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New fractional refinements of harmonic Hermite-Hadamard-Mercer
type inequalities via support line
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Abstract. In this research, we first provide new and refined fractional integral Mercer inequalities for
harmonic convex functions by deploying the idea of line of support. Thus, these refinements allow us to
develop new extensions for integral inequalities pertaining harmonic convex functions. We also provide
some new fractional auxiliary equalities in Mercer sense. By employing Mercer’s harmonic convexity on
them, we exhibit new fractional Mercer variants of trapezoid and midpoint type inequalities. We prove new
Hermite-Hadamard (H-H) type inequalities with special functions involving fractional integral operators.
For the development of these new integral inequalities, we use Power-mean, Hölder’s and improved Hölder
integral inequalities. We unveiled complicated integrals into simple forms by involving hypergeometric
functions. Visual illustrations demonstrate the accuracy and supremacy of the offered technique. As an
application, new bounds regarding hypergeometric functions as well as special means of R (real numbers)
and quadrature rule are exemplified to show the applicability and validity of the offered technique.

1. Introduction

The study of convex functions always gives stunning and magnificent sight of the beauty in advanced
mathematics. The mathematicians always pay attention and work hard in this direction to explore a large
variety of results that are fruitful and notable for applications. Inequalities in science and engineering have
seen a remarkable theoretical and practical development in recent years. One of the primary applications
of convex functions is in the construction of inequalities with useful applications (see [1–4]). The classical
convex mapping is defined as:

Definition 1.1. [1] A function ψ : J ⊆ R→ R is called convex (ψ ∈ H(J)), if

ψ(ℓσ1 + (1 − ℓ)σ2) ≤ ℓψ(σ1) + (1 − ℓ)ψ(σ2), (1)

for each σ1, σ2 ∈ J and ℓ ∈ [0, 1] holds.
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The classical (H-H) inequality is a well-established inequality in the theory of convex functions with
geometrical interpretation and many applications. It states that if ψ is a convex function on the interval
[σ1, σ2], then:

ψ
(
σ1 + σ2

2

)
≤

1
σ2 − σ1

∫ σ2

σ1

ψ(ϵ)dϵ ≤
ψ(σ1) + ψ(σ2)

2
.

The inequality holds in reversed direction if the function is concave on [σ1, σ2].
The (H-H) is a powerful tool for inequalities involving convex functions, and it can be used to prove other
important inequalities, such as the Jensen inequality. In [5], the authors discuss the importance of convex
functions in mathematics and other fields. They also provide a detailed overview of the (H-H) inequality and
its applications. In [6, 7], authors focuses on refinements of the (H-H) inequality. They introduce a new type
of weighted integral that can be used to improve the lower bound for the integral mean of a convex function.

The following characteristics of convex mappings are employed for further main findings.

Definition 1.2. [1] A mapping ψ on interval J has a support at point ϵ0 ∈ J, if there exists an affine function
A(ϵ) = ψ(ϵ0) + c(ϵ − ϵ0) such that A(ϵ) ≤ ψ(ϵ) for all ϵ ∈ J. The graph of support function A is support line for
function ψ at point ϵ0.

Theorem 1.3. [1] ψ : (σ1, σ2) → R is a convex function iff there is at least one line of support for ψ at each
ϵ0 ∈ (σ1, σ2).

Harmonic convex functions are a significant development of convex functions. Many work have been
devoted to generalising harmonic convex functions and finding (H-H) type inequalities for them. Several
interesting and important inequalities can be derived from harmonic convex functions. In the papers [8–10]
one can see many excellent inequalities for harmonically convex functions.

Definition 1.4. [8] A mapping ψ : J ⊂ R \ {0} → R is harmonically convex (ψ ∈ HK(J)), if

ψ
(

σ1σ2

ℓσ1 + (1 − ℓ)σ2

)
≤ ℓψ(σ2) + (1 − ℓ)ψ(σ1), (2)

for all σ1, σ2 ∈ J and ℓ ∈ [0, 1].

Proposition 1.5. [8] If ψ : (0,∞)→ R is convex and nondecreasing on (0,∞), then ψ ∈ HK(J).

Dragomir in [9] gave an important characterization of harmonic convex function as:

Remark 1.6. [9] Let [σ1, σ2] ⊂ J ⊆ (0,∞), if function h : [ 1
σ2
, 1
σ1

]→ R defined as h(ϵ) = ψ( 1
ϵ ), thenψ is harmonically

convex on [σ1, σ2] iff h is convex on [ 1
σ2
, 1
σ1

].

(H-H) inequality is the utmost important and extensively used result in inequality theory. In [8], Işcan
gave (H-H) type inequalities for harmonically convex mapping stated as:

Theorem 1.7. Let ψ ∈ HK(J) and σ1, σ2 ∈ J with σ1 < σ2. If ψ ∈ L[σ1, σ2], then

ψ
( 2σ1σ2

σ1 + σ2

)
≤

σ1σ2

σ2 − σ1

∫ σ2

σ1

ψ(ϵ)
ϵ2 dϵ ≤

ψ(σ1) + ψ(σ2)
2

, (3)

A huge literature represent improvements and refinements of (H-H) integral inequalities pertaining har-
monic convex functions see [11–13].
Recently, Dragomir in [14], gave the notable Jensen type inequality for harmonic convex function ψ ∈ HK(J)
on the interval J ⊆ (0,∞), as:

ψ
( 1∑k

j=1
ℓ j

χ j

)
≤

k∑
j=1

ℓ jψ(χ j), (4)
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holds for all χ j ∈ J, ℓ j ∈ [0, 1] such that
∑k

j=1 ℓ j = 1 for ( j = 1, 2, 3, ...., k).
In 2020, a new variant of Jensen-type inequality was introduced by Baloch et al. in [15] as:

if ψ ∈ HK(J) on the interval J = [σ1, σ2] ⊆ (0,∞), then

ψ
( 1

1
σ1
+ 1

σ2
−

∑k
j=1

ℓ j

χ j

)
≤ ψ(σ1) + ψ(σ2) −

k∑
j=1

ℓ jψ(χ j), (5)

for all χ j ∈ [σ1, σ2], ℓ j ∈ [0, 1] and ( j = 1, 2, 3, ...., k). Moreover in [15], they also gave a new variant of
Hermite-Hadamard-Mercer (H-H-M) inequalities by utilizing (5) for ψ ∈ HK([σ1, σ2]) and λ1, λ2 ∈ [σ1, σ2]
as:

ψ
( 1

1
σ1
+ 1

σ2
−

λ1+λ2
2λ1λ2

)
≤ ψ(σ1) + ψ(σ2) −

∫ 1

0
ψ

(
λ1λ2

ℓλ1 + (1 − ℓ)λ2

)
dℓ

≤ ψ(σ1) + ψ(σ2) − ψ
( 2λ1λ2

λ1 + λ2

)
. (6)

Theorem 1.8. [16] Let p, q > 1 are conjugate exponents. If ψ,Υ are real functions defined on J = [σ1, σ2] and if
|ψ|p, |Υ|q are integrable functions on interval J, then we have

∫ σ2

σ1

|ψ(ϵ)Υ(ϵ)|dϵ

≤
1

σ2 − σ1

{( ∫ σ2

σ1

(σ2 − ϵ)|ψ(ϵ)|pdϵ
) 1

p
( ∫ σ2

σ1

(σ2 − ϵ)|Υ(ϵ)|qdϵ
) 1

q

+
( ∫ σ2

σ1

(ϵ − σ1)|ψ(ϵ)|pdϵ
) 1

p
( ∫ σ2

σ1

(ϵ − σ1)|Υ(ϵ)|qdϵ
) 1

q
}

≤

( ∫ σ2

σ1

|ψ(ϵ)|pdϵ
) 1

p
( ∫ σ2

σ1

|Υ(ϵ)|qdϵ
) 1

q

.

Fractional analysis is one of the most attractive math topics due to its implementations. The fractional
operators of integral and derivative serve to improve the links between mathematics and other fields,
by giving answers that are more directly connected to real-world situations. In recent decades, a strong
direction of development in fractional calculus has caught the attention of researchers from numerous
disciplines to examine several possible approaches to construct fractional integrals. Fractional integral
and derivative operators have developed over time [17–19]. R. P. Agrwal and D. Baleanu, two well
recognized scholars, present the most up-to-date, short summary of fractional calculus in their research
paper "Fractional calculus in the sky" [20].
Tan et al. studied multi-parameterized inequalities involving the tempered fractional integral operators
[21]. They derived new inequalities for tempered fractional integrals via convex functions, and also applied
these inequalities to solve some problems in the theory of fractional calculus. Furthermore, Du et al.
studied Bullen-type inequalities via generalized fractional integrals along with their applications [22]. Du
et al. in [23, 24] presented fractional integral inclusions relations having exponential kernels via interval-
valued convex and co-ordinated convex mappings. They established new inclusion relations for fractional
double integrals of interval-valued convex functions, and they also applied these inequalities to solve
some problems in the theory of interval convex analysis. For more important results pertaining fractional
integral inequalities by different techniques (see [25–28]). In [17], Kilbas et al. presented well-known
Riemann-Liouville fractional operator defined as:
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Definition 1.9. [17] Let σ1, σ2 ∈ R with σ1 < σ2 and ψ ∈ L[σ1, σ2], the Riemann-Liouville fractional operators are:

J
ϑ
σ1+
ψ(ϵ) =

1
Γ(ϑ)

∫ ϵ

σ1

(ϵ − ℓ)ϑ−1ψ(ℓ)dℓ. ϵ > σ1,

J
ϑ
σ2−
ψ(ϵ) =

1
Γ(ϑ)

∫ σ2

ϵ
(ℓ − ϵ)ϑ−1ψ(ℓ)dℓ, ϵ < σ2,

where ϑ > 0 and Γ(ϑ) =
∫
∞

0 e−ℓℓϑ−1dℓ.

In recent decades, a strong direction of development in fractional calculus has caught the attention of
researchers from numerous disciplines to examine several possible approaches to construct fractional
integrals. In [29], İşcan and S. Wu presented (H-H) type inequalities for ψ ∈ HK(J) in fractional integral
forms as follows:

Theorem 1.10. Let ψ : J = [σ1, σ2] ⊆ (0,∞) → R be a function such that ψ ∈ L[σ1, σ2] with 0 < σ1 < σ2. If
ψ ∈ HK(J) on the interval J = [σ1, σ2], then

ψ
( 2σ1σ2

σ1 + σ2

)
≤
Γ(ϑ + 1)

2

(
σ1σ2

σ2 − σ1

)ϑ [
J
ϑ
1
σ1
−

(ψ ◦ h)(
1
σ2

) +Jϑ
1
σ2
+

(ψ ◦ h)(
1
σ1

)
]

≤
ψ(σ1) + ψ(σ2)

2
.

We need some important special function used for our study.

Definition 1.11. [30]

1. The Beta function has real number domain and defined as:

β(σ1, σ2) =
Γ(σ1)Γ(σ2)
Γ(σ1 + σ2)

=

∫ 1

0
ℓσ1−1(1 − ℓ)σ2−1dℓ, σ1, σ2 > 0. (7)

2. The Hypergeometric function is defined as:

2F1(σ1, σ2; c; z) =
1

β(σ2, c − σ2)

∫ 1

0
ℓσ2−1 (1 − ℓ)c−σ2−1 (1 − zℓ)−σ1 dℓ, (8)

where c > σ2 > 0, |z| < 1.

Lemma 1.12. [31] For 0 < ϑ ≤ 1 and 0 < σ1 ≤ σ2 we have∣∣∣σ1
ϑ
− σ2

ϑ
∣∣∣ ≤ (σ2 − σ1)ϑ.

