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Abstract. Let a, b and k be nonnegative integers with 1 ≤ a ≤ b, and let G be a graph with vertex set V(G)
and edge set E(G). Then a spanning subgraph F of G is called an [a, b]-factor if a ≤ dF(v) ≤ b for any v ∈ V(G).
A graph G is said to be (a, b, k)-critical if G − D contains an [a, b]-factor for each subset D of k elements of
V(G). We use |E(G)| and ρ(G) to denote the size and spectral radius, respectively. In this paper, we establish
a lower bound on the size and spectral radius of a graph G to ensure that G is (a, b, k)-critical, respectively.

1. Introduction

In this article, we only discuss finite undirected graphs without loops or multiple edges. Let G be a
graph. We denote by V(G) and E(G) the vertex set and the edge set of G, respectively. For a vertex v ∈ V(G),
let NG(v) = {u ∈ V(G) : vu ∈ E(G)}. The cardinality of NG(v) is called the degree of v in G, which is denoted
by dG(v). The minimum degree of a vertex of G is denoted by δ(G). For X,Y ⊆ V(G), we denote by EG(X,Y)
the set of edges with one end in X and the other in Y, and write eG(X,Y) = |EG(X,Y)|. For any X ⊆ V(G), the
subgraph of G induced by X is denoted by G[X]. We write G − X for G[V(G) \ X]. For two graphs G1 and
G2, we denote by G1 ∪ G2 the disjoint union of G1 and G2. For any nonnegative integer t, let tG denote the
disjoint union of t copies of G. The join G1 ∨ G2 is derived from G1 ∪ G2 by joining each vertex of G1 with
each vertex of G2 by an edge. Let Kn denote the complete graph of order n.

Let V(G) = {v1, v2, . . . , vn}. The adjacency matrix A(G) = (ai j) of G is the n × n symmetric matrix, where
ai j = 1 if vi and v j are adjacent in G, zero otherwise. The largest eigenvalue of A(G), denoted by ρ(G), is
called the spectral radius of G.

Let a and b denote two positive integers with a ≤ b. Then a spanning subgraph F of G is called an
[a, b]-factor if a ≤ dF(v) ≤ b for any v ∈ V(G). In particular, when a = b = r, an [a, b]-factor is an r-factor.
A 1-factor is also called a perfect matching. A graph G is said to be (a, b, k)-critical if G − D contains an
[a, b]-factor for each subset D of k elements of V(G). An (r, r, k)-critical graph is called an (r, k)-critical graph.

In mathematical literature, the study on factors of graphs and factor-critical graphs attracted much
attention. Some sufficient conditions for graphs with r-factors were obtained by Enomoto, Jackson, Katerinis
and Saito [5], Katerinis [12], Nishimura [20], Niessen and Randerath [18], Gu [7]. Many researchers
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[11, 17, 23–25, 31, 33, 38–41] verified some conditions related to degree condition, neighborhood, the
number of isolated vertices, binding number, sun toughness, etc., for a graph to possess a [1, 2]-factor.
Much effort has been devoted to finding sufficient conditions for the existence of [a, b]-factors in graphs by
utilizing various graphic parameters such as neighborhood [10], independence number [29], eigenvalue
[28] and others [6, 26, 27, 30, 32, 35–37]. Cai, Favaron and Li [2], Enomoto [3] established a connection
between toughness and (2, k)-critical graphs, respectively. Enomoto and Hagita [4] showed a toughness
condition for the existence of (r, k)-critical graphs. Li and Wang [15] provided a necessary and sufficient
condition for a graph to be (a, b, k)-critical. Li [13, 14] derived some results on the existence of (a, b, k)-critical
graphs.

Very recently, O [21] established a close connection between the spectral radius and perfect matchings
of graphs. Zhou and Liu [34] gave a spectral radius for a graph with an odd [1, b]-factor. Motivated by
[15, 21] directly, it is natural and interesting to present some sufficient conditions to guarantee that a graph
is (a, b, k)-critical. Next, we focus on the sufficient conditions including the size or the spectral radius of
graphs. Our main results will be provided in the following.

