) + eh°Qcos9d—(9 =0,
ds ds
csinzed(h °Q) = —csin@cos@d—e.
ds ds

From (3.11), (3.16) and (3.17), we get (3.9). O

(3.10)
(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

Corollary 3.8. Let 1t : M™ — B’ be an anti-invariant Riemannian map from a Riemannian manifold (M™, g1) to a
trans-Sasakian manifold (B, g2, Y, 1, &) of type (@, 0) with horizontal Reeb vector field E&. Let y and Q be geodesic
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on M and B respectively. Therefore  is a Clairaut anti-invariant Riemannian map with r = e if and only if

d(ho Q)
ds

ga(m. W, T W) = 2 Agrw W, .Z) = ga(ViFP(LW) + Vi W), CU)

—an(h)g1(W, 2),
where U € I'((rangem.)*) and W, Z € T'((kerrt.)*) such that n.Z = BU. Also .W and U are vertical and horizontal
part of C)(s) respectively and h is a smooth function on B.

Corollary 3.9. Let 7t : M™ — B’ be an anti-invariant Riemannian map from a Riemannian manifold (M™, g1) to a
trans-Sasakian manifold (BY, g2, 1, 1, &) of type (0, B) with horizontal Reeb vector field &. Let y and Q be geodesic on
M and B respectively. Then T is a Clairaut anti-invariant Riemannian map with r = € if and only if

d(ho Q)
ds

g (W, . W) = P2 (Agpr.wtW, .Z) — go(Vii- P (W) + V(. W), CU)

- Bn(WllypUl’,

where U € I'((ranger,)*) and W, Z € T'((kerm.)*) such that 7.Z = BU. Also ,W and U are vertical and horizontal
part of C)(s) respectively and h is a smooth function on B.

Corollary 3.10. Let 7t : M™ — BY be an anti-invariant Riemannian map from a Riemannian manifold (M™, g1) to a
trans-Sasakian manifold (BY, g2, 1, 1, &) of type (0, 0) with horizontal Reeb vector field &. Let y and Q be geodesic on
M and B respectively. Then 7 is a Clairaut anti-invariant Riemannian map with r = " if and only if

d(ho Q)
ds

where U € I'((rangem.)*) and W, Z € T'((kermt.)*) such that n.Z = BU. Also . W and U are vertical and horizontal
part of C)(s) respectively and h is a smooth function on B.

g2 W, T W) = 2 Ayrw W, .Z) = ga( V(W) + V(. W), CUD),

Theorem 3.11. Let © : M™ — BY be a Clairaut anti-invariant Riemannian map from a Riemannian manifold
(M™, g1) to a trans-Sasakian manifold (B, g2, Y, 1, &) having horizontal Reeb vector field & with v = ¢". Then either
dim(ranger.) = 1 or h is constant in Y(rangemn.).

Proof. Since 7 is a Clairaut anti-invariant Riemannian map admitting horizontal Reeb vector field with
—oh
r =¢", we have

(VL)W Z) = —g(W, Z)V'h (3.18)
for any W, Z € T'(kermt,)*. Taking inner product with 7,Y € T'((ranger.)*) and using (2.7), we get
B
P(ViZ YY) = =g1(W, Z)ga(VPh, YY)
Also, from above equation we have

B
(Vi pr.Y, m.Z) = g1(W, Z)g2(VPh, Y. Y). (3.19)

Since B is a trans-Sasakian manifold, using (2.4) in (3.19), we get

B
2(VimY, ¥r.Z) = —g1(W, 2)g2(VPh, Y1.Y). (3.20)

Again, using (3.18), we have

B
(Vi Y, ¥r.Z) = —g1(W, Y)g2(VPh, Y. Z), (3.21)
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equating (3.20) and (3.21), we obtain

7(W, 2)g2(VPh, YY) = g1(W, Y)g2(Vh, y72.2).
Putting W = Z in above equation, we get

IWIEg2(VPh, YY) = g1(W, V)ga(VEh, Y. W). (322)
Interchanging W and Y in above equation, we have

IYIPg2(Voh, y1eW) = g1 (W, Y)ga(VER, YY), (3.23)
From (3.22) and (3.23), we obtain

7% D9 (W), _

VB, y,W)[1 -
92V YW1 - e e

(3.24)

From (3.24), we conclude that either dim((kerm.)*) = 1 or h is constant in {7t W. Since there is linear isometry
between (kermt.)* and rangert.. Hence we have the theorem. [J

Theorem 3.12. Let © : M™ — BY be a Clairaut anti-invariant Riemannian map from a Riemannian manifold
(M™, g1) to a trans-Sasakian manifold (B, g2, Y, 1, &) having horizontal Reeb vector field &. If dim(rangert.) > 1,
then rangert. is minimal.

