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Abstract. The purpose of this paper is to obtain atomic decomposition characterization of the weighted
local Hardy space hp

ω(Rn) with ω ∈ A∞. We apply the discrete version of Calderón’s identity and the
weighted Littlewood–Paley–Stein theory to prove that hp

ω(Rn) coincides with the weighted-(p, q, s) atomic
local Hardy space hp,q,s

ω,atom(Rn) for 0 < p < ∞. The atomic decomposition theorems in our paper improve the
previous atomic decomposition results of local weighted Hardy spaces in the literature. As applications,
we derive the boundedness of inhomogeneous Calderón–Zygmund singular integrals and local fractional
integrals on weighted local Hardy spaces.

1. Introduction

The real-variable theory of global Hardy spaces on Rn was essentially developed by Stein and Weiss
[25] and systematically studied by Fefferman and Stein [10]. Hardy spaces Hp(Rn) serve as a substitute
for Lp(Rn) when p ≤ 1. However, the principle of Hp(Rn) breaks down at some key points, for example,
pseudo-differential operators are not bounded on Hp(Rn). Hence, Goldberg in [13] introduced the class of
local Hardy spaces hp(Rn) with p ∈ (0, 1]. Moreover, Goldberg [13] established the maximal function char-
acterization of hp(Rn) for p ∈ ((n− 1)/n, 1]. From then on, local Hardy spaces have become an indispensable
part in terms of harmonic analysis and partial differential equations. Then Peloso and Secco [21] obtained
local Riesz transforms of local Hardy spaces and extended some characterizations of Hardy spaces Hp(Rn)
to the local Hardy spaces hp(Rn) for 0 < p ≤ 1. In 1983, Triebel [33] first established the Littlewood–Paley
characterization of hp(Rn) which is a tool to prove that hp(Rn) coincides with the Triebel-Lizorkin space
F0

p,2(Rn). In 1981, the weighted version hp
ω(Rn) of hp(Rn) with ω ∈ A∞ was developed by Bui [2]. Later,

Rychkov [22] extended a part of the theory of weighted local Hardy spaces to Aloc
∞ weights and obtained the

Littlewood-Paley function characterization of hp
ω(Rn). In 2012, Tang [32] established the weighted atomic

characterization of hp
ω(Rn) with ω ∈ Aloc

∞ via the local grand maximal function. For more information on
various Hardy-type spaces, we refer to [20, 23, 29, 36].
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As is well-known to us, the atomic decomposition plays an important role in the study of the bounded-
ness of operators on Hardy-type spaces and many theories of it have been established. In 1974, Coifman
[3] first introduced an atomic decomposition characterization of Hardy spaces on R. Later, the extension
to higher dimensions was obtained by Latter [17]. In fact, the marked difference between the atomic
characterization of Hp(Rn) and hp(Rn) is the cancellation property of atoms. To be precise, the vanishing
moment is needed only for the atoms with small supports in hp(Rn) while the vanishing moment is needed
for all atoms in Hp(Rn). In [8], Y. Ding et al. established the atomic decomposition characterization of the
weighted Hardy spaces Hp

ω(Rn) for p ∈ (0, 1] and obtained the (Hp
ω(Rn),Lp

ω(Rn))-boundedness for singular
integrals via the discrete Calderón’s identity and the weighted Littlewood–Paley–Stein theory. In [7], W.
Ding et al. obtained the L2(Rn) atomic decomposition of local Hardy spaces hp(Rn) for 0 < p ≤ 1. Motivated
by these results, we give the atomic decomposition characterization of the weighted local Hardy spaces
hp
ω(Rn) and a proof of the convergence of the atomic decomposition in both hp

ω(Rn) and Lq(Rn) norms for
any f ∈ hp

ω(Rn) ∩ Lq(Rn). The atomic decomposition characterization in our paper provides extensions of
the results in [18] by w-(p, q, s)-atom and w-(p, q, s)-block. Moreover, the results have a wide applicability to
more general settings in that we avoid the maximal function characterization and the Calderón–Zymund
decomposition. Very recently, Izuki et al. [16] defined and studied the theory of local weighted Hardy
spaces with variable exponents by applying the local grand maximal function characterization.

The class of weighted local Hardy spaces hp
ω(Rn) can be defined by the finiteness of the quasi-norm [22].

To be precise, let Φ ∈ S(Rn) with
∫
Φ , 0 and Φt(x) = t−nΦ( x

t ), then

MΦ( f )(x) = sup
0<t<1

|Φt ∗ f (x)|.

Then the weighted local Hardy space hp
ω(Rn) for 0 < p < ∞ and ω ∈ A∞ is defined by

hp
ω(Rn) = { f ∈ S′(Rn) : MΦ( f ) ∈ Lp

ω(Rn)},

where∥∥∥ f
∥∥∥

hp
ω
=

∥∥∥MΦ( f )
∥∥∥

Lp
ω
.

In fact, we can also define the weighted local Hardy space via the discrete Littlewood–Paley–Stein
theory. Thus, we firstly recall some definitions as follows. For more details, see [15].

Definition 1.1. Let ϕ0, ϕ ∈ S(Rn) with

suppϕ̂0 ⊆ {ξ ∈ R
n : |ξ| ≤ 2}; ϕ̂0(ξ) = 1, if |ξ| ≤ 1, (1)

and

suppϕ̂ ⊆ {ξ ∈ Rn :
1
2
≤ |ξ| ≤ 2}, (2)

and for all ξ ∈ Rn

|ϕ̂0(ξ)|2 +
∞∑
j=1

|ϕ̂(2− jξ)|2 = 1. (3)

Additionally, define ϕ j(x) = 2 jnϕ(2 jx) for j ∈ N+ . For any j ∈ Z, denote Π j={Q: Q are dyadic cubes in Rn

with l(Q) = 2− j and the left lower corners of Q are xQ = 2− jl, l ∈ Zn
}. By applying Fourier transform and

equation (3), we can obtain the continuous Calderón’s identity [7]:

f (x) =
∞∑
j=0

ϕ j ∗ ϕ j ∗ f (x), (4)
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where the series converges in Lq(Rn), S(Rn) and S′(Rn). Furthermore, we can discretize the above identity:

f (x) =
∞∑
j=0

∑
Q∈Π j

|Q|(ϕ j ∗ f )(xQ)ϕ j(x − xQ).

where the series converges in Lq(Rn), S(Rn) and S′(Rn).
Suppose that ϕ0, ϕ ∈ S(Rn) satisfies (1.1)-(1.3). Based on the above reproducing formula, we give the

definition of inhomogeneous Littlewood–Paley–Stein square function

1( f )(x) =

∑
i∈N

|ϕi ∗ f (x)|2


1
2

and the definition of the discrete Littlewood–Paley–Stein square function

1d( f )(x) =


∑
j∈N

∑
Q∈Π j

|ϕ j ∗ f (xQ)|2χQ(x)


1
2

.

Now we can give the definition of the weighted local Hardy space.

Definition 1.2. Let 0 < p < ∞, ω ∈ A∞. Then the weighted local Hardy space hp
ω(Rn) is defined by

hp
ω(Rn) = { f ∈ S′(Rn) :

∥∥∥ f
∥∥∥

hp
ω
< ∞},

where∥∥∥ f
∥∥∥

hp
ω
=

∥∥∥1d( f )
∥∥∥

Lp
ω
.

The definitions of the atom a and the block b are as follows. Details are referred to [29].

Definition 1.3. Let 0 < p < ∞, 1 ≤ q < ∞, ω ∈ Aq with critical index qω and s ∈ Z fulfilling s ≥ max{[n( qω
p −

1)],−1}. Fix a constant C ≥ 1. Then define a ω-(p, q, s)-atom of hp
ω(Rn) to be a function a which is supported in a

cube Q ⊆ Rn with |Q| ≤ C and satisfies

∥a∥Lq ≤ |Q|
1
qω(Q)−

1
p and

∫
Q

a(x)xαdx = 0, for all |α| ≤ s.

