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Some general quantum integral inequalities for convex functions
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Abstract. In this paper, based on a new quantum analog of Hermite-Hadamard inequality, the quantum
analog of some trapezoid, midpoint, Bullen and Simpson type inequalities are established. Moreover, by
taking the special selection of λ and µ and taking limit q → 1−, some new results are obtained, and some
old results are verified.

1. Introduction

Let I be an interval of real numbers. If f : I→ R is a convex function, then the following inequality

f
(

a + b
2

)
≤

1
b − a

∫ b

a
f (t) dt ≤

f (a) + f (b)
2

, (1)

holds for all a, b ∈ I with a < b, and the inequality (1) is known as the Hermite-Hadamard inequality for
convex functions .

Let f : [a, b]→ R be a convex function on [a, b], then the following inequality

1
b − a

∫ b

a
f (t) dt ≤

1
4

[
f (a) + 2 f

(
a + b

2

)
+ f (b)

]
, (2)

is known as Bullen’s inequality. In addition, if f : [a, b] → R is four times continuously differentiable
function on [a, b] and

∥∥∥ f (4)
∥∥∥
∞
= sup

t∈[a,b]

∣∣∣ f (4) (t)
∣∣∣ < ∞, then the following inequality

∣∣∣∣∣∣13
[

f (a) + f (b)
2

+ 2 f
(

a + b
2

)]
−

1
b − a

∫ b

a
f (t) dt

∣∣∣∣∣∣ ≤ 1
2880

∣∣∣∣∣∣ f (4)
∣∣∣∣∣∣
∞

(b − a)4 , (3)

is known as Simpson’s inequality.
The process of obtaining a certain kind of inequality by providing an identity is one that is frequently

employed in inequality theory. In this regard, in [15], Dragomir and Agarval derived several inequalities
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of the trapezoid type by identifying the difference between the right and middle of (1). Similarly, in [19],
Kırmacı obtained some inequalities of the midpoint kind by identifying the difference between the left and
middle of (1). Similar to this, Xi and Qi [34] and. Alomari et al. [6], obtained some Bullen and Simpson
type inequalities respectively.

In recent years, generalizing integral inequalities to their quantum analogues has attracted the attention
of many researchers. In this regard, for quantum analogs of the above-mentioned works and other works,
the reader can see [1]-[5], [7]-[13], [16], [20]-[28], [31, 32] and [35].

Xi and Qi give the following general identity, in which trapezoid, midpoint, Bullen and Simpson type
inequalities can all be obtained in particular choices of λ and µ.

Lemma 1.1. [33, Lemma 2.1] Let f : I ⊂ R → R be differentiable on I◦, a, b ∈ I with a < b. If f ′ ∈ L[a, b] and
λ, µ ∈ R, then

λ f (a) + µ f (b)
2

+
2 − λ − µ

2
f
(

a + b
2

)
−

1
b − a

∫ b

a
f (t) dt (4)

=
b − a

4

∫ 1

0

 (1 − λ − t) f ′
(
ta + (1 − t) a+b

2

)
+

(
µ − t

)
f ′

(
t
(

a+b
2

)
+ (1 − t) b

)  dt.

It is clear, if one takes λ = µ = 1, 0, 1/2 and 1/3 in identity (4), then one has trapezoid, midpoint, Bullen,
and Simpson type identity respectively.

To the best of our knowledge, quantum analogs of the identity (4) and the resulting inequalities in [33]
have not been studied so far. The aim of this paper is to establish quantum analogue’s of the main identity
and inequalities in [33], based on a new version of the quantum Hermite-Hadamard type inequality which
has been obtained in [13] (see also [4]). The consequences of trapezoid, midpoint, Bullen and Simpson type
inequalities are deduced as specific cases when q→ 1.

2. Preliminaries

In this section, we give some basic concepts of quantum derivative and quantum integral on an arbitrary
finite interval [a, b]. From here on, 0 < q < 1 will be considered constant throughout the paper.

Definition 2.1. [28]Let f : [a, b]→ R be an arbitrary function, then the q−derivative of f on [a, b] is defined by the
following expression

aDq f (t) =
f (t) − f

(
qt +

(
1 − q

)
a
)(

1 − q
)

(t − a)
, t , a, (5)

aDq f (a) = lim
t→a+

aDq f (t) .

Clearly, if a = 0 in (5), then 0Dq f (t) = Dq f (t) where Dq f (t) is well known quantum derivative of the
function f defined by

Dq f (t) =
f (t) − f

(
qt
)(

1 − q
)

t
, t , 0, (6)

Dq f (0) = lim
t→0

Dq f (t) .

Definition 2.2. [28]Let f : [a, b] → R be an arbitrary function, then the quantum integral of f on [a, b] is defined
as follows:∫ b

a
f (t) adqt =

(
1 − q

)
(b − a)

∞∑
n=0

qn f
(
qnb +

(
1 − qn) a

)
. (7)
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If the series in the right-hand side of (7) converges, then f is said to be quantum integrable on [a, b].
Also, for any number c ∈ (a, b) , it is defined in this wise:∫ b

c
f (t) adqt =

∫ b

a
f (t) adqt −

∫ c

a
f (t) adqt . (8)

Clearly, if a = 0 in (8), then∫ b

0
f (t) 0dqt =

∫ b

0
f (t) dqt ,

where,
∫ b

0 f (t) dqt is well-known Jackson integral of f on [0, b]. For more details, see [18].
In [20], the authors have denoted (5) and (7) respectively as left quantum derivative and definite left

quantum integral and it has been written in this wise :

aDq f (t) = a+Dq f (t) ,∫ b

a
f (t) adqt =

∫ b

a
f (t) a+dqt .

We use these notations in the rest of the paper.