Proof. Let Y € I'((kerm.)*), then we have

(Vr)(Y,Y) = g(Y, Y)H. (3.25)
If n.Z € I'((rangert.)*), using (2.7), above eqution can be written as

92(.Y, Vyym.Z) = —g1(Y, Y)g2(Ha, Y 11.2). (3.26)
Since B ia a trans-Sasakian manifold, simplifying (3.26) we have

Y, VERZ) = 1Y, V)ga(Hy, Y11.2). (327)

Again, from (3.25) and (3.27) we get

91(Y, 2)g2(Ha, y7.Y) = 91(Y, Y)g2(Ha, Y1, 2). (3.28)
Interchanging Y and Z, we have

91(Y, 2)g2(Ha, Y1) Z = 91(Z, Z)g2(Ha, P71.Y). (3.29)
Since dim(rangemn.) > 1, from (3.28) and (3.29) we conclude the required result. O

Theorem 3.13. Let © : M™ — BY be a Clairaut anti-invariant Riemannian map from a Riemannian manifold
(M™, 1) to a trans-Sasakian manifold (B, g2,, 1, &) having horizontal Reeb vector field &. If rangem, is integrable,
then g2(Vii-¢(r.Y) = Vi (. W), CU) = 0, where W, Y € T((kerm.)*) and U € I'((rangert.)*),

Proof. Let W, Y € I'(kerri;) and U € T((rangem.)*), we have
(W, Y], U) = g2(VE Y = VE W, U). (3.30)
Since B is a trans-Sasakian manifold, from (3.6),(2.4) and (3.30), we get

ga([W, YL, U) = g2(V5 (r.Y) = VE (W), pU).
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Using (2.8) and (3.2) in above equation, we obtain
B[ W, Y], U) = —g2( Ay vy W, BU) + g2 ( Ay 1. Y, BU) + g2 (Vi (. Y) = Vi (W), CU). (3.31)
Assuming Z € I'((kerm.)*) such that n.Z = BU and using (3.4), (3.31) can be rewritten as

g([mW, .Y], U) = —g2(P(1.Y), (VI )(W, 2)) + g2 (Y (W), (VT.)(Y, Z))
+ (Vi (m.Y) - Vi (W), CU).

Since 7t is a Clairaut Riemannian map, using Definition 2.2. in above equation, we get

2 W, Y], U) = g2(Y(1.Y), VEg1(W, Z) — g1(Y, 2)]

3.32
+ ga(VERp(.Y) — VS (e W), CU). (3.32)

Since dim(rangert.) > 1, using Theorem 3.3 in (3.32), we get the required result. [

Theorem 3.14. Let © : M™ — BY be a Clairaut anti-invariant Riemannian map from a Riemannian manifold
(M™, g1) to a trans-Sasakian manifold (B, g2,,n, &) having horizontal Reeb vector field &. Then (rangert.)* is
integrable.

Proof. Let U,V € I'((rangem.)*) and W € I'(ranger.), then we can write
7([U, V], W) = g2(VuV = Vy U, W). (3.33)

Since, (rangem.)* is a totally geodesic distribution so we have the required result. [J

Theorem 3.15. Let © : M" — BY be a Clairaut anti-invariant Riemannian map from a Riemannian manifold
(M™, g1) to a trans-Sasakian manifold (BY, g2, 1, 1, &) having horizontal Reeb vector field & and dim(rangert.) > 1.
Then, 1 is harmonic if and only if kerrt, is minimal.

Proof. Let{Z;}l_, and {Z;}"! ., be orthonormal basis of ker7t. and (kerm.)* respectively, then we have

trace(Vr.) = Z(Vm)(Z,-,Zi) + Z (Ve )Z:, Z)
=1

i=r+1

= Z(Vm)(Z,-,Zi) + Z 92((Vr)(Zi, Z), mZi) T2, (3.34)

i=1 i=r+1

N (Vi Zi), i+ Y| 92V Ziy Za), P Z)( Z),

i=r+1 j=1 i=r+1

where {r.Z;}i", | and {y;};_; are orthonormal basis of I'(ranger.) and I'(u) respectively, and b = 2 +s.
Using lemma 2.1 and (2.7) in (3.34), we get

trace(Vr.) = Y (VR mZi = m(VHZ)) + Y | Y ga(VIe)(Zi, Z), )
i=1 i=r+1 j=1

m (3.35)
+ Y. 92(V3 mZi, P Z) (. Z).