Definition 1.4. Let 0 < p < ∞, 1 ≤ q < ∞, ω ∈ Aq with critical index qω and s ∈ Z fulfilling s ≥ max{[n( qω
p −

1)],−1}. Fix a constant C ≥ 1. Then define a ω-(p, q, s)-block of hp
ω(Rn) to be a function b which is supported in a

cube P ⊆ Rn with |P| > C and satisfies ∥b∥Lq ≤ |P|
1
qω(P)−

1
p .

Naturally, we can give the definition of the weighted-(p, q, s) atomic local Hardy space hp,q,s
ω,atom(Rn).

Definition 1.5. Let 0 < p < ∞, qω < q < ∞, ω ∈ A∞ with the critical index qω and s ∈ Z fulfilling s ≥
max{[n( qω

p − 1)],−1}. Then the weighted-(p, q, s) atomic local Hardy space hp,q,s
ω,atom(Rn) is defined by

hp,q,s
ω,atom(Rn) =

 f ∈ S′(Rn) : f =
∑

j

λ ja j +
∑

j

µ jb j

 ,
where each a j is a ω-(p, q, s)-atom and each b j is a ω-(p, q, s)-block sastifying∥∥∥∥∥∥∥∥

∞∑
j=1

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

+

∥∥∥∥∥∥∥∥
∞∑
j=1

µ jχP j

ω(P j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

< ∞.



X. Chen, J. Tan / Filomat 38:17 (2024), 5925–5949 5928

Furthermore, we have

∥∥∥ f
∥∥∥

hp,q,s
ω,atom
= inf


∥∥∥∥∥∥∥∥
∞∑
j=1

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

+

∥∥∥∥∥∥∥∥
∞∑
j=1

µ jχP j

ω(P j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

 ,
where the infimum is taken over all decompositions f =

∑
j
λ ja j +

∑
j
µ jb j.

If ω ∈ A∞, there exists r > 1 such that ω ∈ RHr. Fix a constant qr such that qr > max{p, 1} and ( qr

p )′ ≤ r.

Theorem 1.6. If 0 < p < ∞ and ω ∈ A∞, then for any max{qω, qr} < q < ∞ and any s ∈ Z fulfilling s ≥
max{[n( qω

p − 1)],−1},

hp
ω(Rn) = hp,q,s

ω,atom(Rn)

with the equivalent norms.

In fact, Theorem 1.6 can be split into two parts as follows.

Theorem 1.7. Let 0 < p < ∞, ω ∈ A∞, qω = inf{q : ω ∈ Aq}, qω < q < ∞ and s ∈ Z fulfilling s ≥ max{[n( qω
p −

1)],−1}. If f ∈ hp
ω(Rn) ∩ Lq(Rn), there exist a sequence of ω-(p, q, s)-atoms {a j}

∞

j=1 with a corresponding sequence of
non-negative numbers {λ j}

∞

j=1 and a sequence ofω-(p, q, s)-blocks {b j}
∞

j=1 with a corresponding sequence of non-negative
numbers {µ j}

∞

j=1 such that

f =
∑

j

λ ja j +
∑

j

µ jb j

and ∥∥∥∥∥∥∥∥∥
 ∞∑

j=1

 λ jχQ j

ω(Q j)
1
p


η

1
η

∥∥∥∥∥∥∥∥∥
Lp
ω

+

∥∥∥∥∥∥∥∥∥
 ∞∑

j=1

 µ jχP j

ω(P j)
1
p


η

1
η

∥∥∥∥∥∥∥∥∥
Lp
ω

≤ Cη
∥∥∥ f

∥∥∥
hp
ω

for any 0 < η < ∞. Furthermore, the series converges to f in both hp
ω(Rn) and Lq(Rn) norms.

Theorem 1.8. Given 0 < p < ∞, ω ∈ A∞, qω = inf{q : ω ∈ Aq}, qr < q < ∞ and s ∈ Z fulfilling s ≥
max{[n( qω

p − 1)],−1}. Suppose that {a j}
∞

j=1 is a sequence of ω-(p, q, s)-atoms with a corresponding sequence of non-
negative numbers {λ j}

∞

j=1 and {b j}
∞

j=1 is a sequence of ω-(p, q, s)-blocks with a corresponding sequence of non-negative
numbers {µ j}

∞

j=1 satisfying∥∥∥∥∥∥∥∥
∞∑
j=1

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

+

∥∥∥∥∥∥∥∥
∞∑
j=1

µ jχP j

ω(P j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

< ∞.

Then the series f =
∑

j
λ ja j +

∑
j
µ jb j converges in hp

ω(Rn) and satisfies

∥∥∥∥∥∥∥∥
∑

j

λ ja j

∥∥∥∥∥∥∥∥
hp
ω

≤ C

∥∥∥∥∥∥∥∥
∞∑
j=1

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

and ∥∥∥∥∥∥∥∥
∑

j

µ jb j

∥∥∥∥∥∥∥∥
hp
ω

≤ C

∥∥∥∥∥∥∥∥
∞∑
j=1

µ jχP j

ω(P j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

.
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Theorem 1.6 follows from Theorem 1.7 and Theorem 1.8 together with the fact hp
ω(Rn) ∩ Lq(Rn) is dense

in hp
ω(Rn). As applications of the above atomic decomposition results, we shall prove the boundedness

of the inhomogenous Calderón-Zygmund singular integrals and the local fractional integrals on weighted
local Hardy spaces. The groundbreaking work of Hardy estimates for Calderón–Zygmund operators is
completed by Stein and Weiss [25], Stein [24], and Fefferman and Stein [10]. In particular, weighted Hardy
spaces estimates for singular integrals were proved by Strömberg and Torchinsky [26]. We remark that the
proof of Theorem 1.9 and 1.10 is an adaption from the ones for local variable Hardy spaces in [30]. Moreover,
fractional integrals have been investigated extensively by several authors in recent years. Weighted Hardy
space estimates for fractional integrals were first proved by Strömberg and Wheeden [27]; see also Gatto
et al. [12] and Tan [31]. Theorem 1.12 extends these results to weighted local Hardy spaces. We remark
that the proof of this theorem is similar to the proof of [5, Theorem 1.5], but we need to concentrate on the
differences.

Now we recall the inhomogeneous Calderón–Zygmund singular integrals in [6]. Define D(Rn) to be
the space of all smooth functions with compact support. The operator T is said to be an inhomogeneous
Calderón–Zygmund integral if T is a continuous linear operator fromD(Rn) toD′(Rn) defined by

〈
T( f ), 1

〉
=

∫
Rn
K (x, y) f (y)1(x)dxdy

for all f , 1 ∈ D(Rn) with disjoint supports, whereK (x, y), the kernel of T, satisfies the following conditions

|K (x, y)| ≤ C min
{

1
|x − y|n

,
1

|x − y|n+δ

}
for some δ > 0 and x , y

and for ϵ ∈ (0, 1)

|K (x, y) −K (x, y′)| + |K (y, x) −K (y′, x)| ≤ C
|y − y′|ϵ

|x − y|n+ϵ
,

where |y − y′| ≤ 1
2 |x − y|.

Theorem 1.9. Let n
n+η < p < ∞ and ω ∈ A( n+η

n )p where η = ϵ ∧ δ. Suppose that T is an inhomogeneous Calderón–
Zygmund singular integral. If T is a bounded operator on L2(Rn), then T can be extended to an (hp

ω(Rn), Lp
ω(Rn))-

bounded operator. To be precise, there exists a constant C such that∥∥∥T( f )
∥∥∥

Lp
ω
≤ C

∥∥∥ f
∥∥∥

hp
ω
.

To state the (hp
ω(Rn), hp

ω(Rn))-boundedness of T, we assume one additional condition on T,
∫
Rn T(a)(x)dx =

0 for the ω-(p, q, s)-atom a. Then if T satisfies the above moment condition, we write Tloc
∗ (1) = 0.

Theorem 1.10. Let n
n+η < p < ∞ and ω ∈ A( n+η

n )p where η = ϵ ∧ δ. Suppose that T is an inhomogeneous Calderón-
Zygmund singular integral. If T is a bounded operator on L2(Rn) and Tloc

∗ (1) = 0, then T has a unique extension on
hp
ω(Rn) and, moreover, there exists a constant C such that∥∥∥T( f )

∥∥∥
hp
ω
≤ C

∥∥∥ f
∥∥∥

hp
ω

for all f ∈ hp
ω(Rn).