Lemma 2.3. [20, 28]Let f : [a, b]→ R be a differentiable function. Then we have

lim
q→1−

a+Dq f (t) =
d f (t)

dt
. (9)

Lemma 2.4. [20, 28]Let f : [a, b]→ R be an arbitrary function. If
∫ b

a f (t) dt is exist, then the following equality

lim
q→1−

∫ b

a
f (t) a+dqt =

∫ b

a
f (t) dt, (10)

is true.

Definition 2.5. [14, 20]Let a function f be defined on [a, b]. Then the right quantum derivative of f on [a, b] is
defined by

b−Dq f (t) : =
f (t) − f

(
qt +

(
1 − q

)
b
)(

1 − q
)

(t − b)
, t , b, (11)

b−Dq f (b) = lim
t→b−

b−Dq f (t) .

Definition 2.6. [14, 20]Let a function f be defined on [a, b]. Then the right quantum integral of f on [a, b] is defined
by ∫ b

a
f (t) b−dqt =

(
1 − q

)
(b − a)

∞∑
n=0

qn f
(
qna +

(
1 − qn) b

)
. (12)

If the series in right hand side of (12) converges, then f is said to be right quantum integrable on [a, b].
Also, for any number c ∈ (a, b) ,it is defined in this wise:∫ c

a
f (t) b−dqt =

∫ b

a
f (t) b−dqt −

∫ b

c
f (t) b−dqt . (13)



A. W. Baidar, M. Kunt / Filomat 38:14 (2024), 5127–5140 5130

Lemma 2.7. [20]Let f : [a, b]→ R be a differentiable function. Then the following equality holds:

lim
q→1−

b−Dq f (t) =
d f (t)

dt
. (14)

Lemma 2.8. [20]Let f : [a, b]→ R be an arbitrary function. If
∫ b

a f (t) dt is exist, then we have

lim
q→1−

∫ b

a
f (t) b−dqt =

∫ b

a
f (t) dt. (15)

Recently in [13], the authors have obtained the following results

Theorem 2.9. Let f : [a, b]→ R be a convex function and 0 < q < 1. Then we have

f
(

a + b
2

)
≤

1
b − a

∫ b

a
f (t) a++b−

2
dqt ≤

f (a) + f (b)
2

, (16)

where∫ b

a
f (t) a++b−

2
dqt =

∫ a+b
2

a
f (t) a+dqt +

∫ b

a+b
2

f (t) b−dqt . (17)

If f is left quantum integrable on
[
a, a+b

2

]
and right quantum integrable on

[
a+b

2 , b
]
, then

∫ b

a f (t) a++b−
2

dqt
is exist.

Moreover, we have

lim
q→1−

∫ b

a
f (t) a++b−

2
dqt =

∫ b

a
f (t) dt. (18)

If n is a positive integer, then

[n]q =
1 − qn

1 − q
,

is referred to as the q-analogue of n.
The following two lemmas that will be usefull to prove the main identity in the next section

Lemma 2.10. [25]For the continuous functions 1, f : [a, b]→ R, the following equality holds true:∫ 1

0
1 (t) a+Dq f (tb + (1 − t)a) 0+dqt (19)

=
1 (t) f (tb + (1 − t)a)

b − a

∣∣∣∣∣1
0
−

1
b − a

∫ 1

0
0+Dq1 (t) f

(
qtb + (1 − qt)a

)
0+dqt .

Lemma 2.11. [26]For the continuous functions 1, f : [a, b]→ R, the following equality holds true:∫ 1

0
1 (t) b−Dq f (ta + (1 − t)b) 0+dqt (20)

=
1

b − a

∫ 1

0
0+Dq1 (t) f

(
qta + (1 − qt)b

)
0+dqt −

1 (t) f (ta + (1 − t)b)
b − a

∣∣∣∣∣1
0
.
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3. Main Lemmas

In this section, we derive some identities that are used to obtain some generalized quantum integral
inequalities.

Lemma 3.1. If β ∈ [0, 1] and q is in (0, 1), then

S
(
q, β

)
: =

∫ 1

0

∣∣∣qτ − β∣∣∣ 0+dqτ =


2β2([2]q−1)−q[2]qβ+q2

q[2]q
, 0 ≤ βq < 1

[2]2β−q
[2]q
, 1 ≤ βq

, (21)

T
(
q, β

)
: =

∫ 1

0

∣∣∣qτ − β∣∣∣ τ
2 0+dqτ =


β3(2[3]q−2[2]q)−q2β[3]q+q3[2]q

2q2[2]q[3]q
, 0 ≤ βq < 1

β[3]q−q[2]q

2[2]q[3]q
, 1 ≤ βq

, (22)

and

Ω
(
q, β

)
=

∫ 1

0

∣∣∣qτ − β∣∣∣ (1 − τ
2

)
0+dqτ (23)

=


4qβ2[3]q([2]q−1)−2q2β[2]q[3]q+2q3[3]q−β

3(2[3]q−2[2]q)+q2β[3]q−q3[2]q

2q2[2]q[3]q
, 0 ≤ βq < 1

β[3]q(2[2]q−1)+q([2]−2[3]q)
2[2]q[3]q

, 1 ≤ βq
.

Proof. Using the definition of left quantum integral, the proof can be obtained straightforward calculation,
so it is omitted.

Lemma 3.2. Let f : [a, b] ⊂ R→ R be a continuous function. If a+Dq f
(
t
(

a+b
2

)
+ (1 − t)a

)
and b−Dq f

(
t
(

a+b
2

)
+ (1 − t)b

)
are left quantum integrable on [0, 1], then the following identity holds:

λ f (a) + µ f (b)
2

+
2 − λ − µ

2
f
(

a + b
2

)
−

1
b − a

∫ b

a
f (t) a++b−

2
dqt (24)

=
b − a

4

∫ 1

0

 (
qt − λ

)
a+Dq f

(
t
(

a+b
2

)
+ (1 − t)a

)
+

(
µ − qt

)
b−Dq f

(
t
(

a+b
2

)
+ (1 − t)b

)  0+dqt ,

for all λ, µ ∈ R.