Theorem 1.1. Let a, b and k be nonnegative integers with 1 ≤ a ≤ b and (a, b) , (1, 1), and let G be a
(k + 1)-connected graph of order n ≥ a + k + 1 and minimum degree δ(G) ≥ a + k. If

|E(G)| ≥
(
n − 1

2

)
+

a + 2k + 1
2

and b(n − k) ≡ 0 (mod 2) when a = b, then G is (a, b, k)-critical.

Theorem 1.2. Let a, b and k be nonnegative integers with 1 ≤ a ≤ b and (a, b) , (1, 1), and let G be a
(k + 1)-connected graph of order n ≥ a+ 2k + 1. If ρ(G) > ρ(Ka+2k−1 ∨ (Kn−a−2k ∪K1)) and b(n− k) ≡ 0 (mod 2)
when a = b, then G is (a, b, k)-critical.

2. Some preliminaries

For a given positive integer r and a pair X,Y of disjoint subsets of V(G), we call a component C of
G − (X ∪ Y) odd if r|V(C)| + eG(Y,V(C)) is odd. Let ω1(X,Y) denote the number of odd components of
G − (X ∪ Y). Write θG(X,Y) = r|X| − r|Y| +

∑
v∈Y

dG−X(v) − ω1(X,Y).

The following result is a necessary and sufficient condition for a graph to possess an r-factor and it was
derived by Tutte [22].

Lemma 2.1 (Tutte [22]). (i) A graph G contains an r-factor if and only if θG(X,Y) ≥ 0 for every pair X,Y of
disjoint subsets of V(G).

(ii) θG(X,Y) ≡ r|V(G)| (mod 2) for every pair X,Y of disjoint subsets of V(G).

Liu and Yu [16] presented the following characterization of (r, k)-critical graphs.

Lemma 2.2 (Liu and Yu [16]). Let r and k be integers with r ≥ 2 and k ≥ 0, and G be a graph of order
n ≥ r+ k+ 1. Then G is (r, k)-critical if and only if θG(X,Y) ≥ rk for every pair X,Y of disjoint subsets of V(G)
with |X| ≥ k.

Liu and Wang [15] showed a necessary and sufficient condition for a graph to be (a, b, k)-critical.

Lemma 2.3 (Liu and Wang [15]). Let a, b and k be nonnegative integers with 1 ≤ a < b, and G be a graph of
order n ≥ a + k + 1. Then G is (a, b, k)-critical if and only if for any X ⊆ V(G) with |X| ≥ k,

a−1∑
j=0

(a − j)p j(G − X) ≤ b|X| − bk

or
δG(X,Y) = b|X| − a|Y| +

∑
v∈Y

dG−X(v) ≥ bk,
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where p j(G − X) = |{v : dG−X(v) = j}| and Y = {v : v ∈ V(G) \ X, dG−X(v) ≤ a − 1}.

It is worthy to emphasize that Lemma 2.3 has its equivalent statement as follows.

Lemma 2.4. Let a, b and k be nonnegative integers with 1 ≤ a < b, and G be a graph of order n ≥ a + k + 1.
Then G is (a, b, k)-critical if and only if δG(X,Y) ≥ bk for every pair X,Y of disjoint subsets of V(G) with
|X| ≥ k.

Hong, Shu and Fang [8], Nikiforov [19] presented an important upper bound on the spectral radius
ρ(G).

Lemma 2.5 (Hong, Shu and Fang [8], Nikiforov [19]). Let G be a graph of order n with minimum degree
δ(G). Then

ρ(G) ≤
δ(G) − 1

2
+

√
2e(G) − nδ(G) +

(δ(G) + 1)2

4
.

The following observation is very useful when we use the above upper bound on ρ(G).

