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New version of Hermite-Hadamard inequality for co-ordinated convex
function via generalized conformable integrals
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Abstract. In this study, a new version of the Hermite-Hadamard inequality for coordinated convex
functions is established with the help of generalized conformable fractional integrals. With this approach, a
new lower and upper limit was determined and contributed to the generalization of inequality. Additionally,
the research contains remarkable findings based on Riemann Liouville and Riemann integral concepts.

1. Introduction

Convex functions are a fundamental and widely-used mathematical concept in various fields of analysis
and optimization. Convex functions have notable properties, including the fact that the slope between
any two points is either increasing or constant, making them valuable in optimization problems to find
minimum or maximum values. On the other hand, Convexity theory has a very important place in the field
of inequalities. One of the prominent results in the field of inequalities is the Hermite-Hadamard inequality,
which is valid for convex functions (see, e.g., [9], [21, p.137], [13]). These inequalities state that if χ : I→ R
is a convex function on the interval I of real numbers and λ1, λ2 ∈ I with λ1 < λ2 then,

χ
(
λ1 + λ2

2

)
≤

1
λ2 − λ1

λ2∫
λ1

χ(δ)dδ ≤
χ (λ1) + χ(λ2)

2
. (1)

If χ is concave, the inequality that is stated above is provided reversely. The Hermite-Hadamard inequality
establishes a relationship between the mean value of a convex function on an interval and the extremes
of that interval. It serves as a powerful tool in various comprehensive analysis and has applications in
various fields. This subject has attracted the attention of many mathematicians in recent years. Especially
in recent years, many generalizations and extensions of this inequality have been created. The definition
of convexity is widely used when creating new versions of the Hermite-Hadamard inequality. To define
convexity on coordinates let us first consider a bidimensional interval ∆ := [λ1, λ2] ×

[
µ1, µ2

]
in R2 with

λ1 < λ2 and µ1 < µ2. A formal definition for co-ordinated convex function may be stated as follows:
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Definition 1.1. [10] A function χ : ∆→ R will be called co-ordinated convex on ∆, for all (λ1, λ2), (µ1, µ2) ∈ ∆ and
t, s ∈ [0, 1], if it satifies the following inequality:

χ(tλ1 + (1 − t) λ2, sµ1 + (1 − s) µ2) (2)
≤ ts χ(λ1, µ1) + t(1 − s)χ(λ1, µ2) + s(1 − t)χ(λ2, µ1) + (1 − t)(1 − s)χ(λ2, µ2).

In [10], Dragomir proved the Hermite-Hadamard inequality, which formed the basis of this article and
is valid for co-ordinated convex functions on the rectangle from the plane R2.

Theorem 1.2. Suppose that χ : ∆→ R is co-ordinated convex, then we have the following inequalities:

χ
(
λ1 + λ2

2
,
µ1 + µ2

2

)
≤

1
2

 1
λ2 − λ1

λ2∫
λ1

χ
(
δ,
µ1 + µ2

2

)
dδ (3)

+
1

µ2 − µ1

µ2∫
µ1

χ
(
λ1 + λ2

2
, ρ

)
dρ


≤

1
(λ2 − λ1)(µ2 − µ1)

λ2∫
λ1

µ2∫
µ1

χ(δ, ρ)dρdδ

≤
1
4

 1
λ2 − λ1

λ2∫
λ1

χ(δ, µ1)dδ +
1

λ2 − λ1

λ2∫
λ1

χ(δ, µ2)dδ

+
1

µ2 − µ1

µ2∫
µ1

χ(λ1, ρ)dρ +
1

µ2 − µ1

µ2∫
µ1

χ(λ2, ρ)dρ


≤
χ(λ1, µ1) + χ(λ1, µ2) + χ(λ2, µ1) + χ(λ2, µ2)

4
.

The above inequalities are sharp. The inequalities in (3) hold in the reverse direction if the mapping χ is a co-ordinated
concave mapping.

For several results concerning Hermite-Hadamard type inequality for co-ordinated convex functions,
we refer the reader to [3], [5], [6], [26].

Fractional calculus ([18], [22], [20], [14] [4]) a branch that extends traditional derivatives and integrals
to non-integer orders; it is a powerful tool for solving complex problems in many applied fields such as
physics, engineering and signal processing. Thanks to the fractional integral operators used, the generaliza-
tion of many integral inequalities has been introduced to the literature. More than one fractional operator
has been defined so far: Caputo, Riemann-Liouville, Hadamard, Katugampola are a few of them. Con-
formable fractional calculus is a particular aspect of fractional calculus that we examine and allows us to
integrate congruent fractional derivatives. These integrals have vital applications in modeling real-world
phenomena such as diffusion processes, wave propagation, and viscoelastic materials. The concept of
harmonic fractional calculus enriches the framework of fractional calculus, offers new methods for dealing
with complex systems, and provides valuable information in various scientific research. The conformable
fractional integral operator was used throughout this study. For all this, please see [16] [2], [1], [12], [28],
[17], [25] The known definition of conformable fractional integral account is as follows:

Definition 1.3. [14] For ξ ∈ L1[η1, η2], the conformable fractional integral operator βIαη1+
ξ(δ) and βIαη2−

ξ(δ) of order
β ∈ C, Re(β) > 0 and α ∈ (0, 1] are presented by

β
I
α
η1+ξ(δ) =

1
Γ(β)

∫ δ

η1

(
(δ − η1)α − (t − η1)α

α

)β−1
ξ(t)

(t − η1)1−α dt, t > η1 (4)
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and

β
I
α
η2−
ξ(δ) =

1
Γ(β)

∫ η2

δ

(
(η2 − δ)α − (η2 − t)α

α

)β−1
ξ(t)

(η2 − t)1−α dt, t < η2, (5)

respectively.

If we consider α = 1, then the fractional integral in (4) reduces to the Riemann-Liouville fractional
integral.

