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On (Thick, Weak Thick)Spanier topology on nth homotopy group
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Abstract. In this paper, we introduce nth thick and nth weak thick Spanier groups as subgroups of the
nth homotopy groups of a topological space. Then, we use these subgroups to define topologies on the nth
homotopy groups that make them into topological groups. Finally, we present some properties of these
topologies and examine the way they are related to the underlying space.

1. Introduction

One of the most important problems in homotopy theory is to understand the local behavior of a
topological space. For example, to find the homotopy groups of a space, one needs to know its local
properties. To compute the fundamental group of a space, two classical tools are commonly used, namely,
Van-Kampen'’s theorem and the theory of covering spaces. But, these are appropriate only for locally
well-behaved spaces, and papular instruments used to understand the higher homotopy groups of a space
depend on its fundamental group and local behavior. Usually, in the topology literature, locally #-connected
or n-semilocally simply connected spaces are considered as well-behaved spaces. On the other hand, many
spaces that appear in topology, analysis and other branches of mathematics, including fractals and Menger
spaces, are not locally well-behaved spaces. Such spaces are known as locally complicated or locally wild
spaces.

It is beneficial to the study of a homotopy group, as well as any other group, to know about some of
its subgroups. In his book [18], Spanier proved the equivalence of the semi-locally simple connectivity of
a topological space and the triviality of a special subgroup of its fundamental group. He also used this
subgroup to classify and study covering spaces of topological spaces. In [12], Fisher et al. referred to
this group as the Spanier group. In [19], Wilkins equip the fundamental group of a space with a topology
which he called the Spanier subgroup topology, what we refer to as the Spanier topology. Also, he explored the
relation between the topology of a space X and the topology of its fundamental group. We know that when
equipped with other topologies, this group and higher homotopy groups may not be topological groups.
See [4] for more detalils.

In this paper we use the nth Spanier groups, defined in [3], to equip the nth homotopy group with
topologies that make it into topological groups. Then, motivated by the work of Bogley and Sierdaski
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in [10], we define and study other topologies on 7,(X, xo) that make it into topological groups. Also, we
provide conditions that ensure the metrizability of these topological groups. We denote the nth homotopy
group with these topologies by sy, Tis, and Tytsp, to which we refer as the Spanier topology, the thick Spanier
topology and the weak thick Spanier topology, respectively. Moreover, we examine the relationship between
some local properties of the space X and the topologies 7y, Tts, and Tq:s, on the nth homotopy group.

In Section 2, we first explain some basic notions concerning topological spaces and their homotopy
groups that will be used in other sections. Then, we recall various approaches to homotopy groups and
relative homotopy groups. Next, we discuss the behavior of the homotopy group under changing the base
point. In Definition 2.2 and Definition 2.3, we recall the definitions of Spanier group and thick Spanier
group from [5, 12], respectively. At the end of this section, we describe the construction of the nth shape
homotopy group of a space.

In Section 3, we state the definition of n-Spanier group from [3], and introduce a general version of
the thick Spanier group. Also, we compare these subgroups and consider their equality under certain
conditions. See Theorem 3.10. Next, we introduce the nth weak thick Spanier group, and we explore the
relation between this group and the nth thick Spanier group. Moreover, in Example 3.7 we compare these
three important subgroups of the nth homotopy group. Then, we show that these subgroups are equal for
all paracompact spaces. Also, in Theorem 3.12, we prove the equality of the first Spanier group and the
first thick (weak thick) Spanier group under certain conditions. Furthermore, in Theorem 3.8 we show that
these three subgroups of the homotopy groups are equal for each topological group. One of the well-known
subgroups of the nth homotopy group is the shape kernel of the canonical homomorphism from the nth
homotopy group to the nth shape homotopy group (or ker'.) In Proposition 3.15, we prove that the nth
thick (weak thick) Spanier group lies in the kernel of this map.

In Section 4, we define the topologies sy, 715, and twtSp (or the Spanier, thick Spanier and weak thick
Spanier topologies) on the nth homotopy group, which induce topological group structures on 7,(X, x¢).
See Proposition 4.2. In Theorem 4.16, we provide conditions under which these topological groups are
metrizable. Moreover, we examine the ways the topological properties of these topological groups are
related to the local properties of the space (X, xo). For example, let ¢ be a path from xg to x;. Notice that the
isomorphism oy is not necessarily continuous ([9]). But, we prove that the isomorphism oy(7,,(X, xo), T) —
(mt4(X, x1), 7) is @ homeomorphism, where 7 € {15, Ttsp, Tuwrsp}. See Proposition 4.4. In Theorem 4.7, we
show that if (77,(X, x1), 7) is Hausdorff, where 7 € {15y, Tssp, Twtsp}, then X is n-homotopically Hausdorff. But,
in Example 4.9 we observe that the converse of Theorem 4.7 is not always true. Notice that converse of
Theorem 4.7, in the special case n = 1, is Problem 8.11 of [8]. In Proposition 4.14, we state conditions under
which the converse of Theorem 4.7 is true. Finally, we answer the following problem, posed by Brodskiy et
al. in [8].

Let X be a path-connected space and xq € X. Are the following conditions equivalent?

(1) nfp(X, xX0) = Nuy nfp (U, xp) is trivial.
(ii) p: (X, %) — (X, xo) has the unique path lifting property.
(iif) X is 1-homotopically Hausdorff (or homotopically Hausdorff).

2. Preliminaries
This section summarizes some notions that will be used in the next sections. In this paper, we let

I"={(x,...,x) €R": 0<x; <1, 1<i<n}, J"={(x,...,x,) €I":x; €{0,1} for some i},
D" = {(xl,...,xn) eR": Y% < 1}, Sh = {(xl,...,xm) eR™ Y a2 = 1},
SE={(x1,..., Xp41) € S" 1 X441 2 0} and St ={(x1,...,Xn41) € S" 1 xy41 <0}

Let X be a topological space and xj € X.

(1) We say that X is locally path-connected at x € X if for every open set V containing x, there exists a
path-connected open set U with x € U C V. The space X is said to be locally path-connected if it is
locally path-connected at each of its elements.
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(2) An n-loop at xy is a continuous map f : I" — X such that f(3dI") = {xo}. The n-loop f is null-homotopic if
it is homotopic to the constant map Cy, : I" — X defined by Cy,(s) = xo.