We also recall the following local fractional integral which is introduced by D. Yang and S. Yang [35].

Definition 1.11. Let α ∈ [0,n) and let φ0 ∈ D(Rn) be such φ0 ≡ 1 on Q(0, 1) and supp(φ0) ⊂ Q(0, 2). The local
fractional integral Iloc

α ( f ) of f is defined by

Iloc
α ( f )(x) ≡

∫
Rn

φ0(y)
|y|n−α

f (x − y)dy.
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Now we show that the local fractional integrals are bounded from hp
ωp (Rn) to Lq

ωq (Rn) when 1 < q < ∞
and from hp

ωp (Rn) to hq
ωq (Rn) when 0 < q ≤ 1.

Theorem 1.12. Let 0 < α < n and 0 < p < n
α . Define q by 1

q =
1
p −

α
n . If a weight ω is such that ωp

∈ RH q
p
, then

Iloc
α admits a bounded extension from hp

ωp (Rn) to Lq
ωq (Rn) when 1 < q < ∞ and Iloc

α admits a bounded extension from
hp
ωp (Rn) to hq

ωq (Rn) when 0 < q ≤ 1.

Throughout this paper, C or c denotes a positive constant that is independent of the main parameters
involved but may vary at each occurrence. To denote the dependence of the constants on some parameter
s, we will write Cs. We denote f ≤ C1 by f ≲ 1. If f ≲ 1 ≲ f , we write f ∼ 1 or f ≈ 1. Denote Q(x, l(Q))
the closed cube centered at x and of side-length l(Q). Similarly, given Q = Q(x, l(Q)) and λ > 0, λQ means
the cube with the same center x and with side-length λl(Q). We denote Q∗ = 2

√
nQ. Moreover, we use the

notation j ∧ k = min{ j, k}. We writeN = {0, 1, 2, . . . }.

2. Preliminaries

In this section, we present some known results that will be used in the next sections and establish a new
reproducing formula.

Firstly, we recall some known results about weights. For more details, see [4, 9, 11]. Suppose that a
weight ω is a non-negative, locally integrable function such that 0 < ω(x) < ∞ for almost every x ∈ Rn. It is
said that ω is in the Muckenhoupt class Ap for 1 < p < ∞ if

[ω]Ap = sup
Q

(
1
Q

∫
Q
ω(x)dx

) (
1
Q

∫
Q
ω(x)−

1
p−1 dx

)p−1

< ∞,

where Q is any cube in Rn and when p = 1, a weight ω ∈ A1 if for almost every x ∈ Rn,

Mω(x) ≤ Cω(x),

where M is the Hardy–Littlewood maximal operator defined by

M( f )(x) = sup
x∈Q

1
|Q|

∫
Q

f (u)du.

Therefore, define the set

A∞ =
⋃

1≤p<∞

Ap.

Given a weight ω ∈ A∞, define

qω = inf{q ≥ 1: ω ∈ Aq}.

Given a weight ω ∈ A∞ and 0 < p < ∞. Then the weighted Lebesgue space is defined by

Lp
ω(Rn) =

{
f :

∫
Rn
| f (x)|pω(x)dx < ∞

}
,

where f are measurable functions onRn. A weight ω ∈ A∞ if and only if ω ∈ RHr for some r > 1: that is, for
every cube Q,(

1
|Q|

∫
Q
ω(x)rdx

) 1
r

≤
C
|Q|

∫
Q
ω(x)dx.
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Furthermore, we can obtain the property that ω ∈ RHr if and only if ωr
∈ A∞. Given 1 < p, q < ∞, a weight

satisfies the Ap,q condition of Muckenhoupt and Wheeden if for every cube Q,(
1
|Q|

∫
Q
ωqdx

) 1
q
(

1
|Q|

∫
Q
ω−p′dx

) 1
p′

≤ C.

It follows from the defintion that ω ∈ Ap,q if and only if ωq
∈ A1+ q

p′
. When p = 1 and q > 1, it is said that

ω ∈ A1,q if for every cube Q and almost every x ∈ Q,

1
|Q|

∫
Q
ω(x)qdx ≤ Cω(x)q,

which is clearly equivalent to ωq
∈ A1.

Given 0 ≤ α < n and 1 < p < n
α , define q by 1

p −
1
q =

α
n . If ω ∈ Ap,q, the fractional maximal operator

Mα( f )(x) = sup
Q
|Q|

α
n

(
1
|Q|

∫
Q
| f (y)|dy

)
χQ(x)

is bounded from Lp
ωp (Rn) to Lq

ωq (Rn).
Now we recall two lemmas which will be applied to the proofs in Section 3. First we need the weighted

Fefferman–Stein vector-valued maximal inequality [1] as follows.

Lemma 2.1. Let 1 < p, q < ∞, ω ∈ Ap, f = { fi}i∈Z, fi ∈ Lloc(Rn),∥∥∥∥M( f )∥lq
∥∥∥

Lp
ω
≤ C

∥∥∥∥ f ∥lq
∥∥∥

Lp
ω

whereM( f ) = {M( fi)}i∈Z.

Remark 2.2. If we let fi = χQi , for some collection of cubes Qi, then given 0 < p < ∞, τ > 1 and ω ∈ A∞, there
exists r > 1 such that ω ∈ Arp. Thus we have that∥∥∥∥∥∥∥∑i

χτQi

∥∥∥∥∥∥∥
Lp
ω

≲

∥∥∥∥∥∥∥∥
∑

i

(
MχQi

)r


1
r
∥∥∥∥∥∥∥∥

r

Lrp
ω

≲

∥∥∥∥∥∥∥∑i

χQi

∥∥∥∥∥∥∥
Lp
ω

.

Lemma 2.3 ([5]). Fix q > 1. Suppose that 0 < p < q and ω ∈ RH( q
p )′ . We are given countable collections of cubes

{Q j}
∞

j=1, of non-negative numbers {λ j}
∞

j=1 and of non-negative measurable functions {a j}
∞

j=1 such that supp(a j) ⊂ Q j,∥∥∥a j

∥∥∥
Lq ≤ |Q j|

1
qω(Q j)

−
1
p . Then∥∥∥∥∥∥∥∥

∞∑
j=1

λ ja j

∥∥∥∥∥∥∥∥
Lp
ω

≤ C

∥∥∥∥∥∥∥∥
∞∑
j=1

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

.

In order to obtain the atomic decomposition, we need a new reproducing formula. Thus, we introduce
test functions as follows.

Definition 2.4. Let ψ0, ψ ∈ S(Rn) satisfies

suppψ0 ⊆ {x ∈ Rn : |x| ≤ 1};
∫
ψ0 = 1, (5)

suppψ ⊆ {x ∈ Rn : |x| ≤ 1};
∫
ψ(x)xαdx = 0, for all |α| ≤M, (6)
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and

|ψ̂0(ξ)|2 +
∞∑
j=1

|ψ̂(2− jξ)|2 = 1, for all ξ ∈ Rn, (7)

where a constant M =Mp,n is large enough.

Lemma 2.5. Let 0 < p < ∞, ω ∈ A∞, qω = inf{q : ω ∈ Aq} and qω < q < ∞. Suppose that ψ0, ψ ∈ S(Rn) satisfies
(2.1)-(2.3). Then there exists a positive integer N such that for any f ∈ hp

ω(Rn) ∩ Lq(Rn)

f (x) =
∑
j∈N

∑
Q∈Π j+N

|Q|ψ j(x − uQ)(ψ j ∗ h)(uQ),

where uQ is any point in Q and h ∈ hp
ω(Rn) ∩ Lq(Rn) satisfies

∥h∥Lq ∼

∥∥∥ f
∥∥∥

Lq , ∥h∥hp
ω
∼

∥∥∥ f
∥∥∥

hp
ω
.

Moreover, the series converges in Lq(Rn).

