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Abstract. In this paper, we introduce a new three-steps iteration scheme for approximation of the fixed
points for the nonexpansive mappings. We discuss the stability of the introduced scheme. Also, we obtain
some results on weak and strong convergence for generalized nonexpansive mappings of Suzuki.

1. Introduction

In recent years, convergence of iterative processes for fixed points is an important problem in the theory
of nonlinear analysis. In the literature, there are many results provide different kinds of iterative processes
and its convergence results. Now we recall the iteration processes existing in the literature.

Let {αn}, {βn} and {γn} are real sequences in the interval [0, 1]. Let µ0 ∈ G, where G subset of Banach
space X andH be a self mapping on X.

• Mann, 1953, [11]: Then the iteration is defined by

µn+1 = (1 − αn)µn + αnHµn. (1.1)

• Ishikawa, 1974, [10]: Then the iteration is defined by

{
νn = (1 − βn)µn + βnHµn,

µn+1 = (1 − αn)µn + αnHνn.
(1.2)

On the iterative methods (1.1) and (1.2) see for example [4, 6, 9, 14, 16, 18, 21]).

2020 Mathematics Subject Classification. Primary 47H10; Secondary 54H25
Keywords. Nonexpansive mappings; Stability; Generalized nonexpansive mapping; Strong and weak convergence.
Received: 09 March 2021; Accepted: 17 March 2024
Communicated by Vladimir Rakočević
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• Noor, 2000, [12]: Then the iteration is defined by
ωn = (1 − γn)µn + γnHµn,

νn = (1 − βn)µn + βnHωn,

µn+1 = (1 − αn)µn + αnHνn.

(1.3)

• Agarwal et al., 2007, [2]: Then the iteration is defined by{
νn = (1 − βn)µn + βnHµn,

µn+1 = (1 − αn)Hµn + αnHνn.
(1.4)

• Abbas et al., 2014, [1]: Then the iteration is defined by
ωn = (1 − γn)µn + γnHµn,

νn = (1 − βn)Hµn + βnHωn,

µn+1 = (1 − αn)Hνn + αnHωn.

(1.5)

• Thakur et al., 2016, [19]: Then the iteration is defined by
ωn = (1 − γn)µn + γnHµn,

νn = (1 − βn)ωn + βnHωn,

µn+1 = (1 − αn)Hωn + αnHνn.

(1.6)

• Ullah and Arshad, 2018, [20] : Then the iteration is defined by
ωn = (1 − βn)µn + βnHµn,

νn = H((1 − αn)ωn + αnHωn),
µn+1 = Hνn.

(1.7)

We designed the iteration by
ωn = (1 − γn)µn + γnHµn,

νn = H((1 − βn)ωn + βnHωn),
µn+1 = H((1 − αn)νn + αnHνn).

(1.8)

It is shown that the iteration scheme (1.8) converges at a fixed point faster than all the Picard, Mann,
Ishikawa, Noor, Agarwal et al., Abbas et al., Thakur et al. and Ullah and Arshad. We are also provide a
numerical example in order to correlate the convergence of (1.8) with the previous ones.

2. Preliminaries

We recall some of the definitions and results to be used.

Definition 2.1. [7] Let (X, ∥ · ∥) be a Banach space. If for each λ ∈ (0, 2] there exists θ > 0 such that for f , 1 ∈ X,
|| f || ≤ 1
||1|| ≤ 1

|| f − 1|| ≥ λ
implies

∣∣∣∣∣∣∣∣∣∣ f + 12

∣∣∣∣∣∣∣∣∣∣ ≤ 1 − θ, (2.1)

then the space (X, ∥ · ∥) is called uniformly convex space.
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Remark 2.2. The F (H) denotes the set of all fixed points of the self-mapH on X.

Definition 2.3. [13] Let X be a Banach space, then it is said to satisfy Opial’s property if for every sequence { fn} in
X, that converges weakly to f ∈ X, we have

lim sup
n→∞

|| fn − f || < lim sup
n→∞

|| fn − 1|| (2.2)

for all 1 ∈ X such that f , 1.