(3) The space X is called n-semilocally simply connected if for each x € X, there exists an open subset U of
X containing x such that every n-loop in U is null-homotopic in X.

(4) We call X a locally n-connected space if for every point x of X and any neighborhood U of x, there exists
an open set V of x such that V C U and for every 1 < k < n, any k-loop in V is homotopically trivial in
u.

(5) We say that X is n-connected if it is path-connected and any k-loop map in X is null-homotopic, for
every 1 <k <mn.

(6) If (X, x0) is the set of homotopy classes of n-loops f : (I",dI") — (X, xo) at xo, then m,(X, xo) has a
group structure with the operation [f] + [g] = [f + g], where

f@x1,x2,...,%0),  x1€[0,3]
(le - ]-/x2/' . -/xn)/ X1 € [%11]

q+mmm%“mm:{g

This group is called the nth homotopy group of X with base point xy. See [16] for more details.
In (7), we present another definition of the nth homotopy group of X.

(7) If the boundary 91" of I" is equal to a point, the quotient space is homeomorphic to the n-sphere 5"
with a base point 1 = (1,0, ...,0) € S", each element of m,(X, xg) can be represented by a homotopy
class relative to 1 € 5" of the maps f : (5",1) — (X, x0), and vice versa. So, this definition of the nth
homotopy group is conceptually equivalent to the one above.

We use this equivalent definition of the nth homotopy group throughout this paper. See [2] for more
details.

(8) Let A be a subspace of X. A useful generalization of the homotopy group m,(X, xo) is provided by

the relative homotopy group m,(X, A, xo) with a base point xy € A. Here, we are going to recall the
definition of these groups from [14].
First, note that we can regard I"! as the face of I" with the last coordinate x, = 0. Let "~ be
the union of the other faces of I". Suppose that 7,(X, A, xo) is the set of homotopy classes of maps
(I, 91", "1 = (X, A, x9), with homotopies through maps of the same form. The action taken in the
relative homotopy groups is exactly the same as that in the homotopy groups. It is easy to see that
1,(X, A, x¢) is a group for n > 2, and that it is a commutative group if n > 3.

(9) If J*! is equal to a point s, then (I", dI", J"~!) admits a configuration equivalent to (D", dD", sp). This
shows that an element of 7,(X, A, xy) can be as equally well-defined as a homotopy class of the maps
f:(D, §"1,50) = (X, A, xq). From this point of view, addition is done via the map c: D" v D" — D",
collapsing D""! c D" to a point. In general, changing the base point in the homotopy group of a
topological space X may change the homotopy group. We know that when a path ¢ exists between
two points of a path-connected topological space X, the homotopy groups corresponding to these
points are isomorphic. In what follows, we define the isomorphism induced by o.

(10) Let n > 2, and define oy : 7,(X, x1) — (X, x0) by oyla] = [F1], where Fi(s) = F(s, 1) for any s € I",
and F: I" X [0,1] — X is a homotopy with the following properties.

F(s,0)
F(s, t)

a(s) sel"
T sedtel0,1].

Then by [16, Theorem 2.5.6], the map oy is a well-defined isomorphism that only depends on the
homotopy class of o.

Theorem 2.1. [7] If 0,7 : I — X are paths, then given any n € N the following statements are true for the
isomorphisms oy, Ty : (X, x1) — 7,(X, X0).

1. Ifo = T rel(dl), then oy = Ty.

2. If (1) = 1(0), then (0 * T)y = 04 © T.

3. If 0 is the constant map, then oy is the identity map.
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4. (Naturality): Let Y be a topological space and ¢ : X — Y be a continuous map such that T = ¢ o 0. Then, the
following diagram commutes.

Oy

(X, (1)) —— 14(X, 5(0))

@l l@

7 (Y, 7(1)) ———= 70x(Y, 7(0))

Notation. Throughout this paper we denote the collection of all open covers of X by O(X), and we let
X = {[a] : ais a path in X with a(0) = x}.

In Definition 2.2, we recall the definition of the Spanier group of a pointed space (X, xo), as introduced by
Fischer et al. in [12].

Definition 2.2. Let (X, xo) be a pointed topological space.

1. Suppose that U is an element of O(X). The Spanier group of X at xo with respect to U, denoted by (U, xo),
is a subgroup of 111(X, xo) which is generated by [01[a][T ], where [o] € Xanda:1 > Uisa loop based at
a(1), for some U € U.

2. The Spanier group of X at xo, denoted by (X, x0), is (Nqseopo T (U, x0). Equivalently, 75P(X, xo) is the
inverse limit (or Limm*P (U, xo)) of the inverse system {m (U, x0), T (V, x9) — (U, %), O(X)}, where
O(X) is directed by refinement.

In [5], Brazas and Fabel defined the thick Spanier group as a subgroup of the fundamental group. A result
established in this paper says that the Spanier group of a topological space is contained in the thick Spanier
group. In the following definition, we define the thick Spanier group.

Definition 2.3. Let (X, xo) be a pointed topological space.

1. Suppose that U is an arbitrary open cover of X. The thick Spanier group of X with respect to U, denoted by
T (U, x0), is the subgroup generated by the elements

[olln]la][5],

where [0] € X and fori=1,2, the maps ; : I — U, are paths for some U; € U.

2. The subgroup IT1%(X,x0) = Nyeop TP (U, x0) of m1(X,x0) is called thick Spanier group. Equivalently,
TT%7 (X, xo) is the inverse limit (or [imU T (U, xo)) of the inverse system (TT (U, xo), TI# (V, x9) = T (U, x9), O(X)},
where O(X) is directed by refinement.

2.1. Cech expansion and the nth shape homotopy group

In this section, we recall the construction of the nth shape homotopy group via Cech expansion. See [15]
for more details.
Let O(X) be the set of all open covers of X, and

O(X, x0) = {(U, Up) : U € O(X), Uy € U}.

It is easy to see that O(X) is a directed set by refinement. We say that (V, Vy) refines (U, Uy) if V refines U
as a covering and V C Uj.