Proof. Applying the Calderón reproducing formula on L2(Rn) and the Coifman’s decomposition, we have
that

f (x) =
∑
j∈N

ψ j ∗ ψ j ∗ f (x)

=
∑
j∈N

∑
Q∈Π j+N

∫
Q
ψ j(x − u)(ψ j ∗ f )(u)du

=: TN( f )(x) + Rn( f )(x),

where

TN( f )(x) =
∑
j∈N

∑
Q∈Π j+N

|Q|ψ j(x − uQ)(ψ j ∗ f )(uQ),

RN( f )(x) =
∑
j∈N

∑
Q∈Π j+N

∫
Q

[ψ j(x − u)(ψ j ∗ f )(u) − ψ j(x − uQ)(ψ j ∗ f )(uQ)]du,

the positive integer N will be chosen later and uQ is any point in Q.
Details are similar to those in [14, 18, 34]. By a standard almost orthogonality estimation, we can prove

that ∥∥∥RN( f )
∥∥∥

hp
ω
≤ C2−N

∥∥∥ f
∥∥∥

hp
ω

and
∥∥∥RN( f )

∥∥∥
Lq ≤ C2−N

∥∥∥ f
∥∥∥

Lq .

We can choose N large enough so that C2−N < 1. Since I = TN + RN and RN is bounded on hp
ω(Rn) and

Lq(Rn), then TN and T−1
N are bounded on hp

ω(Rn) and L2(Rn). Moreover, T−1
N =

∞∑
n=0

(RN)n. Let h(x) = T−1
N ( f )(x)

and then

∥h∥hp
ω
∼

∥∥∥ f
∥∥∥

hp
ω
, ∥h∥Lq ∼

∥∥∥ f
∥∥∥

Lq .

Furthermore,

f (x) = TN(T−1
N ( f ))(x) =

∑
j∈N

∑
Q∈Π j+N

|Q|ψ j(x − uQ)(ψ j ∗ h)(uQ).
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where the series converges in L2(Rn).
Next we will prove that the series above converges in Lq(Rn) for any 1 < q < ∞. Since Lq(Rn)∩ L2(Rn) is

dense in Lq(Rn), it suffices to show that the series converges in Lq(Rn) for any function f ∈ Lq(Rn) ∩ L2(Rn).
Let

Bl = {Q : l(Q) = 2− j−N, Q ⊂ B(0, l), | j| ≤ l},

where B(0, l) are balls centered at origin with radii l in Rn. Write ψQ = ψ j. We claim that for each function
f ∈ Lq(Rn) ∩ L2(Rn)∥∥∥∥∥∥∥∑l>L

∑
Q∈Bl

|Q|ψQ(x − uQ)(ψQ ∗ h)(uQ)

∥∥∥∥∥∥∥
Lq

→ 0, as L→ +∞.

In fact, by the duality argument and the fact that ψQ is radial, we have that∥∥∥∥∥∥∥∑l>L

∑
Q∈Bl

|Q|ψQ(x − uQ)(ψQ ∗ h)(uQ)

∥∥∥∥∥∥∥
Lq

= sup
∥1∥Lq′ ≤1

〈∑
l>L

∑
Q∈Bl

|Q|ψQ(x − uQ)(ψQ ∗ h)(uQ), 1
〉

= sup
∥1∥Lq′ ≤1

∑
l>L

∑
Q∈Bl

|Q|(ψQ ∗ h)(uQ)
∫
Rn
ψQ(x − uQ)1(x)dx

= sup
∥1∥

Lq′ ≤1

∣∣∣∣∣∣∣∑l>L

∑
Q∈Bl

|Q|(ψQ ∗ h)(uQ)(ψQ ∗ 1)(uQ)

∣∣∣∣∣∣∣
≤ sup
∥1∥

Lq′ ≤1

∣∣∣∣∣∣∣
∫
Rn

∑
l>L

∑
Q∈Bl

(ψQ ∗ h)(uQ)(ψQ ∗ 1)(uQ)χQ(y)dy

∣∣∣∣∣∣∣
≤ sup
∥1∥Lq′ ≤1

∫
Rn

∑
l>L

∑
Q∈Bl

|(ψQ ∗ h)(uQ)|2χQ(y)


1
2

×

∑
l>L

∑
Q∈Bl

|(ψQ ∗ 1)(uQ)|2χQ(y)


1
2

dy

≤ sup
∥1∥Lq′ ≤1

∥∥∥∥∥∥∥∥
∑

l>L

∑
Q∈Bl

|(ψQ ∗ 1)(uQ)|2χQ(y)


1
2
∥∥∥∥∥∥∥∥

Lq′

×

∥∥∥∥∥∥∥∥
∑

l>L

∑
Q∈Bl

|(ψQ ∗ h)(uQ)|2χQ(y)


1
2
∥∥∥∥∥∥∥∥

Lq

≤ C

∥∥∥∥∥∥∥∥
∑

l>L

∑
Q∈Bl

|(ψQ ∗ h)(uQ)|2χQ(y)


1
2
∥∥∥∥∥∥∥∥

Lq

,

which tends to zero as L goes to infinity. Then by a standard density argument, we can obtain the desired
result.

By Lemma 2.5, we can obtain the following corollary.
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Corollary 2.6. Let 0 < p < ∞, ω ∈ A∞, qω < q < ∞. Suppose that ψ0, ψ ∈ S(Rn) satisfies (2.1)-(2.3). Then for
any f ∈ hp

ω(Rn) ∩ Lq(Rn),

∥∥∥ f
∥∥∥

hp
ω
∼

∥∥∥∥∥∥∥∥∥

∑
j∈N

∑
Q∈Π j+N

sup
u∈Q
|ψ j ∗ f (u)|2χQ(x)


1
2
∥∥∥∥∥∥∥∥∥

Lp
ω

.

Proof. From the above proof, we know that

∥∥∥TN( f )
∥∥∥

hp
ω
=

∥∥∥∥∥∥∥∥
∑
j∈N

∑
Q∈Π j+N

|Q|ψ j(x − uQ)(ψ j ∗ f )(uQ)

∥∥∥∥∥∥∥∥
hp
ω

≤ C

∥∥∥∥∥∥∥∥∥

∑
j∈N

∑
Q∈Π j+N

|(ψ j ∗ f )(uQ)|2χQ


1
2
∥∥∥∥∥∥∥∥∥

Lp
ω

.

Hence, for any f ∈ Lq
ω(Rn) ∩ hp

ω(Rn), we can obtain that∥∥∥ f
∥∥∥

hp
ω
=

∥∥∥T−1
N ◦ TN( f )

∥∥∥
hp
ω

≤ C
∥∥∥TN( f )

∥∥∥
hp
ω

≤ C

∥∥∥∥∥∥∥∥∥

∑
j∈N

∑
Q∈Π j+N

|(ψ j ∗ f )(uQ)|2χQ


1
2
∥∥∥∥∥∥∥∥∥

Lp
ω

,

which implies that

∥∥∥ f
∥∥∥

hp
ω
≤ C

∥∥∥∥∥∥∥∥∥

∑
j∈N

∑
Q∈Π j+N

inf
u∈Q
|(ψ j ∗ f )(u)|2χQ


1
2
∥∥∥∥∥∥∥∥∥

Lp
ω

.

Then, repeating the same process, we can obtain that∥∥∥∥∥∥∥∥∥

∑
j∈N

∑
Q∈Π j+N

sup
u∈Q
|(ψ j ∗ f )(u)|2χQ


1
2
∥∥∥∥∥∥∥∥∥

Lp
ω

≤ C
∥∥∥ f

∥∥∥
hp
ω
.

Details are similar to those in [7]. Furthermore, we have that

∥∥∥ f
∥∥∥

hp
ω
≈

∥∥∥∥∥∥∥∥∥

∑
j∈N

∑
Q∈Π j+N

sup
u∈Q
|(ψ j ∗ f )(u)|2χQ


1
2
∥∥∥∥∥∥∥∥∥

Lp
ω

.

Therefore, we complete the proof.

Then we give the following lemma which is need for the proof of Theorem 1.8. The proof of the lemma
is similar to but easier than those in [8, 29].

Lemma 2.7. Let 0 < p < ∞, ω ∈ A∞. Then for any f ∈ S′(Rn),∥∥∥ f
∥∥∥

hp
ω
∼

∥∥∥1( f )
∥∥∥

Lp
ω
.
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We also recall the following key lemmas which are need for the proof of Section 4. For more details, see
[5].