Proof. Since a+Dq f
(
t
(

a+b
2

)
+ (1 − t) a

)
and b−Dq f

(
t
(

a+b
2

)
+ (1 − t) b

)
are left quantum integrable on [0, 1],

then by using the linearity of left quantum integral we have

b − a
4

∫ 1

0

 (
qt − λ

)
a+Dq f

(
t
(

a+b
2

)
+ (1 − t)a

)
+

(
µ − qt

)
b−Dq f

(
t
(

a+b
2

)
+ (1 − t)b

)  0+dqt (25)

=
b − a

4

[∫ 1

0

(
qt − λ

)
a+Dq f

(
t
(

a+b
2

)
+ (1 − t)a

)
0+dqt

+

∫ 1

0

(
µ − qt

)
b−Dq f

(
t
(

a+b
2

)
+ (1 − t)b

)
0+dqt

]
=

b − a
4

[B1 + B2] .

Using (19), we achieve

B1 =

∫ 1

0

(
qt − λ

)
a+Dq f

(
t
(

a+b
2

)
+ (1 − t)a

)
0+dqt (26)
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=

(
qt − λ

)
f
(
t a+b

2 + (1 − t)a
)

a+b
2 − a

∣∣∣∣∣∣∣
1

0

−
1

a+b
2 − a

∫ 1

0
0+Dq

(
qt − λ

)
f
(
qt

(
a + b

2

)
+ (1 − qt)a

)
0+dqt

=
2
(
q − λ

)
f
(

a+b
2

)
b − a

−
2 (−λ) f (a)

b − a
−

2q
b − a

∫ 1

0
f
(
qt

(
a + b

2

)
+ (1 − qt)a

)
0+dqt

=
2λ f (a)
b − a

+
2
(
q − λ

)
f
(

a+b
2

)
b − a

−
4

(b − a)2

∫ a+b
2

a
f (t) a+dqt +

2
(
1 − q

)
f
(

a+b
2

)
(b − a)

=
2λ f (a)
b − a

+
2 (1 − λ) f

(
a+b

2

)
b − a

−
4

(b − a)2

∫ a+b
2

a
f (t) a+dqt .

Similarly, using (20), we get

B2 =

∫ 1

0

(
µ − qt

)
b−Dq f

(
t
(

a+b
2

)
+ (1 − t)b

)
0+dqt (27)

=
1

b − a+b
2

∫ 1

0
0+Dq

(
µ − qt

)
f
(
qt

(
a + b

2

)
+ (1 − qt)b

)
0+dqt

−

(
µ − qt

)
f
(
t
(

a+b
2

)
+ (1 − t)b

)
b − a+b

2

∣∣∣∣∣∣∣
1

0

=
−2q
b − a

∫ 1

0
f
(
qt

(
a + b

2

)
+ (1 − qt)b

)
0+dqt −

2
(
µ − q

)
f
(

a+b
2

)
b − a

+
2µ f (b)
b − a

=
−4

(b − a)2

∫ b

a+b
2

f (t) b−dqt +
2
(
1 − q

)
f
(

a+b
2

)
b − a

−

2
(
µ − q

)
f
(

a+b
2

)
b − a

+
2µ f (b)
b − a

=
2
(
1 − µ

)
f
(

a+b
2

)
b − a

+
2µ f (b)
b − a

−
4

(b − a)2

∫ b

a+b
2

f (t) b−dqt .

Combining (25), (26) and (27) ,we obtain (25). This completes the proof.

Remark 3.3. If f is differentiable on [a, b] and q→ 1−,then the identity (24) reduce to (4).

4. Some generalized quantum integral inequalities

Theorem 4.1. Let f : [a, b] ⊂ R→ R be a continuous function, a+Dq f
(
t
(

a+b
2

)
+ (1 − t)a

)
and b−Dq f

(
t
(

a+b
2

)
+ (1 − t)b

)
are left quantum integrable on [0, 1], and 0 ≤ λ, µ ≤ 1. If

∣∣∣ a+Dq f
∣∣∣ and

∣∣∣ b−Dq f
∣∣∣ are convex functions on [a, b],

then we have the inequality∣∣∣∣∣∣λ f (a) + µ f (b)
2

+
2 − λ − µ

2
f
(

a + b
2

)
−

1
b − a

∫ b

a
f (t) a++b−

2
dqt

∣∣∣∣∣∣ (28)

≤
b − a

4

[
T(q, λ)

∣∣∣ a+Dq f (b)
∣∣∣ +Ω(q, λ)

∣∣∣ a+Dq f (a)
∣∣∣

+T(q, µ)
∣∣∣ b−Dq f (a)

∣∣∣ +Ω(q, µ)
∣∣∣ b−Dq f (b)

∣∣∣
]
,

where T
(
q, λ

)
, T

(
q, µ

)
, Ω

(
q, λ

)
and Ω

(
q, µ

)
are given in Lemma 3.1.