Definition 1.4. [7] Let ξ ∈ L1([η1, η2] × [ϑ1, ϑ2]) and let γ1 , 0, γ2 , 0, α, β ∈ C, Re(α) > 0 and Re(β) > 0. The

generalized conformable fractional integral of order α, β of ξ
(
δ, ρ

)
is defined by;(

γ1γ2 Iα,β
η+1 ,ϑ

+
1
ξ
)

(δ, ρ) =

 1
Γ(α)Γ(β)

∫ δ

η1

∫ ρ

ϑ1

(
(δ − η1)γ1 − (t − η1)γ1

γ1

)α−1

(6)

×

(
(ρ − ϑ1)γ2 − (s − ϑ1)γ2

γ2

)β−1
ξ(t, s)

(t − η1)1−γ1 (s − ϑ1)1−γ2
dsdt

 ,
(
γ1γ2 Iα,β

η−2 ,ϑ
+
1
ξ
)

(δ, ρ) =

 1
Γ(α)Γ(β)

∫ η2

δ

∫ ρ

ϑ1

(
(η2 − δ)γ1 − (η2 − t)γ1

γ1

)α−1

(7)

×

(
(ρ − ϑ1)γ2 − (s − ϑ1)γ2

γ2

)β−1
ξ(t, s)

(η2 − t)1−γ1 (s − ϑ1)1−γ2
dsdt

 ,
(
γ1γ2 Iα,β

η+1 ,ϑ
−

2
ξ
)

(δ, ρ) =

 1
Γ(α)Γ(β)

∫ δ

η1

∫ ϑ2

ρ

(
(δ − η1)γ1 − (t − η1)γ1

γ1

)α−1

(8)

×

(
(ϑ2 − ρ)γ2 − (ϑ2 − s)γ2

γ2

)β−1
ξ(t, s)

(t − η1)1−γ1 (ϑ2 − s)1−γ2
dsdt

 ,
and (

γ1γ2 Iα,β
η−2 ,ϑ

−

2
ξ
)

(δ, ρ) =

 1
Γ(α)Γ(β)

∫ η2

δ

∫ ϑ2

ρ

(
(η2 − δ)γ1 − (η2 − t)γ1

γ1

)α−1

(9)

×

(
(ϑ2 − ρ)γ2 − (ϑ2 − s)γ2

γ2

)β−1
ξ(t, s)

(η2 − t)1−γ1 (ϑ2 − s)1−γ2
dsdt

 ,
the generalized conformable fractional integrals.

Similar to Definition 2 and Definition 3, we introduce the following fractional integrals:

Definition 1.5. Let ξ ∈ L1([η1, η2] × [ϑ1, ϑ2]) and let γ1 , 0, γ2 , 0, α, β ∈ C, Re(α) > 0 and Re(β) > 0. In this
case, the following equations can be written:

(
γ1 Iαη+1 ξ

) (
δ,
ϑ1 + ϑ2

2

)
=

1
Γ(α)

∫ δ

η1

(
(δ − η1)γ1 − (t − η1)γ1

γ1

)α−1 ξ
(
t, ϑ1+ϑ2

2

)
(t − η1)1−γ1

dt, δ > η1, (10)

(
γ1 Iαη−2 ξ

) (
δ,
ϑ1 + ϑ2

2

)
=

1
Γ(α)

∫ η2

δ

(
(η2 − δ)γ1 − (η2 − t)γ1

γ1

)α−1 ξ
(
t, ϑ1+ϑ2

2

)
(η2 − t)1−γ1

dt, δ < η2, (11)
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(
γ2 Iβ
ϑ+1
ξ
) (η1 + η2

2
, ρ

)
=

1
Γ(β)

∫ ρ

ϑ1

(
(ρ − ϑ1)

γ2
− (s − ϑ1)γ2

γ2

)β−1 ξ
(
η1+η2

2 , s
)

(s − ϑ1)1−γ2
ds, ρ > ϑ1, (12)

and (
γ2 Iβ
ϑ−2
ξ
) (η1 + η2

2
, ρ

)
=

1
Γ(β)

∫ ϑ2

ρ

(
(ϑ2 − ρ)γ2 − (ϑ2 − s)γ2

γ2

)β−1 ξ
(
η1+η2

2 , s
)

(ϑ2 − s)1−γ2
ds, ρ < ϑ2. (13)

Meanwhile, Hyder et al., in a study they conducted in 2022, established a new version of the Hermite-
Hadamard inequality using generalized Riemann-Liouville fractional integrals for convex functions. This
Theorem, which is the basis of this study, is as follows:

Theorem 1.6. [11] Assume ξ is a convex function that goes from [η1, η2] intoR. Then, for Re(β) > 0 and α ∈ [0, 1],
the inequalities below are valid for the generalized Riemann-Liouville fractional integrals.

ξ
(η1 + η2

2

)
≤

2αβ−1Γ(β + 1)αβ(
η2 − η1

)αβ [
β
η1

Iαξ
(η1 + η2

2

)
+β Iαη2

ξ
(η1 + η2

2

)]
≤
ξ
(
η1

)
+ ξ(η2)
2

. (14)

For some results connected with fractional integral inequalities see [23], [27], [8], [15], [19], [24].
The purpose of this article is to establish the Hermite-Hadamard-type inequality for co-ordinated convex

mappings using the generalized conformable fractional integral operator. Then, new lower and upper limits
will be determined for the new Hermite-Hadamard inequality, and a more general version will be created.

2. New Version of Hermite-Hadamard Inequality for Co-Ordinated Convex Functions

In this part, we obtain a new version of Hermite-Hadamard inequality that is applicable to the con-
formable fractional integrals.

Theorem 2.1. Assume ξ is a co-ordinated convex function that goes from [η1, η2] × [ϑ1, ϑ2] into R and let γ1 ,
0, γ2 , 0, α, β ∈ (0, 1], Re(α) > 0 and Re(β) > 0. The following inequality holds for generalized conformable
fractional integrals.

ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
(15)

≤
2γ1α−12γ2β−1Γ(α + 1)Γ(β + 1)γα1γ

β
2(

η2 − η1
)γ1α (ϑ2 − ϑ1)γ2β

[
γ1γ2 Iα,β

η+1 ,ϑ
+
1
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+ γ1γ2 Iα,β

η+1 ,ϑ
−

2
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+ γ1γ2 Iα,β

η−2 ,ϑ
+
1
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+ γ1γ2 Iα,β

η−2 ,ϑ
−

2
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)]
≤
ξ
(
η1, ϑ1

)
+ ξ

(
η1, ϑ2

)
+ ξ

(
η2, ϑ1

)
+ ξ

(
η2, ϑ2

)
4

.

Proof. Since ξ is co-ordinated convex on [η1, η2] × [ϑ1, ϑ2], for t, s ∈ [0, 1], we can write

ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
= ξ

(1
4

(1 + t
2
η1 +

1 − t
2
η2,

1 + s
2
ϑ1 +

1 − s
2
ϑ2

)
+

1
4

(1 + t
2
η1 +

1 − t
2
η2,

1 − s
2
ϑ1 +

1 + s
2
ϑ2

)
+

1
4

(1 − t
2
η1 +

1 + t
2
η2,

1 + s
2
ϑ1 +

1 − s
2
ϑ2

)
+

1
4

(1 − t
2
η1 +

1 + t
2
η2,

1 − s
2
ϑ1 +

1 + s
2
ϑ2

))
.