Definition 2.4. Let G be a non-empty subset of a Banach space X. A mappingH : G → G is called:

(i) Contraction, if

||Hµ −Hν|| ≤ ζ||µ − ν||, (2.3)

for all µ, ν ∈ G, where ζ ∈ (0, 1);

(ii) Generalized contraction [5], if

||H f −H1|| ≤ ξ(|| f −H f ||) + b|| f − 1||, (2.4)

for all f , 1 ∈ X, where b ∈ [0, 1) and ξ : R+ → R+ a monotone increasing function such that ξ(0) = 0.

(iii) Nonexpansive, if

||Hµ −Hν|| ≤ ||µ − ν||, (2.5)

for all µ, ν ∈ G;

(iv) Quasi-nonexpansive, if

||Hµ − τ|| ≤ ζ|µ − τ||, (2.6)

for all µ ∈ G and τ ∈ F (H), where ζ ∈ (0, 1);

(v) Generalized nonexpansive mapping [17], if

1
2
|| f −H f || ≤ ζ|| f − 1|| implies ||H f −H1|| ≤ ζ|| f − 1||, (2.7)

for all f , 1 ∈ G, where ζ ∈ (0, 1).

Proposition 2.5. [17] LetH : G → G be a mapping. Then:

(i) IfH is nonexpansive thanH is a generalized non-expansive mapping;

(ii) IfH is a generalized nonexpansive mapping and has a fixed point, thenH is a quasi-nonexpansive mapping;

(iii) IfH is a generalized nonexpansive mapping, then

|| f −H1|| ≤ 3||H f − f || + || f − 1||,

for all f , 1 ∈ G.

Lemma 2.6. [17] Let G be a nonempty subset of X. Also, let H : G → G be a generalized nonexpansive mapping
with the Opial property. If {µn} weakly converges to µ and limn→∞ ||Hµn − µn|| = 0 thenHµ = µ.

Lemma 2.7. [17] Let G be a weakly convex compact subset of Banach space X which is uniformly convex. Then
every generalized nonexpansive self-mapping on G has a fixed point.
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Lemma 2.8. [15] Let (X, ∥ · ∥) be a uniformly convex Banach space. Let 0 < α < β < 1 and γ ≥ 0 and {en} be any
real sequence such that en ∈ [α, β] for all n ≥ 1. Also, let { fn} and {1n} are sequences in X such that:
1. lim supn→∞ || fn|| ≤ γ and lim supn→∞ ||1n|| ≤ γ,
2. lim supn→∞ ||en fn + (1 − en)1n|| = γ.
Then lim supn→∞ || fn − 1n|| = 0.

Let G , ∅ be a closed convex set contained in a Banach space X and {µn} be a bounded sequence in X.
Also, let µ ∈ X, and

ρ(µ, {µn}) = lim sup
n→∞

||µn − u||.

Then:

(i) Asymptotic radius of {µn} relative to G is given by
ρ(G, {µn}) = inf{ρ(µ, {µn}) : µ ∈ G};

(ii) Asymptotic center of {µn} relative G is given by
A(G, {µn}) = {µ ∈ G : ρ(µ, {µn}) = ρ(G, {µn})}.

There is exactly one point of a uniformly convex Banach space,A(G, {µn}) (see [20]).

Definition 2.9. [8] Let H be a self mapping on a Banach space X and suppose that ω0 ∈ X and ωn+1 = f (H , ωn)
defines an iteration procedure such the sequence {ωn} in X. Assume that {ωn} converges to the fixed point L. Let
{νn} be a sequences in X and a sequence {λn} defined by λn = ||νn+1 − f (H , νn)||. Then the iteration procedure
ωn+1 = f (H , ωn) is said to beH-stable if

lim
n→∞
λn = 0 if and only if lim

n→∞
νn = L. (2.8)

The following Lemma of Berinde (see [3]) shall be used to prove the stability result of our scheme.