The aim of this analysis is to utilize fractional calculus to derive novel refinements of Mercer type
inequalities for harmonically convex mapping. We employ the concept of line of support to obtain new
fractional (H-H-M) type inequalities. Also our objective is to acquire some fractional trapezoid and midpoint
type inequalities by utilising right and left Riemann-Liouville fractional integral operators via Mercer
approach. In the case when we take ϑ = 1 in the obtained results, inequalities of the classical Mercer type
and their different refinements are derived too. Finally, the reported results were verified by diminished
results and implementations.
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2. Fractional Refinements of (H-H-M) type Inequalities

In this section, we develop several fractional refinements of (H-H-M) type inequalities.

Theorem 2.1. Under the same assumptions as in Theorem 1.10 with ϑ > 0, we get following two inequalities:

ψ
( 1

1
σ1
+ 1

σ2
−

ϑλ1+λ2
(ϑ+1)λ1λ2

)
≤ ψ(σ1) + ψ(σ2) − Γ(ϑ + 1)

(
λ1λ2

λ2 − λ1

)ϑ
J
ϑ
1
λ2
+

(ψ ◦ h)(
1
λ1

)

≤ ψ(σ1) + ψ(σ2) − ψ
( (ϑ + 1)λ1λ2

ϑλ1 + λ2

)
, (9)

and

ψ
( 1

1
σ1
+ 1

σ2
−

ϑλ1+λ2
(ϑ+1)λ1λ2

)
≤ Γ(ϑ + 1)

(
λ1λ2

λ2 − λ1

)ϑ
J
ϑ(

1
σ1
+ 1
σ2
−

1
λ2

)
−

(ψ ◦ h)
( 1
σ1
+

1
σ2
−

1
λ1

)

≤

ϑψ

 1(
1
σ1
+ 1
σ2
−

1
λ2

)
 + ψ  1(

1
σ1
+ 1
σ2
−

1
λ1

)


ϑ + 1

≤ ψ(σ1) + ψ(σ2) −
ψ(λ1) + ϑψ(λ2)

ϑ + 1
, (10)

for all λ1, λ2 ∈ [σ1, σ2] and h(ϵ) = ψ( 1
ϵ ), ϵ ∈ [ 1

σ2
, 1
σ1

].

Proof. Since ψ is harmonic convex on [σ1, σ2] by using Remark 1.6, h(ϵ) = ψ( 1
ϵ ) is convex on [ 1

σ2
, 1
σ1

]. Hence,
using 1.3, there is at least one line of support.

A(ϵ) = h(ϵ0) + c (ϵ − ϵ0) ≤ h(ϵ), (11)

we put ϵ0 =
1
σ1
+ 1

σ2
−

ϑλ1+λ2
(ϑ+1)λ1λ2

and ϵ = 1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

in 11.

A(ϵ) = h
(

1
σ1
+

1
σ2
−

ϑλ1 + λ2

(ϑ + 1)λ1λ2

)
+ c

(
ϵ −

1
σ1
−

1
σ2
+

ϑλ1 + λ2

(ϑ + 1)λ1λ2

)
≤ h(ϵ),

for all ϵ ∈ [ 1
σ1
, 1
σ2

] and c ∈
[
h′
−

(
1
σ1
+ 1

σ2
−

ϑλ2+λ1
(ϑ+1)λ1λ2

)
, h′+

(
1
σ1
+ 1

σ2
−

ϑλ2+λ1
(ϑ+1)λ1λ2

)]
.

⇒ ψ

 1
1
σ1
+ 1

σ2
−

ϑλ1+λ2
(ϑ+1)λ1λ2

 + c
(

1
σ1
+

1
σ2
−
ℓ
λ2
−

(1 − ℓ)
λ1

−
1
σ1
−

1
σ2
+

ϑλ1 + λ2

(ϑ + 1)λ1λ2

)

≤ ψ

 1
1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

 . (12)

Multiplying above inequality (12) with ϑℓϑ−1 and integrating w.r.t ’ℓ’ over [0, 1], we obtain

ψ

 1
1
σ1
+ 1

σ2
−

ϑλ1+λ2
(ϑ+1)λ1λ2

 + c
(
−
ϑλ1 + λ2

(ϑ + 1)λ1λ2
+

ϑλ1 + λ2

(ϑ + 1)λ1λ2

)

≤ ϑ

∫ 1

0
ℓϑ−1ψ

 1
1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

 dℓ

ψ

 1
1
σ1
+ 1

σ2
−

ϑλ1+λ2
(ϑ+1)λ1λ2

 ≤ ϑ∫ 1

0
ℓϑ−1ψ

 1
1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

 dℓ. (13)
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Applying Mercer’s inequality, we have

ψ

 1
1
σ1
+ 1

σ2
−

ϑλ1+λ2
(ϑ+1)λ1λ2

 ≤ ϑ∫ 1

0
ℓϑ−1

[
ψ(σ1) + ψ(σ2) − ℓψ(λ2) − (1 − ℓ)ψ(λ1)

]
dℓ. (14)

Since ψ is harmonic convex, we have −(ℓψ(λ2) + (1 − ℓ)ψ(λ1)) ≤ −ψ
(

λ1λ2
ℓλ1+(1−ℓ)λ2

)
and (14) becomes

ψ

 1
1
σ1
+ 1

σ2
−

ϑλ1+λ2
(ϑ+1)λ1λ2

 ≤ ψ(σ1) + ψ(σ2) − ϑ
∫ 1

0
ℓϑ−1ψ

(
λ1λ2

ℓλ1 + (1 − ℓ)λ2

)
dℓ. (15)

Substitute 1
u
= λ1λ2

ℓλ1+(1−ℓ)λ2
in (15), we obtain

ψ

 1
1
σ1
+ 1

σ2
−

ϑλ1+λ2
(ϑ+1)λ1λ2

 ≤ ψ(σ1) + ψ(σ2) − ϑ
∫ 1

λ1

1
λ2

(
1
λ1
− u

)ϑ−1

(
1
λ1
−

1
λ2

)ϑ−1
ψ(

1
u

)
du

1
λ1
−

1
λ2

ψ

 1
1
σ1
+ 1

σ2
−

ϑλ1+λ2
(ϑ+1)λ1λ2

 ≤ ψ(σ1) + ψ(σ2) − Γ(ϑ + 1)
(
λ1λ2

λ2 − λ1

)ϑ
J
ϑ
1
λ2
+

(ψ ◦ h)(
1
λ1

). (16)

Now for second inequality of (9). Put ϵ0 =
ϑλ1+λ2

(ϑ+1)λ1λ2
and ϵ = ℓλ1+(1−ℓ)λ2

λ1λ2
in (11) we get:

h

(
ϑλ1 + λ2

(ϑ + 1)λ1λ2

)
+ c

[
ℓλ1 + (1 − ℓ)λ2

λ1λ2
−

ϑλ1 + λ2

(ϑ + 1)λ1λ2

]
≤ h

(
ℓλ1 + (1 − ℓ)λ2

λ1λ2

)

ψ

(
(ϑ + 1)λ1λ2

ϑλ1 + λ2

)
+ c

[
ℓλ1 + (1 − ℓ)λ2

λ1λ2
−

ϑλ1 + λ2

(ϑ + 1)λ1λ2

]
≤ ψ

(
λ1λ2

ℓλ1 + (1 − ℓ)λ2

)
,

for all ℓ ∈ [0, 1]. Multiplying above inequality with ϑℓϑ−1 and integrating over [0, 1] w.r.t ’ℓ’, we have:

ψ

(
(ϑ + 1)λ1λ2

ϑλ1 + λ2

)
≤ ϑ

∫ 1

0
ℓϑ−1ψ

(
λ1λ2

ℓλ1 + (1 − ℓ)λ2

)
dℓ.

Put 1
u
= λ1λ2

ℓλ1+(1−ℓ)λ2
, we obtain

ψ

(
(ϑ + 1)λ1λ2

ϑλ1 + λ2

)
≤ ϑ

∫ 1
λ1

1
λ2

(
1
λ1
− u

)ϑ−1

(
1
λ1
−

1
λ2

)ϑ−1
ψ(

1
u

)
du

1
λ1
−

1
λ2

ψ

(
(ϑ + 1)λ1λ2

ϑλ1 + λ2

)
≤ Γ(ϑ + 1)

(
λ1λ2

λ2 − λ1

)ϑ
J
ϑ
1
λ2
+

(ψ ◦ h)(
1
λ1

)

− Γ(ϑ + 1)
(
λ1λ2

λ2 − λ1

)ϑ
J
ϑ
1
λ2
+

(ψ ◦ h)(
1
λ1

) ≤ −ψ
(

(ϑ + 1)λ1λ2

ϑλ1 + λ2

)
. (17)

Adding ψ(σ1) + ψ(σ2) on both sides of 17, we have

ψ(σ1) + ψ(σ2) − Γ(ϑ + 1)
(
λ1λ2

λ2 − λ1

)ϑ
J
ϑ
1
λ2
+

(ψ ◦ h)(
1
λ1

)

≤ ψ(σ1) + ψ(σ2) − ψ
(

(ϑ + 1)λ1λ2

ϑλ1 + λ2

)
, (18)
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and on combining (16) and (18), we obtain (9). This completes the proof.

Now we prove (10). Let ϵ = 1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1
⇒ ℓ = λ1λ2

λ2−λ1

[
ϵ − ( 1

σ1
+ 1

σ2
−

1
λ1

)
]

and (13) becomes

ψ

 1
1
σ1
+ 1

σ2
−

ϑλ1+λ2
(ϑ+1)λ1λ2


≤ ϑ

(
λ1λ2

λ2 − λ1

)ϑ ∫ 1
σ1
+ 1
σ1
−

1
λ2

1
σ1
+ 1
σ1
−

1
λ1

[ (
u − (

1
σ1
+

1
σ2
−

1
λ1

)
) ]ϑ−1

ψ(
1
u

)du

= Γ(ϑ + 1)
(
λ1λ2

λ2 − λ1

)ϑ
J
ϑ
( 1
σ1
+ 1
σ2
−

1
λ2

)−
(ψ ◦ h)

( 1
σ1
+

1
σ2
−

1
λ1

)

ψ

 1
1
σ1
+ 1

σ2
−

ϑλ1+λ2
(ϑ+1)λ1λ2


≤ Γ(ϑ + 1)

(
λ1λ2

λ2 − λ1

)ϑ
J
ϑ
( 1
σ1
+ 1
σ2
−

1
λ2

)−
(ψ ◦ h)

( 1
σ1
+

1
σ2
−

1
λ1

)
. (19)

Now we prove other two inequalities of (10). By using the harmonic convexity of ψ on [σ1, σ2], we have:

ψ

 1
1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

 = ψ
 1

ℓ
(

1
σ1
+ 1

σ2
−

1
λ2

)
+ (1 − ℓ)

(
1
σ1
+ 1

σ2
−

1
λ1

) 
⇒ ψ

 1
1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

 ≤ ℓψ
 1

1
σ1
+ 1

σ2
−

1
λ2

 + (1 − ℓ)ψ

 1
1
σ1
+ 1

σ2
−

1
λ1


≤ ψ(σ1) + ψ(σ2) − ℓψ(λ2) − (1 − ℓ)ψ(λ1).