With the help of the co-ordinated convexity of ξ, we have
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ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
(16)

≤
1
4

(
ξ
(1 + t

2
η1 +

1 − t
2
η2,

1 + s
2
ϑ1 +

1 − s
2
ϑ2

)
+ ξ

(1 + t
2
η1 +

1 − t
2
η2,

1 − s
2
ϑ1 +

1 + s
2
ϑ2

)
+ξ

(1 − t
2
η1 +

1 + t
2
η2,

1 + s
2
ϑ1 +

1 − s
2
ϑ2

)
+ ξ

(1 − t
2
η1 +

1 + t
2
η2,

1 − s
2
ϑ1 +

1 + s
2
ϑ2

))
≤
ξ
(
η1, ϑ1

)
+ ξ

(
η1, ϑ2

)
+ ξ

(
η2, ϑ1

)
+ ξ

(
η2, ϑ2

)
4

.

If we multiply the inequality (16) by
(

1−(1−t)γ1

γ1

)α−1
· (1 − t)γ1−1

·

(
1−(1−s)γ2

γ2

)β−1
· (1 − s)γ2−1 and integrate the

resulting inequality on [0, 1] × [0, 1] ,we have

ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
(17)

×


1∫

0

1∫
0

(
1 − (1 − t)γ1

γ1

)α−1

(1 − t)γ1−1

(
1 − (1 − s)γ2

γ2

)β−1

(1 − s)γ2−1dsdt


≤

1
4




1∫
0

1∫
0

(
1 − (1 − t)γ1

γ1

)α−1

(1 − t)γ1−1

(
1 − (1 − s)γ2

γ2

)β−1

(1 − s)γ2−1

×ξ
(1 + t

2
η1 +

1 − t
2
η2,

1 + s
2
ϑ1 +

1 − s
2
ϑ2

)
dsdt

)
+


1∫

0

1∫
0

(
1 − (1 − t)γ1

γ1

)α−1

(1 − t)γ1−1

(
1 − (1 − s)γ2

γ2

)β−1

(1 − s)γ2−1

×ξ
(1 + t

2
η1 +

1 − t
2
η2,

1 − s
2
ϑ1 +

1 + s
2
ϑ2

)
dsdt

)
+


1∫

0

1∫
0

(
1 − (1 − t)γ1

γ1

)α−1

(1 − t)γ1−1

(
1 − (1 − s)γ2

γ2

)β−1

(1 − s)γ2−1

×ξ
(1 − t

2
η1 +

1 + t
2
η2,

1 + s
2
ϑ1 +

1 − s
2
ϑ2

)
dsdt

)
+


1∫

0

1∫
0

(
1 − (1 − t)γ1

γ1

)α−1

(1 − t)γ1−1

(
1 − (1 − s)γ2

γ2

)β−1

(1 − s)γ2−1

×ξ
(1 − t

2
η1 +

1 + t
2
η2,

1 − s
2
ϑ1 +

1 + s
2
ϑ2

)
dsdt

)]
≤
ξ
(
η1, ϑ1

)
+ ξ

(
η1, ϑ2

)
+ ξ

(
η2, ϑ1

)
+ ξ

(
η2, ϑ2

)
4

×


1∫

0

1∫
0

(
1 − (1 − t)γ1

γ1

)α−1

(1 − t)γ1−1

(
1 − (1 − s)γ2

γ2

)β−1

(1 − s)γ2−1dsdt

 .
Using the change of the variable, we get
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1∫

0

1∫
0

(
1 − (1 − t)γ1

γ1

)α−1

(1 − t)γ1−1

(
1 − (1 − s)γ2

γ2

)β−1

(1 − s)γ2−1 (18)

×ξ
(1 + t

2
η1 +

1 − t
2
η2,

1 + s
2
ϑ1 +

1 − s
2
ϑ2

)
dsdt

)

=
2

η2 − η1

2
ϑ2 − ϑ1


η1+η2

2∫
η1

ϑ1+ϑ2
2∫

ϑ1

1 − ( 2η1−2u
η1−η2

)γ1

γ1


α−1 (

2η1 − 2u
η1 − η2

)γ1−1

×

1 − ( 2ϑ1−2v
ϑ1−ϑ2

)γ2

γ2


β−1 (2ϑ1 − 2v

ϑ1 − ϑ2

)γ2−1

ξ(u, v)dvdu


=

(
2

η2 − η1

)γ1α ( 2
ϑ2 − ϑ1

)γ2β


η1+η2

2∫
η1

ϑ1+ϑ2
2∫

ϑ1

 ( η1+η2

2 − η1)γ1 − (u − η1)γ1

γ1

α−1

×

 (ϑ1+ϑ2
2 − ϑ1)γ2 − (v − ϑ1)γ2

γ2

β−1

ξ(u, v)
1

(v − ϑ1)1−γ2

1
(u − η1)1−γ1

dvdu


=

2γ1α2γ2βΓ(α)Γ(β)(
η2 − η1

)γ1α (ϑ2 − ϑ1)γ2β

(
γ1γ2 Iα,β

η+1 ,ϑ
+
1
ξ
) (η1 + η2

2
,
ϑ1 + ϑ2

2

)
.

Similarly we have,

1∫
0

1∫
0

(
1 − (1 − t)γ1

γ1

)α−1

(1 − t)γ1−1

(
1 − (1 − s)γ2

γ2

)β−1

(1 − s)γ2−1 (19)

×ξ
(1 + t

2
η1 +

1 − t
2
η2,

1 − s
2
ϑ1 +

1 + s
2
ϑ2

)
dsdt

=
2γ1α2γ2βΓ(α)Γ(β)(

η2 − η1
)γ1α (ϑ2 − ϑ1)γ2β

(
γ1γ2 Iα,β

η+1 ,ϑ
−

2
ξ
) (η1 + η2

2
,
ϑ1 + ϑ2

2

)
,

1∫
0

1∫
0

(
1 − (1 − t)γ1

γ1

)α−1

(1 − t)γ1−1

(
1 − (1 − s)γ2

γ2

)β−1

(1 − s)γ2−1 (20)

×ξ
(1 − t

2
η1 +

1 + t
2
η2,

1 + s
2
ϑ1 +

1 − s
2
ϑ2

)
dsdt

=
2γ1α2γ2βΓ(α)Γ(β)(

η2 − η1
)γ1α (ϑ2 − ϑ1)γ2β

(
γ1γ2 Iα,β

η−2 ,ϑ
+
1
ξ
) (η1 + η2

2
,
ϑ1 + ϑ2

2

)
,

and
1∫

0

1∫
0

(
1 − (1 − t)γ1

γ1

)α−1

(1 − t)γ1−1
(

1 − (1 − s)γ2

γ2

)β−1

(1 − s)γ2−1 (21)

×ξ
(1 − t

2
η1 +

1 + t
2
η2,

1 − s
2
ϑ1 +

1 + s
2
ϑ2

)
dsdt
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=
2γ1α2γ2βΓ(α)Γ(β)(

η2 − η1
)γ1α (ϑ2 − ϑ1)γ2β

(
γ1γ2 Iα,β

η−2 ,ϑ
−

2
ξ
) (η1 + η2

2
,
ϑ1 + ϑ2

2

)
.