The nerve of a covering (U, Up)e O(X, xp) is an abstract simplicial complex N(U) whose vertex set is the
set of elements of U and the vertices Up, Uy, ..., U, € U span an n-simplex in N(U) if N, U; # 0. The
vertex U is taken to be the base point of the geometric realization [N(U)|. If (V, Vy) refines (U, Uyp), we can
construct a simplicial map Pgsy : N(V) — N(U), called projection map, as follows.

Givenavertex V € N(V), thereexists U € U such that V C U, (V, Vo) refines (U, Uy)), the map Pq; sends
the vertex V of N(V) to the vertex U of N(U), and Vi must be sent to Uy. We know that such an assignment
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of vertices induces a simplicial map. Now, Py induces a map |Pyy| : IN(V)| = IN(U)|, which is unique
up to the based homotopy. Thus, the induced homomorphism pg. : 7, (IN(V|, Vo) — m,(IN(U|, Up) is
independent of the choice of the simplicial map.

An open covering U of X is said to be normal if it admits a partition of unity subordinated to U. Let A be
the subset of O(X; x¢) consisting of all pairs (U, Up), where U is a normal open covering of X, such that there
exists a partition of unity {¢,},ezs subordinated to U with ¢,,(xo) = 1. We know that for a paracompact
Hausdorff space X, A is cofinal in O(X; xo).

For each (U, Uy) € A, choose a pointed map pa; : (X, x0) — (IN(U)|, Up) such that p; LSHUN(U)) c U
for all U € U, where St(U, N(U)) denotes the open star of the vertex of N(U) Wthh corresponds to U.
(For example, define pq based on a locally finite partition of unity subordinated to U.) Again, such a
map pyq is unique up to the pointed homotopy, and we denote its pointed homotopy class by [p¢/]. Then,
[puv o pv]l = [pu]. The so-called (pointed) Cech expansion

(X, x0) [pag] (N(U, %), [puv], €)

is an HPol.-expansion. The nth shape homotopy group of a space X based at xy, denoted by 7t,(X, xo), is defined
as follows.

(X, x0) = Lim(mtu (IN(U)|, Uo), priy, M)

Since the maps pg induce homomorphisms pq. : 7,(X, x9) = 7,(IN(U)|, Up) such that pe = pyy. © pys,
whenever (V, Vy) refines (U, Uy), we obtain an induced homomorphism

Wy : (X, x0) — 7t,(X, x0)

givenby Wx([a]) = [ay], where aq; = pyroa. We say that X is n-shape injective (bijective) if the homomorphism
@ is injective (bijective).

3. The nth thick and weak thick Spanier groups and their properties

Throughout the paper, oy[a] is an n-loop such that ¢ is a path from ¢(0) to o(1), and « is an n-loop at
o(1). To begin with, we recall the construction of the nth Spanier groups from [3].

Definition 3.1. Let (X, xo) be a pointed space, and U = {Ujli € I} € O(X). Let nip (U, x0) be the subgroup of
11,(X, x0) which is spanned by all homotopy classes of the form H;l:lojﬁ[vj], where for every 1 < j < n,0;(0) = xo and
the n-loop v; lies in one of the neighborhoods Uj e U. This group is called the n-Spanier group with respect to U.
Moreover, the subgroup 0! (X, x0) = Nueox 0 (U, xo) is said to be the n- Spanier group.

Let (X, x0) be a pointed space, and sy = (1,0,0,...,0) € dD". Suppose that fi, f» : (D", s50) — (X, x0) are
pointed continuous maps such that fi(z) = fo(z), for every z € dD". Then themap f1 ® f, : S" — X, defined
by the following formula, is an n-loop at x.

resa={ 5 1S5

In the following proposition, we show that the definition above is independent of the choice of maps in
their relative homotopy classes under homotopy.

Proposition 3.2. Let (X, xo) be a pointed space, sp = (1,0,0,...,0) € dD" and f;, g; : (D",s9) — (X, xo) be pointed
continuous functions, for i = 1,2, such that for each z € dD", fi(z) = fo(z) and g1(z) = g2(2). If fi = g; rel{dD"},
then [f1 ® f2] = [91 ® g2].

Proof. Let F be a relative homotopy from f; to g1, and G be a relative homotopy from f, to g,. The map
H: 58" x[0,1] — X, defined by H(z,t) = F; ® G¢(2), is a relative homotopy from f; ® f, to g1 ® g, because
for every zin 5", H(z,0) = f; @fz(z) H(z,1) = g1 ® g2(z) and for every z € dD",t € [0, 1], H(z, ) = 1 ® fo(z) =
ne® gz(z) H. Therefore, [ f1 @fz 91 ® gz] O
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Definition 3.3. Let U be an open cover of a pointed space (X, xo).
(1) The n-thick Spanier group with respect to U is the subgroup of 7,(X, xo) which is spanned by elements of the
form oy[f1 ® f2], where o € X, fi, fo 1 (D",50) — (X, x0) are pointed continuous maps such that for any
z € dD", f1(z) = fo(z), and Imf; C U, for some U; € U (i = 1,2). We denote this by HZSP((L[, Xp)-
(2) The subgroup

tS tS,
Tty p(X/ xO) = m‘lIeO(X) T, p(ﬂ/ xO)

is said to be the n-thick Spanier group of X. Equivalently, TP (X, x0) is the inverse limit (or {1117'(;5’7 (U, x0)) of

the inverse system {nf” (U, xp), n:lSp((V, Xp) — n,tfp (U, x0), O(X)}, where O(X) is directed by refinement.

If n = 1, then Definition 3.3 and Definition 2.3 are equivalent. It is easy to see that if an open cover V of X
refines U € O(X), then nip (U, xo) C T(,ZSP(‘LI, Xp) and nffp (V,x) C ntnSp((Ll, Xp). It is also clear that nip (X, x0)
is a subgroup of Tc,tfp (X, x0)-

Example 3.4. Let U be an open cover of a locally (n-1)-connected metric space X. Then, U is called (2, n)-set simple
if each element of this cover is (n — 1)-connected and each n-loop in X that lies in the union of two elements of U

is contractible in X (See [13]). Clearly, for each (2, n)-set simple open cover of X, the n-thick Spanier group and the
n-Spanier group of X with respect to U are equal to the trivial group.