A. W. Baidar, M. Kunt / Filomat 38:14 (2024), 5127–5140 5133

Proof. From Lemma 3.2 and using the convexity of
∣∣∣a+Dq f

∣∣∣ and
∣∣∣b−Dq f

∣∣∣, we have∣∣∣∣∣∣λ f (a) + µ f (b)
2

+
2 − λ − µ

2
f
(

a + b
2

)
−

1
b − a

∫ b

a
f (t) a++b−

2
dqt

∣∣∣∣∣∣ (29)

=

∣∣∣∣∣∣∣b − a
4

∫ 1

0

 (
qt − λ

)
a+Dq f

(
t
(

a+b
2

)
+ (1 − t)a

)
+

(
µ − qt

)
b−Dq f

(
t
(

a+b
2

)
+ (1 − t)b

)  0+dqt

∣∣∣∣∣∣∣
≤

b − a
4

[∫ 1

0

∣∣∣qt − λ
∣∣∣ ∣∣∣∣ a+Dq f

(
t
(

a+b
2

)
+ (1 − t)a

) ∣∣∣∣ 0+dqt

+

∫ 1

0

∣∣∣µ − qt
∣∣∣ ∣∣∣∣ b−Dq f

(
t
(

a+b
2

)
+ (1 − t)b

) ∣∣∣∣ 0+dqt
]

=
b − a

4

[∫ 1

0

∣∣∣qt − λ
∣∣∣ ∣∣∣∣ a+Dq f

(
t
2 b + (1 − t

2 )a
) ∣∣∣∣ 0+dqt

+

∫ 1

0

∣∣∣µ − qt
∣∣∣ ∣∣∣∣ b−Dq f

(
t
2 a + (1 − t

2 )b
) ∣∣∣∣ 0+dqt

]

≤
b − a

4



∣∣∣ a+Dq f (b)
∣∣∣ ∫ 1

0

∣∣∣qt − λ
∣∣∣ t

2 0+dqt

+
∣∣∣ a+Dq f (a)

∣∣∣ ∫ 1

0

∣∣∣qt − λ
∣∣∣ (1 − t

2

)
0+dqt

+
∣∣∣ b−Dq f (a)

∣∣∣ ∫ 1

0

∣∣∣µ − qt
∣∣∣ t

2 0+dqt

+
∣∣∣ b−Dq f (b)

∣∣∣ ∫ 1

0

∣∣∣µ − qt
∣∣∣ (1 − t

2

)
0+dqt

 .
Using Lemma 3.1 in (29), we get (28). This completes the proof.

The following results are obtained from Theorem.4.1, by taking the specific values of λ,µ and the limit
q→ 1−.

Corollary 4.2. If one takes λ = µ = 1, 0, 1
2 and 1

3 respectively in Theorem.4.1, one has the following quantum
trapezoid, midpoint, Bullen and Simpson type inequalities respectively:∣∣∣∣∣∣ f (a) + f (b)

2
−

1
b − a

∫ b

a
f (t) a++b−

2
dqt

∣∣∣∣∣∣ (30)

≤
b − a

4

[
T(q, 1)

∣∣∣ a+Dq f (b)
∣∣∣ +Ω(q, 1)

∣∣∣ a+Dq f (a)
∣∣∣

+T(q, 1)
∣∣∣ b−Dq f (a)

∣∣∣ +Ω(q, 1)
∣∣∣ b−Dq f (b)

∣∣∣
]
,

∣∣∣∣∣∣ f
(

a + b
2

)
−

1
b − a

∫ b

a
f (t) a++b−

2
dqt

∣∣∣∣∣∣ (31)

≤
b − a

4

[
T(q, 0)

∣∣∣ a+Dq f (b)
∣∣∣ +Ω(q, 0)

∣∣∣ a+Dq f (a)
∣∣∣

+T(q, 0)
∣∣∣ b−Dq f (a)

∣∣∣ +Ω(q, 0)
∣∣∣ b−Dq f (b)

∣∣∣
]
,

∣∣∣∣∣∣14
[

f (a) + 2 f
(

a + b
2

)
+ f (b)

]
−

1
b − a

∫ b

a
f (t) a++b−

2
dqt

∣∣∣∣∣∣ (32)

≤
b − a

4

 T
(
q, 1

2

) ∣∣∣ a+Dq f (b)
∣∣∣ +Ω (

q, 1
2

) ∣∣∣ a+Dq f (a)
∣∣∣

T
(
q, 1

2

) ∣∣∣ b−Dq f (a)
∣∣∣ +Ω (

q, 1
2

) ∣∣∣ b−Dq f (b)
∣∣∣
 ,

∣∣∣∣∣∣13
[

f (a) + f (b)
2

+ 2 f
(

a + b
2

)]
−

1
b − a

∫ b

a
f (t) a++b−

2
dqt

∣∣∣∣∣∣ (33)
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≤
b − a

4

 T
(
q, 1

3

) ∣∣∣ a+Dq f (b)
∣∣∣ +Ω (

q, 1
3

) ∣∣∣ a+Dq f (a)
∣∣∣

T
(
q, 1

3

) ∣∣∣ b−Dq f (a)
∣∣∣ +Ω (

q, 1
3

) ∣∣∣ b−Dq f (b)
∣∣∣
 .

Remark 4.3. In inequalities (30) and (31), we recapture the inequalities [4, Theorem 5.1 and Theorem 4.1], respec-
tively.

Corollary 4.4. In particular if f is differentiable on [a, b] and q→ 1− respectively in (30)− (33) inequalities, one has
the following trapezoid, midpoint, Bullen and Simpson type inequalities respectively:∣∣∣∣∣∣ f (a) + f (b)

2
−

1
b − a

∫ b

a
f (t)dt

∣∣∣∣∣∣ ≤ b − a
8

[∣∣∣ f ′ (a)
∣∣∣ + ∣∣∣ f ′ (b)

∣∣∣] , (34)

∣∣∣∣∣∣ f
(

a + b
2

)
−

1
b − a

∫ b

a
f (t)dt

∣∣∣∣∣∣ ≤ b − a
8

[∣∣∣ f ′ (a)
∣∣∣ + ∣∣∣ f ′ (b)

∣∣∣] , (35)

∣∣∣∣∣∣14
[

f (a) + 2 f
(

a + b
2

)
+ f (b)

]
−

1
b − a

∫ b

a
f (t)dt

∣∣∣∣∣∣ (36)

≤
b − a

16

[∣∣∣ f ′ (a)
∣∣∣ + ∣∣∣ f ′ (b)

∣∣∣] ,
∣∣∣∣∣∣13

[
f (a) + f (b)

2
+ 2 f

(
a + b

2

)]
−

1
b − a

∫ b

a
f (t)dt

∣∣∣∣∣∣ (37)

≤
5 (b − a)

72

[∣∣∣ f ′ (b)
∣∣∣ + ∣∣∣ f ′ (a)

∣∣∣] .
Remark 4.5. In inequalities (34) − (37), we recapture the inequalities [15, Theorem 2.2], [19, Theorem 2.2], [33,
Corollary 3.4, first inequality] and [33, Corollary 3.4, third inequality] (see also [29, Theorem 5]) respectively.