i=r+1
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Since B is a trans-Sasakian manifold, using (2.4) in above equation, we have
r m S
trace(Vr) = = ) m(VYZ)) + Y )" ga((Vm)(Zi, Z0), i)y
i=1

i=r+1 j=1

+ Z [92(= V7, (. Zi), (e Z))P(1.Zi) = Pga(tZi, T Zi)go(E, Y (. Z)) (. Zi)],

i=r+1

r mos (3.36)

==Y m(VHZ)+ Y Y ga((VZi Zi),
i=1 i=r+1 j=1

+ Y a(VE L Zi, Y2 Z).

i=r+1
Further, using (2.10) and (2.11) in (3.36), we get
trace(Vr,) = —rm(0") + ) | Y a(Hag1 (Zi, Z2), )
i=r+1 j=1 (337)

+m=1) Y ga(Ho, (. Z)P(m.Z,),

i=r+1
where, ¢V is mean curvature of kerr.. Since dim(ranger.) > 1, from theorem 3.4 and above equation, we get
trace(Vm.,) = —rm.(0"). (3.38)

Thus, 7 is harmonic if and only if kerr, is minimal. O

Example 3.16. Let 7t : M — B be a smooth map defined as
n(x,y,z) = (0,x+y,0),

where M = {(x,y,z) € R3, x, y,z # 0} is a Riemannian manifold with Riemannian metric

0
0
1

on Mand B = {(x, y,z) € R,z # 0} is a trans-Sasakian manifold with contact structure given by Example 2.1., then
we have

(@] STET (G
O MW=

Q
[y
Il
N
—

(kermt,) = span{el - 62,63},
(kerr.)* = span{Z = e1 + e},

where e; are standard basis vector fields on M. Also, by simple computation it is easy to see that

d
(rangem.) = span{mZ =E = 2%}

d d
5o)E3 =25 =¢

and YE1 = Ep with g1(Z, Z) = go(n.Z, n.Z). Thus, 7 is an anti-invariant Riemannian map.
In order to show that the defined map is Clairaut Riemannian map we find a smooth function h satisfying equation
(Vr)(Z,Z) = —g(Z,Z)VBh. Here, (Vr.)(Z,Z) = 0, g1(Z,Z) = 1, thus by taking constant h, we can verify

0
(rangert,)* = span{Ez = 2(£ +0
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(V1 )(Z,Z) = —g(Z, Z)VEh. Also from (2.4), we have a = 1,8 = 0. Hence 7 is a Clairaut anti-invariant Riemannian
map from Riemannian manifold to trans-Sasakian manifold of type (1,0).

Example 3.17. Let © : M — B be a Riemannian map defined as

-y

n( ) = 0,550

2

where M is a Riemannian manifold and B is a Sasakian manifold. Since, there is a linear isometry between (kerrt.)*
and (rangemn.), we can define a smooth function k between these distributions and then pullback k* of that function
on (kerr.)* in terms of B's co-ordinate system such that k*((kermt.)*) = e™%, then extend this function on whole TM.
Now, we can define a global frame {e1, e, e3} with e; = e‘wg—x,ez = e‘“’aiy,eg = 5_2 and a Riemannian metric g, on M
such that g1(x, y,z) = e*“dx? + e*°dy? + dz?, whereas B = {(u, v, w) € R>|v, w # 0} is equipped with a contact metric
structure (92,1, 1, &), given by

0 10
H = (e + v7)du” + e““dv” + (—2v)dvdw + dw?, =|- , n=(dw-vdu), £&=—
g2 = (¥ + v))du? + ¥ dv* + (—2v)dvdw + duw? 1 0 0|, n=(@ du), & aiu
0 v 0

and {E1, Ey, E3} is a global frame on B, defined as Eq = e‘w%,Ez =yE = e‘w(a% + v%), E; = % =¢.
Then, by simple calculation, we get
1 e d d

(kermt,)* = span{Z = %(el —e) = $(£ - @)i,

d
5 El}/
(rangem.)* = span{Ez = e‘w(% + %), E; = % = 5},

rangem, = span{mZ =e?

Also, g1(Z,Z) = go(n.Z, .Z) = 1 and y(rangemn.) C ((rangert.)*), therefore 7 is an anti-invariant Riemannian map.
In order to prove that m is a Clairaut map, we must have Vr.(Z,Z) = —g1(Z, Z)VEh. Here, by some computation, it
is easy to see that g1(Z, Z) = 1 and Vr.(Z, Z) = —E3 — ve"E,, therefore, we have VBh = E3 + ve™“E,. For a smooth

function h, the value of VBh with respect to g, is given by VEh = (e’wg—z + ve’“’g—z’z)Ez + v* 9L E5, which implies

that h = vgw. Also from (2.4), we have o = %e‘zw, B = 1. Hence m is a Clairaut anti-invariant Riemannian map to

trans-Sasakian manifold of type (3¢, 1).
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