Multiplying above inequality with ϑℓϑ−1 and integrating over [0, 1] with respect to ℓ, we have:

ϑ

∫ 1

0
ℓϑ−1ψ

 1
1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

 dℓ

≤ ϑψ

 1
1
σ1
+ 1

σ2
−

1
λ2

 ∫ 1

0
ℓϑdℓ + ϑψ

 1
1
σ1
+ 1

σ2
−

1
λ1

 ∫ 1

0
(ℓϑ−1

− ℓϑ)dℓ

≤ ψ(σ1) + ψ(σ2) − ϑψ(λ2)
∫ 1

0
ℓϑdℓ − ϑψ(λ1)

∫ 1

0
(ℓϑ−1

− ℓϑ)dℓ

⇒ ϑ

∫ 1

0
ℓϑ−1ψ

 1
1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

 dℓ

≤

ϑψ

(
1

1
σ1
+ 1
σ2
−

1
λ2

)
+ ψ

(
1

1
σ1
+ 1
σ2
−

1
λ1

)
ϑ + 1

≤ ψ(σ1) + ψ(σ2) −
ϑψ(λ2) + ψ(λ1)

ϑ + 1
, (20)
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by changing variable, (20) becomes

ϑ
(
λ1λ2

λ2 − λ1

)ϑ ∫ 1
σ1
+ 1
σ2
−

1
λ2

1
σ1
+ 1
σ2
−

1
λ1

[ (
u − (

1
σ1
+

1
σ2
−

1
λ1

)
) ]ϑ−1

ψ(
1
u

)du

≤

ϑψ

(
1

1
σ1
+ 1
σ2
−

1
λ2

)
+ ψ

(
1

1
σ1
+ 1
σ2
−

1
λ1

)
ϑ + 1

≤ ψ(σ1) + ψ(σ2) −
ϑψ(λ2) + ψ(λ1)

ϑ + 1

⇒ Γ(ϑ + 1)
(
λ1λ2

λ2 − λ1

)ϑ
J
ϑ
( 1
σ1
+ 1
σ2
−

1
λ2

)−
(ψ ◦ h)

( 1
σ1
+

1
σ2
−

1
λ1

)

≤

ϑψ

(
1

1
σ1
+ 1
σ2
−

1
λ2

)
+ ψ

(
1

1
σ1
+ 1
σ2
−

1
λ1

)
ϑ + 1

≤ ψ(σ1) + ψ(σ2) −
ϑψ(λ2) + ψ(λ1)

ϑ + 1
. (21)

By combining (19) and (21), we obtain (10).

Remark 2.2. If we put ϑ = 1 in Theorem 2.1, we get (H-H-M) inequalities (6) and

ψ
( 1

1
σ1
+ 1

σ2
−

λ1+λ2
2λ1λ2

)
≤

λ1λ2

λ2 − λ1

∫ 1
1
σ1
+ 1
σ2
−

1
λ1

1
1
σ1
+ 1
σ2
−

1
λ2

ψ(ϵ)
ϵ2 dϵ

≤

ψ

(
1

1
σ1
+ 1
σ2
−

1
λ1

)
+ ψ

(
1

1
σ1
+ 1
σ2
−

1
λ2

)
2

≤ ψ(σ1) + ψ(σ2) −
ψ(λ1) + ψ(λ2)

2
, (22)

for all λ1, λ2 ∈ [σ1, σ2]. It is pertinent to mention that (H-H-M) inequalities (22) are better than the inequalities
proved by Baloch et al. in [32]. As (22) are refinements of these inequalities in [32].

Remark 2.3. If we put ϑ = 1, σ1 = λ1 and σ2 = λ2 in (10), we have (3) (H-H) inequality appeared in [8].

3. New Mercer Trapezoidal Type Equalities

Throughout the rest of the paper we assumed the following assumptions:
A1 = Let ψ : J = [σ1, σ2] ⊆ (0,∞)→ R be a differentiable function on [σ1, σ2]
with 0 < σ1 ≤ σ2.

Iψ1 (h;ϑ, λ1, λ2) =
ϑψ

(
1

1
σ1
+ 1
σ2
−

1
λ2

)
+ ψ

(
1

1
σ1
+ 1
σ2
−

1
λ1

)
ϑ + 1

− Γ(ϑ + 1)
(
λ1λ2

λ2 − λ1

)ϑ
J
ϑ
( 1
σ1
+ 1
σ2
−

1
λ2

)−
(ψ ◦ h)

( 1
σ1
+

1
σ2
−

1
λ1

)
,

Iψ2 (h;ϑ, λ1, λ2) =
ϑψ

(
1

1
σ1
+ 1
σ2
−

1
λ1

)
+ ψ

(
1

1
σ1
+ 1
σ2
−

1
λ2

)
ϑ + 1

− Γ(ϑ + 1)
(
λ1λ2

λ2 − λ1

)ϑ
J
ϑ
( 1
σ1
+ 1
σ2
−

1
λ1

)+
(ψ ◦ h)

( 1
σ1
+

1
σ2
−

1
λ2

)
,

where λ1, λ2 ∈ J with λ1 < λ2.
New Mercer Trapezoidal type Lemmas for harmonic convex function are presented in this section.
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Lemma 3.1. If ψ′ ∈ L[σ1, σ2] along with assumption A1, then following identity for fractional integral holds:

Iψ1 (h;ϑ, λ1, λ2) =
λ2 − λ1

λ1λ2(ϑ + 1)

∫ 1

0

1 − (ϑ + 1)ℓϑ(
1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

)2ψ
′

 1
1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

 dℓ, (23)

where h(ϵ) = 1
ϵ , ϵ ∈ [ 1

σ2
, 1
σ1

] and ϑ > 0.

Proof. Let Aℓ =
1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

. It suffices to note that

Iψ1 (h;ϑ, λ1, λ2) =
λ2 − λ1

(ϑ + 1)λ1λ2

∫ 1

0

1
A2
ℓ

ψ′
( 1

Aℓ

)
dℓ −

λ2 − λ1

λ1λ2

∫ 1

0

ℓϑ

A2
ℓ

ψ′
( 1

Aℓ

)
dℓ

= I1 − I2. (24)

Integrating by parts we get

I1 =
λ2 − λ1

(ϑ + 1)λ1λ2

∫ 1

0

1
A2
ℓ

ψ′
( 1

Aℓ

)
dℓ = −

1
ϑ + 1

ψ
( 1

Aℓ

) ∣∣∣∣∣1
0

= −
1

ϑ + 1

ψ  1
1
σ1
+ 1

σ2
−
1

λ2

 − ψ  1
1
σ1
+ 1

σ2
−
1

λ1

 . (25)

Similarly, we get

I2 =
λ2 − λ1

λ1λ2

∫ 1

0

ℓϑ

A2
ℓ

ψ′
( 1

Aℓ

)
dℓ = −ℓϑψ

( 1
Aℓ

) ∣∣∣∣∣1
0
+ ϑ

∫ 1

0
ℓϑ−1ψ

( 1
Aℓ

)
dℓ

= −ψ
( 1
σ1
+

1
σ2
−
1

λ2

)
+ ϑ

(
λ1λ2

λ2 − λ1

)ϑ ∫ 1
σ1
+ 1
σ2
−
1

λ2

1
σ1
+ 1
σ2
−
1

λ1

[
u −

( 1
σ1
+

1
σ2
−
1

λ1

) ]ϑ−1

ψ(
1
u

)du

= −ψ
( 1
σ1
+

1
σ2
−
1

λ2

)
+ Γ(ϑ + 1)

(
λ1λ2

λ2 − λ1

)ϑ
J
ϑ
( 1
σ1
+ 1
σ2
−

1
λ2

)−
(ψ ◦ h)

( 1
σ1
+

1
σ2
−

1
λ1

)
. (26)

Using 25 and 26 in 24, we get the equality 23.

Remark 3.2. If we put ϑ = 1 in Lemma 3.1, then we obtain

ψ

(
1

1
σ1
+ 1
σ2
−

1
λ2

)
+ ψ

(
1

1
σ1
+ 1
σ2
−

1
λ1

)
2

−
λ1λ2

λ2 − λ1

∫ 1
1
σ1
+ 1
σ2
−

1
λ1

1
1
σ1
+ 1
σ2
−

1
λ2

ψ(ϵ)
ϵ2 dϵ

=
λ2 − λ1

2λ1λ2

∫ 1

0

1 − 2ℓ(
1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

)2ψ
′

 1
1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

 dℓ,

which is new in literature.

Remark 3.3. If we put σ1 = λ1 and σ2 = λ2 in Lemma 3.1, then we obtain

ϑψ(λ1) + ψ(λ2)
ϑ + 1

− Γ(ϑ + 1)
(
λ1λ2

λ2 − λ1

)ϑ
J
ϑ
1
λ1
−

(ψ ◦ h)(
1
λ2

)

=
λ1λ2(λ2 − λ1)

ϑ + 1

∫ 1

0

1 − (ϑ + 1)ℓϑ

(ℓλ2 + (1 − ℓ)λ1)2ψ
′

(
λ1λ2

ℓλ2 + (1 − ℓ)λ1

)
dℓ,

which is appeared in [33].
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Remark 3.4. If we put σ1 = λ1, σ2 = λ2 and ϑ = 1 in Lemma 3.1, then we obtain

ψ(λ1) + ψ(λ2)
2

−
λ1λ2

λ2 − λ1

∫ λ2

λ1

ψ(ϵ)
ϵ2 dϵ

=
λ2 − λ1

2λ1λ2

∫ 1

0

1 − 2ℓ
(ℓλ2 + (1 − ℓ)λ1)2ψ

′

(
λ1λ2

ℓλ2 + (1 − ℓ)λ1

)
dℓ,

which is appeared in [8].

Lemma 3.5. Under the same assumptions as in Lemma 3.1, we have following identity:

Iψ2 (h;ϑ, λ1, λ2) =
λ2 − λ1

λ1λ2(ϑ + 1)

∫ 1

0

(ϑ + 1)(1 − ℓ)ϑ − 1(
1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

)2ψ
′

 1
1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

 dℓ, (27)

where h(ϵ) = 1
ϵ , ϵ ∈ [ 1

σ2
, 1
σ1

] and ϑ > 0.

Proof. Let Aℓ =
1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

. It suffices to note that

Iψ2 (h;ϑ, λ1, λ2) =
λ2 − λ1

λ1λ2

∫ 1

0

(1 − ℓ)ϑ

A2
ℓ

ψ′
( 1

Aℓ

)
dℓ −

λ2 − λ1

(ϑ + 1)λ1λ2

∫ 1

0

1
A2
ℓ

ψ′
( 1

Aℓ

)
dℓ

= I1 − I2. (28)

Integrating by parts we get

I1 =
λ2 − λ1

λ1λ2

∫ 1

0

(1 − ℓ)ϑ

A2
ℓ

ψ′
( 1

Aℓ

)
dℓ = −(1 − ℓ)ϑψ

( 1
Aℓ

) ∣∣∣∣∣1
0
− ϑ

∫ 1

0
(1 − ℓ)ϑ−1ψ

( 1
Aℓ

)
dℓ

= ψ
( 1
σ1
+

1
σ2
−
1

λ1

)
− ϑ

(
λ1λ2

λ2 − λ1

)ϑ ∫ 1
σ1
+ 1
σ2
−
1

λ2

1
σ1
+ 1
σ2
−
1

λ1

[ ( 1
σ1
+

1
σ2
−
1

λ2
− u

) ]ϑ−1ψ(ϵ)
ϵ2 dϵ

= ψ
( 1
σ1
+

1
σ2
−
1

λ1

)
− Γ(ϑ + 1)

(
λ1λ2

λ2 − λ1

)ϑ
J
ϑ
( 1
σ1
+ 1
σ2
−

1
λ1

)+
(ψ ◦ h)

( 1
σ1
+

1
σ2
−

1
λ2

)
. (29)

Similarly, we get

I2 =
λ2 − λ1

(ϑ + 1)λ1λ2

∫ 1

0

1
A2
ℓ

ψ′
( 1

Aℓ

)
dℓ = −

1
ϑ + 1

ψ
( 1

Aℓ

) ∣∣∣∣∣1
0

= −
1

ϑ + 1

ψ  1
1
σ1
+ 1

σ2
−
1

λ2

 − ψ  1
1
σ1
+ 1

σ2
−
1

λ1

 . (30)

Using 29 and 30 in 28, we get the equality 27.