On the other side, we have

1∫
0

1∫
0

(
1 − (1 − t)γ1

γ1

)α−1

(1 − t)γ1−1

(
1 − (1 − s)γ2

γ2

)β−1

(1 − s)γ2−1dsdt =
1

γα1γ
β
2αβ
. (22)

If we substitute the equalities (18)-(21) in (17), then we get

ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

) 1

γα1γ
β
2αβ

(23)

≤
1
4

 2γ1α2γ2βΓ(α)Γ(β)(
η2 − η1

)γ1α (ϑ2 − ϑ1)γ2β

(
γ1γ2 Iα,β

η+1 ,ϑ
+
1
ξ
) (η1 + η2

2
,
ϑ1 + ϑ2

2

)
+

2γ1α2γ2βΓ(α)Γ(β)(
η2 − η1

)γ1α (ϑ2 − ϑ1)γ2β

(
γ1γ2 Iα,β

η+1 ,ϑ
−

2
ξ
) (η1 + η2

2
,
ϑ1 + ϑ2

2

)
+

2γ1α2γ2βΓ(α)Γ(β)(
η2 − η1

)γ1α (ϑ2 − ϑ1)γ2β

(
γ1γ2 Iα,β

η−2 ,ϑ
+
1
ξ
) (η1 + η2

2
,
ϑ1 + ϑ2

2

)
+

2γ1α2γ2βΓ(α)Γ(β)(
η2 − η1

)γ1α (ϑ2 − ϑ1)γ2β

(
γ1γ2 Iα,β

η−2 ,ϑ
−

2
ξ
) (η1 + η2

2
,
ϑ1 + ϑ2

2

)
≤
ξ
(
η1, ϑ1

)
+ ξ

(
η1, ϑ2

)
+ ξ

(
η2, ϑ1

)
+ ξ

(
η2, ϑ2

)
4

1

γα1γ
β
2αβ
,

which concludes the proof.

Remark 2.2. In Theorem 3, if we choose γ1 = 1 and γ2 = 1, the following inequalities are achieved

ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
(24)

≤
2α−12β−1Γ(α + 1)Γ(β + 1)(
η2 − η1

)α (ϑ2 − ϑ1)β

[
1,1Iα,β
η+1 ,ϑ

+
1
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+ 1,1Iα,β

η+1 ,ϑ2−
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+1,1Iα,β

η−2 ,ϑ
+
1
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+1,1 Iα,β

η−2 ,ϑ
−

2
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)]
≤
ξ
(
η1, ϑ1

)
+ ξ

(
η1, ϑ2

)
+ ξ

(
η2, ϑ1

)
+ ξ

(
η2, ϑ2

)
4

.

Remark 2.3. In Theorem 3, if we choose γ1 = 1, γ2 = 1, α = 1 and β = 1, then we have,

ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
(25)

≤
Γ(2)Γ(2)(

η2 − η1
)

(ϑ2 − ϑ1)

[
1,1I1,1
η+1 ,ϑ

+
1
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+ 1,1I1,1

η+1 ,ϑ
−

2
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+ 1,1I1,1

η−2 ,ϑ
+
1
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+ 1,1I1,1

η−2 ,ϑ
−

2
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)]

=
1(

η2 − η1
)

(ϑ2 − ϑ1)


η1+η2

2∫
η1

ϑ1+ϑ2
2∫

ϑ1

ξ(t, s)dsdt +

η1+η2
2∫
η1

ϑ2∫
ϑ1+ϑ2

2

ξ(t, s)dsdt
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+

η2∫
η1+η2

2

ϑ1+ϑ2
2∫

ϑ1

ξ(t, s)dsdt +

η2∫
η1+η2

2

ϑ2∫
ϑ1+ϑ2

2

ξ(t, s)dsdt


≤
ξ
(
η1, ϑ1

)
+ ξ

(
η1, ϑ2

)
+ ξ

(
η2, ϑ1

)
+ ξ

(
η2, ϑ2

)
4

.

Then the inequalities (25) become the inequalities (3).

Theorem 2.4. Let ξ : ∆ ⊂ R2
→ R be co-ordinated convex on ∆ := [η1, η2] × [ϑ1, ϑ2] in R2 with 0 ≤ η1 < η2, 0 ≤

ϑ1 < ϑ2 and ξ ∈ L1(∆). Then the inequality below holds.

ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
(26)

≤
2γ1α−2Γ(α + 1)γα1(
η2 − η1

)γ1α

[
γ1 Iαη+1 ξ

(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+γ1 Iαη−2 ξ

(η1 + η2

2
,
ϑ1 + ϑ2

2

)]
+

2γ2β−2Γ(β + 1)γβ2
(ϑ2 − ϑ1)γ2β

[
γ2 Iβ
ϑ+1
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+γ2 Iβ

ϑ−2
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)]
≤

2γ1α−12γ2β−1Γ(α + 1)Γ(β + 1)γα1γ
β
2(

η2 − η1
)γ1α (ϑ2 − ϑ1)γ2β

[
γ1γ2 Iα,β

η+1 ,ϑ
+
1
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+ γ1γ2 Iα,β

η+1 ,ϑ
−

2
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+ γ1γ2 Iα,β

η−2 ,ϑ
+
1
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+ γ1γ2 Iα,β

η−2 ,ϑ
−

2
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)]
≤

2γ1α−3Γ(α + 1)γα1(
η2 − η1

)γ1α

[
γ1 Iαη+1 ξ

(η1 + η2

2
, ϑ1

)
+γ1 Iαη+1 ξ

(η1 + η2

2
, ϑ2

)
+γ1 Iαη−2 ξ

(η1 + η2

2
, ϑ1

)
+γ1 Iαη−2 ξ

(η1 + η2

2
, ϑ2

)]
+

2γ1β−3Γ(β + 1)γβ2
(ϑ2 − ϑ1)γ2β

[
γ2 Iβ
ϑ+1
ξ
(
η1,
ϑ1 + ϑ2

2

)
+γ2 Iβ

ϑ+1
ξ
(
η2,
ϑ1 + ϑ2

2

)
+γ2 Iβ

ϑ−2
ξ
(
η1,
ϑ1 + ϑ2

2

)
+γ2 Iβ

ϑ−2
ξ
(
η2,
ϑ1 + ϑ2

2

)]
≤
ξ
(
η1, ϑ1

)
+ ξ

(
η1, ϑ2

)
+ ξ

(
η2, ϑ1

)
+ ξ

(
η2, ϑ2

)
4

.