Lemma 2.8. Fix q > 1. If 0 < p < q and ω ∈ RH( q
p )′ , then for all sequences of cubes {Qk} and non-negative functions

{1k} such that supp(1k) ⊂ Qk,∥∥∥∥∥∥∥∑k

1k

∥∥∥∥∥∥∥
Lp
ω

≲

∥∥∥∥∥∥∥∑k

(
1
|Qk|

∫
Qk

1
q
kdy

) 1
q

χQk

∥∥∥∥∥∥∥
Lp
ω

.

Lemma 2.9. Suppose 0 < α < n, 0 < p < n
α , and 1

q =
1
p −

α
n . If ωp

∈ RH q
p
, then for any countable collection of cubes

{Qk} and λk > 0,∥∥∥∥∥∥∥∑k

λk|Qk|
α
nχQk

∥∥∥∥∥∥∥
Lq
ωq

≲

∥∥∥∥∥∥∥∑k

λkχQk

∥∥∥∥∥∥∥
Lp
ωp

.

Here and throughout this paper, we assume that Φ ∈ S(Rn) with
∫
Φ , 0 and supp(Φ) ⊂ B(0,R), where

R is a given constant in (0,∞).

Lemma 2.10. Fix N ≥ 0 and 0 ≤ α < n. Let K be a distribution such that |K̂ (ξ)| ≲ |ξ|−α. Suppose further that
away from the originK agrees with a function in CN+1, and for all multi-indices β such that |β| ≤ N + 1,

|∂βK (x)| ≲ |x|−n+α−|β|.

Define the operator T by T f = K ∗ f . Let a be any ω-(p, q, s)-atom with supp(a) ⊂ Q for 0 < p < ∞ and 1 ≤ q < ∞.
Then for all x ∈ (Q∗)c,

MΦ(Ta)(x) ≲
Mατ (χQ)(x)τ

ω(Q)
1
p

,

where τ = n+N+1
n and ατ = α/τ.

Lemma 2.11. Given 0 < α < n, 1 < r < ∞, and 1 < p < n
α , define q by 1

p −
1
q =

α
n . If ω ∈ Ap,q, then∥∥∥∥∥∥∥∥

∑
k

(Mα1k)r


1
r

∥∥∥∥∥∥∥∥
Lq
ωq

≲

∥∥∥∥∥∥∥∥
∑

k

|1k|
r


1
r

∥∥∥∥∥∥∥∥
Lp
ωp

.

3. Proofs of Theorems 1.7 and 1.8

In this section, we will establish the atomic decomposition characterization of hp
ω(Rn) for 0 < p < ∞ and

ω ∈ A∞. Now we give the proof of the atom decomposition.

Proof of Theorem 1.7. Suppose that f ∈ hp
ω(Rn)∩ Lq(Rn), 0 < p < ∞, qω < q < ∞. By Lemma 2.5, we can obtain

f (x) =
∑
j∈N

∑
Q∈Π j+N

|Q|ψ j(x − uQ)(ψ j ∗ h)(uQ)

=
∑

Q∈ΠN

|Q|ψ0(x − uQ)(ψ0 ∗ h)(uQ) +
∑
j≥1

∑
Q∈Π j+N

|Q|ψ j(x − uQ)(ψ j ∗ h)(uQ)

= I + II.
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Define

S0(h)(x) =

 ∑
P∈ΠN

sup
u∈P
|ψ0 ∗ h(u)|2χP(x)


1
2

and

S1(h)(x) =


∑
j≥1

∑
Q∈Π j+N

sup
u∈Q
|ψ j ∗ h(u)|2χQ(x)


1
2

.

For any i ∈ Z and k = 0, 1, set

Ωi,k =
{
x ∈ Rn : Sk(h)(x) > 2i

}
and

Ω̃i,k =
{
x ∈ Rn : M(χΩi,k )(x) >

1
1000

}
.

Denote

Bi,0 =
{
P : P ∈ ΠN, |P ∩Ωi,0| >

1
2
|P|, |P ∩Ωi+1,0| ≤

1
2
|P|

}
and

Bi,1 =

Q : Q ∈
⋃
j≥1

Π j+N, |Q ∩Ωi,1| >
1
2
|Q|, |Q ∩Ωi+1,1| ≤

1
2
|Q|

 .
Denote that Q̃ ∈ Bi,1 are maximal dyadic cubes in Bi,1. If l(Q) = 2− j−N, use ψQ to denote ψ j.

Now we estimate II. We can rewrite

II =
+∞∑

i=−∞

∑
Q̃∈Bi,1

∑
Q⊂Q̃,Q∈Bi,1

|Q|(ψQ ∗ h)(uQ)ψQ(x − uQ)

=:
+∞∑

i=−∞

∑
Q̃∈Bi,1

λi
Q̃

ai
Q̃

(x),

where

ai
Q̃

(x) :=
1
λi

Q̃

∑
Q⊂Q̃

|Q|(ψQ ∗ h)(uQ)ψQ(x − uQ)

and

λi
Q̃

:= C̃
ω(Q̃)

1
p

|Q̃|
1
q

∥∥∥∥∥∥∥∥∥

∑
Q⊂Q̃

|ψQ ∗ h(uQ)|2χQ


1
2
∥∥∥∥∥∥∥∥∥

Lq

.

By the definition of ψQ, we find that ai
Q̃

is supported in c1Q̃ where c1 = 2N+2 and the vanishing moment

condition of ai
Q̃

follows from the vanishing moment condition of ψQ. There exists a constant C ≥ 1 such
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that |c1Q̃| ≤ C. Then we try to obtain the size condition of ai
Q̃

. By the duality argument,∥∥∥∥∥∥∥∥
∑
Q⊂Q̃

|Q|(ψQ ∗ h)(uQ)ψQ(x − uQ)

∥∥∥∥∥∥∥∥
Lq

= sup
∥1∥Lq′ ≤1

〈∑
Q⊂Q̃

|Q|(ψQ ∗ h)(uQ)ψQ(x − uQ), 1
〉

= sup
∥1∥Lq′ ≤1

∣∣∣∣∣∣∣∣
∫
Rn

∑
Q⊂Q̃

(ψQ ∗ h)(uQ)(ψQ ∗ 1)(uQ)χQ(y)dy

∣∣∣∣∣∣∣∣
≤ sup
∥1∥Lq′ ≤1

∫
Rn

∑
Q⊂Q̃

|(ψQ ∗ h)(uQ)|2χQ(y)


1
2

×

∑
Q⊂Q̃

|(ψQ ∗ 1)(uQ)|2χQ(y)


1
2

dy

≤ sup
∥1∥Lq′ ≤1


∫
Rn

∑
Q⊂Q̃

|(ψQ ∗ h)(uQ)|2χQ(y)


q
2

dy


1
q

×


∫
Rn

∑
Q⊂Q̃

|(ψQ ∗ 1)(uQ)|2χQ(y)


q′

2

dy


1
q′

≤ sup
∥1∥Lq′ ≤1

∥∥∥S1(1)
∥∥∥

Lq′

∥∥∥∥∥∥∥∥∥

∑
Q⊂Q̃

|(ψQ ∗ h)(uQ)|2χQ(y)


1
2
∥∥∥∥∥∥∥∥∥

Lq

.

Therefore, we can choose an appropriate constant C̃ such that

∥∥∥∥ai
Q̃

(x)
∥∥∥∥

Lq
≤
|Q̃|

1
q

ω(Q̃)
1
p

.

In conclusion, each ai
Q̃

(x) is a ω-(p, q, s)-atom of hp
ω(Rn).

Then, we try to prove that for any 0 < η < ∞, we have∥∥∥∥∥∥∥∥∥
∑

i

∑
Q̃∈Bi,1

λ
i
Q̃
χc1Q̃

ω(Q̃)
1
p


η

1
η

∥∥∥∥∥∥∥∥∥
Lp
ω

≤ Cη
∥∥∥ f

∥∥∥
hp
ω
.