In our next example, we show that the n-Spanier group and the n-thick Spanier group of a cover are not
equal in general.

Example 3.5. Let U = 5" — (N} and V = S" — (S}, where N and S are the north pole and the south pole of S",
respectively. It is obvious that U = {U, V'} is an open cover of S", and that U and V are contractible open subsets of

S". So, nip (U, xp) is the trivial group. On the other hand, the generator of 1,,(S", xo) is an element of n,tfp (U, xp),
and so n,tfp((Ll, Xo) = 1,(5", x9) = Z.

Definition 3.6. Let U be an open cover of a pointed space (X, xo). The n-weak thick Spanier group with respect to
U is the subgroup of 1,(X, xo) which is generated by elements of the form oy[a], where a(I") € Uy U U, for some

Uy, U, € U. We denote this by 7P (U, x0). The n-weak thick Spanier group of X is defined as follows.

wtS S
(X, %0) = Nareo) T (U, X0).

thp(

Equivalently, nffts” (X, x0) is the inverse limit (or [imr, ™" (U, xo)) of the inverse system

(" (U, x0), 1 (V, x0) = 70 (U, x0), O(X)),
where O(X) is directed by refinement.

Let U be an open cover of the pointed space (X, xg). According to the definitions of the nth Spanier group,
the nth weak thick Spanier group and the nth thick Spanier group,

0! (U, x0) C 7y (U, x0) € 10 P (U, x0).

Moreover, if V is an open cover of X which refines U, then nZ’tSP (V,x0) € nZ’tSp (U, x0). In parts (i) and (ii)
of the next example, we compute the nth Spanier group, the nth thick Spanier group and the nth weak thick
Spanier group. In (iii), we show that in general, these subgroups are not equal to each other.

Example 3.7. (i) Let K be a geometric simplicial complex, and ‘W = {St(v,K) : v is a vertex of K} be an open
cover of K. Since for any vertex v of K, the open star St(v, K) is contractible and path-connected,

T (W, wo) = 7P (W, wo) = 7P (W, wo) = 1.
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(ii) As shown in Example 3.5, nip (U, x0) is the trivial group and n,tfp (U, x0) = 1,(S",x9) = Z. Hence,
wtSp
T, ((L{, xo) =Z.

(iii) Let Uy = {*™ : 0 <t < 3}, Up =¥ : L <t <3}, Us = (¥ : L <t < 3}and Uy = (¥ : 2 <t < 3}
IfVi=Uy Ul and V, = Uz U Uy, then V = {V1, V3] is an open cover of S'. The subgroup n;Sp(‘V, Xo) is
trivial, because no pair of paths y1 : 1 — Vi and y, : I — V; satisfying y1 ® yo(I) = S! can be found. Since
ni“ts’?(ﬂ/, xo) contains a generator of 11(S', xo), n;”ts”((V, x0) = m(S,x0) = Z. If X = S", using a similar

method one finds an open cover V such that

(Y, %0) = (S, x0) = Z, and 7,7 (V,x0) = 1.

As mentioned in Example 3.5 and Example 3.7, in general, the nth Spanier group, the nth thick Spanier
group and the nth weak thick Spanier group of an open cover may be different subgroups of the nth
homotopy group. In the following theorems, we present sufficient conditions that ensure the equality of
these subgroups for an open cover.

Theorem 3.8. If U is an open cover of (X, xo) such that Uy N Uy is non-empty and path-connected for every pair
U,, U, € U, then nfp (U, xp) = ntlsr’ (U, xo) = n?tsy (U, x0). Moreover, if every open cover U of X admits a refinement
V with this property, then

7 (X, x0) = TP (X, x0) = 7" (X, x0).

Proof. Let U be an open cover of X, and oy[a] = [aa(a_] be a generator of nlftSp (U, xp), where a(I) € U7 U Uy
for some U, U, € U. First, assume that (1) = x; € Uy N Uy. By [2, Lemma 3.2.5], there exist loops
pi, ..., g such that [a] = [p1][p2] - [uk], and for each 1 < i < k, y;(I) is contained in Uy or U,. Now, for
any 1 < i <k, oyl € 7" (U, x0) and hence o4[a] = oylploglual - oylu] € 7 (U, x0). Let x1 ¢ Uy N Up
and y = a(tp) € Uy N Us. Suppose that 7 : [ — X is a part of the loop a such that 7(0) = y and 7(1) = x;.
Clearly, p = 1T is a loop at y which satisfies B(I) € U; U Uy,. Since oyla] = (a?)ﬁ[ﬁ] and y € Uy N Uy, by the

paragraph above, oy[a] = (a?)ﬁ[ﬁ] € nfp(‘LI, xo). O

As already mentioned, there are two equivalent definitions for relative homotopic groups as well as for
homotopic groups. So, we can redefine f; ® f, using the cubical approach. If f and g are pointed continuous
maps from (I", 9", J""1) to (X, A, xo), where A = f(JI") = g(dI"), then the map f ® g is defined as follows.

f@g(x1/x2/x3/'- '/xrl) = {

f(x1/x2/x3/"'/1 _2x7‘l) 0
g(xlrx21x3/‘-'/2xn_1) %

Lemma 3.9. Let fi, fo, g1 and g be maps from I" to X such that f1|9I" = f|0I" = g119I" = g,|0I" = A. Then