Proof. Since ξ : ∆ → R is co-ordinated convex function, χδ : [ϑ1, ϑ2] → R, χδ(ρ) = ξ(δ, ρ) is convex on
[ϑ1, ϑ2] for all δ ∈

[
η1, η2

]
. Then by using inequalities (14), we can write

χδ

(
ϑ1 + ϑ2

2

)
≤

2γ2β−1Γ(β + 1)γβ2
(ϑ2 − ϑ1)γ2β

[
γ2 Iβ
ϑ+1
χδ

(
ϑ1 + ϑ2

2

)
+γ2 Iβ

ϑ−2
χδ

(
ϑ1 + ϑ2

2

)]
≤
χδ (ϑ1) + χδ(ϑ2)

2
, δ ∈

[
η1, η2

]
That is,

ξ
(
δ,
ϑ1 + ϑ2

2

)
≤

2γ2β−1βγ
β
2

(ϑ2 − ϑ1)γ2β


ϑ1+ϑ2

2∫
ϑ1

 (ϑ2−ϑ1
2 )γ2 − (ρ − ϑ1)γ2

γ2

β−1
ξ(δ, ρ)

(ρ − ϑ1)1−γ2
dρ (27)

+

ϑ2∫
ϑ1+ϑ2

2

 (ϑ2−ϑ1
2 )γ2 − (ϑ2 − ρ)γ2

γ2

β−1
ξ(δ, ρ)

(ϑ2 − ρ)1−γ2
dρ

 ≤ ξ (δ, ϑ1) + ξ(δ, ϑ2)
2

.
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for all δ ∈
[
η1, η2

]
. Then multiplying both sides of (27) by

2(γ1α−1)αγα1
(η2−η1)γ1α

(
(
η2−η1

2 )γ1−(δ−η1)γ1

γ1

)α−1
1

(δ−η1)1−γ1
and integrat-

ing with respect to δ over
[
η1,

η1+η2

2

]
respectively, we have,

2γ1α−1αγα1(
η2 − η1

)γ1α

η1+η2
2∫
η1

 ( η2−η1

2 )γ1 − (δ − η1)γ1

γ1

α−1 ξ
(
δ, ϑ1+ϑ2

2

)
(δ − η1)1−γ1

dδ (28)

≤
2γ1α−12γ2β−1αβγα1γ

β
2(

η2 − η1
)γ1α (ϑ2 − ϑ1)γ2β

×


η1+η2

2∫
η1

ϑ1+ϑ2
2∫

ϑ1

 ( η2−η1

2 )γ1 − (δ − η1)γ1

γ1

α−1  (ϑ2−ϑ1
2 )γ2 − (ρ − ϑ1)γ2

γ2

β−1
ξ(δ, ρ)

(δ − η1)1−γ1 (ρ − ϑ1)1−γ2
dρdδ

+

η1+η2
2∫
η1

ϑ2∫
ϑ1+ϑ2

2

 ( η2−η1

2 )γ1 − (δ − η1)γ1

γ1

α−1  (ϑ2−ϑ1
2 )γ2 − (ϑ2 − ρ)γ2

γ2

β−1
ξ(δ, ρ)

(δ − η1)1−γ1 (ϑ2 − ρ)1−γ2
dρdδ


≤

2γ1α−2αγα1(
η2 − η1

)γ1α


η1+η2

2∫
η1

 ( η2−η1

2 )γ1 − (δ − η1)γ1

γ1

α−1
ξ (δ, ϑ1)

(δ − η1)1−γ1
dδ

+

η1+η2
2∫
η1

 ( η2−η1

2 )γ1 − (δ − η1)γ1

γ1

α−1
ξ (δ, ϑ2)

(δ − η1)1−γ1
dδ

 .
Similarly, let’s multiply the integral of (27) by

2(γ1α−1)αγα1
(η2−η1)γ1α

(
(
η2−η1

2 )γ1−(η2−δ)γ1

γ1

)α−1
1

(η2−δ)1−γ1
and integrate with respect

to δ in the interval
[
η1+η2

2 , η2

]
, we have

2γ1α−1αγα1(
η2 − η1

)γ1α

η2∫
η1+η2

2

 ( η2−η1

2 )γ1 − (η2 − δ)γ1

γ1

α−1 ξ
(
δ, ϑ1+ϑ2

2

)
(η2 − δ)1−γ1

dδ (29)

≤
2γ1α−12γ2β−1αβγα1γ

β
2(

η2 − η1
)γ1α (ϑ2 − ϑ1)γ2β

×


η2∫

η1+η2
2

ϑ1+ϑ2
2∫

ϑ1

 ( η2−η1

2 )γ1 − (η2 − δ)γ1

γ1

α−1  (ϑ2−ϑ1
2 )γ2 − (ρ − ϑ1)γ2

γ2

β−1
ξ(δ, ρ)

(η2 − δ)1−γ1 (ρ − ϑ1)1−γ2
dρdδ

+

η2∫
η1+η2

2

ϑ2∫
ϑ1+ϑ2

2

 ( η2−η1

2 )γ1 − (η2 − δ)γ1

γ1

α−1  (ϑ2−ϑ1
2 )γ2 − (ϑ2 − ρ)γ2

γ2

β−1
ξ(δ, ρ)

(η2 − δ)1−γ1 (ϑ2 − ρ)1−γ2
dρdδ


≤

2γ1α−2αγα1(
η2 − η1

)γ1α


η2∫

η1+η2
2

 ( η2−η1

2 )γ1 − (η2 − δ)γ1

γ1

α−1
ξ (δ, ϑ1)

(η2 − δ)1−γ1
dδ
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+

η2∫
η1+η2

2

 ( η2−η1

2 )γ1 − (η2 − δ)γ1

γ1

α−1
ξ (δ, ϑ2)