Theorem 4.6. Let f : [a, b] ⊂ R→ R be a continuous function, a+Dq f
(
t
(

a+b
2

)
+ (1 − t)a

)
and b−Dq f

(
t
(

a+b
2

)
+ (1 − t)b

)
are left quantum integrable on [0, 1], and 0 ≤ λ, µ ≤ 1. If

∣∣∣a+Dq f
∣∣∣r and

∣∣∣b−Dq f
∣∣∣r are convex functions on [a, b], where

r ≥ 1, then we have∣∣∣∣∣∣λ f (a) + µ f (b)
2

+
2 − λ − µ

2
f
(

a + b
2

)
−

1
b − a

∫ b

a
f (t) a++b−

2
dqt

∣∣∣∣∣∣ (38)

≤
b − a

4

S1− 1
r
(
q, λ

) (
T
(
q, λ

) ∣∣∣ a+Dq f (b)
∣∣∣r +Ω (

q, λ
) ∣∣∣ a+Dq f (a)

∣∣∣r ) 1
r

+S1− 1
r
(
q, µ

) (
T
(
q, µ

) ∣∣∣ b−Dq f (a)
∣∣∣r +Ω (

q, µ
) ∣∣∣ b−Dq f (b)

∣∣∣r ) 1
r
 ,

where S
(
q, λ

)
, S

(
q, µ

)
, T

(
q, λ

)
, T

(
q, µ

)
, Ω

(
q, λ

)
and Ω

(
q, µ

)
are given in Lemma 3.1.

Proof. Since
∣∣∣a+Dq f

∣∣∣r and
∣∣∣b−Dq f

∣∣∣r are convex functions, from Lemma 3.2 and using power mean inequality,
we get ∣∣∣∣∣∣λ f (a) + µ f (b)

2
+

2 − λ − µ
2

f
(

a + b
2

)
−

1
b − a

∫ b

a
f (t) a++b−

2
dqt

∣∣∣∣∣∣ (39)

=

∣∣∣∣∣∣∣b − a
4

∫ 1

0

 (
qt − λ

)
a+Dq f

(
t
(

a+b
2

)
+ (1 − t)a

)
+

(
µ − qt

)
b−Dq f

(
t
(

a+b
2

)
+ (1 − t)b

)  0+dqt

∣∣∣∣∣∣∣
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≤
b − a

4

[∫ 1

0

∣∣∣qt − λ
∣∣∣ ∣∣∣∣ a+Dq f

(
t
(

a+b
2

)
+ (1 − t)a

) ∣∣∣∣ 0+dqt

+

∫ 1

0

∣∣∣µ − qt
∣∣∣ ∣∣∣∣ b−Dq f

(
t
(

a+b
2

)
+ (1 − t)b

) ∣∣∣∣ 0+dqt
]

=
b − a

4

[∫ 1

0

∣∣∣qt − λ
∣∣∣ ∣∣∣∣ a+Dq f

(
t
2 b + (1 − t

2 )a
) ∣∣∣∣ 0+dqt

+

∫ 1

0

∣∣∣µ − qt
∣∣∣ ∣∣∣∣ b−Dq f

(
t
2 a + (1 − t

2 )b
) ∣∣∣∣ 0+dqt

]

≤
b − a

4


(∫ 1

0

∣∣∣qt − λ
∣∣∣ 0+dqt

)1− 1
r
(∫ 1

0

∣∣∣qt − λ
∣∣∣ ∣∣∣∣ a+Dq f

(
t
2 b + (1 − t

2 )a
) ∣∣∣∣r 0+dqt

) 1
r

+

(∫ 1

0

∣∣∣µ − qt
∣∣∣ 0+dqt

)1− 1
r
(∫ 1

0

∣∣∣µ − qt
∣∣∣ ∣∣∣∣ b−Dq f

(
t
2 a + (1 − t

2 )b
) ∣∣∣∣r 0+dqt

) 1
r


≤
b − a

4


(∫ 1

0

∣∣∣qt − λ
∣∣∣ 0+dqt

)1− 1
r


∣∣∣ a+Dq f (b)
∣∣∣r ∫ 1

0

∣∣∣qt − λ
∣∣∣ t

2 0+dqt

+
∣∣∣ a+Dq f (a)

∣∣∣r ∫ 1

0

∣∣∣qt − λ
∣∣∣ (1 − t

2

)
0+dqt


1
r

+

(∫ 1

0

∣∣∣µ − qt
∣∣∣ 0+dqt

)1− 1
r


∣∣∣ b−Dq f (a)
∣∣∣r ∫ 1

0

∣∣∣µ − qt
∣∣∣ t

2 0+dqt

+
∣∣∣ b−Dq f (b)

∣∣∣r ∫ 1

0

∣∣∣µ − qt
∣∣∣ (1 − t

2

)
0+dqt


1
r
 .

Using Lemma 3.1 in (39), we have (38). This completes the proof.

The following results are obtained from Theorem.4.6, by taking the specific values of λ,µ and the limit
q→ 1−.