Proposition 2.6 (Hong, Shu and Fang [8], Nikiforov [19]). For a graph G of order n with e(G) ≤
(n

2
)
, the

function

f (x) =
x − 1

2
+

√
2e(G) − nx +

(x + 1)2

4

is decreasing with respect to x for 0 ≤ x ≤ n − 1.

Let A = (ai j)n×n and B = (bi j)n×n. Define A ≤ B if for any 1 ≤ i, j ≤ n, ai j ≤ bi j and A < B if A ≤ B and
A , B.

Lemma 2.7 (Berman and Plemmons [1], Horn and Johnson [9]). Let O be an n × n zero matrix, A = (ai j)
and B = (bi j) be two n × n matrices with the spectral radius ρ(A) and ρ(B), respectively. If O ≤ A ≤ B, then
ρ(A) ≤ ρ(B). Furthermore, if B is irreducible and O ≤ A < B, then ρ(A) < ρ(B).

3. The proof of Theorem 1.1

In this section, we provide a proof of Theorem 1.1, which claims a lower bound on the size for a graph
to be (a, b, k)-critical.

Proof of Theorem 1.1. For a pair X,Y of disjoint subsets of V(G) with |X| ≥ k, let

γG(X,Y) =


b|X| − a|Y| +

∑
v∈Y

dG−X(v) − ω1(X,Y), if b = a;

b|X| − a|Y| +
∑

v∈Y
dG−X(v), if b > a ≥ 1. (1)

Suppose to the contrary that G is not (a, b, k)-critical. Then it follows from (1), b(n− k) even, Lemmas 2.1
(ii), 2.2 and 2.4 that

γG(X,Y) ≤
{

bk − 2, if b = a;
bk − 1, if b > a ≥ 1 (2)

for some pair disjoint subsets X,Y of V(G). Subject to (2), we choose X and Y such that |X ∪ Y| is as large as
possible. Then we shall prove the following claims.

Claim 1. Let C1,C2, . . . ,Cl be the components of G − (X ∪ Y), where l is the number of components of
G − (X ∪ Y). If a = b, then |V(Ci)| ≥ 2 for any i ∈ {1, 2, . . . , l}.
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Proof. We verify Claim 1 by contradiction. Without loss of generality, let |V(Cl)| = 1. Write V(Cl) = {vl}. If
eG(vl,Y) ≤ a − 1, let Y′ = Y ∪ {vl}, then it follows from a = b, (1) and (2) that

γG(X,Y′) =b|X| − a|Y′| +
∑
v∈Y′

dG−X(v) − ω1(X,Y′)

≤b|X| − a(|Y| + 1) +
∑
v∈Y

dG−X(v) + eG(vl,Y) − (ω1(X,Y) − 1)

=γG(X,Y) + eG(vl,Y) − a + 1
≤γG(X,Y) ≤ bk − 2,

which contradicts the choice of |X ∪ Y|.

If eG(vl,Y) ≥ a, let X′ = X ∪ {vl}, then it follows from a = b, (1) and (2) that

γG(X′,Y) =b|X′| − a|Y| +
∑
v∈Y

dG−X′ (v) − ω1(X′,Y)

≤a(|X| + 1) − a|Y| +
∑
v∈Y

dG−X(v) − eG(vl,Y) − (ω1(X,Y) − 1)

=γG(X,Y) − eG(vl,Y) + a + 1
≤γG(X,Y) + 1 ≤ bk − 1.

In terms of b(n− k) even and Lemma 2.1 (ii), we possess γG(X′,Y) ≤ bk − 2, which contradicts the choice
of |X ∪ Y|. Claim 1 is verified. □

Claim 2. n ≥ a + k + 2.

Proof. By virtue of δ(G) ≥ a+ k, it follows that G is a complete graph when n = a+ k+ 1. Thus if n = a+ k+ 1,
then G is (a, b, k)-critical, which is a contradiction to the hypothesis. Hence we infer n ≥ a + k + 2. This
completes the proof of Claim 2. □

Claim 3. |X| ≥ k + 1.