(η2 − δ)1−γ1
dδ

 .
In the same way, from the inequality of (14) as χρ :

[
η1, η2

]
→ R, χρ(δ) = ξ(δ, ρ) is convex function:

χρ

(η1 + η2

2

)
≤

2γ1α−1Γ(α + 1)γα1(
η2 − η1

)γ1α

[
γ1 Iαη+1 χρ

(η1 + η2

2

)
+γ1 Iαη−2 χρ

(η1 + η2

2

)]
≤
χρ

(
η1

)
+ χρ(η2)
2

, ρ ∈ [ϑ1, ϑ2]

That is,

ξ
(η1 + η2

2
, ρ

)
≤

2γ1α−1αγα1(
η2 − η1

)γ1α


η1+η2

2∫
η1

 ( η2−η1

2 )γ1 − (δ − η1)γ1

γ1

α−1
ξ
(
δ, ρ

)
(δ − η1)1−γ1

dδ (30)

+

η2∫
η1+η2

2

 ( η2−η1

2 )γ1 − (η2 − δ)γ1

γ1

α−1
ξ
(
δ, ρ

)
(η2 − δ)1−γ1

dδ

 ≤ ξ
(
η1, ρ

)
+ ξ(η2, ρ)
2

.

for all ρ ∈ [ϑ1, ϑ2]. Then multiplying both sides of (30) by
2γ2β−1βγ

β
2

(ϑ2−ϑ1)γ2β

(
(
ϑ2−ϑ1

2 )γ2−(ρ−ϑ1)γ2

γ2

)β−1
1

(ρ−ϑ1)1−γ2
and integrat-

ing with respect to ρ over
[
ϑ1,

ϑ1+ϑ2
2

]
, respectively we have,

2γ2β−1βγ
β
2

(ϑ2 − ϑ1)γ2β

ϑ1+ϑ2
2∫

ϑ1

 (ϑ2−ϑ1
2 )γ2 − (ρ − ϑ1)γ2

γ2

β−1 ξ
(
η1+η2

2 , ρ
)

(ρ − ϑ1)1−γ2
dρ (31)

≤
2γ1α−12γ2β−1αβγα1γ

β
2(

η2 − η1
)γ1α (ϑ2 − ϑ1)γ2β

×


η1+η2

2∫
η1

ϑ1+ϑ2
2∫

ϑ1

 ( η2−η1

2 )γ1 − (ρ − ϑ1)γ1

γ1

α−1  (ϑ2−ϑ1
2 )γ2 − (ρ − ϑ1)γ2

γ2

β−1
ξ(δ, ρ)

(δ − η1)1−γ1 (ρ − ϑ1)1−γ2
dρdδ

+

η2∫
η1+η2

2

ϑ1+ϑ2
2∫

ϑ1

 ( η2−η1

2 )γ1 − (ϑ2 − δ)γ1

γ1

α−1  (ϑ2−ϑ1
2 )γ2 − (ρ − ϑ1)γ2

γ2

β−1
ξ(δ, ρ)

(ϑ2 − δ)1−γ1 (ρ − ϑ1)1−γ2
dρdδ


≤

2γ2β−2βγ
β
2

(ϑ2 − ϑ1)γ2β


ϑ1+ϑ2

2∫
ϑ1

 (ϑ2−ϑ1
2 )γ2 − (ρ − ϑ1)γ2

γ2

β−1
ξ
(
η1, ρ

)
(ρ − ϑ1)1−γ2

dρ

+

ϑ1+ϑ2
2∫

ϑ1

 (ϑ2−ϑ1
2 )γ2 − (ρ − ϑ1)γ2

γ2

β−1
ξ
(
η2, ρ

)
(ρ − ϑ1)1−γ2

dρ

 .

Similarly, let’s multiply the integral of (30) by
2γ2β−1βγ

β
2

(ϑ2−ϑ1)γ2β

(
(
ϑ2−ϑ1

2 )γ2−(ϑ2−ρ)γ2

γ2

)β−1
1

(ϑ2−ρ)1−γ2
and integrate with respect



M. Kiriş, G. Bayrak / Filomat 38:16 (2024), 5575–5589 5585

to ρ in the interval
[
ϑ1+ϑ2

2 , ϑ2

]
, we have,

2γ2β−1βγ
β
2

(ϑ2 − ϑ1)γ2β

ϑ2∫
ϑ1+ϑ2

2

 (ϑ2−ϑ1
2 )γ2 − (ϑ2 − ρ)γ2

γ2

β−1 ξ
(
η1+η2

2 , ρ
)

(ϑ2 − ρ)1−γ2
dρ (32)

≤
2γ1α−12γ2β−1αβγα1γ

β
2(

η2 − η1
)γ1α (ϑ2 − ϑ1)γ2β

×


η1+η2

2∫
η1

ϑ2∫
ϑ1+ϑ2

2

 ( η2−η1

2 )γ1 − (δ − η1)γ1

γ1

α−1  (ϑ2−ϑ1
2 )γ2 − (ϑ2 − ρ)γ2

γ2

β−1
ξ(δ, ρ)

(δ − η1)1−γ1 (ϑ2 − ρ)1−γ2
dρdδ

+

η2∫
η1+η2

2

ϑ2∫
ϑ1+ϑ2

2

 ( η2−η1

2 )γ1 − (η2 − δ)γ1

γ1

α−1  (ϑ2−ϑ1
2 )γ2 − (ϑ2 − ρ)γ2

γ2

β−1
ξ(δ, ρ)