[(i®g)+(L®g)] =[(fi +f)®(g1+92)], )

where + in the left side of (1) is the sum in 1,(X, x0), and + in the right side of (1) is the sum in 1,,(X, A, x0).
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Proof. If (x1,x2,...,%,) € I", then

f1 ®g1(2x1,x2,...,xn) OSX1§%
®@g1)+(HL® X1,X0, ..., Xp) =
(fl gl) (f2 92)( 1,42 n) {f2®92(2x1_1/x2/~~'1x1/l)) %S?QS].
f1(2x1,x2,...,1—2xn) OS.'Xlﬁ%,OanS%
) a12x1,x0,...,2%, = 1) Oles%,%ansl
] L@ -1x,...,1-2x,) $<x<L0<x,<1
72(2x1 = 1,x2,...,2x, = 1) %leﬁl,%anﬁl
fQx1,x,...,1=2x,)) 0<x<i0<x, <1
_ f2(2x1—1,x2,...,1—2xn)) %SX1S1,OSXWS%
T 1(2x1,x2, ..., 2%, — 1)) Oles%,%ansl
P2x1 - 1,%,...,20,-1)) 1<x<1,i<x,<1
_ | At A x, 1= 2x) ?ans%
g1+ ga(x1,x2,...,2x, = 1)) 5 <x, <1

= (f1 + f2) ® (!71 + 92)(x1/x2/ .. '/xn)‘
Therefore,

[(i®g)+ (2®g2)] =[(fi +f2) ® (g1 + g2)]-
[

Theorem 3.10. If U is an open cover of (X, xo) such that for every Uy, U, € U, Uy N U, is (n — 1)-connected (or

empty), then nﬁp (U, xo) = nffp (U, xp). Also, if every open cover U of X admits a refinement V with this property,
Sp tSp

then 1, (X, x0) = 1, " (X, X0)-

Proof. Let U be an open cover of X as stated, and k = oy[f1 ® f»] be a generator of n:,Sp (X, x0), where
fi, f2: D" = X, filapr = falgpr and there exist Uy, U, € U such that the image of f; is a subset of U; for
each 7 € {1,2}. Hence, the image of the map g = filojp» = falop» is a subset of Uy N U,. Since U; N U, is
(n — 1)-connected, there exists a map § : D" — U; N Uy such that §lyp» = g. Thus, g, f1 and f, are maps from
D" to X such that glyp = filogpr = falapr. If A = f1(dD") = f2(dD") = §(dD"), then fi, f> and § are elements of
W (X, A, x0). If hy = oy[ fi® gl and hy = 04[§ ® f,], it is obvious that Im(f; ® §) C Uy and Im(§® f,) C Us. So, the
maps h and hy are in nip (U, xp). To complete the proof, we need to show that k = h; + h,. Since §(JD") = A,
g is the zero element of 7, (X, A, x¢). So, by Lemma 3.9 and Theorem 2.1,

k = olfi®fl=agl(i+fHe@+ f)l

osl(f1 @9 +(G@ f2)] = oyl L ® §1 + 04[F ® f2]
hl + I’lz € ﬂip(ﬂ, XQ).

O

Let U be an open cover of a topological space X. We recall that the star of x with respect to U, denoted
by St(x, U), is the union of all U € U which contain x. An open refinement V of U is called a barycentric
refinement of U if for each x € X, there exists U € U such that St(x, V) c U [11]

Theorem 3.11. If (X, xo) is a Ty and paracompact space, then nflp (X, x0) = n,tfp (X, x0) = nf,’tsy (X, x0). Moreover,
this identity holds if X is metrizable.

Proof. Let U be an open cover of X. Since X is Ty and paracompact, by [11, Theorem 5.1.12] there

exists an open barycentric refinement V of U. Suppose that oy[a] is a generator of nz,‘,]tSp (V, xp), where
a(I") € V1 UV, for some Vi, V, € V. Since V is a barycentric refinement of U, there exists U € U such that

ViU Vy C Sto(1),V) c U This implies that oy[a] is an element of n;“;” (U, x0). Now, it is easy to see that
T(ip(X/ X()) = T(;SP(X/ X()) = 7-CZ}[’S’!]()Q X())- 0



A. A. Bahredar et al. / Filomat 38:12 (2024), 4381-4394 4389

Theorem 3.12. If G is a path-connected topological group, then for every x € G,

7/ (G,x) = Ty ¥ (G, x) = (G, x).

Proof. We only show that nftsﬁ (G,x) C nip(G, x), for every x € G. Let x € G, [B] be a generator of T(thSp(G, X),

and W be an open cover of G. Then, there exist a path ¢ from x to 6(1) = y and an n-loop a : I" — G at y
such that oy[a] = [f] and a(I") € W; U W, for some Wy and W in “W. If Wi N W, is empty, since the set a(I")

is connected, [S] € nip (W, x). Now assume that z € Wy N W, = W. Since G is a topological group, there exist
open neighborhoods U and V of e such that zU € W, V2 C U and V is symmetric. If V = {gV : g € G}, then
%V is an open cover of G such that for some g1, 92 € G, y € a(I") C g1V U g, V. Since V is symmetric, y g € V
ory lgpeV.lett:I— Gbea path from z to . Define an n-loop y : I' — G by y(s) = zyla(s) atz,and a
map H : I"xI — Gby H(s,t) = T (t)z~'y(s). Then, for any s € I, H(s,0) = T(0)z~'y(s) = yz 'zy'a(s) = a(s),
and for every s € dI",

H(s, t) = T()z () = T()z 2y a(s) = Ty 'y = T(@).
Since for each s € I", H(s, 1) = T(1)z7'y(s) = zz7'y(s) = y(s), 74la] = [y] and
y(I") = zyta(I") Czy (VU V) Czy lg1 VU zy tgoV C2V2 U zV2 = z2V2 C zU € W.
Then, [] = (G(T_)ﬁ[)/] € nip (W, x). Since ‘W is an arbitrary open cover, [B] € nﬁp (G,x). O
Problem 3.13. Is there a topological group whose nth weak thick (or thick) Spanier group is a non-trivial group?

The authors do not know the answer to this question.

Lemma 3.14. Let h : (X,x0) — (Y, yo) be a pointed map, and o : [0,1] — X be a path with 6(0) = xo. Then, the
following statements are true.

(i) Forall [B] € mu(X, (1)), (h o o)y[h o B] = h. o ay[B].
(ii) If ‘W is an open cover of Y such that h™ (‘W) is an open cover of X, then

(T (Y (W), x0)) € TP (W, o).

Proof. The proof is straightforward. O

As Brazas et al. proved in [5], the thick Spanier group lies in the kernel of the canonical map from the
fundamental group to the first shape homotopy groups. In the following proposition, we show that this
holds for the nth thick (weak thick) Spanier group.