Proof. Assume that |X| = k. We first verify Y , ∅. Note that G is (k+1)-connected. If Y = ∅, then ω1(X, ∅) ≤ 1.
Together with (1), we deduce

γG(X,Y) ≥
{

bk − 1, if b = a;
bk, if b > a ≥ 1,

which contradicts (2). Thus, we possess Y , ∅.

For b > a, it follows from (1) and δ(G) ≥ a+k that γG(X,Y) = b|X|−a|Y|+
∑

v∈Y
dG−X(v) ≥ bk+(δ(G)−k−a)|Y| ≥

bk, which is a contradiction to (2).

For b = a, we discuss the value of ω1(X,Y). If ω1(X,Y) ≤ 1, then from (1) and δ(G) ≥ a + k, we derive
γG(X,Y) = b|X| − a|Y| +

∑
v∈Y

dG−X(v) − ω1(X,Y) ≥ bk + (δ(G) − k − a)|Y| − 1 ≥ bk − 1, which contradicts (2)

when b = a. If ω1(X,Y) ≥ 2, then l ≥ 2. Recall that |E(G)| ≥
(n−1

2
)
+ a+2k+1

2 . Then there exist at most

n − a+2k+3
2 −

1
2

l∑
i=1
|V(Ci)|(n − k − |Y| − |V(Ci)|) edges not in EG(V(G) \ (X ∪ Y),Y) ∪ E(G[Y]). Combining this
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with (1), |X| = k, |Y| ≥ 1, b ≥ 2, Claims 1 and 2, we deduce

γG(X,Y) =b|X| − a|Y| +
∑
v∈Y

dG−X(v) − ω1(X,Y)

≥bk − a|Y| + (n − k − 1)|Y|

− 2

n −
a + 2k + 3

2
−

1
2

l∑
i=1

|V(Ci)|(n − k − |Y| − |V(Ci)|)

 − (n − k − |Y|)

≥bk − a|Y| + (n − k − 1)|Y| − 2

n −
a + 2k + 3

2
−

l∑
i=1

|V(Ci)|

 − (n − k − |Y|)

=bk − a|Y| + (n − k − 1)|Y| − 2
(
n −

a + 2k + 3
2

− (n − k − |Y|)
)
− (n − k − |Y|)

=bk + (n − a − k − 2)(|Y| − 1) + 1
≥bk + 1,

which contradicts (2) when b = a. Claim 3 is proved. □

The following proof will be divided into two cases by the value of |Y|.
Case 1. 0 ≤ |Y| ≤ b.

For b > a, it follows from (1), δ(G) ≥ a + k and Claim 3 that

γG(X,Y) =b|X| − a|Y| +
∑
v∈Y

dG−X(v)

≥b|X| − a|Y| + (δ(G) − |X|)|Y|
=(b − |Y|)|X| + (δ(G) − a)|Y|
≥(b − |Y|)(k + 1) + (δ(G) − a)|Y|
=bk + (b − |Y|) + (δ(G) − a − k)|Y|
≥bk,

which contradicts (2) when b > a.
For b = a, we argue the value of ω1(X,Y). If ω1(X,Y) ≤ 1, then by (1), (2), δ(G) ≥ a + k and Claim 3, we

possess

bk − 2 ≥γG(X,Y) = b|X| − a|Y| +
∑
v∈Y

dG−X(v) − ω1(X,Y)

≥b|X| − a|Y| + (δ(G) − |X|)|Y| − 1
=(b − |Y|)|X| + (δ(G) − a)|Y| − 1
≥(b − |Y|)(k + 1) + (δ(G) − a)|Y| − 1
=bk + (b − |Y|) + (δ(G) − a − k)|Y| − 1
≥bk − 1,

which is a contradiction. If ω1(X,Y) ≥ 2, then l ≥ 2. Next, we shall consider three subcases.
Subcase 1.1. |Y| = 0.