Remark 3.6. If we put σ1 = λ1 and σ2 = λ2 in Lemma 3.5, then we obtain an equality appeared in [33].

Remark 3.7. If we put σ1 = λ1, σ2 = λ2 and ϑ = 1 in Lemma 3.5, then we obtain an equality appeared in [8].

4. Mercer Trapezoidal Type Fractional Integral Inequalities

Now we derive some novel trapezoidal type fractional integral inequalities by utilising above equalities.
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Theorem 4.1. If |ψ′|q ∈ HK(J) for q > 1 and 1
p +

1
q = 1 and ψ′ ∈ L[σ1, σ2] along with assumption A1, then the

following inequality for fractional integral holds:

|Iψ1 (h;ϑ, λ1, λ2)|

≤
λ2 − λ1

(ϑ + 1)λ1λ2
I1

1
p (λ1, λ2, ϑ)

[
I2(λ1, λ2, ϑ)|ψ′(σ1)|q + I2(λ1, λ2, ϑ)|ψ′(σ2)|q

−I3(λ1, λ2, ϑ)|ψ′(λ2)|q − I4(λ1, λ2, ϑ)|ψ′(λ1)|q

] 1
q

, (31)

where

I1(λ1, λ2, ϑ) =
1

ϑ
√
ϑ + 1(ϑp + 1)

+
( ϑ
√
ϑ + 1 − 1)ϑp+1

ϑ
√
ϑ + 1(ϑp + 1)

I2(λ1, λ2, ϑ) =
[ 1
σ1
+

1
σ2
−

1
λ2

]−2q

2F1

2q, 1; 2, 1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2


I3(λ1, λ2, ϑ) =

1
2

[ 1
σ1
+

1
σ2
−

1
λ2

]−2q

2F1

2q, 2; 3, 1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2


I4(λ1, λ2, ϑ) =

1
2

[ 1
σ1
+

1
σ2
−

1
λ2

]−2q

2F1

2q, 1; 3, 1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2

 ,
and 0 < ϑ ≤ 1.

Proof. Using Lemma 3.1 and Hölder’s inequality, we exploit the harmonically convex property of |ψ′|q to
deduce:

|Iψ1 (h;ϑ, λ1, λ2)| ≤
λ2 − λ1

λ1λ2(ϑ + 1)

∫ 1

0

|1 − (ϑ + 1)ℓϑ|(
1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

)2

∣∣∣∣∣ψ′
 1

1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

 ∣∣∣∣∣dℓ.

Let Aℓ =
1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1
= ℓ

(
1
σ1
+ 1

σ2
−

1
λ2

)
+ (1 − ℓ)

(
1
σ1
+ 1

σ2
−

1
λ1

)
.

|Iψ1 (h;ϑ, λ1, λ2)|

≤
λ2 − λ1

λ1λ2(ϑ + 1)

∫ 1

0

(
|1 − (ϑ + 1)ℓϑ|pdℓ

) 1
p

∫ 1

0

1

A2q
ℓ

∣∣∣∣∣ψ′( 1
Aℓ

)∣∣∣∣∣q dℓ


1
q

≤
λ2 − λ1

λ1λ2(ϑ + 1)

∫ 1

0

(
|1 − (ϑ + 1)ℓϑ|pdℓ

) 1
p
( ∫ 1

0

1

A2q
ℓ

[
|ψ′(σ1)|q + |ψ′(σ2)|q

−ℓ|ψ′(λ2)|q − (1 − ℓ)|ψ′(λ1)|q

]
dℓ

) 1
q

≤
λ2 − λ1

λ1λ2(ϑ + 1)

∫ 1

0

(
|1 − (ϑ + 1)ℓϑ|pdℓ

) 1
p

 |ψ′(σ1)|q
∫ 1

0
1

A2q
ℓ

dℓ + ψ′(σ2)|q
∫ 1

0
1

A2q
ℓ

dℓ

−ψ′(λ2)|q
∫ 1

0
ℓ

A2q
ℓ

dℓ − ψ′(λ1)|q
∫ 1

0
(1−ℓ)
A2q
ℓ

dℓ


1
q

. (32)
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After evaluating the integrals in (32), we obtain

∫ 1

0
|1 − (ϑ + 1)ℓϑ|pdℓ =

∫ ϑ
√

1
ϑ+1

0
(1 − (ϑ + 1)ℓϑ)pdℓ +

∫ 1

ϑ
√

1
ϑ+1

((ϑ + 1)ℓϑ − 1)pdℓ

≤

∫ ϑ
√

1
ϑ+1

0
(1 − (

ϑ√

ϑ + 1ℓ)ϑpdℓ +
∫ 1

ϑ
√

1
ϑ+1

(
ϑ√

ϑ + 1ℓ − 1)ϑpdℓ

=
(1 − ϑ

√
ϑ + 1ℓ)ϑp+1

−
ϑ
√
ϑ + 1(ϑp + 1)

∣∣∣∣∣ ϑ
√

1
ϑ+1

0
+

( ϑ
√
ϑ + 1ℓ − 1)ϑp+1

ϑ
√
ϑ + 1(ϑp + 1)

∣∣∣∣∣1ϑ√ 1
ϑ+1

=
1

ϑ
√
ϑp + 1(ϑ + 1)

+
( ϑ
√
ϑ + 1 − 1)ϑp+1

ϑ
√
ϑ + 1(ϑp + 1)

= I1(λ1, λ2, ϑ) (33)

∫ 1

0

1

A2q
ℓ

dℓ =
∫ 1

0

1[
ℓ
(

1
σ1
+ 1

σ2
−

1
λ2

)
+ (1 − ℓ)

(
1
σ1
+ 1

σ2
−

1
λ1

)]2q dℓ

=

∫ 1

0

1[
ℓ
(

1
σ1
+ 1

σ2
−

1
λ1

)
+ (1 − ℓ)

(
1
σ1
+ 1

σ2
−

1
λ2

)]2q dℓ

=
[ 1
σ1
+

1
σ2
−

1
λ2

]−2q ∫ 1

0

(
1 − ℓ

1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2

 )−2q

dℓ

=
[ 1
σ1
+

1
σ2
−

1
λ2

]−2q

2F1

2q, 1; 2, 1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2



= I2(λ1, λ2, ϑ) (34)

∫ 1

0

ℓ

A2q
ℓ

dℓ =
∫ 1

0

ℓ[
ℓ
(

1
σ1
+ 1

σ2
−

1
λ2

)
+ (1 − ℓ)

(
1
σ1
+ 1

σ2
−

1
λ1

)]2q dℓ

=

∫ 1

0

1 − ℓ[
ℓ
(

1
σ1
+ 1

σ2
−

1
λ1

)
+ (1 − ℓ)

(
1
σ1
+ 1

σ2
−

1
λ2

)]2q dℓ

=
[ 1
σ1
+

1
σ2
−

1
λ2

]−2q ∫ 1

0
(1 − ℓ)

(
1 − ℓ

1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2

 )−2q

dℓ

=
[ 1
σ1
+

1
σ2
−

1
λ2

]−2q

2F1

2q, 1; 3, 1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2



= I3(λ1, λ2, ϑ) (35)
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0

1 − ℓ

A2q
ℓ

dℓ =
∫ 1

0

1 − ℓ[
ℓ
(

1
σ1
+ 1

σ2
−

1
λ2

)
+ (1 − ℓ)

(
1
σ1
+ 1

σ2
−

1
λ1

)]2q dℓ

=

∫ 1

0

ℓ[
ℓ
(

1
σ1
+ 1

σ2
−

1
λ1

)
+ (1 − ℓ)

(
1
σ1
+ 1

σ2
−

1
λ2

)]2q dℓ

=
[ 1
σ1
+

1
σ2
−

1
λ2

]−2q ∫ 1

0
ℓ
(
1 − ℓ

1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2

 )−2q

dℓ

=
1
2

[ 1
σ1
+

1
σ2
−

1
λ2

]−2q

2F1

2q, 2; 3, 1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2


= I4(λ1, λ2, ϑ). (36)

Using 33, 34,35 and 36 in 32, we get 31. This completes the proof.

Remark 4.2. If we put ϑ = 1 in Theorem 4.1, then we obtain

∣∣∣∣∣ψ
(

1
1
σ1
+ 1
σ2
−

1
λ2

)
+ ψ

(
1

1
σ1
+ 1
σ2
−

1
λ1

)
2

−
λ1λ2

λ2 − λ1

∫ 1
1
σ1
+ 1
σ2
−

1
λ1

1
1
σ1
+ 1
σ2
−

1
λ2

ψ(ϵ)
ϵ2 dϵ

∣∣∣∣∣
≤
λ2 − λ1

2λ1λ2
I1

1
p (λ1, λ2)

[
I2(λ1, λ2)|ψ′(σ1)|q + I2(λ1, λ2)|ψ′(σ2)|q

−I3(λ1, λ2)|ψ′(λ2)|q − I4(λ1, λ2)|ψ′(λ1)|q

] 1
q

,

where

I1(λ1, λ2) =
∫ 1

0
|1 − 2ℓ|pdℓ =

1
p + 1

,

and I2, I3 and I4 are same as in Theorem 4.1. Which is new in literature.

Remark 4.3. If we put σ1 = λ1 and σ2 = λ2 in Theorem 4.1, then we obtain an inequality appeared in [33].

Remark 4.4. If we put σ1 = λ1, σ2 = λ2 and ϑ = 1 in Theorem 4.1, then we obtain an inequality appeared in [8].

Example 4.5. Case 1: Let ψ(ϵ) = ϵ3

3 , ϵ > 0. If we set ϑ = 1, σ1 = λ1, σ1 = λ2, λ1 = 1, λ2 = 5 and q ∈ [1.1, 100],
then by Proposition 1.5 mapping, |ψ′(ϵ)|q = ϵ2q is harmonic convex. So, we can say that the inequality 31 will deduce
to

− 10
[ q − 1
2q − 1

] q−1
q

×

[
µ3(1)2q + µ4(5)2q

] 1
q

≤ 21 −
5
4

∫ 5

1

ϵ
3

dϵ ≈ 16

≤ 10
[ q − 1
2q − 1

] q−1
q

×

[
µ3(1)2q + µ4(5)2q

] 1
q , (37)

where

µ3 =

[
12−2q + 51−2q[4(1 − 2q) − 1]

]
2(4)2(1 − q)(1 − 2q)

µ4 =

[
52−2q + 11−2q[4(1 − 2q) − 1]

]
2(4)2(1 − q)(1 − 2q)

.
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Case 2: Let ψ(ϵ) = ϵ3

3 , ϵ > 0. If we set ϑ = 1, σ1 = 1, σ2 = 5, q = 2 and λ1 = [1, 1.5], λ2 = [4, 5], then we can say
that the inequality 31 will deduce to

−
λ2 − λ1

2λ1λ2
Z4

1
2

[
Z5(1)4 + Z5(5)4

−Z6(λ2)4
− Z7(λ1)4

] 1
2

≤

(
1

1
1+

1
5−

1
λ2

)3
+

(
1

1
1+

1
5−

1
λ1

)3

6
−

λ1λ2

λ2 − λ1

∫ 1
6
5 −

1
λ2

1
6
5 −

1
λ1

ϵ
3

dϵ

≤
λ2 − λ1

2λ1λ2
Z4

1
2

[
Z5(1)4 + Z5(5)4

−Z6(λ2)4
− Z7(λ1)4

] 1
2

,

where

Z4 =

∫ 1

0
|1 − 2ℓ|2dℓ =

1
3

Z5 =
[1
1
+

1
5
−

1
λ2

]−4

2F1

4, 1; 2, 1 −
1
1 +

1
5 −

1
λ1

1
1 +

1
5 −

1
λ2


Z6 =

1
2

[1
1
+

1
5
−

1
λ2

]−4

2F1

4, 2; 3, 1 −
1
1 +

1
5 −

1
λ1

1
1 +

1
5 −

1
λ2


Z7 =

1
2

[1
1
+

1
5
−

1
λ2

]−4

2F1

4, 1; 3, 1 −
1
1 +

1
5 −

1
λ1

1
1 +

1
5 −

1
λ2

 .
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Figure 1: Case 1 visual illustration
for ϑ = 1, σ1 = λ1, σ1 = λ2, λ1 = 1,
λ2 = 5 and q ∈ [1.1, 100].