Lemma 2.10. [3] Let η ∈ R be such that 0 ≤ η < 1. Also, let {υn} be a sequence in (0,+∞) such that limn→∞ υn = 0.
Then limn→∞ νn = 0 for any sequence of positive numbers {νn} satisfying

νn+1 ≤ ηνn + υn for n = 1, 2, . . .

3. Stability and convergence results

First, we establish convergence result for iteration process (1.8).

Theorem 3.1. Let G , ∅ be a closed convex set contained in a Banach space X. LetH : G → G be a nonexpansive
map, {µn} be a sequence defined by (1.8) and F (H) , ∅. Then limn→∞ ||µn − τ|| exists for all τ ∈ F (H).

Proof. Let τ ∈ F (H). From (1.8) we have

||ωn − τ|| = ||(1 − γn)µn + γnHµn − τ||

≤ (1 − γn)||µn − τ|| + γn||Hµn − τ||

≤ (1 − γn)||µn − τ|| + γn||µn − τ||

= ||µn − τ||.

(3.1)

We get similar

||νn − τ|| = ||H((1 − βn)ωn + βnHωn) − τ||
≤ ||(1 − βn)ωn + βnHωn − τ||

≤ (1 − βn)||ωn − τ|| + βn||Hωn − τ||

≤ (1 − βn)||ωn − τ|| + βn||ωn − τ||

= ||ωn − τ||,
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now, from (3.1) we obtain

||νn − τ|| ≤ ||µn − τ||. (3.2)

Now, using (1.8) and (3.2) we obtain

||µn+1 − τ|| = ||H((1 − αn)νn + αnHνn) − τ||
≤ ||(1 − αn)νn + αnHνn − τ||

≤ (1 − αn)||νn − τ|| + αn||Hνn − τ||

≤ (1 − αn)||µn − τ|| + αn||νn − τ||

≤ (1 − αn)||µn − τ|| + αn||µn − τ||

= ||µn − τ||.

(3.3)

Hence limn→∞ ||µn − τ|| exists for all τ ∈ F (H).

Theorem 3.2. Let G , ∅ be a closed convex set contained in a Banach space X. LetH : G → G be a nonexpansive
map. Suppose that {µn} is generated by (1.8) and F (H) , ∅. Then

{µn} converges to τ ∈ F (H) if and only if lim inf
n→∞

σ(µn,F (H)) = 0, (3.4)

where
σ(µ,F (H)) = inf{||µ − τ|| : τ ∈ F (H)}.

Proof. Firstly, suppose {µn} converges to τ ∈ F (H). Then

lim inf
n→∞

σ(µn,F (H)) = 0.

Conversely, assume that

lim inf
n→∞

σ(µn,F (H)) = 0. (3.5)

From Theorem 3.1 we obtain that limn→∞ ||µn − µ|| exists for every µ ∈ F (H), so limn→∞ σ(µn,F (H)) exists.
Now, from (3.5), we conclude

lim
n→∞
σ(µn,F (H)) = 0. (3.6)

Now, for given ξ > 0, there exists N1 ∈N such that for all n ≥ N1,

σ(µn,F (H)) <
ξ
2
.

Particularly,

inf{||µN1 − τ|| : τ ∈ F (H)} <
ξ
2
.

Therefore, exists τ∗ ∈ F (H), such that

||µN1 − τ
∗
|| <
ξ
2
.

Now for all l,n ≥ N1, we obtain

||µl+n − xn|| ≤ ||µl+n − τ
∗
|| + ||µn − τ

∗
|| ≤ 2||µN1 − τ

∗
|| < ξ,

which shows that {µn} is a Cauchy sequence in G. Also, as G is a closed subset of the Banach space X,
we conclude that there exists τ ∈ G such that limn→∞ µn = τ. This implies limn→∞ σ(µn,F (H)) = 0. So,
τ ∈ F (H).
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In the next result, we shows that iteration (1.8) is aH-stable.

Theorem 3.3. Let H be a selfmap on a Banach space X satisfying (2.4). Suppose that τ ∈ F (H). Let µ0 ∈ X

and assume that (1.8) holds where {αn}, {βn} and {γn} are sequences in [0, 1] such that 0 < α ≤ αn, 0 < β ≤ βn,
0 < γ ≤ γn, for all n ≥ 0. Then iteration process (1.8) is aH-stable.