Note that |E(G)| ≥
(n−1

2
)
+ a+2k+1

2 . Then there exist at least 1
2

l∑
i=1
|V(Ci)|(n − |X| − |V(Ci)|) edges not in
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G[V(G) \ X]. In terms of Claim 1, we have

0 ≤
(
n
2

)
− |E(G)| −

1
2

l∑
i=1

|V(Ci)|(n − |X| − |V(Ci)|)

≤

(
n
2

)
−

(
n − 1

2

)
−

a + 2k + 1
2

−
1
2

l∑
i=1

|V(Ci)|(n − |X| − |V(Ci)|)

=n −
a + 2k + 3

2
−

1
2

l∑
i=1

|V(Ci)|(n − |X| − |V(Ci)|)

≤n −
a + 2k + 3

2
−

l∑
i=1

(n − |X| − |V(Ci)|)

=(l − 1)|X| − (l − 2)n −
a + 2k + 3

2
.

If l ≥ 3, then we derive n ≤ 2|X| − a+2k+3
2 . Together with (1), b ≥ 2 and Claim 3, we infer

γG(X, ∅) = b|X| − ω1(X, ∅)

≥

{
b|X| − 2 ≥ bk + b − 2 ≥ bk, if l = 2;
b|X| − (n − |X|) ≥ (b − 1)|X| + a+2k+3

2 ≥ (b − 1)(k + 1) + a+2k+3
2 > bk, if l ≥ 3,

which is a contradiction to (2) when b = a.
Subcase 1.2. |Y| = 1.

Recall that b = a, |E(G)| ≥
(n−1

2
)
+ a+2k+1

2 and ω1(X,Y) is the number of odd components of G− (X∪Y). We
deduce |E(Kn)| − |E(G)| − (ω1(X,Y) − 1) ≤

(n
2
)
−

((n−1
2
)
+ a+2k+1

2

)
− (ω1(X,Y) − 1) = n − b+2k+1

2 − ω1(X,Y). Then
there exist at most n − b+2k+1

2 − ω1(X,Y) edges not in EG(V(G) \ (X ∪ Y),Y). Thus, we obtain∑
v∈Y

dG−X(v) ≥(n − 1 − |X|) −
(
n −

b + 2k + 1
2

− ω1(X,Y)
)

=
b + 2k − 1

2
− |X| + ω1(X,Y).

Together with (1), b ≥ 2, |Y| = 1 and Claim 3, we deduce

γG(X,Y) =b|X| − a|Y| +
∑
v∈Y

dG−X(v) − ω1(X,Y)

≥b|X| − b +
b + 2k − 1

2
− |X| + ω1(X,Y) − ω1(X,Y)

=(b − 1)|X| −
b − 2k + 1

2

≥(b − 1)(k + 1) −
b − 2k + 1

2

=bk +
b − 3

2
>bk − 1,

which contradicts (2) when b = a.
Subcase 1.3. |Y| ≥ 2.

Recall that ω1(X,Y) is the number of odd components of G − (X ∪ Y). It follows from b = a and |E(G)| ≥(n−1
2
)
+ a+2k+1

2 that |E(Kn)| − |E(G)| − (ω1(X,Y)− 1) ≤
(n

2
)
−

((n−1
2
)
+ a+2k+1

2

)
− (ω1(X,Y)− 1) = n− b+2k+1

2 −ω1(X,Y),
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and so there exist at most n− b+2k+1
2 −ω1(X,Y) edges not in EG(V(G) \ (X∪Y),Y)∪E(G[Y]). Thus, we derive∑

v∈Y

dG−X(v) ≥ (n − 1 − |X|)|Y| − 2
(
n −

b + 2k + 1
2

− ω1(X,Y)
)
. (3)

Using (1), (3), b = a, ω1(X,Y) ≥ 2, Claims 2 and 3, we possess

γG(X,Y) =b|X| − a|Y| +
∑
v∈Y

dG−X(v) − ω1(X,Y)

≥b|X| − b|Y| + (n − 1 − |X|)|Y| − 2
(
n −

b + 2k + 1
2

− ω1(X,Y)
)
− ω1(X,Y)

=(b − |Y|)|X| + (n − b − 1)(|Y| − 2) + ω1(X,Y) − b + 2k − 1
≥(b − |Y|)(k + 1) + (k + 1)(|Y| − 2) − b + 2k + 1
=bk − 1,

which is a contradiction to (2) when b = a.
Case 2. |Y| ≥ b + 1.
Subcase 2.1. b > a, or b = a and ω1(X,Y) = 0.