Figure 2: Case 2 visual illustration
for ϑ = 1, σ1 = 1, σ2 = 5, q = 2 and
λ1 = [1, 1.5], λ2 = [4, 5].

Left, middle, and right mappings from the inequalities (31) are plotted against q ∈ [1.1, 100] in Figure 1. Left,
middle, and right mappings from the inequalities (31) are plotted against λ1 = [1, 1.5], λ2 = [4, 5] in Figure 2. The
graphs of the functions prove the correctness of the Theorem 4.1 with ϑ = 1.

Theorem 4.6. If |ψ′|q ∈ HK(J) for some fixed q ≥ 1 and ψ′ ∈ L[σ1, σ2] along with assumption A1, then the following
inequality for fractional integral holds:

|Iψ1 (h;ϑ, λ1, λ2)|

≤
λ2 − λ1

(ϑ + 1)λ1λ2
I5

1− 1
q (λ1, λ2, ϑ)

[
I5(λ1, λ2, ϑ)|ψ′(σ1)|q + I5(λ1, λ2, ϑ)|ψ′(σ2)|q

−I6(λ1, λ2, ϑ)|ψ′(λ1)|q − I7(λ1, λ2, ϑ)|ψ′(λ2)|q

] 1
q

, (38)



S. I. Butt, H. Inam / Filomat 38:14 (2024), 5179–5207 5193

where

I5 =



2 ϑ

√
1
ϑ+1

(
ϑ

√
1
ϑ+1 (λ2−λ1

λ1λ2
) + ( 1

σ1
+ 1

σ2
−

1
λ1

)
)−2

2F1

(
2, 1; 2, 1 −

1
σ1
+ 1
σ2
−

1
λ1

ϑ
√

1
ϑ+1 (

λ2−λ1
λ1λ2

)+ 1
σ1
+ 1
σ2
−

1
λ1

)
−

[
1
σ1
+ 1

σ2
−

1
λ2

]−2

2F1

(
2, 1; 2, 1 −

1
σ1
+ 1
σ2
−

1
λ1

1
σ1
+ 1
σ2
−

1
λ2

)
−

2
ϑ+1

ϑ

√
1
ϑ+1

(
ϑ

√
1
ϑ+1 (λ2−λ1

λ1λ2
) + ( 1

σ1
+ 1

σ2
−

1
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)
)−2

2F1

(
2, 1;ϑ + 2, 1 −

1
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+ 1
σ2
−

1
λ1

ϑ
√

1
ϑ+1 (

λ2−λ1
λ1λ2

)+ 1
σ1
+ 1
σ2
−

1
λ1

)
+
[

1
σ1
+ 1

σ2
−

1
λ2

]−2

2F1

(
2, 1;ϑ + 2, 1 −

1
σ1
+ 1
σ2
−

1
λ1

1
σ1
+ 1
σ2
−

1
λ2

)



I6 =



(
1
ϑ+1

) 2
ϑ

(
ϑ

√
1
ϑ+1 (λ2−λ1

λ1λ2
) + ( 1

σ1
+ 1

σ2
−

1
λ1

)
)−2

2F1

(
2, 1; 3, 1 −

1
σ1
+ 1
σ2
−

1
λ1

ϑ
√

1
ϑ+1 (

λ2−λ1
λ1λ2

)+ 1
σ1
+ 1
σ2
−

1
λ1

)
−

1
2

[
1
σ1
+ 1

σ2
−

1
λ2

]−2

2F1

(
2, 1; 3, 1 −

1
σ1
+ 1
σ2
−

1
λ1

1
σ1
+ 1
σ2
−

1
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)
−( 1

ϑ+1 )
2
ϑ

2(ϑ+1)
ϑ+2

(
ϑ

√
1
ϑ+1 (λ2−λ1

λ1λ2
) + ( 1

σ1
+ 1

σ2
−

1
λ1

)
)−2

2F1

(
2, 1;ϑ + 3, 1 −

1
σ1
+ 1
σ2
−

1
λ1

ϑ
√

1
ϑ+1 (

λ2−λ1
λ1λ2
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σ1
+ 1
σ2
−

1
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+

(ϑ+1)
ϑ+2

[
1
σ1
+ 1

σ2
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1
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2F1

(
2, 1;ϑ + 3, 1 −

1
σ1
+ 1
σ2
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1
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1
σ1
+ 1
σ2
−

1
λ2

)


I7(λ1, λ2, ϑ) = I5(λ1, λ2, ϑ) − I6(λ1, λ2, ϑ),

and ϑ > 0.

Proof. Using Lemma 3.1 and Power-mean inequality, we exploit the harmonically convex property of |ψ′|q

to deduce:

|Iψ1 (h;ϑ, λ1, λ2)| ≤
λ2 − λ1

λ1λ2(ϑ + 1)

∫ 1

0

|1 − (ϑ + 1)ℓϑ|(
1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

)2

∣∣∣∣∣ψ′
 1

1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

 ∣∣∣∣∣dℓ
Let Aℓ =

1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1
= ℓ

(
1
σ1
+ 1

σ2
−

1
λ2

)
+ (1 − ℓ)

(
1
σ1
+ 1

σ2
−

1
λ1

)
.

|Iψ1 (h;ϑ, λ1, λ2)|

≤
λ2 − λ1

λ1λ2(ϑ + 1)

(∫ 1

0

|1 − (ϑ + 1)ℓϑ|
(Aℓ)2 dℓ

)1− 1
q
[∫ 1

0

|1 − (ϑ + 1)ℓϑ|
(Aℓ)2

∣∣∣∣∣ψ′ ( 1
Aℓ

) ∣∣∣∣∣qdℓ
] 1

q

≤
λ2 − λ1

λ1λ2(ϑ + 1)

(∫ 1

0

|1 − (ϑ + 1)ℓϑ|
(Aℓ)2 dℓ

)1− 1
q

[∫ 1

0

|1 − (ϑ + 1)ℓϑ|
(Aℓ)2 [|ψ′(σ1)|q + |ψ′(σ2)|q − ℓ|ψ′(λ2)|q − (1 − ℓ)|ψ′(λ1)|q]dℓ

] 1
q

≤
λ2 − λ1

λ1λ2(ϑ + 1)
I5

1− 1
q (λ1, λ2, ϑ)

[
I5(λ1, λ2, ϑ)|ψ′(σ1)|q + I5(λ1, λ2, ϑ)|ψ′(σ2)|q

−I6(λ1, λ2, ϑ)|ψ′(λ1)|q − I7(λ1, λ2, ϑ)|ψ′(λ2)|q

]
, (39)

calculating I5(λ1, λ2, ϑ), I6(λ1, λ2, ϑ) and I7(λ1, λ2, ϑ), we have∫ 1

0

|1 − (ϑ + 1)ℓϑ|
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√

1
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]
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= 2
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=
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= I5(λ1, λ2, ϑ) (40)
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λ2

) )−2

du



=



(
1
ϑ+1

) 2
ϑ

(
ϑ

√
1
ϑ+1 (λ2−λ1

λ1λ2
) + ( 1

σ1
+ 1

σ2
−

1
λ1

)
)−2

2F1

(
2, 1; 3, 1 −

1
σ1
+ 1
σ2
−

1
λ1

ϑ
√

1
ϑ+1 (

λ2−λ1
λ1λ2

)+ 1
σ1
+ 1
σ2
−

1
λ1

)
−

1
2

[
1
σ1
+ 1

σ2
−

1
λ2

]−2

2F1

(
2, 1; 3, 1 −

1
σ1
+ 1
σ2
−

1
λ1

1
σ1
+ 1
σ2
−

1
λ2

)
−( 1

ϑ+1 )
2
ϑ

2(ϑ+1)
ϑ+2

(
ϑ

√
1
ϑ+1 (λ2−λ1

λ1λ2
) + ( 1

σ1
+ 1

σ2
−

1
λ1

)
)−2

2F1

(
2, 1;ϑ + 3, 1 −

1
σ1
+ 1
σ2
−

1
λ1

ϑ
√

1
ϑ+1 (

λ2−λ1
λ1λ2

)+ 1
σ1
+ 1
σ2
−

1
λ1

)
+

(ϑ+1)
ϑ+2

[
1
σ1
+ 1

σ2
−

1
λ2

]−2

2F1

(
2, 1;ϑ + 3, 1 −

1
σ1
+ 1
σ2
−

1
λ1

1
σ1
+ 1
σ2
−

1
λ2

)


= I6(λ1, λ2, ϑ) (41)

I7(λ1, λ2, ϑ) = I5(λ1, λ2, ϑ) − I6(λ1, λ2, ϑ). (42)

Using 40, 41 and 42 in 39, we get the inequality of 38. This completes the proof.