Proposition 3.15. For any space X, if Wx is the canonical map from the nth homotopy group to the nth shape
homotopy groups, then n:,Sp (X, x0) nfftSp (X, x0) C kerW.

Proof. Let (U,Uy) be a pointed open cover of X. The set V = {P,;}(St(ll, N(U))) : U € U} is an open
refinement of U, because for each U € U, the set P:L}(St(u, N(U))) is a subset of U. Let g be a generator of
7" (X, x0). Since g lies in ;" (V, xo), there exist 6 € X and a : I" — P7}(SHU, N(U))) U PH(SHV, N(U))),
for some U,V € U, such that g = oy[a]. So, Py o 0 is a path in [N(U/)| with initial point Uy and end point
Pq(0(1)), and (Pq o a)(I") € SHU, N(U)) U St(V, N(U)). Since W = {SH{U, N(U)) : U € U} is an open cover
of IN(U)| by open stars, Pys(oy[a]) = (Pgy o 0)3[(Py o @)] by Lemma 3.14. But the right side of the latter
equation is a generator of T[ZtSp (W, Uyp), and by (i) of Example 3.7, this group is the trivial group. So, g lies
in kerPqs. O
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4. Some topologies on the nth homotopy group

Homotopy groups can be equipped with various topologies. Relative homotopy defines an equivalence
relation on the space of continuous maps from the n-sphere to a topological space with the compact-open
topology. So, this relation induces a quotient topology on the homotopy groups. See [4, 6] for more details.

Perhaps, this was the first topology defined on the homotopy groups. Many authors have defined other
topologies on the homotopy groups. They have explored the relationship between the topological properties
of a topological space and its homotopy groups, for example, the relation between the Hausdorffness of a
topological space X and the Hausdorffness of its homotopy groups.

In this section we use the notion of subgroup topology, introduced by Brodskiy in [10], and our subgroups
of homotopy groups to define some topologies on the homotopy groups. To begin with, let us recall the
definition of subgroup topology from [10].

Definition 4.1. Let G be a group, and L be a non-empty family of subgroups of G such that for any S, S’ € L there
exists " € L such that S” C SN S’. Then, the following statements are true.

(S1) Theset{gS: g€ G,S € L} is a base for a topology Tz, on G which is called the subgroup topology induced by L.
(52) The topology tx is discrete if and only if ¥ contains the trivial group.

(53) The space (G, 1) is topological group if all members of Z are normal subgroups of G ([19]).

(54) The space (G, tx) is Hausdorff if and only if NsexS is the trivial group.

Proposition 4.2. Let (X, xo) be a pointed space and n € IN. Then, the following statements are true.

1. The sets T, = {0 (U, x0) : U € OX)}, Lisp = (" (U, x0) = U € OX)} and Loy = {10 (U, x0) = U €
O(X)} induce subgroup topologies Tsp, Tisp and Tursy 01 1,(X, Xo), respectively.
2. The space (11,(X, xo), T) is a topological group if T € {Tsp, Tisp, Twisp}-

Proof. (i) It suffices to show that Xs, induces a topology 7s, on 7,(X, x9). The other cases can be proved
similarly. Let nip (U, xg) and nip (V,x0) be elements of Zsy,. The set W = {UNV : U € UV € V}is

a refinement of U and V such that nip((W, Xp) C nip(‘L{, Xp) N nip (V, x0). By (S1), the set Ls, induces a
subgroup topology 7s, on 71,(X, xp). (ii) Since the elements of Xg,, X5, and s, are normal in 71,(X, xp), by
(53), the proof is straightforward. O

Definition 4.3. Let (X, xq) be a pointed space. We call the topologies Tsy, Tisp and Tusy the Spanier topology, the
thick Spanier topology, and the weak thick Spanier topology, respectively.

Proposition 4.4. Let 0 : [ — X be a path from xq to x1 in a topological space X. Then, oy : (11,(X, x1),T) —
(12(X, x0), T) is a homeomorphism, where T € {Tsp, Tisp, Twisp}-

Proof. Let1; = [cy, | be the identity element of 71,,(X, x1), and T € {Tsp, Tssp, Tursp}. Since for each open cover U
of X, () (U, x1)) € 10, (U, x0), 03, (U, x1)) € 7,7 (U, x0), and ay(m," P (U, x1)) € 71, (U, x), the map
oy is continuous at 1;. By Proposition 4.2, (11,(X, xp), ) and (7,(X, x1), T) are topological groups. So, oy is
continuous at every point of (77,(X, x1), 7). Similarly, we can prove that o is also continuous. [

Proposition 4.5. If f : (X,x0) — (Y, yo) is a pointed continuous map, then the induced homomorphism f. :
(1(X, x0), T) — (1a(Y, yo), T) is continuous, where T € {Tsp, Tisp, Twisp}-

Proof. Let T € {Tsp, Tisp, Tuwrsp}, and U be an open cover of Y. Then, f‘l(ﬂ) = {f‘l(ll) : U € U} is an
open cover of X. It is easy to prove that f*(nip(f‘l(‘u), X0)) C nip((L{, Yo), ﬁ(nfp(f‘l((u), Xp)) C nqup(‘Ll, Yo)

and ﬂ(nftSp( Y U),x0)) C nz,fts’g (U, yo). Hence, f. is continuous at the identity element of ,,(X, xo). Since
(mt4(X, x0), ) and (71, (Y, yo), T) are topological groups, the homomorphism f, is continuous. [
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Proposition 4.6. Let {(X;,x;) : i € I} be a family of pointed spaces, x = {x; : i € I} and X = [l Xi. If
T € {Tsp, Tisp, Twesp} and v’ is the product topology on [ 11.(X;, xi), then the isomorphism 1 : 1,(X,x) —
[Tic; 7n(Xi, x;) defined by Y([a]) = {Pi([a])}ier is continuous, where P; : X — X; is the canonical projection into
the ith component of X.