Corollary 4.7. If one takes λ = µ = 1, 0, 1
2 and 1

3 respectively in Theorem.4.6, one has the following quantum
trapezoid, midpoint, Bullen and Simpson type inequalities respectively:∣∣∣∣∣∣ f (a) + f (b)

2
−

1
b − a

∫ b

a
f (t) a++b−

2
dqt

∣∣∣∣∣∣ (40)

≤
b − a

4
S1− 1

r
(
q, 1

) 
(
T
(
q, 1

) ∣∣∣ a+Dq f (b)
∣∣∣r +Ω (

q, 1
) ∣∣∣ a+Dq f (a)

∣∣∣r) 1
r

+
(
T
(
q, 1

) ∣∣∣ b−Dq f (a)
∣∣∣r +Ω (

q, 1
) ∣∣∣ b−Dq f (b)

∣∣∣r) 1
r
,

∣∣∣∣∣∣ f
(

a + b
2

)
−

1
b − a

∫ b

a
f (t) a++b−

2
dqt

∣∣∣∣∣∣ (41)

≤
b − a

4
S1− 1

r
(
q, 0

) 
(
T
(
q, 0

) ∣∣∣ a+Dq f (b)
∣∣∣r +Ω (

q, 0
) ∣∣∣ a+Dq f (a)

∣∣∣r) 1
r

+
(
T
(
q, 0

) ∣∣∣ b−Dq f (a)
∣∣∣r +Ω (

q, 0
) ∣∣∣ b−Dq f (b)

∣∣∣r) 1
r
,

∣∣∣∣∣∣14
[

f (a) + 2 f
(

a + b
2

)
+ f (b)

]
−

1
b − a

∫ b

a
f (t) a++b−

2
dqt

∣∣∣∣∣∣ (42)

≤
b − a

4
S1− 1

r

(
q,

1
2

) 
(
T
(
q, 1

2

) ∣∣∣ a+Dq f (b)
∣∣∣r +Ω (

q, 1
2

) ∣∣∣ a+Dq f (a)
∣∣∣r) 1

r

+
(
T
(
q, 1

2

) ∣∣∣ b−Dq f (a)
∣∣∣r +Ω (

q, 1
2

) ∣∣∣ b−Dq f (b)
∣∣∣r) 1

r
,
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[

f (a) + f (b)
2

+ 2 f
(

a + b
2

)]
−

1
b − a

∫ b

a
f (t) a++b−

2
dqt

∣∣∣∣∣∣ (43)

≤
b − a

4
S1− 1

r

(
q,

1
3

) 
(
T
(
q, 1

3

) ∣∣∣ a+Dq f (b)
∣∣∣r +Ω (

q, 1
3

) ∣∣∣ a+Dq f (a)
∣∣∣r) 1

r

+
(
T
(
q, 1

3

) ∣∣∣ b−Dq f (a)
∣∣∣r +Ω (

q, 1
3

) ∣∣∣ b−Dq f (b)
∣∣∣r) 1

r
.

Remark 4.8. In inequalities (40) and (41), we recapture the inequalities [4, Theorem 5.2 and Theorem 4.2], respec-
tively.

Corollary 4.9. In particular if f is differentiable on [a, b] and q→ 1− respectively in (40)− (43) inequalities, one has
the following trapezoid, midpoint, Bullen and Simpson type inequalities respectively:∣∣∣∣∣∣ f (a) + f (b)

2
−

1
b − a

∫ b

a
f (t)dt

∣∣∣∣∣∣ (44)

≤
b − a

8

(1
6

) 1
r
[(∣∣∣ f ′ (b)

∣∣∣r + 5
∣∣∣ f ′ (a)

∣∣∣r) 1
r
+

(∣∣∣ f ′ (a)
∣∣∣r + 5

∣∣∣ f ′ (b)
∣∣∣r) 1

r
]
,

∣∣∣∣∣∣ f
(

a + b
2

)
−

1
b − a

∫ b

a
f (t)dt

∣∣∣∣∣∣ (45)

≤
b − a

8

(1
3

) 1
r
[(∣∣∣ f ′ (b)

∣∣∣r + 2
∣∣∣ f ′ (a)

∣∣∣r) 1
r
+

(∣∣∣ f ′ (b)
∣∣∣r + 2

∣∣∣ f ′ (a)
∣∣∣r) 1

r
]
,

∣∣∣∣∣∣14
[

f (a) + 2 f
(

a + b
2

)
+ f (b)

]
−

1
b − a

∫ b

a
f (t)dt

∣∣∣∣∣∣ (46)

≤
b − a

16

( 1
12

) 1
r
[(

3
∣∣∣ f ′ (b)

∣∣∣r + 9
∣∣∣ f ′ (a)

∣∣∣r) 1
r
+

(
3
∣∣∣ f ′ (a)

∣∣∣r + 9
∣∣∣ f ′ (b)

∣∣∣r) 1
r
]
,

∣∣∣∣∣∣13
[

f (a) + f (b)
2

+ 2 f
(

a + b
2

)]
−

1
b − a

∫ b

a
f (t)dt

∣∣∣∣∣∣ (47)

≤
5 (b − a)

72

( 1
90

) 1
r
[(

29
∣∣∣ f ′ (b)

∣∣∣r + 61
∣∣∣ f ′ (a)

∣∣∣r) 1
r
+

(
29

∣∣∣ f ′ (a)
∣∣∣r + 61

∣∣∣ f ′ (b)
∣∣∣r) 1

r
]
.

Remark 4.10. In inequalities (46) and (47), we recapture the inequalities [33, Corollary 3.3, first inequality] and
[33, Corollary 3.3, third inequality] (see also [29, Theorem 7]) respectively. Also, we consider that the inequalities
(44) and (45) are new.