Remark 4.7. If we put ϑ = 1 in Theorem 4.6, then we obtain

∣∣∣∣∣ψ
(

1
1
σ1
+ 1
σ2
−

1
λ2

)
+ ψ

(
1

1
σ1
+ 1
σ2
−

1
λ1

)
2

−
λ1λ2

λ2 − λ1

∫ 1
1
σ1
+ 1
σ2
−

1
λ2

1
1
σ1
+ 1
σ2
−

1
λ1

ψ(ϵ)
ϵ2 dϵ

∣∣∣∣∣
≤
λ2 − λ1

2λ1λ2
I5

1− 1
q (λ1, λ2)

[
I5(λ1, λ2)|ψ′(σ1)|q + I5(λ1, λ2)|ψ′(σ2)|q

−I6(λ1, λ2)|ψ′(λ1)|q − I7(λ1, λ2)|ψ′(λ2)|q

]
,

where

I5(λ1, λ2) =



(
1
2 (λ2−λ1

λ1λ2
) + ( 1

σ1
+ 1

σ2
−

1
λ1

)
)−2

2F1

(
2, 1; 2, 1 −

1
σ1
+ 1
σ2
−

1
λ1

1
2 (

λ2−λ1
λ1λ2

)+ 1
σ1
+ 1
σ2
−

1
λ1

)
−

[
1
σ1
+ 1

σ2
−

1
λ2

]−2

2F1

(
2, 1; 2, 1 −

1
σ1
+ 1
σ2
−

1
λ1

1
σ1
+ 1
σ2
−

1
λ2

)
−

1
2

(
1
2 (λ2−λ1

λ1λ2
) + ( 1

σ1
+ 1

σ2
−

1
λ1

)
)−2

2F1

(
2, 1; 3, 1 −

1
σ1
+ 1
σ2
−

1
λ1

1
2 (

λ2−λ1
λ1λ2

)+ 1
σ1
+ 1
σ2
−

1
λ1

)
+
[

1
σ1
+ 1

σ2
−

1
λ2

]−2

2F1

(
2, 1; 3, 1 −

1
σ1
+ 1
σ2
−

1
λ1

1
σ1
+ 1
σ2
−

1
λ2

)
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I6(λ1, λ2) =



(
1
4

) (
1
2 (λ2−λ1

λ1λ2
) + ( 1

σ1
+ 1

σ2
−

1
λ1

)
)−2

2F1

(
2, 1; 3, 1 −

1
σ1
+ 1
σ2
−

1
λ1

1
2 (

λ2−λ1
λ1λ2

)+ 1
σ1
+ 1
σ2
−

1
λ1

)
−

1
2

[
1
σ1
+ 1

σ2
−

1
λ2

]−2

2F1

(
2, 1; 3, 1 −

1
σ1
+ 1
σ2
−

1
λ1

1
σ1
+ 1
σ2
−

1
λ2

)
−( 1

4 ) 4
3

(
1
2 (λ2−λ1

λ1λ2
) + ( 1

σ1
+ 1

σ2
−

1
λ1

)
)−2

2F1

(
2, 1; 4, 1 −

1
σ1
+ 1
σ2
−

1
λ1

1
2 (

λ2−λ1
λ1λ2

)+ 1
σ1
+ 1
σ2
−

1
λ1

)
+ 2

3

[
1
σ1
+ 1

σ2
−

1
λ2

]−2

2F1

(
2, 1; 4, 1 −

1
σ1
+ 1
σ2
−

1
λ1

1
σ1
+ 1
σ2
−

1
λ2

)


I7(λ1, λ2) = I5(λ1, λ2) − I6(λ1, λ2),

which is new in literature.

Remark 4.8. If we put σ1 = λ1 and σ2 = λ2 in Theorem 4.6, then we obtain an inequality appeared in [33].

Remark 4.9. If we put σ1 = λ1, σ2 = λ2 and ϑ = 1 in Theorem 4.6, then we obtain an inequality appeared in [8].

Example 4.10. Case 1: Let ψ(ϵ) = ϵ3

3 , ϵ > 0. If we set ϑ = 1, σ1 = λ1, σ1 = λ2, λ1 = 2, λ2 = 5 and q ∈ [1.1, 100],
then by Proposition 1.5 mapping, |ψ′(ϵ)|q = ϵ2q is harmonic convex.

Case 2: Let ψ(ϵ) = ϵ3

3 , ϵ > 0. Suppose we set ϑ = 1, σ1 = 2, σ2 = 5, q = 2 and λ1 = [1, 1.5], λ2 = [4, 5].
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Figure 3: Case 1 visual illustration
for ϑ = 1, σ1 = λ1, σ1 = λ2, λ1 = 2,
λ2 = 5 and q ∈ [1.1, 100].

Figure 4: Case 2 visual illustration
for ϑ = 1, σ1 = 2, σ2 = 5, q = 2 and
λ1 = [1, 1.5], λ2 = [4, 5].

Left, middle, and right mappings from the inequalities (38) are plotted against q ∈ [1.1, 100] in Figure 3. Left,
middle, and right mappings from the inequalities (38) are plotted against λ1 = [1, 1.5], λ2 = [4, 5] in Figure 4. The
graphs of the functions prove the correctness of the Theorem 4.6 with ϑ = 1.

Theorem 4.11. Under the same assumptions as in Theorem 4.1, following inequality for fractional integral holds:

|Iψ1 (h;ϑ, λ1, λ2)| ≤
λ2 − λ1

(ϑ + 1)λ1λ2{
Υ1

1
p

[
Λ1|ψ′(σ1)|q + Λ1|ψ′(σ2)|q

−Λ2|ψ′(λ2)|q −Λ3|ψ′(λ1)|q

] 1
q

+ Υ2
1
p

[
Λ4|ψ′(σ1)|q + Λ4|ψ′(σ2)|q

−Λ5|ψ′(λ2)|q −Λ2|ψ′(λ1)|q

] 1
q }
,
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where

Λ1 =
1
2

[ 1
σ1
+

1
σ2
−

1
λ2

]−2q

2F1

2q, 1; 3, 1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2


Λ2 =

1
6

[ 1
σ1
+

1
σ2
−

1
λ2

]−2q

2F1

2q, 2; 4, 1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2


Λ3 =

1
3

[ 1
σ1
+

1
σ2
−

1
λ2

]−2q

2F1

2q, 1; 4, 1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2


Λ4 =

1
2

[ 1
σ1
+

1
σ2
−

1
λ2

]−2q

2F1

2q, 2; 3, 1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2


Λ5 =

1
3

[ 1
σ1
+

1
σ2
−

1
λ2

]−2q

2F1

2q, 3; 4, 1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2


Υ1 =

∫ 1

0

(
(1 − ℓ)|1 − (ϑ + 1)ℓϑ|pdℓ

) 1
p

Υ2 =

∫ 1

0

(
ℓ|1 − (ϑ + 1)ℓϑ|pdℓ

) 1
p ,

and 0 < ϑ ≤ 1.

Proof. Using Lemma 3.1 and improved Hölder’s inequality, we exploit the harmonically convex property
of |ψ′|q to deduce:

|Iψ1 (h;ϑ, λ1, λ2)| ≤
λ2 − λ1

λ1λ2(ϑ + 1)

∫ 1

0

|1 − (ϑ + 1)ℓϑ|(
1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

)2

∣∣∣∣∣ψ′
 1

1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1

 ∣∣∣∣∣dℓ.
Let Aℓ =

1
σ1
+ 1

σ2
−

ℓ
λ2
−

(1−ℓ)
λ1
= ℓ

(
1
σ1
+ 1

σ2
−

1
λ2

)
+ (1 − ℓ)

(
1
σ1
+ 1

σ2
−

1
λ1

)
.

|Iψ1 (h;ϑ, λ1, λ2)|

≤
λ2 − λ1

λ1λ2(ϑ + 1)

{∫ 1

0

(
(1 − ℓ)|1 − (ϑ + 1)ℓϑ|pdℓ

) 1
p

∫ 1

0

(1 − ℓ)

A2q
ℓ

∣∣∣∣∣ψ′( 1
Aℓ

)∣∣∣∣∣qdℓ


1
q

+

∫ 1

0

(
ℓ|1 − (ϑ + 1)ℓϑ|pdℓ

) 1
p

∫ 1

0

ℓ

A2q
ℓ

∣∣∣∣∣ψ′( 1
Aℓ

)∣∣∣∣∣qdℓ


1
q }

≤
λ2 − λ1

λ1λ2(ϑ + 1)

{∫ 1

0

(
(1 − ℓ)|1 − (ϑ + 1)ℓϑ|pdℓ

) 1
p
( ∫ 1

0

(1 − ℓ)

A2q
ℓ

[
|ψ′(σ1)|q + |ψ′(σ2)|q

−ℓ|ψ′(λ2)|q − (1 − ℓ)|ψ′(λ1)|q

]
dℓ

) 1
q

+
λ2 − λ1

λ1λ2(ϑ + 1)

∫ 1

0

(
ℓ|1 − (ϑ + 1)ℓϑ|pdℓ

) 1
p
( ∫ 1

0

ℓ

A2q
ℓ

[
|ψ′(σ1)|q + |ψ′(σ2)|q

−ℓ|ψ′(λ2)|q − (1 − ℓ)|ψ′(λ1)|q

]
dℓ

) 1
q
}

=
λ2 − λ1

λ1λ2(ϑ + 1)

{∫ 1

0

(
(1 − ℓ)|1 − (ϑ + 1)ℓϑ|pdℓ

) 1
p

 |ψ′(σ1)|q
∫ 1

0
1−ℓ
A2q
ℓ

+ ψ′(σ2)|q
∫ 1

0
1−ℓ
A2q
ℓ

−ψ′(λ2)|q
∫ 1

0
ℓ(1−ℓ)

A2q
ℓ

− ψ′(λ1)|q
∫ 1

0
(1−ℓ)2

A2q
ℓ


1
q

+
λ2 − λ1

λ1λ2(ϑ + 1)

∫ 1

0

(
ℓ|1 − (ϑ + 1)ℓϑ|pdℓ

) 1
p

 |ψ′(σ1)|q
∫ 1

0
ℓ

A2q
ℓ

+ ψ′(σ2)|q
∫ 1

0
ℓ

A2q
ℓ

−ψ′(λ2)|q
∫ 1

0
ℓ2

A2q
ℓ

− ψ′(λ1)|q
∫ 1

0
ℓ(1−ℓ)

A2q
ℓ


1
q }
.
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After evaluating the appearing integrals, we obtain

∫ 1

0

1 − ℓ

A2q
ℓ

dℓ

=

∫ 1

0

1 − ℓ[
ℓ
(

1
σ1
+ 1

σ2
−

1
λ2

)
+ (1 − ℓ)

(
1
σ1
+ 1

σ2
−

1
λ1

)]2q dℓ

=

∫ 1

0

1 − ℓ[
ℓ
(

1
σ1
+ 1

σ2
−

1
λ1

)
+ (1 − ℓ)

(
1
σ1
+ 1

σ2
−

1
λ2

)]2q dℓ

=
[ 1
σ1
+

1
σ2
−

1
λ2

]−2q ∫ 1

0
(1 − ℓ)

(
1 − ℓ

1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2

 )−2q

dℓ

=
1
2

[ 1
σ1
+

1
σ2
−

1
λ2

]−2q

2F1

2q, 1; 3, 1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2


∫ 1

0

ℓ(1 − ℓ)

A2q
ℓ

dℓ

=

∫ 1

0

ℓ(1 − ℓ)[
ℓ
(

1
σ1
+ 1

σ2
−

1
λ2

)
+ (1 − ℓ)

(
1
σ1
+ 1

σ2
−

1
λ1

)]2q dℓ

=

∫ 1

0

ℓ(1 − ℓ)[
ℓ
(

1
σ1
+ 1

σ2
−

1
λ1

)
+ (1 − ℓ)

(
1
σ1
+ 1

σ2
−

1
λ2

)]2q dℓ

=
[ 1
σ1
+

1
σ2
−

1
λ2

]−2q ∫ 1

0
ℓ(1 − ℓ)

(
1 − ℓ

1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2

 )−2q

dℓ

=
1
6

[ 1
σ1
+

1
σ2
−

1
λ2

]−2q

2F1

2q, 2; 4, 1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2


∫ 1

0

(1 − ℓ)2

A2q
ℓ

dℓ

=

∫ 1

0

(1 − ℓ)2[
ℓ
(

1
σ1
+ 1

σ2
−

1
λ2

)
+ (1 − ℓ)

(
1
σ1
+ 1

σ2
−

1
λ1

)]2q dℓ

=

∫ 1

0

(1 − ℓ)2[
ℓ
(

1
σ1
+ 1

σ2
−

1
λ1

)
+ (1 − ℓ)

(
1
σ1
+ 1

σ2
−

1
λ2

)]2q dℓ

=
[ 1
σ1
+

1
σ2
−

1
λ2

]−2q ∫ 1

0
(1 − ℓ)2

(
1 − ℓ

1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2

 )−2q

dℓ

=
1
3

[ 1
σ1
+

1
σ2
−

1
λ2

]−2q

2F1

2q, 1; 4, 1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2
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∫ 1