Proof. Let T = 75y, and [, B; be a base element of 7’. Then, there exists a finite subset | of I such that for
anyi €I\ ], B = m,(X;,x;). If B; = 7, (U;, x;) for each i € ], then the set

W={[l,qU;:U;e U forieJand U; = X; fori eI\ ]}

is an open cover of X. We show that yb(nﬁp (W, x)) C [1ie Bi- Let 5y[y] be a generator of nip (W, x) such that
y(I") € i Ui for some ;¢ U; € ‘W. Then,

Y(oyly]) = (Pioylyllier = {(Pi © 0)4lPi o yl}ier € Ilier Bi-

Therefore, ¢ is continuous at the identity element of (1,,(X, x), 7). Since (71,(X, x), T) and (I I ;¢; . (X;, x;), T) are
topological groups, ¢ is continuous at any element of 7,(X;, x). The other cases can be proved similarly. [J

A topological space X is said to be n-homotopically Hausdorff at x € X if for any essential n-loop a : (I", dI") —
(X, x), there exists an open neighborhood U of x such that no n-loops at x are homotopic (in X) to « rel JI".
The space X is called n-homotopically Hausdorff if it is n-homotopically Hausdorff at x, for every x € X. See
[13] for more details.

Theorem 4.7. Let X be a path-connected space, xo € X and T € {Tsp, Tisp, Twrsp}- If (Ma(X, x0), 7) is Hausdorff for
every n € IN, then X is n-homotopically Hausdorff.

Proof. Let T = 15y, and suppose that(r,(X, xo), 7) is a Hausdorff space. Then by (54), (Nyeo(x) nip (U, x0) =

nip (X, x0) is the trivial group. Suppose that X is not n-homotopically Hausdorff. Then there exists an
essential n-loop a with base point x such that for each U € O(X), there exist an open set V € U and an n-
loop v : I'" — V with base point x such that [a] = [Bv]. Since X is path-connected, there exists a path o from

xo to x such that o4[a] = oy[Bv] € nip (U, xp). Since U is arbitrary, oy[a] is the identity element of nip (X, x0),
and so [a] = 1, which is a contradiction. Therefore, X is n-homotopically Hausdorff. If 7 € {tssp, Tursp} and

(mtn(X, x0), T) are Hausdorff spaces, then by (54), nip (X, xg) or n;,vtSp(X, Xp) is the trivial group. This implies
that nip (X, xp) is the trivial group, and so X is n-homotopically Hausdorff. [

Corollary 4.8. If X is a 1,-injective space, then X is n-homotopically Hausdorff.

Proof. Since X is a m,-injective space (that is, ker'¥ = 1), by Proposition 3.15 and (S3), (7,(X, x0), 7) is
Hausdorff, where 7 € {15, Ttsp, Twtsp}. Therefore, by Theorem 4.7, X is n-homotopically Hausdorff. [

The following example shows that the converse of Theorem 4.7 is not true in general. In Proposition 4.14,
we will show that there are some conditions under which the converse of Theorem 4.7 is true.

Example 4.9. Let A" = (Ujen (82 % [0,1])) U (Ujen (BY X [0,11)) , where

_ ) 2_ 1 _ 42 2 _ (2i+1 \2
St = {(xl,...,x,,) ER":xf+ - +uxy; = 1—2} and B! = {(xl,...,x,,) ER":x{+ - +x, = (21‘(71'11)) }

2i+2 d 2i

It is easy to show that if x € B}, then 575x and 575 x arein S? and S!' |, respectively. Hence, the following relation is

an equivalence relation on A". For any i € IN and x € BY,

(x,0) ~ (22x,0) and (x, 1) ~ (Z;x,1),
and the other points of A" are only related to themselves. Let W" = 4~ be the subspace of R"*2. The space W" is
n-semilocally simply connected, and its n-Spanier groups are trivial. By Theorem 4.7, the topological space W" is
n-homotopically Hausdorff. Now, let W' = W U {(0,0,b) € R® : 0 < b < 1} U C, where C is a single arc that
intersects the central axis of W' only at its endpoint (Figure 4.9).
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The space W'

In general, let W" = W* U {(0,...,0,b) € R™ :0< b <1}UC, where Cisa single arc that connects the central
axis to W". This arc C cannot intersect W" or the central axis at any points other than its endpoints. The n-Spanier
group of the space W™ is non-trivial ([3]). Since

nip(’W”,xo) c RZSP(‘W",xO) c nfftSp((W”,xo),
the subgroups n;Sp (‘W", xo) and nfftSp(’W”, Xo) are also non-trivial. By (S3), the topological spaces (1,(W", xo), Tsp),
(rta(W", x0), Tisp) and (1, (W", x0), Twrsp) are not Hausdorff. But, by [17, Theorem 2.9], the space ‘W" is n-
homotopically Hausdorff.

The concept of small loop transfer was defined by Brodskiy et al. in [9]. Now, we are going to introduce
the concept of small n-loop transfer as an extension of this.

Definition 4.10. A topological space X is said to be a small n-loop transfer space at x € X if for every path o in
X with 0(0) = x and every open neighborhood U of x, there is an open set V containing o(1) such that for any n-loop
Bin V at o(1), there exists an n-loop a in U at x such that oy[B] = [a]. A topological space is called a small n-loop
transfer space if it is small n-loop transfer at each of its points.

Proposition 4.11. Any path-connected topological group is a small n-loop transfer space.

Proof. Let G be a topological group and x € G. Let 0 be a path in G from x to y, and U be an open
neighborhood of x. Then, V = yx~!U is an open neighborhood of y. If § is an n-loop at y in V, then the map
a : I" — U defined by a(t) = xy~'B(t) is an n-loop at x. The homotopy map H : I" x I — G given by
H(s, t) = o(t)x"'a(s) satisfies the following conditions.

H(s,0) = a(s), H(s, 1) = B(s), for all s € I"
H(s,t) = o(t),foralls € 9I",t € I.
Hence by (10), o4[B] = [a]. Therefore, G is a small n-loop transfer space. [J

Definition 4.12. [13] A space X is said to be n-homotopically Hausdorff at x € X if for any essential n-loop
a: (I",dI"y — (X, x), there exists an open neighborhood U of x such that no n-loops at x with image in U are
homotopic (in X) to a rel II". The space X is called n-homotopically Hausdorff if it is n-homotopically Hausdorff at x,
for every x € X.
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Definition 4.13. [14] A path-connected space X is said to be abelian if the action of the fundamental group on each
homotopy group of X is trivial.