We easily see that

n ≥ |X| + |Y| ≥ |X| + b + 1. (4)

In terms of |E(G)| ≥
(n−1

2
)
+ a+2k+1

2 , there exist at most n−1− a+2k+1
2 edges not in EG(V(G)\ (X∪Y),Y)∪E(G[Y]).

Thus, we get∑
v∈Y

dG−X(v) ≥ (n − 1 − |X|)|Y| − 2
(
n − 1 −

a + 2k + 1
2

)
. (5)

It follows from (1), (4), (5), b ≥ 2 and Claim 2 that

γG(X,Y) =b|X| − a|Y| +
∑
v∈Y

dG−X(v)

≥b|X| − a|Y| + (n − 1 − |X|)|Y| − 2
(
n − 1 −

a + 2k + 1
2

)
=b|X| + (n − a − 1 − |X|)|Y| − 2n + a + 2k + 3
≥b|X| + (n − a − 1 − |X|)(b + 1) − 2n + a + 2k + 3
=(b − 2)n + (n − |X| − b − 1) − ab + 2k + 3
≥(b − 2)(a + k + 2) − ab + 2k + 3
=bk + 2(b − a) − 1

≥

{
bk − 1, if b = a;
bk + 1, if b > a ≥ 1,

which contradicts (2).
Subcase 2.2. b = a and ω1(X,Y) ≥ 1.

It is obvious that

n ≥ |X| + |Y| + ω1(X,Y) ≥ |X| + b + 1 + ω1(X,Y). (6)

Recall that ω1(X,Y) is the number of odd components of G − (X ∪ Y). According to |E(G)| ≥
(n−1

2
)
+ a+2k+1

2 ,
We deduce |E(Kn)| − |E(G)| − (ω1(X,Y)− 1) ≤

(n
2
)
−

((n−1
2
)
+ a+2k+1

2

)
− (ω1(X,Y)− 1) = n− a+2k+1

2 −ω1(X,Y). Then
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there exist at most n − a+2k+1
2 − ω1(X,Y) edges not in EG(V(G) \ (X ∪ Y),Y) ∪ E(G[Y]). Thus, we obtain∑

v∈Y

dG−X(v) ≥ (n − 1 − |X|)|Y| − 2
(
n −

a + 2k + 1
2

− ω1(X,Y)
)
. (7)

By virtue of (1), (6), (7), a = b ≥ 2, |Y| ≥ b + 1 ≥ 3, ω1(X,Y) ≥ 1 and Claim 3, we deduce

γG(X,Y) =b|X| − a|Y| +
∑
v∈Y

dG−X(v) − ω1(X,Y)

≥b|X| − a|Y| + (n − 1 − |X|)|Y| − 2
(
n −

a + 2k + 1
2

− ω1(X,Y)
)
− ω1(X,Y)

=(b − 2)|X| + (n − a − 1 − |X|)(|Y| − 2) − a + 2k − 1 + ω1(X,Y)
≥(b − 2)|X| + (b − a + ω1(X,Y))(|Y| − 2) − a + 2k − 1 + ω1(X,Y)
≥(b − 2)(k + 1) − a + 2k + 1
=bk − 1,

which is a contradiction to (2) when b = a. This completes the proof of Theorem 1.1. □

4. The proof of Theorem 1.2

In this section, we are to verify Theorem 1.2, which provides a sufficient spectral condition to guarantee
that a graph is (a, b, k)-critical.