We claim that∥∥∥∥∥∥∥∥∥

∑
Q⊂Q̃

|ψQ ∗ h(uQ)|2χQ


1
2
∥∥∥∥∥∥∥∥∥

Lq

≤ C2i
∣∣∣∣Q̃∣∣∣∣ 1

q
. (8)
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When x ∈ Q and Q ∈ Bi,1, M(χQ∩Ω̃i,1\Ωi+1,1
)(x) > 1

2 . Moreover, since

χQ(x) ≤ 2M(χQ∩Ω̃i,1\Ωi+1,1
)(x),

then

χQ(x) ≤ 4M2(χQ∩Ω̃i,1\Ωi+1,1
)(x).

By Lemma 2.1, for any 1 < q < ∞,∥∥∥∥∥∥∥∥∥

∑
Q⊂Q̃

|ψQ ∗ h(uQ)|2χQ


1
2
∥∥∥∥∥∥∥∥∥

q

Lq

=

∫
Rn

∑
Q⊂Q̃

|ψQ ∗ h(uQ)|2χQ(x)


q
2

dx

≤ C
∫
Rn

∑
Q⊂Q̃

|ψQ ∗ h(uQ)|2M2(χQ∩Ω̃i,1\Ωi+1,1
)(x)


q
2

dx

≤ C
∫
Rn

∑
Q⊂Q̃

|ψQ ∗ h(uQ)|2χQ∩Ω̃i,1\Ωi+1,1
(x)


q
2

dx

≤ C
∫

Q̃∩Ω̃i,1\Ωi+1,1

∑
Q⊂Q̃

|ψQ ∗ h(uQ)|2χQ(x)


q
2

dx

≤ C
∫

Q̃∩Ω̃i\Ωi+1

(
S1(h)

)q
dx ≤ C2iq

∣∣∣∣Q̃∣∣∣∣ .
Hence, we finished the proof of the claim (8). Now we can obtain∥∥∥∥∥∥∥∥∥

∑
i

∑
Q̃∈Bi,1

λ
i
Q̃
χc1Q̃

ω(Q̃)
1
p


η

1
η

∥∥∥∥∥∥∥∥∥
Lp
ω

≤ C

∥∥∥∥∥∥∥∥∥
∑

i

∑
Q̃∈Bi,1

(
2iχc1Q̃

)η
1
η

∥∥∥∥∥∥∥∥∥
Lp
ω

.

Since Ωi,1 ⊂ Ω̃i,1 for any i ∈ Z and |Ω̃i,1| ≤ C|Ωi,1| for any x ∈ Rn, we have

χ
Ω̃i,1

(x) ≤ CMγ(χΩi,1 )(x),

where γ is large enough such that γp > qω and γη > 1. Applying Lemma 2.1 with ω ∈ Aγp, we can obtain∥∥∥∥∥∥∥∥∥
∑

i

∑
Q̃∈Bi,1

(
2iχc1Q̃

)η
1
η

∥∥∥∥∥∥∥∥∥
Lp
ω

≤ Cη

∥∥∥∥∥∥∥∥
∑

i

(
2iχ
Ω̃i,1

)η
1
η

∥∥∥∥∥∥∥∥
Lp
ω

≤ Cη

∥∥∥∥∥∥∥∥
∑

i

(
2

i
γ M(χΩi,1 )

)γη
1
γη

∥∥∥∥∥∥∥∥
γ

Lγp
ω

≤ Cη

∥∥∥∥∥∥∥∥
∑

i

2iηχΩi,1


1
η

∥∥∥∥∥∥∥∥
Lp
ω

.



X. Chen, J. Tan / Filomat 38:17 (2024), 5925–5949 5939

It is easy to know that Ωi+1,1 ⊂ Ωi,1 and |
∞⋂

i=1
Ωi,1| = 0. Then for almost every x ∈ Rn, we have

∑
i

2iηχΩi,1 (x)


1
η

∼

∑
i

2iηχΩi,1\Ωi+1,1 (x)


1
η

.

Hence, together with Corollary 2.6, we conclude that∥∥∥∥∥∥∥∥
∑

i

2iηχΩi,1


1
η

∥∥∥∥∥∥∥∥
p

Lp
ω

≤ C

∥∥∥∥∥∥∥∥
∑

i

2iηχΩi,1\Ωi+1,1


1
η

∥∥∥∥∥∥∥∥
p

Lp
ω

= C
∫
Rn

∑
i

2iχΩi,1\Ωi+1,1


p

ω(x)dx = C
∑

i

∫
Ωi,1\Ωi+1,1

2ipω(x)dx

≤ C
∫
Rn

(
S1( f )

)p
ω(x)dx ≤ C

∥∥∥ f
∥∥∥p

hp
ω
.

Next we estimate I. We can use P to denote Q if Q ∈ ΠN and rewrite

I =:
∑

i

∑
P∈Bi,0

µi
Pbi

P(x)

where bi
P(x) = 1

µi
P
|P|(ψ0 ∗ h)(uP)ψ0(x − uP) and µi

P = C̃|(ψ0 ∗ h)(uP)|. Let C̃ = 2−Nnω(P)
1
p |P|−

1
q
∥∥∥ψ0

∥∥∥
Lq . Similarly,

by the definition of ψ0, we find that bi
P is supported in c0P where c0 = 3. Moreover, there exist a constant

C ≥ 1 such that |c0P| > C. It is easy to prove that
∥∥∥bi

P

∥∥∥
Lq =

1
µi

P
|P||ψ0 ∗ h(uP)|(

∫
Rn |ψ0(x − uP)|qdx)

1
q ≤ |P|

1
qω(P)−

1
p .

In conclusion, each bi
P(x) is a ω-(p, q, s)-block of hp

ω(Rn). Repeating the similar but easier argument, we can
obtain∥∥∥∥∥∥∥∥∥

∑
i

∑
P∈Bi,0

µi
Pχc0P

ω(P)
1
p

η


1
η

∥∥∥∥∥∥∥∥∥
Lp
ω

≤ Cη
∥∥∥ f

∥∥∥
hp
ω
.

Consequently, we can know that∥∥∥∥∥∥∥∥∥
∑

i

∑
Q̃∈Bi,1

λ
i
Q̃
χc1Q̃

ω(Q̃)
1
p


η

1
η

∥∥∥∥∥∥∥∥∥
Lp
ω

+

∥∥∥∥∥∥∥∥∥
∑

i

∑
P∈Bi,0

µi
Pχc0P

ω(P)
1
p

η


1
η

∥∥∥∥∥∥∥∥∥
Lp
ω

≤ Cη
∥∥∥ f

∥∥∥
hp
ω
.

Therefore, we complete the proof. □
Next we will prove the reconstruction theorem for the atomic decomposition.

Proof of Theorem 1.8. Notice that for almost every x ∈ Rn

|1( f )(x)| ≤
∞∑
j=1

λ j|1(a j)(x)| +
∞∑
j=1

µ j|1(b j)(x)| = I + II.

For II,

II =
∞∑
j=1

µ j|1(b j)(x)|χ4P j (x) +
∞∑
j=1

µ j|1(b j)(x)|χ(4P j)c (x)

= II1 + II2.
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Now we estimate the term II1. Denote h j(x) = 1(b j)(x)χ4P j . By the size condition of atoms and q > qr, we
obtain∥∥∥h j

∥∥∥
Lq ≤

∥∥∥1(b j)
∥∥∥

Lq ≤ C
∥∥∥b j

∥∥∥
Lq ≤ C|P j|

1
qω(P j)

−
1
p .

Together with the fact supp(h j) ⊂ 4P j, Lemma 2.3 and Remark 2.2, we obtain

∥II1∥Lp
ω
=

∥∥∥∥∥∥∥∥
∞∑
j=1

µ jh j(x)

∥∥∥∥∥∥∥∥
Lp
ω

≤ C

∥∥∥∥∥∥∥∥
∞∑
j=1

µ jχ4P j

ω(P j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

≤ C

∥∥∥∥∥∥∥∥
∞∑
j=1

µ jχP j

ω(P j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

.

Next we estimate II2. For all x ∈ (4P j)c, we have

|(ϕi ∗ b j)(x)| ≤
∫

P j

|ϕi(x − y)b j(y)|dy

≤ sup
z∈P j

|ϕi(x − z)|
∫

P j

|b j(y)|dy

≤ C
2in

(1 + 2i|x − xP j |)M

∥∥∥b j

∥∥∥
Lq |P j|

1
q′

≤ C
2in

(1 + 2i|x − xP j |)M

|P j|
1
q |P j|

1
q′

ω(P j)
1
p

≤ C
2in

(1 + 2i|x − xP j |)M

l(P j)M

ω(P j)
1
p

for some sufficient large M > n > 0. Observe that |P j| > C ≥ 1 and if M > n,

∞∑
i=0

C
2in

(1 + 2i|x − xP j |)M ≤
C

|x − xP j |
M .