0

ℓ

A2q
ℓ

dℓ

=

∫ 1

0

ℓ[
ℓ
(

1
σ1
+ 1

σ2
−

1
λ2

)
+ (1 − ℓ)

(
1
σ1
+ 1

σ2
−

1
λ1

)]2q dℓ

=

∫ 1

0

ℓ[
ℓ
(

1
σ1
+ 1

σ2
−

1
λ1

)
+ (1 − ℓ)

(
1
σ1
+ 1

σ2
−

1
λ2

)]2q dℓ

=
[ 1
σ1
+

1
σ2
−

1
λ2

]−2q ∫ 1

0
ℓ
(
1 − ℓ

1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2

 )−2q

dℓ

=
1
2

[ 1
σ1
+

1
σ2
−

1
λ2

]−2q

2F1

2q, 2; 3, 1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2


∫ 1

0

ℓ2

A2q
ℓ

dℓ

=

∫ 1

0

ℓ2[
ℓ
(

1
σ1
+ 1

σ2
−

1
λ2

)
+ (1 − ℓ)

(
1
σ1
+ 1

σ2
−

1
λ1

)]2q dℓ

=

∫ 1

0

ℓ2[
ℓ
(

1
σ1
+ 1

σ2
−

1
λ1

)
+ (1 − ℓ)

(
1
σ1
+ 1

σ2
−

1
λ2

)]2q dℓ

=
[ 1
σ1
+

1
σ2
−

1
λ2

]−2q ∫ 1

0
ℓ2

(
1 − ℓ

1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2

 )−2q

dℓ

=
1
3

[ 1
σ1
+

1
σ2
−

1
λ2

]−2q

2F1

2q, 3; 4, 1 −
1
σ1
+ 1

σ2
−

1
λ1

1
σ1
+ 1

σ2
−

1
λ2

 .
This completes the proof.

Remark 4.12. If we put ϑ = 1 in Theorem 4.11, then we obtain

∣∣∣∣∣ψ
(

1
1
σ1
+ 1
σ2
−

1
λ2

)
+ ψ

(
1

1
σ1
+ 1
σ2
−

1
λ1

)
2

−
λ1λ2

λ2 − λ1

∫ 1
1
σ1
+ 1
σ2
−

1
λ2

1
1
σ1
+ 1
σ2
−

1
λ1

ψ(ϵ)
ϵ2 dϵ

∣∣∣∣∣
≤
λ2 − λ1

2λ1λ2{
Υ1

1
p

[
Λ1|ψ′(σ1)|q + Λ1|ψ′(σ2)|q

−Λ2|ψ′(λ2)|q −Λ3|ψ′(λ1)|q

] 1
q

+ Υ2
1
p

[
Λ4|ψ′(σ1)|q + Λ4|ψ′(σ2)|q

−Λ5|ψ′(λ2)|q −Λ2|ψ′(λ1)|q

] 1
q }
,

where

Υ1 =

∫ 1

0
|1 − 2ℓ|pdℓ =

1
2(p + 1)

= Υ2,

and Λ1 −Λ5 are same as in Theorem 4.11. Which is new in literature.
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Remark 4.13. If we put σ1 = λ1, σ2 = λ2 and ϑ = 1 in Theorem 4.11, then we obtain∣∣∣∣∣ψ(λ1) + ψ(λ2)
2

−
λ1λ2

λ2 − λ1

∫ λ2

λ1

ψ(ϵ)
ϵ2 dϵ

∣∣∣∣∣ ≤ λ1λ2(λ2 − λ1)
2

[
1

2(p + 1)

] 1
p

{ [
Λ2|ψ

′(λ1)|q + Λ3|ψ
′(λ2)|q

] 1
q +

[
Λ2|ψ

′(λ2)|q + Λ5|ψ
′(λ1)|q

] 1
q

}
,

where

Λ2 =

∫ 1

0

ℓ(1 − ℓ)

(ℓλ2 + (1 − ℓ)λ1)2q dℓ

=
1

(λ2 − λ1)2

[λ2

(
λ2

1−2q
− λ1

1−2q
)

(1 − 2q)
−

(
λ2

2−2q
− λ1

2−2q
)

(2 − 2q)

]
−

1
(λ2 − λ1)3

[λ2
2
(
λ2

1−2q
− λ1

1−2q
)

(1 − 2q)
+

(
λ2

3−2q
− λ1

3−2q
)

(3 − 2q)
−

2λ2

(
λ2

2−2q
− λ1

2−2q
)

(2 − 2q)

]
Λ3 =

∫ 1

0

(1 − ℓ)2

(ℓλ2 + (1 − ℓ)λ1)2q dℓ

=
1

(λ2 − λ1)3

[λ2
2
(
λ2

1−2q
− λ1

1−2q
)

(1 − 2q)
+

(
λ2

3−2q
− λ1

3−2q
)

(3 − 2q)
−

2λ2

(
λ2

2−2q
− λ1

2−2q
)

(2 − 2q)

]
,

and Λ5 is calculated above. Which is new in literature.

4.1. Comparison Between Hölder and Improved Hölder Fractional Integral Inequalities
Here, we give comparative analysis of Hölder’s and improved Hölder’s integral inequalities. In The-

orem 4.11, by utilising the improved form of the Hölder’s inequality, we obtain the lower upper bound
better than that of the original form in Theorem 4.1.

Example 4.14. If one chooses ψ(ϵ) = 1
2ϵ

2, ϵ > 0, then by Proposition 1.5, mapping |ψ′(ϵ)|q = ϵq for q > 1 and ϵ > 0
is ψ ∈ HK(J). In the instance of λ1 = 2, λ2 = 3 and q = 2, let us find the right side of the inequalities in Theorem 4.1
and Theorem 4.11 with ϑ = 1 and σ1 = λ1, σ2 = λ2 i.e. Remark 4.4 and Remark 4.13, respectively. After reducing
common factor λ1λ2(λ2−λ1)

2 , the right side of Remark 4.4 is

=
[ 1
p + 1

] 1
p
[
µ1|ψ

′(λ1)|q + µ2|ψ
′(λ2)|q

] 1
q

=
[1
3

] 1
2

×

[ 7
648

(4) +
1

54
(9)

] 1
2

≈ 0.2645.

The right side of Remark 4.13, is

=
[ 1
2(p + 1)

] 1
p

×

{ [
Λ2|ψ

′(λ1)|q + Λ3|ψ
′(λ2)|q

] 1
q

+
[
Λ2|ψ

′(λ2)|q + Λ5|ψ
′(λ1)|q

] 1
q

}
=

[1
6

] 1
2

×

{ [ 1
216

(4) +
1

72
(9)

] 1
2

+
[ 1
162

(4) +
1

216
(9)

] 1
2
}

≈ 0.2598.
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Clearly,

0.2645 > 0.2598,

which verifies that the Remark 4.13 error estimate is more accurate than the one in the Remark 4.4. We obtain the
lower upper bound better than that of the original form of Hölder inequality.
Case 1: Furthermore, let us set λ1 = 1, λ2 = 3 and q ∈ [1.1, 100] as the unknown. The right-hand sides of Remark
4.4 and Remark 4.13 are denoted by ψ1(q) and ψ2(q), respectively.

ψ2(q)

ψ1(q)

0 20 40 60 80 100
1.5

2.0

2.5

3.0

3.5

4.0

Variable q

F
un
ct
io
n
V
al
ue

ψ
(q
)

Figure 5: For the case λ1 = 1, λ2 = 2 and q ∈ [1.1, 100] the diagram for Example 4.14.

Plotting ψ1(q) and ψ2(q) in Figure 6, which illustrates the upper bound derived in Remark 4.13 is better than that
of Remark 4.4.

Case 2: Now, we set ϑ = 1, σ1 = 1, σ2 = 4, q = 2 and λ1 = [1, 1.1], λ2 = [3, 4] as the unknown. The right-hand
sides of Theorem 4.1 and Theorem 4.11 are denoted by ψ3(λ1, λ2) and ψ4(λ1, λ2), respectively. Plotting ψ3(λ1, λ2)

Figure 6: For the case σ1 = 1, σ2 = 4, q = 2 and λ1 = [1, 1.1], λ2 = [3, 4] the diagram for Example 4.14.

and ψ4(λ1, λ2) in Figure 6, which illustrates the upper bound derived in Theorem 4.11 is better than that of Theorem
4.1.

Theorem 4.15. Under the same assumptions as in Theorem 4.1, then following inequality for fractional integral
holds:

|Iψ2 (h;ϑ, λ1, λ2)|

≤
λ2 − λ1

(ϑ + 1)λ1λ2
I8

1− 1
q (λ1, λ2, ϑ)

[
I8(λ1, λ2, ϑ)|ψ′(σ1)|q + I8(λ1, λ2, ϑ)|ψ′(σ2)|q

−I9(λ1, λ2, ϑ)|ψ′(λ1)|q − I10(λ1, λ2, ϑ)|ψ′(λ2)|q

]
, (43)
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where

I8 =



2 ϑ

√
1
ϑ+1

(
ϑ

√
1
ϑ+1 (λ2−λ1

λ1λ2
) + ( 1

σ1
+ 1

σ2
−

1
λ1

)
)−2

2F1

(
2, 1; 2, 1 −

1
σ1
+ 1
σ2
−

1
λ1

ϑ
√

1
ϑ+1 (

λ2−λ1
λ1λ2

)+ 1
σ1
+ 1
σ2
−

1
λ1

)
−

[
1
σ1
+ 1

σ2
−

1
λ2

]−2

2F1

(
2, 1; 2, 1 −

1
σ1
+ 1
σ2
−

1
λ1

1
σ1
+ 1
σ2
−

1
λ2

)
−

2
ϑ+1

ϑ

√
1
ϑ+1

(
ϑ

√
1
ϑ+1 (λ2−λ1

λ1λ2
) + ( 1

σ1
+ 1

σ2
−

1
λ1

)
)−2

2F1

(
2, 1;ϑ + 2, 1 −

1
σ1
+ 1
σ2
−

1
λ1

ϑ
√

1
ϑ+1 (

λ2−λ1
λ1λ2

)+ 1
σ1
+ 1
σ2
−

1
λ1

)
+
[

1
σ1
+ 1

σ2
−

1
λ2

]−2

2F1

(
2, 1;ϑ + 2, 1 −

1
σ1
+ 1
σ2
−

1
λ1

1
σ1
+ 1
σ2
−

1
λ2

)



I9 =



(
1
ϑ+1

) 2
ϑ

(
ϑ

√
1
ϑ+1 (λ2−λ1

λ1λ2
) + ( 1

σ1
+ 1

σ2
−

1
λ1

)
)−2

2F1

(
2, 1; 3, 1 −

1
σ1
+ 1
σ2
−

1
λ1

ϑ
√

1
ϑ+1 (

λ2−λ1
λ1λ2

)+ 1
σ1
+ 1
σ2
−

1
λ1

)
−

1
2

[
1
σ1
+ 1

σ2
−

1
λ2

]−2

2F1

(
2, 1; 3, 1 −

1
σ1
+ 1
σ2
−

1
λ1

1
σ1
+ 1
σ2
−

1
λ2

)
−( 1

ϑ+1 )
2
ϑ

2(ϑ+1)
ϑ+2

(
ϑ

√
1
ϑ+1 (λ2−λ1

λ1λ2
) + ( 1

σ1
+ 1

σ2
−

1
λ1

)
)−2

2F1

(
2, 1;ϑ + 3, 1 −

1
σ1
+ 1
σ2
−

1
λ1

ϑ
√

1
ϑ+1 (

λ2−λ1
λ1λ2

)+ 1
σ1
+ 1
σ2
−

1
λ1

)
+

(ϑ+1)
ϑ+2

[
1
σ1
+ 1

σ2
−

1
λ2

]−2

2F1

(
2, 1;ϑ + 3, 1 −

1
σ1
+ 1
σ2
−

1
λ1

1
σ1
+ 1
σ2
−

1
λ2

)


I10(λ1, λ2, ϑ) = I8(λ1, λ2, ϑ) − I9(λ1, λ2, ϑ),

and ϑ > 0.