Proof. Let {νn} be a sequence in X and {ηn} in R+ defined as,

ηn = ||νn+1 −H((1 − αn)sn − αnHsn)||, (3.7)

where,

sn = H((1 − βn)νn + βnHνn). (3.8)

Let limn→∞ ηn = 0 and consider

||νn+1 − τ|| = ||νn+1 −H((1 − αn)sn − αnHsn) +H((1 − αn)sn − αnHsn) − τ||
≤ ||νn+1 −H((1 − αn)sn − αnHsn)||+
||H((1 − αn)sn − αnHsn) − τ||
≤ ηn + [ξ||τ −Hτ|| + b||(1 − αn)sn − αnHsn − τ||]
≤ ηn + b(1 − αn)||sn − τ|| + bαn[ξ||τ −Hτ|| + b||sn − τ||]
= ηn + b[(1 − αn) + bαn]||sn − τ||

≤ ηn + b[(1 − αn) + bαn][0 + b||(1 − βn)νn + βnHνn − τ||]

≤ ηn + b2[(1 − αn) + bαn](1 − βn)||νn − τ||+

b2[(1 − αn) + bαn]βn||Hνn − τ||

≤ ηn + b2[(1 − αn) + bαn](1 − βn)||νn − τ||+

b2[(1 − αn) + bαn]βn[0 + b||νn − τ||]

≤ ηn + b2[1 − αn(1 − b)][(1 − βn(1 − b)]||νn − τ||

(3.9)

since b ∈ [0, 1), therefore b2[(1 − αn) + bαn][(1 − βn) + bβn] < 1, hence by using Lemma 2.10 we have,

lim
n→∞
||νn − τ|| = 0. (3.10)

Conversely, suppose that

lim
n→∞
νn = τ. (3.11)

Then,

ηn = ||νn+1 −H((1 − αn)sn − αnHsn)||
≤ ||νn+1 − τ|| + ||τ −H((1 − αn)sn − αnHsn)||
≤ ||νn+1 − τ|| + b(1 − αn)||sn − τ|| + bαn||Hsn − τ||

≤ ||νn+1 − τ|| + b(1 − αn)||sn − τ|| + bαn[0 + b||sn − τ||]
= ||νn+1 − τ|| + b[(1 − αn) + bαn]||sn − τ||

≤ ||νn+1 − τ|| + b[(1 − αn) + bαn][0 + b||(1 − βn)νn + βnHνn − τ||]

≤ ||νn+1 − τ|| + b2[(1 − αn) + bαn](1 − βn)||νn − τ||+

b2[(1 − αn) + bαn]βn||Hνn − τ||

≤ ||νn+1 − τ|| + b2[1 − αn(1 − b)][(1 − βn(1 − b)]||νn − τ||

(3.12)

Taking limit n→∞ in (3.12) we get,

lim
n→∞
ηn = 0. (3.13)
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4. Numerical Experiments

Next to compare the convergence rate of the iteration scheme (1.8) with other schemes.
Let X = R, G = [1, 40] and H : G → G by Hy =

√
y2 − 9y + 54 for all y ∈ G. For y1 = 30 and

αn = βn = γn =
3
4 , n = 1, 2, . . . .

n Picard Ishikawa Noor Agarwal et al. Abbas et al. Thakur et al. Ullah (1.8)-Iter.
1 30.00000000 30.00000000 30.00000000 30.00000000 30.00000000 30.00000000 30.00000000 30.00000000
2 26.15339366 25.01198240 23.48910332 24.05033082 22.61079008 21.30667585 17.14034293 14.70769244
3 22.41917610 20.25475590 17.46681907 18.43727194 15.82815627 13.58899597 7.920241534 6.461675585
4 18.83737965 15.85090878 12.32658573 13.39382036 10.25820641 8.112973955 6.038818684 6.002732886
5 15.46966242 12.01330515 8.727576617 9.372555587 7.001837925 6.225674626 6.000469229 6.000014314
6 12.41303724 9.068862033 6.958571160 6.993935718 6.119154210 6.015130221 6.000005614 6.000000076
7 9.816626625 7.282040026 6.310214626 6.186206786 6.011213258 6.000960494 6.000000067 6.000000000
8 7.875056741 6.466803146 6.097925567 6.028369366 6.001024303 6.000060749 6.000000001 6.000000000
9 6.718705828 6.160065238 6.030680843 6.004133882 6.000093304 6.000003841 6.000000000 6.000000000