Proposition 4.14. Let (X, xo) be an abelian, locally path-connected, n-homotopically Hausdorff and small n-loop
transfer space. Then, (1,(X, xo), Tsp) is a Hausdorff space. Moreover, if X is a Ty and paracompact space, then
(1(X, x0), Ttsp) and (1,(X, Xo), Twisy) are Hausdorff spaces.

Proof. Let o : I" — X be an essential n-loop at xy. Since the space is locally path-connected and n-
homotopically Hausdorff, there exists a path-connected open neighborhood U of xy such that a is not
homotopic to any n-loop at xp in U. Let o be a path from xp to ¢(1). Since X is a small n-loop transfer
space, there exists a path-connected open neighborhood V; of (1) such that oy(m,(V,, (1)) € 7,(U, x0). We
claim that for an open cover V = {V; : ¢ is a path from xg to (1)} of X, [a] ¢ nip((V, xo0). If [a] € nip(q/, X0),
then there exist paths oy, ...,0, from xp and n-loops y1, ..., ym at 01(1),...,0m(1), respectively, such that
[a] = oyly1].-.0mglym], where yi(I") C V), for some V), € V (fori = 1,2,...,m). Since X is path-connected,
there exists a path 6; from A;(1) to 0;(1) in V), such that 6;[y;] is an n-loop at A;(1) in V,,, for each 1 <i < m.
Since X is a small n-loop transfer space, there exists an n-loop f; at xo in U such that A;36;[y:] = [f], for
all 1 < i < m. On the other hand, since the space X is abelian, (1;6;); = o4 for every 1 < i < m. Thus,
[a] = [Al.-[fu] = [fif2---fu], which is a contradiction because fi...f,,(I") € U. Therefore, the topological
group (71,(X, xo), Tsp) is a To space, and so it is Hausdorff. If X is a Ty and paracompact space, then the proof
is straightforward by Theorem 3.11. [

Proposition 4.15. Let (X, xo) be a path-connected and small n-loop transfer space. If X is first countable at x,, then
(1ta(X, x0), Tsp) is also first countable.

Proof. Let{U; : i € N} bealocalbase at x¢. Since (X, x¢) is a small n-loop transfer space, forany i € IN and every
path o from xg to o(1), there exists an open neighborhood V¢ of o(1) such that oy, (V{, (1)) € 7, (Ui, Xo)-
Since X is a path-connected space, the set V; = {V¢ : 0 is a path with 6(0) = xo} is an open cover of X. We

show that the set {nip (Vi,xo) : i € N} is alocal base of (71,(X, xo), Ts,) at the identity element. Let us consider
the open neighborhood nip (U, xp) of this, where U is an open cover of X. Let xy € U for some U € U. Then

there exists j € IN such that xo € U; C U. It is easy to see that m,,(U;, xo) C nip((bl, Xp). Since for every path o
with (0) = xo, oﬂnn(Vf,a(l)) € m,(Uj, xo), we obtain

0 (V) %0) € Uy 070a(V?, (1)) € (U, X0).

Thus nip (Vj, x0) € nip (U, xp), which implies that the set {nﬁp (Vi,x0) : i € N} is a local base at the identity
element of the topological space (7,(X;, xo), Tsp). By Proposition 4.2, this space is first countable. []

Theorem 4.16. Let (X, xo) be path-connected, locally path-connected and n-homotopically Hausdorff, and assume
that the space X is abelian. If X is first countable at xy and a small n-loop transfer space, then (1,(X, xo), Tsp) is
metrizable. Moreover, if X is a Ty and paracompact space, then (1,(X, xo), Tssp) and (11,(X, xo), Twisp) are metrizable.

Proof. The proof can be completed using Propositions 4.2, 4.15 and 4.14 and Theorem 3.3.12 of [1]. O

Recall that a map f : X — Y has the unique path lifting property if for any two paths a, : [0,1] — X, we
obtain a = f whenever f oa = f o f and a(0) = (0).
Now, we recall the definition of Whisker topology on the set X from [8].

Definition 4.17. The basis of the Whisker topology on X is the collection of sets of the form
B([o], U) = {[A] € X : [A] = [05], for some & : I — U, 5(0) = o(1)},

where o € X and U is an open neighborhood of o(1).
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The set X with the Whisker topology is a topological space, denoted by X.
In what follows, we use Proposition 4.14 to give an answer to the problem posed by Brodskiy et al. in
[8, Problem 8.11]. First, let us recall this problem.

Problem 4.18. ([8, Problem 8.11]) Let X be a path-connected space and xo € X. Are the following conditions
equivalent?

(i) nfp(X, x0) = N nfp (U, xp) is trivial.

(ii) p: (X, %0) — (X, xo) has the unique path lifting property.
(iii) X is 1-homotopically Hausdor{f (or homotopically Hausdorff).

The implications (i) = (ii) = (iii) follow from [8]. But, under what conditions is the implication (iii) = (i)
established?
Notice that by (53), Problem 4.18 can be transformed into a strong problem as follows.

Problem 4.19. Let X be a path-connected space and xy € X. Given any n € N, are the following conditions
equivalent?

(i) The space (11,(X, x0), Tsp) is Hausdorff.
(ii) The space X is n-homotopically Hausdorff.

Answer:
The implication (i) = (i) follows from Theorem 4.7. Now, if we add to (ii) the assumption of being a
locally path-connected, small n-loop transfer space, and assume that the space X is abelian, then (i) follows
by Proposition 4.14. Thus, the answer to Problem 4.18 is given with n = 1. So, we obtain the following
theorem.

Theorem 4.20. Let X be a path-connected space and xg € X. If X is a locally path-connected, small 1-loop transfer
space and 11(X, xo) is abelian, then the following conditions are equivalent.

(i) 707 (X, x0) = Moy 703 (U, x0) is trivial.

(ii) p: (?, Xo) — (X, x0) has the unique path lifting property.
(ii1) The space X is 1-homotopically Hausdorff.
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