Theorem 4.11. Let f : [a, b] ⊂ R→ R be a continuous function, a+Dq f
(
t
(

a+b
2

)
+ (1 − t)a

)
and b−Dq f

(
t
(

a+b
2

)
+ (1 − t)b

)
are left quantum integrable on [0, 1], and 0 ≤ λ, µ ≤ 1. If

∣∣∣a+Dq f
∣∣∣r and

∣∣∣b−Dq f
∣∣∣r are convex functions on [a, b], where

1
r +

1
p = 1 and r > 1, then we have∣∣∣∣∣∣λ f (a) + µ f (b)

2
+

2 − λ − µ
2

f
(

a + b
2

)
−

1
b − a

∫ b

a
f (t) a++b−

2
dqt

∣∣∣∣∣∣ (48)

≤
b − a

4


M

1
p
(
q, λ

) ( ∣∣∣∣ a+Dq f (b)
∣∣∣∣r+3

∣∣∣∣ a+Dq f (a)
∣∣∣∣r

4

) 1
r

+M
1
p
(
q, µ

) ( ∣∣∣∣ b−Dq f (a)
∣∣∣∣r+3

∣∣∣∣ b−Dq f (b)
∣∣∣∣r

4

) 1
r

 ,
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where

M
(
q, λ

)
=

∫ 1

0

∣∣∣qt − λ
∣∣∣p 0+dqt ,

and,

M
(
q, µ

)
=

∫ 1

0

∣∣∣µ − qt
∣∣∣p 0+dqt .

Proof. Since
∣∣∣a+Dq f

∣∣∣r and
∣∣∣b−Dq f

∣∣∣r are convex functions, from Lemma 3.2 and using Hölder inequality, we
get ∣∣∣∣∣∣λ f (a) + µ f (b)

2
+

2 − λ − µ
2

f
(

a + b
2

)
−

1
b − a

∫ b

a
f (t) a++b−

2
dqt

∣∣∣∣∣∣ (49)

=

∣∣∣∣∣∣∣b − a
4

∫ 1

0

 (
qt − λ

)
a+Dq f

(
t
(

a+b
2

)
+ (1 − t)a

)
+

(
µ − qt

)
b−Dq f

(
t
(

a+b
2

)
+ (1 − t)b

)  0+dqt

∣∣∣∣∣∣∣
≤

b − a
4

[∫ 1

0

∣∣∣qt − λ
∣∣∣ ∣∣∣∣ a+Dq f

(
t
(

a+b
2

)
+ (1 − t)a

) ∣∣∣∣ 0+dqt

+

∫ 1

0

∣∣∣µ − qt
∣∣∣ ∣∣∣∣ b−Dq f

(
t
(

a+b
2

)
+ (1 − t)b

) ∣∣∣∣ 0+dqt
]

≤
b − a

4


(∫ 1

0

∣∣∣qt − λ
∣∣∣p 0+dqt

) 1
p
(∫ 1

0

∣∣∣∣ a+Dq f
(
t
(

a+b
2

)
+ (1 − t)a

) ∣∣∣∣r 0+dqt
) 1

r

+

(∫ 1

0

∣∣∣µ − qt
∣∣∣p 0+dqt

) 1
p
(∫ 1

0

∣∣∣∣ b−Dq f
(
t
(

a+b
2

)
+ (1 − t)b

) ∣∣∣∣r 0+dqt
) 1

r


=
b − a

4


(∫ 1

0

∣∣∣qt − λ
∣∣∣p 0+dqt

) 1
p
(∫ 1

0

∣∣∣∣ a+Dq f
(

t
2 b + (1 − t

2 )a
) ∣∣∣∣r 0+dqt

) 1
r

+

(∫ 1

0

∣∣∣µ − qt
∣∣∣p 0+dqt

) 1
p
(∫ 1

0

∣∣∣∣ b−Dq f
(

t
2 a + (1 − t

2 )b
) ∣∣∣∣r 0+dqt

) 1
r


≤
b − a

4


(∫ 1

0

∣∣∣qt − λ
∣∣∣p 0+dqt

) 1
p
(∣∣∣ a+Dq f (b)

∣∣∣r ∫ 1

0

t
2 0+dqt +

∣∣∣ a+Dq f (a)
∣∣∣r ∫ 1

0

(
1 −

t
2

)
0+dqt

) 1
r

+

(∫ 1

0

∣∣∣µ − qt
∣∣∣p 0+dqt

) 1
p
(∣∣∣ b−Dq f (a)

∣∣∣r ∫ 1

0

t
2 0+dqt +

∣∣∣ b−Dq f (b)
∣∣∣r ∫ 1

0

(
1 −

t
2

)
0+dqt

) 1
r


≤
b − a

4


(∫ 1

0

∣∣∣qt − λ
∣∣∣p 0+dqt

) 1
p

∣∣∣ a+Dq f (b)

∣∣∣r + (
1 + 2q

) ∣∣∣ a+Dq f (a)
∣∣∣r

2
(
1 + q

) 
1
r

+

(∫ 1

0

∣∣∣µ − qt
∣∣∣p 0+dqt

) 1
p

∣∣∣ b−Dq f (a)

∣∣∣r + (
1 + 2q

) ∣∣∣ b−Dq f (b)
∣∣∣r

2
(
1 + q

) 
1
r
 .

This completes the proof.

The following results are obtained from Theorem 4.11, by taking the specific values of λ,µ and the limit
q→ 1−.