10 6.218734240 6.053725040 6.009590308 6.000598188 6.000008497 6.000000242 6.000000000 6.000000000
11 6.058386534 6.017902837 6.002995608 6.000086472 6.000000774 6.000000016 6.000000000 6.000000000
12 6.014862308 6.005951431 6.000935492 6.000012498 6.000000071 6.000000001 6.000000000 6.000000000
13 6.003732823 6.001976848 6.000292122 6.000001806 6.000000005 6.000000000 6.000000000 6.000000000
14 6.00093429 6.000656462 6.000091217 6.000000261 6.000000001 6.000000000 6.000000000 6.000000000
15 6.000233641 6.000217976 6.000028483 6.000000037 6.000000000 6.000000000 6.000000000 6.000000000
16 6.000058415 6.000072376 6.000008894 6.000000005 6.000000000 6.000000000 6.000000000 6.000000000
17 6.000014603 6.000024032 6.000002778 6.000000001 6.000000000 6.000000000 6.000000000 6.000000000
18 6.000003651 6.000007979 6.000000866 6.000000000 6.000000000 6.000000000 6.000000000 6.000000000
19 6.000000912 6.000002649 6.000000270 6.000000000 6.000000000 6.000000000 6.000000000 6.000000000
20 6.000000227 6.000000880 6.000000084 6.000000000 6.000000000 6.000000000 6.000000000 6.000000000
21 6.000000057 6.000000293 6.000000026 6.000000000 6.000000000 6.000000000 6.000000000 6.000000000
22 6.000000014 6.000000097 6.000000008 6.000000000 6.000000000 6.000000000 6.000000000 6.000000000
23 6.000000003 6.000000032 6.000000003 6.000000000 6.000000000 6.000000000 6.000000000 6.000000000
24 6.000000001 6.000000010 6.000000001 6.000000000 6.000000000 6.000000000 6.000000000 6.000000000
25 6.000000000 6.000000003 6.000000000 6.000000000 6.000000000 6.000000000 6.000000000 6.000000000
26 6.000000000 6.000000001 6.000000000 6.000000000 6.000000000 6.000000000 6.000000000 6.000000000
27 6.000000000 6.000000000 6.000000000 6.000000000 6.000000000 6.000000000 6.000000000 6.000000000

Table 1 : Comparison of iteration scheme (1.8) with Picard, Ishikawa, Noor, Agarwal et al., Abbas et al.,
Thakur et al. and Ullah iterations

From the Table 1 we determine that the fixed point of the above equation is 6 and it is clear that our iteration
scheme needs less iteration than Picard, the Mann, the Ishikawa [10], the Noor [12], the Agarwal et al. [2],
the Abbas et al. [1], the Thakur et al. [19] and the Ullah and Arshad [20].

5. Weak and strong convergence results

In this section, we have shown some weak and strong convergence results for the iteration process (1.8).

Lemma 5.1. Let G , ∅ be a closed convex set contained in a Banach space X. Let H : G → G be a generalized
nonexpansive map. with F (H) , ∅. Let {µn} be formulated by iteration scheme (1.8), then limn→∞ ||µn − τ|| exists
for all τ ∈ F (H).

Proof. The proof of this lemma follows from Theorem 3.1 and Proposition 2.5(ii).