Therefore, we obtain

II2 =

∞∑
j=1

µ j

∑
i∈N

|ϕi ∗ b j(x)|2


1
2

χ(4P j)c (x)

≤

∞∑
j=1

µ j

∑
i∈N

|ϕi ∗ b j(x)|

χ(4P j)c (x)

≤ C
∞∑
j=1

µ j
ω(P j)

−
1
p (l(P j))M

|x − xP j |
M χ(4P j)c (x).

Let M = n + s + 1 and γ = M
n . We have

II2 ≤ C
∞∑
j=1

µ jω(P j)
−

1
p

((
l(P j)
|x − xP j |

)n)γ
χ(4P j)c (x)

≤ C
∞∑
j=1

µ jω(P j)
−

1
p (MχP j )

γ(x).
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Sinceω ∈ A∞ with the critical index qω and s ≥ max{[n( qω
p −1)],−1}, we know that γp > qω and thenω ∈ Aγp.

Applying Lemma 2.1 yields that

∥II2∥Lp
ω
≤ C

∥∥∥∥∥∥∥∥
∞∑
j=1

µ j(MχP j )
γ

ω(P j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

= C

∥∥∥∥∥∥∥∥∥
 ∞∑

j=1

µ j(MχP j )
γ

ω(P j)
1
p


1
γ

∥∥∥∥∥∥∥∥∥
γ

Lγp
ω

≤ C

∥∥∥∥∥∥∥∥∥
 ∞∑

j=1

µ jχP j

ω(P j)
1
p


1
γ

∥∥∥∥∥∥∥∥∥
γ

Lγp
ω

= C

∥∥∥∥∥∥∥∥
∞∑
j=1

µ jχP j

ω(P j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

.

By Lemma 2.7 and the estimates of II1 and II2, we obtain∥∥∥∥∥∥∥∥
∞∑
j=1

µ jb j

∥∥∥∥∥∥∥∥
hp
ω

≤ C

∥∥∥∥∥∥∥∥
∞∑
j=1

µ j1(b j)

∥∥∥∥∥∥∥∥
Lp
ω

≤ C

∥∥∥∥∥∥∥∥
∞∑
j=1

µ jχP j

ω(P j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

.

Similarly, for I, we can find that

I =
∞∑
j=1

λ j|1(a j)(x)|χ2Q j (x) +
∞∑
j=1

λ j|1(a j)(x)|χ(2Q j)c (x)

:= I1 + I2,

and

∥I1∥Lp
ω
≤ C

∥∥∥∥∥∥∥∥
∞∑
j=1

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

.

Note that Q j ≡ Q j(x j, l(Q j)). Denote by ps
i the sum of first s + 1 terms in the Taylor expansion of ϕi(y − z) at

y − x j. Details are similar to those in [28]. Applying the vanishing moment and size condition of a j and the
smoothness conditions on ϕ j, we can obtain

1(a j)2(y) =
∑

i

∣∣∣∣∣∫
Rn

a j(z)[ϕi(y − z) − ps
i (y, z, x j)]dz

∣∣∣∣∣2
≤ C

ω(Q j)
−

2
p l(Q j)2(n+s+1)

|y − x j|
2(n+s+1)

.

Let γ = n+s+1
n . By repeating the similar analysis as in the estimate of II, we can obtain

∥I2∥Lp
ω
≤ C

∥∥∥∥∥∥∥∥
∞∑
j=1

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

.

Therefore, it concludes that∥∥∥∥∥∥∥∥
∞∑
j=1

λ ja j

∥∥∥∥∥∥∥∥
hp
ω

≤ C

∥∥∥∥∥∥∥∥
∞∑
j=1

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

.

Observe that∥∥∥∥∥∥∥∥
∞∑
j=1

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

+

∥∥∥∥∥∥∥∥
∞∑
j=1

µ jχP j

ω(P j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

< ∞,
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which implies that∥∥∥∥∥∥∥∥
∞∑

j=N

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

+

∥∥∥∥∥∥∥∥
∞∑

j=N

µ jχP j

ω(P j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

→ 0, as N→∞.

Thus,

lim
N→∞

∥∥∥∥∥∥∥∥
∞∑

j=N

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

= 0, lim
N→∞

∥∥∥∥∥∥∥∥
∞∑

j=N

µ jχP j

ω(P j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

= 0.

Notice that∥∥∥∥∥∥∥∥
∞∑

j=N

λ ja j

∥∥∥∥∥∥∥∥
hp
ω

≤ C

∥∥∥∥∥∥∥∥
∞∑

j=N

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

;

∥∥∥∥∥∥∥∥
∞∑

j=N

µ jb j

∥∥∥∥∥∥∥∥
hp
ω

≤ C

∥∥∥∥∥∥∥∥
∞∑

j=N

µ jχP j

ω(P j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

.

Therefore, we can obtain

lim
N→∞

∥∥∥∥∥∥∥∥
∞∑

j=N

λ ja j

∥∥∥∥∥∥∥∥
hp
ω

= 0, lim
N→∞

∥∥∥∥∥∥∥∥
∞∑

j=N

µ jb j

∥∥∥∥∥∥∥∥
hp
ω

= 0,

which implies that the series
∑

j
λ ja j +

∑
j
µ jb j converges in hp

ω(Rn). □

4. Proofs of Theorems 1.9, 1.10 and 1.12

This section is devoted to proving the boundedness results given in Theorems 1.9 and 1.10 for the
inhomogenous Calderón–Zygmund singular integrals and Theorem 1.12 for the local fractional integrals.
Proof of Theorem 1.9. Recalling the atomic decomposition of weighted local Hardy spaces in Theorem 1.7,
we know that if f ∈ hp

ω(Rn) ∩ Lq(Rn), there exist a sequence of ω-(p, q, s)-atoms {a j}
∞

j=1 with a corresponding
sequence of non-negative numbers {λ j}

∞

j=1 and a sequence of ω-(p, q, s)-blocks {b j}
∞

j=1 with a corresponding

sequence of non-negative numbers {µ j}
∞

j=1 such that f =
∑

j
λ ja j+

∑
j
µ jb j in hp

ω(Rn)∩Lq(Rn) with ( n+η
n )p < q < ∞,

and that∥∥∥∥∥∥∥∥
∞∑
j=1

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

+

∥∥∥∥∥∥∥∥
∞∑
j=1

µ jχP j

ω(P j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

≤ C
∥∥∥ f

∥∥∥
hp
ω
.

To prove the theorem, it will suffice to prove that

∥∥∥T( f )
∥∥∥

Lp
ω
≤ C1

∥∥∥∥∥∥∥∥
∞∑
j=1

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

+ C2

∥∥∥∥∥∥∥∥
∞∑
j=1

µ jχP j

ω(P j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

.
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In fact, for x ∈ Rn, we have∣∣∣T( f )(x)
∣∣∣ ≤∑

j

|λ j||T(a j)(x)| +
∑

j

|µ j||T(b j)(x)| =: I + II.

First we can prove that

∥I∥Lp
ω
≤ C

∥∥∥∥∥∥∥∥
∞∑
j=1

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

.

For x ∈ Rn,

I ≤
∞∑
j=1

|λ j||T(a j)(x)|χQ∗j (x) +
∞∑
j=1

|λ j||T(a j)(x)|χ(Q∗j)
c (x) =: I1 + I2.

Since T is a bounded operator on L2(Rn), from the Calderón-Zygmund real method in [19, Section 7.3], we
know that T is bounded on Lq(Rn) for any 1 < q < ∞. Together with the size condition of a j, we obtain that
for any ( n+η

n )p < q < ∞ 1
|Q∗j|

∫
Q∗j

|T(a j)χQ∗j |
qdx


1
q

≤

∥∥∥a j

∥∥∥
Lq

|Q∗j|
1
q

≤
|Q j|

1
q

ω(Q j)
1
p |Q∗j|

1
q

≤
C

ω(Q j)
1
p

.