A. W. Baidar, M. Kunt / Filomat 38:14 (2024), 5127–5140 5138

Corollary 4.12. If one takes λ = µ = 1, 0, 1
2 and 1

3 respectively in Theorem.4.11, one has the following quantum
trapezoid, midpoint, Bullen and Simpson type inequalities respectively:∣∣∣∣∣∣ f (a) + f (b)

2
−

1
b − a

∫ b

a
f (t) a++b−

2
dqt

∣∣∣∣∣∣ (50)

≤
b − a

4
M

1
p
(
q, 1

)


( ∣∣∣∣ a+Dq f (b)
∣∣∣∣r+(1+2q)

∣∣∣∣ a+Dq f (a)
∣∣∣∣r

2(1+q)

) 1
r

+

( ∣∣∣∣ b−Dq f (a)
∣∣∣∣r+(1+2q)

∣∣∣∣ b−Dq f (b)
∣∣∣∣r

2(1+q)

) 1
r

 ,
∣∣∣∣∣∣ f

(
a + b

2

)
−

1
b − a

∫ b

a
f (t) a++b−

2
dqt

∣∣∣∣∣∣ (51)

≤
b − a

4
M

1
p
(
q, 0

)


( ∣∣∣∣ a+Dq f (b)
∣∣∣∣r+(1+2q)

∣∣∣∣ a+Dq f (a)
∣∣∣∣r

2(1+q)

) 1
r

+

( ∣∣∣∣ b−Dq f (a)
∣∣∣∣r+(1+2q)

∣∣∣∣ b−Dq f (b)
∣∣∣∣r

2(1+q)

) 1
r

 ,
∣∣∣∣∣∣14

[
f (a) + 2 f

(
a + b

2

)
+ f (b)

]
−

1
b − a

∫ b

a
f (t) a++b−

2
dqt

∣∣∣∣∣∣ (52)

≤
b − a

4
M

1
p

(
q,

1
2

) 
( ∣∣∣∣ a+Dq f (b)

∣∣∣∣r+(1+2q)
∣∣∣∣ a+Dq f (a)

∣∣∣∣r
2(1+q)

) 1
r

+

( ∣∣∣∣ b−Dq f (a)
∣∣∣∣r+(1+2q)

∣∣∣∣ b−Dq f (b)
∣∣∣∣r

2(1+q)

) 1
r

 ,
∣∣∣∣∣∣13

[
f (a) + f (b)

2
+ 2 f

(
a + b

2

)]
−

1
b − a

∫ b

a
f (t) a++b−

2
dqt

∣∣∣∣∣∣ (53)

≤
b − a

4
M

1
p

(
q,

1
3

) 
( ∣∣∣∣ a+Dq f (b)

∣∣∣∣r+(1+2q)
∣∣∣∣ a+Dq f (a)

∣∣∣∣r
2(1+q)

) 1
r

+

( ∣∣∣∣ b−Dq f (a)
∣∣∣∣r+(1+2q)

∣∣∣∣ b−Dq f (b)
∣∣∣∣r

2(1+q)

) 1
r

 .
Remark 4.13. In inequalities (50) and (51), we recapture the inequalities [4, Theorem 5.3 and Theorem 4.3], respec-
tively.

Corollary 4.14. In particular if f is differentiable on [a, b] and q → 1− respectively in (50) − (53) inequalities, one
has the following trapezoid, midpoint, Bullen and Simpson type inequalities respectively:∣∣∣∣∣∣ f (a) + f (b)

2
−

1
b − a

∫ b

a
f (t)dt

∣∣∣∣∣∣ (54)

≤
b − a

4

(
1

p + 1

) 1
p



∣∣∣ f ′ (b)

∣∣∣r + 3
∣∣∣ f ′ (a)

∣∣∣r
4


1
r

+


∣∣∣ f ′ (a)

∣∣∣r + 3
∣∣∣ f ′ (b)

∣∣∣r
4


1
r
 ,

∣∣∣∣∣∣ f
(

a + b
2

)
−

1
b − a

∫ b

a
f (t)dt

∣∣∣∣∣∣ (55)
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≤
b − a

4

(
1

p + 1

) 1
p



∣∣∣ f ′ (b)

∣∣∣r + 3
∣∣∣ f ′ (a)

∣∣∣r
4


1
r

+


∣∣∣ f ′ (a)

∣∣∣r + 3
∣∣∣ f ′ (b)

∣∣∣r
4


1
r
 ,

∣∣∣∣∣∣14
[

f (a) + 2 f
(

a + b
2

)
+ f (b)

]
−

1
b − a

∫ b

a
f (t)dt

∣∣∣∣∣∣ (56)

≤
b − a

8

(
1

p + 1

) 1
p



∣∣∣ f ′ (b)

∣∣∣r + 3
∣∣∣ f ′ (a)

∣∣∣r
4


1
r

+


∣∣∣ f ′ (a)

∣∣∣r + 3
∣∣∣ f ′ (b)

∣∣∣r
4


1
r
 ,

∣∣∣∣∣∣13
[

f (a) + f (b)
2

+ 2 f
(

a + b
2

)]
−

1
b − a

∫ b

a
f (t)dt

∣∣∣∣∣∣ (57)

≤
b − a

12

(
1 + 2p+1

3
(
p + 1

) ) 1
p



∣∣∣ f ′ (b)

∣∣∣r + 3
∣∣∣ f ′ (a)

∣∣∣r
4


1
r

+


∣∣∣ f ′ (a)

∣∣∣r + 3
∣∣∣ f ′ (b)

∣∣∣r
4


1
r
 .

Remark 4.15. In inequality (57), we recapture the inequality [29, Theorem 6]. Also, we consider that the inequalities
(54) − (56) are new.

5. Conclusion

In this study, some of the obtained results are new and some are the generalization of the results in
[4, 15, 19, 29, 33], to their quantum forms. Moreover, the method for establishing the quantum forms of the
integral inequalities is different from the methods which have been used in the literature. We hope that
applying the method and techniques of this paper in post-quantum integral and as well as for obtaining the
quantum form of integral inequalities in different classes of functions will help the researchers for further
study in these areas.
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