Lemma 5.2. Let G , ∅ be a closed convex set contained in a Banach space X. Let H : G → G be a generalized
nonexpansive map, withF (H) , ∅. Let {µn} be formulated by iteration scheme (1.8), where {αn}, {βn} and {γn} are real
sequences in [b, c] such that 0 < b ≤ c < 1. ThenF (H), ∅ if and only if {µn} is bounded and limn→∞ ||Hµn−µn|| = 0.

Proof. Let F (H) , ϕ and τ ∈ G. Then by theorem 3.1, limn→∞ ||µn − τ|| exists and {µn} is bounded. Let

lim
n→∞
||µn − τ|| = ρ, (5.1)

from (3.1) and (5.1), we have

lim sup
n→∞

||wn − τ|| ≤ lim sup
n→∞

||µn − τ|| = ρ, (5.2)
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||µn+1 − τ|| = ||H((1 − αn)νn + αnHνn) − τ||
≤ ||(1 − αn)νn + αnHνn − τ||

= ||(1 − αn)(νn − τ) + αn(Hνn − τ)||
≤ (1 − αn)||νn − τ|| + αn||Hνn − τ||

≤ (1 − αn)||νn − τ|| + αn||νn − τ||

= ||νn − τ||

= ||H((1 − βn)ωn + βnHωn)τ||
≤ ||(1 − βn)ωn + βnHωn − τ||

= ||(1 − βn)(ωn − τ) + βn(Hωn − τ)||
≤ (1 − βn)||ωn − τ|| + βn||Hωn − τ||

≤ (1 − βn)||µn − τ|| + βn||ωn − τ||

= ||µn − τ|| − βn||µn − τ|| + βn||ωn − τ||.

(5.3)

Therefore,

||µn+1 − τ|| − ||µn − τ|| ≤
||µn+1 − τ|| − ||µn − τ||

βn
≤ ||ωn − τ|| − ||µn − τ||, (5.4)

so,
||µn+1 − τ|| ≤ ||ωn − τ||,

taking n→∞, we obtain

ρ ≤ lim sup
n→∞

||ωn − τ||, (5.5)

from (5.1) and (5.5),

ρ = lim
n→∞
||ωn − τ||

= lim
n→∞
||(1 − γn)µn + γnHµn − τ||

= lim
n→∞
||(1 − γn)(µn − τ) + γn(Hµn − τ)||,

(5.6)

by using (5.1), (5.2), (5.6) and (2.8),

lim
n→∞
||Hµn − µn|| = 0. (5.7)

Conversely, assume that {µn} is bounded and limn→∞ ||Hµn − µn|| = 0. Suppose that τ ∈ A(G, {µn}). Using
proposition 2.5(iii), we get

ρ(Hτ, {µn}) = lim sup
n→∞

||µn −Hτ||

≤ lim sup
n→∞

[3||Hµn − µn|| + ||µn − τ||]

≤ lim sup
n→∞

||µn − τ||

= ρ(τ, {µn}).

(5.8)

This shows thatHτ ∈ A(G, {µn}. Since X is uniformly convex,A(G, {µn} is singleton. Thus F (H) , ϕ.
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Theorem 5.3. Let G , ∅ be a closed convex set contained in a Banach space X, with the Opial’s property. Let
H : G → G be a generalized nonexpansive map, with F (H) , ∅. Let {µn} be formulated by iteration scheme (1.8),
where {αn}, {βn} and {γn} are real sequences in [b, c] such that 0 < b ≤ c < 1 with F (H) , ∅. Then {µn} converges
weakly to a fixed point ofH .

Proof. As F (H) , ∅, therefore from Theorem 5.2 the sequence {µn} is bounded and limn→∞ ||Hµn − µn|| = 0.
Also,X is uniformly convex soX is reflexive, thus by Eberlin’s Theorem we have a subsequence of {µn} say
{µni } converging weakly to some l1 ∈ X. Now, using Mazur’s Theorem l1 ∈ G and by Lemma 2.6 l1 ∈ F (H).
On contrary, if it is not true then there must have a subsequence of {µn} such that the subsequence say {µn j }

weakly converges to l2 ∈ G and l1 , l2. By Lemma 2.6 we get l2 ∈ F (H). Since, limn→∞ ||µn − τ|| exists for
all τ ∈ F (H). From Opial’s property and Theorem 5.2,

lim
n→∞
||µn − l1|| = lim

i→∞
||µni − l1||

< lim
i→∞
||µni − l2||

= lim
n→∞
||µn − l2||

= lim
j→∞
||µn j − l2||

< lim
j→∞
||µn j − l1||

= lim
n→∞
||µn − l1||.