(η2 − δ)1−γ1 (ϑ2 − ρ)1−γ2
dρdδ


≤

2γ2β−2βγ
β
2

(ϑ2 − ϑ1)γ2β


ϑ2∫

ϑ1+ϑ2
2

 (ϑ2−ϑ1
2 )γ2 − (ϑ2 − ρ)γ2

γ2

β−1
ξ
(
η1, ρ

)
(ϑ2 − ρ)1−γ2

dρ

+

ϑ2∫
ϑ1+ϑ2

2

 (ϑ2−ϑ1
2 )γ2 − (ϑ2 − ρ)γ2

γ2

β−1
ξ
(
η2, ρ

)
(ϑ2 − ρ)1−γ2

dρ

 .
If we add the (28), (29), (31) and (32) inequalities and divide by 2, we get,

2γ1α−2Γ(α + 1)γα1(
η2 − η1

)γ1α

[
γ1 Iαη+1 f

(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+γ1 Iαη−2 f

(η1 + η2

2
,
ϑ1 + ϑ2

2

)]
+

2γ2β−2Γ(β + 1)γβ2
(ϑ2 − ϑ1)γ2β

[
γ2 Iβ
ϑ+1

f
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+γ2 Iβ

ϑ−2
f
(η1 + η2

2
,
ϑ1 + ϑ2

2

)]
≤

2γ1α−12γ2β−1Γ(α + 1)Γ(β + 1)γα1γ
β
2(

η2 − η1
)γ1α (ϑ2 − ϑ1)γ2β

[
γ1γ2 Iα,β

η+1 ,ϑ
+
1

f
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+ γ1γ2 Iα,β

η+1 ,ϑ
−

2
f
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+ γ1γ2 Iα,β

η−2 ,ϑ
+
1

f
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+ γ1γ2 Iα,β

η−2 ,ϑ
−

2
f
(η1 + η2

2
,
ϑ1 + ϑ2

2

)]
≤

2γ1α−3Γ(α + 1)γα1(
η2 − η1

)γ1α

[
γ1 Iαη+1 f

(η1 + η2

2
, ϑ1

)
+γ1 Iαη+1 f

(η1 + η2

2
, ϑ2

)
+γ1 Iαη−2 f

(η1 + η2

2
, ϑ1

)
+ γ1 Iαη−2 f

(η1 + η2

2
, ϑ2

)]
+

2γ1β−3Γ(β + 1)γβ2
(ϑ2 − ϑ1)γ2β

[
γ2 Iβ
ϑ+1

f
(
η1,
ϑ1 + ϑ2

2

)
+γ2 Iβ

ϑ+1
f
(
η2,
ϑ1 + ϑ2

2

)
+γ2 Iβ

ϑ−2
f
(
η1,
ϑ1 + ϑ2

2

)
+ γ2 Iβ

ϑ−2
f
(
η2,
ϑ1 + ϑ2

2

)]
which give the second and the third inequalities in (26).

Now, let’s write δ = η1+η2

2 on the left side of the (27) inequality, we also have

ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
(33)
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≤
2γ1α−1αγα1(
η2 − η1

)γ1α


η1+η2

2∫
η1

 ( η2−η1

2 )γ1 − (δ − η1)γ1

γ1

α−1 ξ
(
δ, ϑ1+ϑ2

2

)
(δ − η1)1−γ1

dδ

+

η2∫
η1+η2

2

 ( η2−η1

2 )γ1 − (η2 − δ)γ1

γ1

α−1 ξ
(
δ, ϑ1+ϑ2

2

)
(η2 − δ)1−γ1

dδ


and then write ρ = ϑ1+ϑ2

2 to left side of the (30) inequality, we have,

ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
(34)

≤
2γ2β−1βγ

β
2

(ϑ2 − ϑ1)γ2β


ϑ1+ϑ2

2∫
ϑ1

 (ϑ2−ϑ1
2 )γ2 − (ρ − ϑ1)γ2

γ2

β−1
ξ( η1+η2

2 , ρ)

(ρ − ϑ1)1−γ2
dρ

+

ϑ2∫
ϑ1+ϑ2

2

 (ϑ2−ϑ1
2 )γ2 − (ϑ2 − ρ)γ2

γ2

β−1
ξ( η1+η2

2 , ρ)

(ϑ2 − ρ)1−γ2
dρ

 .
When we add the above (33) and (34) inequalities side by side and divide by 2, we get the following
inequality:

ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
(35)

≤
2γ1α−2Γ(α + 1)γα1(
η2 − η1

)γ1α

[
γ1 Iαη+1 ξ

(
η2,
ϑ1 + ϑ2

2

)
+γ1 Iαη−2 ξ

(
η1,
ϑ1 + ϑ2

2

)]
+

2γ2β−2Γ(β + 1)γβ2
(ϑ2 − ϑ1)γ2β

[
γ1 Iαη+1 ξ

(η1 + η2

2
, ϑ2

)
+γ1 Iαη−2 ξ

(η1 + η2

2
, ϑ1

)]
.

The inequality in (35) is the first inequality of the Theorem (26).
Finally, by using the second inequality in (14) and assuming ρ = ϑ1 on the right-hand side of the (30)

inequality, we have

2γ1α−1αγα1(
η2 − η1

)γ1α


η1+η2

2∫
η1

 ( η2−η1

2 )γ1 − (δ − η1)γ1

γ1

α−1
ξ (δ, ϑ1)

(δ − η1)1−γ1
dδ (36)

+

η2∫
η1+η2

2

 ( η2−η1

2 )γ1 − (η2 − δ)γ1

γ1

α−1
ξ (δ, ϑ1)

(η2 − δ)1−γ1
dδ

 ≤ ξ
(
η1, ϑ1

)
+ ξ(η2, ϑ1)
2

.

And similiarly, assuming ρ = ϑ2 on the right-hand side of the (30) inequality, we have

2γ1α−1αγα1(
η2 − η1

)γ1α


η1+η2

2∫
η1

 ( η2−η1

2 )γ1 − (δ − η1)γ1

γ1

α−1
ξ (δ, ϑ2)

(δ − η1)1−γ1
dδ (37)

+

η2∫
η1+η2

2

 ( η2−η1

2 )γ1 − (η2 − δ)γ1

γ1

α−1
ξ (δ, ϑ2)

(η2 − δ)1−γ1
dδ

 ≤ ξ
(
η1, ϑ2

)
+ ξ(η2, ϑ2)
2

.
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Likewise, assuming δ = η1 on the right-hand side of the (27) inequality, we have

2γ2β−1βγ
β
2

(ϑ2 − ϑ1)γ2β


ϑ1+ϑ2

2∫
ϑ1

 (ϑ2−ϑ1
2 )γ2 − (ρ − ϑ1)γ2

γ2

β−1
ξ(η1, ρ)

(ρ − ϑ1)1−γ2
dρ (38)

+

ϑ2∫
ϑ1+ϑ2

2

 (ϑ2−ϑ1
2 )γ2 − (ϑ2 − ρ)γ2

γ2

β−1
ξ(η1, ρ)

(ϑ2 − ρ)1−γ2
dρ

 ≤ ξ
(
η1, ϑ1

)
+ ξ(η1, ϑ2)
2

.