Proof. Similarly to the proof of Theorem 4.6, using Lemma 3.5, Power-mean inequality, and the harmonic
convexity of |ψ′|q, we obtain (43).

Remark 4.16. If we put σ1 = λ1 and σ2 = λ2 in Theorem 4.15, then we obtain∣∣∣∣∣ϑψ(λ2) + ψ(λ1)
ϑ + 1

− Γ(ϑ + 1)
(
λ1λ2

λ2 − λ1

)ϑ
ȷϑ1
λ2
+

(ψ ◦ h)(
1
λ2

)
∣∣∣∣∣

≤
λ1λ2(λ2 − λ1)

(ϑ + 1)
Z7

1− 1
q (λ1, λ2, ϑ)

[
Z8(λ1, λ2, ϑ)|ψ′(λ2)|q + Z9(λ1, λ2, ϑ)|ψ′(λ1)|q

]
,

where

Z7 =



2 ϑ

√
1
ϑ+1

(
ϑ

√
1
ϑ+1 (λ2 − λ1) + λ1)

)−2

2F1

(
2, 1; 2, 1 − λ1

ϑ
√

1
ϑ+1 (λ2−λ1)+λ1

)
−λ2

−2
2F1

(
2, 1; 2, 1 − λ1

λ2

)
−

2
ϑ+1

ϑ

√
1
ϑ+1

(
ϑ

√
1
ϑ+1 (λ2 − λ1) + λ1)

)−2

2F1

(
2, 1; 2, 1 − λ1

ϑ
√

1
ϑ+1 (λ2−λ1)+λ1

)
+λ2

−2
2F1

(
2, 1;ϑ + 2, 1 − λ1

λ2

)



Z8 =



(
1
ϑ+1

) 2
ϑ

(
ϑ

√
1
ϑ+1 (λ2 − λ1) + λ1)

)−2

2F1

(
2, 1; 3, 1 − λ1

ϑ
√

1
ϑ+1 (λ2−λ1)+λ1

)
−

1
2λ2

−2
2F1

(
2, 1; 3, 1 − λ1

λ2

)
−( 1

ϑ+1 )
2
ϑ

2(ϑ+1)
ϑ+2

(
ϑ

√
1
ϑ+1 (λ2 − λ1) + λ1)

)−2

2F1

(
2, 1;ϑ + 3, 1 − λ1

ϑ
√

1
ϑ+1 (λ2−λ1)+λ1

)
+

(ϑ+1)
ϑ+2 λ2

−2
2F1

(
2, 1;ϑ + 3, 1 − λ1

λ2

)
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Z9(λ1, λ2, ϑ) = Z7(λ1, λ2, ϑ) − Z8(λ1, λ2, ϑ),

which is appeared in [33].

Remark 4.17. If we put σ1 = λ1, σ2 = λ2 and ϑ = 1 in Theorem 4.15, then we derive an inequality appeared in [8].

Theorem 4.18. Let ψ be defined as in Theorem 4.1, then following inequality for fractional integral holds

|Iψ2 (h;ϑ, λ1, λ2)|

≤
λ2 − λ1

(ϑ + 1)λ1λ2
I1

1
p (λ1, λ2, ϑ)

[
I1(λ1, λ2, ϑ)|ψ′(σ1)|q + I2(λ1, λ2, ϑ)|ψ′(σ2)|q

−I3(λ1, λ2, ϑ)|ψ′(λ2)|q − I4(λ1, λ2, ϑ)|ψ′(λ1)|q

] 1
q

, (44)

where I1(λ1, λ2, ϑ) − I4(λ1, λ2) are same as in Theorem 4.1 and 0 < ϑ ≤ 1.

Proof. Similarly to the proof of Theorem 4.1, using Lemma 3.5, Hölder’s inequality, and the harmonic convexity of
|ψ′|q, we obtain (44).

Remark 4.19. If we put σ1 = λ1 and σ2 = λ2 in Theorem 4.18, then we derive an inequality appeared in [33].

Remark 4.20. If we put ϑ = 1 and σ1 = λ1, σ2 = λ2 in Theorem 4.18, then we derive an inequality appeared in [8].

5. Applications

5.1. Special Means
Now, for numbers 0 < λ1 < λ2, we consider special means and j-logarithmic means:

A(λ1, λ2) =
λ1 + λ2

2
,

G(λ1, λ2) = (λ1λ2)
1
2 ,

and

L j(λ1, λ2) =
[
λ2

( j+1)
− λ1

( j+1)

( j + 1)(λ2 − λ1)

] 1
j

, j ∈ Z{−1, 0}.

Proposition 5.1. Using the same assumptions as in Theorem 4.1, if we take ψ(σ) = σ(k+1)

k+1 with σ > 0, k ≥ 1 and
ϑ = 1, then we get∣∣∣∣∣A


 1

1
σ1
+ 1

σ2
−

1
λ2

k+1

,

 1
1
σ1
+ 1

σ2
−

1
λ1

k+1
− (k + 1)G2(λ1, λ2)Lk−1

(k−1)

 1
1
σ1
+ 1

σ2
−

1
λ2

 ,  1
1
σ1
+ 1

σ2
−

1
λ1

 ∣∣∣∣∣
≤

(1 + k)(λ2 − λ1)
2G2(λ1, λ2)

× I1
1
p (λ1, λ2)[

I2(λ1, λ2)(λ1)kq + I2(λ1, λ2)(λ2)kq

−I3(λ1, λ2)(λ2)kq
− I4(λ1, λ2)(λ1)kq

] 1
q

,

where I1 − I4 are same as in Remark 4.2.
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Corollary 5.2. Under the same assumptions as in Proposition 5.1, if we take σ1 = λ1 and σ2 = λ2, then we get∣∣∣∣∣A(λ1
k+1, λ2

k+1) − G2(λ1, λ2)Lk−1
(k−1)(λ1, λ2)

∣∣∣∣∣
≤ (1 + k)

G2(λ1, λ2)(λ2 − λ1)
2

[ 1
p + 1

] 1
p
[
µ1(λ1)kq + µ2(λ2)kq

] 1
q

,

where µ1 and µ2 are same as in Remark 4.4.

Proposition 5.3. Under the same assumptions as in Theorem 4.6, if we take ψ(σ) = σ(k+1)

k+1 with σ > 0, k ≥ 1 and
ϑ = 1, then we get∣∣∣∣∣A


 1

1
σ1
+ 1

σ2
−

1
λ2

k+1

,

 1
1
σ1
+ 1

σ2
−

1
λ1

k+1
− (k + 1)G2(λ1, λ2)Lk−1

(k−1)

 1
1
σ1
+ 1

σ2
−

1
λ2

 ,  1
1
σ1
+ 1

σ2
−

1
λ1

 ∣∣∣∣∣
≤

(1 + k)(λ2 − λ1)
2G2(λ1, λ2)

× I5
1− 1

q (λ1, λ2)[
I5(λ1, λ2)(λ1)kq + I5(λ1, λ2)(λ2)kq

−I6(λ1, λ2)(λ1)kq
− I7(λ1, λ2)(λ2)kq

] 1
q

,

where I5 − I7 are same as in Remark 4.7.

Corollary 5.4. Under the same assumptions as in Proposition 5.1, if we take σ1 = λ1 and σ2 = λ2, then we get∣∣∣∣∣A(λ1
k+1, λ2

k+1) − G2(λ1, λ2)Lk−1
(k−1)(λ1, λ2)

∣∣∣∣∣
≤ (1 + k)

G2(λ1, λ2)(λ2 − λ1)
2

[λ1]
1
p

[
λ2(λ1)kq + λ3(λ2)kq

] 1
q

,

where λ1 − λ3 are same as in Remark 4.9.

5.2. Applications to Numerical Quadrature Rule

In this section, we analyse how the integral inequalities engaging fractional integral proposed in the
previous section can be used to yield an estimate of composite quadrature rules that, it turns out have a
significantly smaller error than those that may be acquired by the classical results. We will extend the idea
by giving applications to numerical quadrature rule for harmonic convex inequality.

Theorem 5.5. Under the assumption of Theorem 4.6 for ϑ = 1, let Jn : σ1 = ϵ0 < ϵ1 < ϵ2... < ϵn−1 < ϵn = σ2 is a
partition of [σ1, σ2], λ1, λ2 ∈ [ϵi, ϵi+1] and hi = (ϵi+1 − ϵi), i = 0, 1, ..., n − 1, then we have:∫ 1

1
σ1
+ 1
σ2
−

1
λ2

1
1
σ1
+ 1
σ2
−

1
λ1

ψ(ϵ)
ϵ2 dϵ = B(Jn, ψ) + R(Jn, ψ),

where

B(Jn, ψ) =
n−1∑
i=0

ψ

(
1

1
ϵi
+ 1
ϵi+1
−

1
ϵi,

)
+ ψ

(
1

1
ϵi
+ 1
ϵi+1
−

1
ϵi,1

)
2ϵi,1ϵi,

hi, (45)
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and the remainder term satisfy the estimation:

|R(Jn, ψ)|

≤

n−1∑
i=0

hi
2

2(ϵi,1ϵi,)2 I5
1− 1

q

[
I5|ψ′(ϵi)|q + I5|ψ′(ϵi+1)|q

−I6|ψ′(ϵi,1)|q − I7|ψ′(ϵi,)|q

] 1
q

,

where I5, I6, I7 are same as defined in Remark 4.7.

Proof. Applying Theorem 4.6 with ϑ = 1 on interval [ϵi, ϵi+1], i = 0, 1, ..., n − 1, we get

∣∣∣∣∣ψ
(

1
1
ϵi
+ 1
ϵi+1
−

1
ϵi,

)
+ ψ

(
1

1
ϵi
+ 1
ϵi+1
−

1
ϵi,1

)
2ϵi,1ϵi,

hi −

∫ 1
1
ϵi
+ 1
ϵi+1

−
1
ϵi,

1
1
ϵi
+ 1
ϵi+1

−
1
ϵi,1

ψ(ϵ)
ϵ2 dϵ

∣∣∣∣∣
≤

hi
2

2(ϵi,1ϵi,)2 I5
1− 1

q

[
I5|ψ′(ϵi)|q + I5|ψ′(ϵi+1)|q

−I6|ψ′(ϵi,1)|q − I7|ψ′(ϵi,)|q

] 1
q

,

for all i = 0, 1, ..., n − 1. Summing over 0 to n − 1 and using the triangular inequality we obtain the above
estimation.

6. Conclusion

The study dealt with the analysis of novel (H-H-M) type inequalities in fractional calculus for harmonic
convex functions. We presented two new Riemann-Liouville fractional trapezoidal type auxiliary equalities
in Mercer sense. We enhanced the study of Mercer type integral inequalities using Power-mean, Hölder’s
and modified Hölder integral inequalities using the novel approach. Similarly, smaller upper bounds can
be deduced by using modified Power-mean integral inequality. Which is left for reader interest. The
remarkable techniques and ideas presented in this article may be developed to coordinates and fractional
integral calculus. Our goal for the future is to continue and expand our research in this regard.
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