(5.9)

which is a contradiction and this contradiction arises due to our wrong supposition, hence l1 = l2. Hence
proved that {µn}weakly converges to a fixed point ofH .

Theorem 5.4. Let G , ∅ be a closed convex set contained in a Banach space X. Let H : G → G be a generalized
nonexpansive map, with F (H) , ∅. Let {µn} be formulated by iteration scheme (1.8)), where {αn}, {βn} and {γn} are
real sequences in [b, c] such that 0 < b ≤ c < 1 with F (H) , ϕ. Then {µn} converges strongly to a fixed point ofH .

Proof. By Lemma 2.7, F (H) , ϕ and by Lemma 5.2 we get limn→∞ ||Hµn − µn|| = 0. Now, compactness of
G, {µn} implies that there exists a subsequence, {µni } converging strongly to τ ∈ G. Now,

||µni −Hτ|| ≤ ||Hµni − µni || + ||µni − τ||. (5.10)

Taking limit i → ∞, we get Hτ = τ, that is τ ∈ F (H). By using Lemma 5.1, limn→∞ ||µn − τ|| exists for all
τ ∈ F (H), hence µn converges strongly to τ.

Theorem 5.5. Let G , ∅ be a closed convex set contained in a Banach space X. Let H : G → G be a generalized
nonexpansive map, with F (H) , ∅. Let {µn} be formulated by iteration scheme (1.8), where {αn}, {βn} and {γn} are
real sequences in [b, c] such that 0 < b ≤ c < 1 with F (H) , ∅. IfH satisfy condition

σ(µn,F (H)) ≤ ||Hµn − µn||, (5.11)

for all n ≥ 0, then {µn} converges strongly to a fixed point ofH .

Proof. Since, limn→∞ ||µn − τ|| exists for all τ ∈ F (H), we obtain that limn→∞ σ(µn,F (H)) exists. Let
limn→∞ ||µn − τ|| = δ for some δ ≥ 0. Now if δ = 0 then there is nothing to prove the result follows
immediately. Suppose δ > 0. As F (H) , ∅, from Theorem 5.3 we obtain limn→∞ ||Hµn − µn|| = 0. Hence
by condition (5.11) we get limn→∞(σ(µn,F (H)) = 0. Therefore, we conclude that exist subsequence {µnι } of
{µn} and a sequence {νι} in F (H) such that

||µnι − νι|| <
1
2ι
, for all ι ∈N, (5.12)



Q. Ali et al. / Filomat 38:12 (2024), 4045–4055 4054

from (5.12) we have,

||µnι+1 − νι|| ≤ ||µnι − νι|| <
1
2ι
. (5.13)

Since,

||νι+1 − νι|| ≤ ||νι+1 − µι+1|| + ||µι+1 − νι||, (5.14)

from (5.13) we obtain

||νι+1 − νι|| ≤
1

2ι+1 +
1
2ι
<

1
2ι−1 . (5.15)

So, sequence {νι} is a Cauchy and limι→+∞ νι = τ. SinceF (H) is closed, we have τ ∈ F (H) and {µnι } strongly
converges to τ. Also, as limn→∞ ||µn − τ|| exists we obtain µn → τ ∈ F (H).

Conclusion

We define new iteration schemes (1.8) and it is shown that this iteration scheme converges at a fixed
point faster in some cases than all the Picard, Mann, Ishikawa, Noor, Agarwal et al., Abbas et al., Thakur
et al. al. and Ullah and Arshad. We are also providing a numerical example in order to correlate the
convergence of iteration scheme (1.8) with the previous ones. Finally we have shown some weak and
strong convergence results for this iteration process.
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