And, assuming δ = η2 on the right-hand side of the (27) inequality, we have

2γ2β−1βγ
β
2

(ϑ2 − ϑ1)γ2β


ϑ1+ϑ2

2∫
ϑ1

 (ϑ2−ϑ1
2 )γ2 − (ρ − ϑ1)γ2

γ2

β−1
ξ(η2, ρ)

(ρ − ϑ1)1−γ2
dρ (39)

+

ϑ2∫
ϑ1+ϑ2

2

 (ϑ2−ϑ1
2 )γ2 − (ϑ2 − ρ)γ2

γ2

β−1
ξ(η2, ρ)

(ϑ2 − ρ)1−γ2
dρ

 ≤ ξ
(
η2, ϑ1

)
+ ξ(η2, ϑ2)
2

.

When the inequalities between (36)-(39) are added side by side and divided by 4, the 4th inequality of the
Theorem (26) is found.

Remark 2.5. In Theorem 4, if we choose γ1 = 1 and γ2 = 1, the following inequalities are achieved

ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
(40)

≤
2α−2Γ(α + 1)(
η2 − η1

)α [
1Iαη+1 ξ

(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+1 Iαη−2 ξ

(η1 + η2

2
,
ϑ1 + ϑ2

2

)]
+

2β−2Γ(β + 1)

(ϑ2 − ϑ1)β

[
1Iβ
ϑ+1
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+1 Iβ

ϑ−2
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)]
≤

2α−12γβ−1Γ(α + 1)Γ(β + 1)(
η2 − η1

)α (ϑ2 − ϑ1)β

[
1,1Iα,β
η+1 ,ϑ

+
1
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+ 1,1Iα,β

η+1 ,ϑ
−

2
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+ 1,1Iα,β

η−2 ,ϑ
+
1
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
+ 1,1Iα,β

η−2 ,ϑ
−

2
ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)]
≤

2α−3Γ(α + 1)(
η2 − η1

)α [
1Iαη+1 ξ

(η1 + η2

2
, ϑ1

)
+1 Iαη+1 ξ

(η1 + η2

2
, ϑ2

)
+1 Iαη−2 ξ

(η1 + η2

2
, ϑ1

)
+ 1Iαη−2 ξ

(η1 + η2

2
, ϑ2

)]
+

2β−3Γ(β + 1)

(ϑ2 − ϑ1)β

[
1Iβ
ϑ+1
ξ
(
η1,
ϑ1 + ϑ2

2

)
+1 Iβ

ϑ+1
ξ
(
η2,
ϑ1 + ϑ2

2

)
+1 Iβ

ϑ−2
ξ
(
η1,
ϑ1 + ϑ2

2

)
+
]

+ 1Iβ
ϑ−2
ξ
(
η2,
ϑ1 + ϑ2

2

)]
≤
ξ
(
η1, ϑ1

)
+ ξ

(
η1, ϑ2

)
+ ξ

(
η2, ϑ1

)
+ ξ

(
η2, ϑ2

)
4

.

Remark 2.6. In Theorem 4, if we choose γ1 = 1, γ2 = 1, α = 1 and β = 1,we have,

ξ
(η1 + η2

2
,
ϑ1 + ϑ2

2

)
(41)
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≤
1

2
(
η2 − η1

)

η1+η2

2∫
η1

ξ(t,
ϑ1 + ϑ2

2
)dt +

η2∫
η1+η2

2

ξ(t,
ϑ1 + ϑ2

2
)dt


+

1
2 (ϑ2 − ϑ1)


ϑ1+ϑ2

2∫
ϑ1

ξ(
η1 + η2

2
, s)ds +

ϑ2∫
ϑ1+ϑ2

2

ξ(
η1 + η2

2
, s)ds


≤

1(
η2 − η1

)
(ϑ2 − ϑ1)


η1+η2

2∫
η1

ϑ1+ϑ2
2∫

ϑ1

ξ(t, s)dsdt +

η1+η2
2∫
η1

ϑ2∫
ϑ1+ϑ2

2

ξ(t, s)dsdt

+

η2∫
η1+η2

2

ϑ1+ϑ2
2∫

ϑ1

ξ(t, s)dsdt +

η2∫
η1+η2

2

ϑ2∫
ϑ1+ϑ2

2

ξ(t, s)dsdt


≤

1
4
(
η2 − η1

)

η1+η2

2∫
η1

ξ(t, ϑ1)dt +

η1+η2
2∫
η1

ξ(t, ϑ2)dt


+

1
4 (ϑ2 − ϑ1)


ϑ1+ϑ2

2∫
ϑ1

ξ(η1, s)ds +

ϑ2∫
ϑ1+ϑ2

2

ξ(η2, s)ds


≤
ξ
(
η1, ϑ1

)
+ ξ

(
η1, ϑ2

)
+ ξ

(
η2, ϑ1

)
+ ξ

(
η2, ϑ2

)
4

.

Then the inequalities (41) become the inequalities (3).

3. Conclusion

In this research, we acquired some inequality of Hermite-Hadamard-type for co-ordinated convex
functions by means of conformable fractional integrals. In future studies, it is possible to obtain new
version of the inequalities we have obtained by using convexity definitions in different types of co-ordinates.
Also, new effective and original inequalities can be obtained through different types of fractional integral
definitions.
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[21] J.E. Pečarić, F. Proschan and Y.L. Tong, Convex Functions, Partial Orderings and Statistical Applications, Academic Press, Boston

(1992).
[22] I. Podlubny, Fractional Differantial Equations, Academic Press, San Diego CA, (1999).
[23] M.Z. Sarikaya, On the Hermite-Hadamard- type inequalities for co-ordinated convex function via fractional integrals, Integral

Transforms and Special Functions, 25(2),(2014), 134-147.
[24] M.Z. Sarikaya, A. Akkurt, H. Budak, M.E Yildirim and H. Yildirim, Hermite-Hadamard’s inequalities for conformable fractional

integrals, An International Journal of Optimization and Control: Theories& Applications (IJOCTA), 9(1), (2019), 49-59.
[25] M.Z. Sarikaya, H.Budak and F. Usta, On generalized the conformable fractional calculus, TWMS J. App. Eng. Math, 9(4), (2019),

792-799.
[26] M.Z. Sarikaya, E. Set, M.E.Ozdemir and S.S. Dragomir, New some Hadamard’s type inequalities for co-ordinated convex

functions, Tamsui Oxf J Inf Math Sci, 28(2), (2012), 137-152.
[27] M.Z. Sarikaya, E. Set, H. Yaldiz and N. Basak, Hermite–Hadamard’s inequalities for fractional integrals and related fractional

inequalities, Math Comput Model, 57 (9–10), (2013), 2403–2407.
[28] D. Zhao and M. Luo, General conformable fractional derivative and its physical interpretation, Calcolo, 54,(2013), 903-917.