Proof of Theorem 1.2. Since the graph Kn−1 is a proper subgraph of the graph Ka+2k−1 ∨ (Kn−a−2k ∪ K1) and the
adjacency matrices of connected graphs are irreducible, it follows from Lemma 2.7 that

ρ(G) > ρ(Ka+2k−1 ∨ (Kn−a−2k ∪ K1)) > ρ(Kn−1) = n − 2. (8)

We are to prove the following claim.

Claim 1. δ(G) ≥ a + 2k.
Proof. Assume that δ(G) ≤ a + 2k − 1. Then there exists a vertex v ∈ V(G) such that dG(v) ≤ a + 2k − 1, which
implies that G ⊆ Ka+2k−1 ∨ (Kn−a−2k ∪ K1). In terms of Lemma 2.7, we deduce

ρ(G) ≤ ρ(Ka+2k−1 ∨ (Kn−a−2k ∪ K1)),

which is a contradiction to the condition thatρ(G) > ρ(Ka+2k−1∨(Kn−a−2k∪K1)). Hence we possess δ(G) ≥ a+2k.
This completes the proof of Claim 1. □

By virtue of Claim 1, Lemma 2.5 and Proposition 2.6, we derive

ρ(G) ≤
δ(G) − 1

2
+

√
2|E(G)| − nδ(G) +

(δ(G) + 1)2

4

≤
a + 2k − 1

2
+

√
2|E(G)| − n(a + 2k) +

(a + 2k + 1)2

4
. (9)

It follows from (8) and (9) that

n − 2 < ρ(G) ≤
a + 2k − 1

2
+

√
2|E(G)| − n(a + 2k) +

(a + 2k + 1)2

4
,

which leads to

|E(G)| >
(n − 1)(n − 2)

2
+

a + 2k
2
=

(
n − 1

2

)
+

a + 2k
2
.
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In view of the integrity of |E(G)|, we have

|E(G)| ≥
(
n − 1

2

)
+

a + 2k + 1
2

. (10)

By means of (10), Claim 1 and Theorem 1.1, we know that G is (a, b, k)-critical. This completes the proof
of Theorem 1.2. □

Data availability statement

My manuscript has no associated data.

Declaration of competing interest

The authors declare that they have no conflicts of interest to this work.

Acknowledgments

The authors would like to express their sincere gratitude to the anonymous referee for his/her very
careful reading of the paper and for insightful comments and valuable suggestions, which improved the
presentation of this paper. Project ZR2023MA078 supported by Shandong Provincial Natural Science
Foundation.

References

[1] A. Berman, R. Plemmons, Nonnegative Matrices in the Mathematical Sciences, Academic Press, New York, 1979.
[2] M. Cai, O. Favaron, H. Li, (2, k)-factor-critical graphs and toughness, Graphs Combin. 15 (1999), 137–142.
[3] H. Enomoto, Toughness and the existence of k-factors (III), Discrete Math. 189 (1998), 277–282.
[4] H. Enomoto, M. Hagita, Toughness and the existence of k-factors (IV), Discrete Math. 216 (2000), 111–120.
[5] H. Enomoto, B. Jackson, P. Katerinis, A. Saito, Toughness and the existence of k-factors, J. Graph Theory 9 (1985), 87–95.
[6] W. Gao, W. Wang, Y. Chen, Tight isolated toughness bound for fractional (k,n)-critical graphs, Discrete Appl. Math. 322 (2022), 194–202.
[7] X. Gu, Regular factors and eigenvalues of regular graphs, European J. Combin. 42 (2014), 15–25.
[8] Y. Hong, J. Shu, K. Fang, A sharp upper bound of the spectral radius of graphs, J. Comb. Theory, Ser. B 81 (2001), 177–183.
[9] R. Horn, C. Johnson, Matrix Analysis, Cambridge University Press, 1986.

[10] M. Kano, A sufficient condition for a graph to have [a, b]-factors, Graphs Combin. 6 (1990), 245–251.
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