Since ω ∈ A( n+η
n )p, then there exists r > 1 such that ω ∈ RHr. Fix q0 > max{p, 1} such that ( q0

p )′ < r. For I1, by
Lemma 2.8 and Remark 2.2, we can get that

∥I1∥Lp
ω
≤

∥∥∥∥∥∥∥∥
∑

j

|λ j||T(a j)|χQ∗j

∥∥∥∥∥∥∥∥
Lp
ω

≤ C

∥∥∥∥∥∥∥∥
∑

j

λ j

 1
|Q∗j|

∫
Q∗j

|T(a j)χQ∗j |
q0 dx


1

q0

χQ∗j

∥∥∥∥∥∥∥∥
Lp
ω

≤ C

∥∥∥∥∥∥∥∥
∑

j

λ jχQ∗j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

≤ C

∥∥∥∥∥∥∥∥
∑

j

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

.

For I2, note that x ∈ (Q∗j)
c and cQ j is the center of Q j. We can know that |x−cQ j | ≥ 2|y−cQ j | and |y−cQ j | ≤ l(Q j).

Applying the smooth condition of the kernelK , we obtain that

|T(a j)(x)| =

∣∣∣∣∣∣
∫

Q j

K (x, y)a j(y)dy

∣∣∣∣∣∣ ≤
∫

Q j

|K (x, y) −K (x, cQ j )||a j(y)|dy

≤ C
∫

Q j

|y − cQ j |
ϵ

|x − cQ j |
n+ϵ |a j(y)|dy ≤ C

l(Q j)ϵ

|x − cQ j |
n+ϵ

∫
Q j

|a j(y)|dy

≤ C
l(Q j)n+ϵ

ω(Q j)
1
p |x − cQ j |

n+ϵ
≤ C

(M(χQ j )(x))
n+η

n

ω(Q j)
1
p

.

Denote that γ = n+η
n . Notice that γp > 1 and ω ∈ Aγp. Applying Fefferman–Stein vector-valued maximal

inequality yields that
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∥I2∥Lp
ω
≤ C

∥∥∥∥∥∥∥∥
∑

j

|λ j|Mγ(χQ j )

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

≤ C

∥∥∥∥∥∥∥∥∥
∑

j

λ jMγ(χQ j )

ω(Q j)
1
p


1
γ

∥∥∥∥∥∥∥∥∥
γ

Lγp
ω

≤ C

∥∥∥∥∥∥∥∥
∑

j

λ jχQ j

ω(Q j)1/p

∥∥∥∥∥∥∥∥
Lp
ω

.

Combining the estimates of I1 and I2, we can obtain the desired result.
Then we can prove that

∥II∥Lp
ω
≤ C

∥∥∥∥∥∥∥∥
∞∑
j=1

µ jχP j

ω(P j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

.

By repeating the similar argument, we can know that for x ∈ Rn,

II ≤
∞∑
j=1

|µ j||T(b j)(x)|χP∗j (x) +
∞∑
j=1

|µ j||T(b j)(x)|χ(P∗j)
c (x) =: II1 + II2

and

∥II1∥Lp
ω
≤ C

∥∥∥∥∥∥∥∥
∞∑
j=1

µ jχP j

ω(P j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

.

For I2, when x ∈ (P∗j)
c and y ∈ P j, we have |x − y| ∼ |x − cP j | and |x − y| > 1/2. By using the size condition of

K and the fact that |P j| > C, we can get that for any x ∈ (P∗j)
c,

|T(b j)(x)| =

∣∣∣∣∣∣
∫

P j

K (x, y)b j(y)dy

∣∣∣∣∣∣ ≤
∫

P j

|K (x, y)||b j(y)|dy

≤ C
1

|x − cP j |
n+δ

∫
P j

|b j(y)|dy ≤ C
1

|x − cP j |
n+δ

∥∥∥b j

∥∥∥
Lq |P j|

1
q′

≤ C
l(P j)n+δ

ω(P j)
1
p |x − cP j |

n+δ
≤ C

(M(χP j )(x))
n+η

n

ω(P j)
1
p

.

Then, it concludes that

∥II2∥Lp
ω
≤ C

∥∥∥∥∥∥∥∥
∑

j

µ jχP j

ω(P j)1/p

∥∥∥∥∥∥∥∥
Lp
ω

.

Therefore, by a density argument, we finish the proof of the theorem. □
Proof of Theorem 1.10. By the argument similar to that used in the above proof, it will suffice to prove that
for f ∈ hp

ω(Rn) ∩ Lq(Rn) with ( n+η
n )p < q < ∞,

∥∥∥T( f )
∥∥∥

hp
ω
=

∥∥∥MΦ(T( f ))
∥∥∥

Lp
ω
≤ C1

∥∥∥∥∥∥∥∥
∞∑
j=1

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

+ C2

∥∥∥∥∥∥∥∥
∞∑
j=1

µ jχP j

ω(P j)
1
p

∥∥∥∥∥∥∥∥
Lp
ω

.

We claim that for x ∈ Rn, we have

sup
0<t<1

|Φt ∗ T( f )(x)| ≤ I + II,
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where

I =
∑

j

λ j

ω(Q j)
1
p

(M(T(a j))(x)χ2
√

nQ∗j
(x) + (M(χQ j )(x))γχ(2

√
nQ∗j)

c (x))

and

II =
∑

j

µ j

ω(P j)
1
p

(M(T(b j))(x)χ2
√

nP∗j
(x) + (M(χP j )(x))γχ(2

√
nP∗j)

c (x))

with γ = n+η
n . Applying the claim and repeating the nearly identical argument to the proof of Theorem 1.9,

we can obtain the desired result. In fact, when x ∈ 2
√

nQ∗j, we just need the pointwise estimate

MΦ(T(
∑

j

λ ja j))(x) ≤ C
∑

j

λ jM(T(a j))(x).

When x ∈ (2
√

nQ∗j)
c, we have

|Φt ∗ T(a j)(x)| =
∣∣∣∣∣∫
Rn
Φt(x − y)T(a j)(y)dy

∣∣∣∣∣ ≤ t−n
∫

B(x,t)
|T(a j)(y)|dy ≤ sup

y∈B(x,t)
|T(a j)(y)|.

Notice that |Q j| ≤ C and x ∈ (2
√

nQ∗j)
c. If 0 < t ≤ |x − cQ j |/2, we can get that y ∈ (Q∗j)

c. Therefore, from the
proof of Theorem 1.9, we conclude that

sup
y∈B(x,t)

|T(a j)(y)| ≤ C
(M(χQ j )(x))γ

ω(Q j)
1
p

.

Then we consider the case that t > |x − cQ j |/2. Observe that a j satisfies
∫
Rn T(a j)(x)dx = 0. For any

x ∈ (2
√

nQ∗j)
c, applying the mean value theorem and Hölder’s inequality yields that

|Φt ∗ T(a j)(x)| =
∣∣∣∣∣∫
Rn

(Φt(x − y) −Φt(x − cQ j ))T(a j)(y)dy
∣∣∣∣∣

≤ t−n
∫
Rn

∣∣∣∣∣ y − cQ j

t

∣∣∣∣∣ |Φ′((x − cQ j + θ(cQ j − y))/t)||T(a j)(y)|dy

≤ C|x − cQ j |
−n−1

∫
Q∗j

|y − cQ j ||T(a j)(y)|dy +
∫

(Q∗j)
c
|y − cQ j ||T(a j)(y)|dy


≤ C|x − cQ j |

−n−1

l(Q j)
n
q′ +1

∥∥∥T(a j)
∥∥∥

Lq +

∫
(Q∗j)

c

l(Q j)n+η

ω(Q j)
1
p |y − cQ j |

n+η−1
dy


≤ C|x − cQ j |

−n−1l(Q j)n+1ω(Q j)
−

1
p ≤ C

(M(χQ j )(x))γ

ω(Q j)
1
p

,

where θ ∈ (0, 1).
Similarly, when x ∈ 2

√
nP∗j, we can get that

MΦ(T(
∑

j

µ jb j)(x)) ≤ C
∑

j

µ jM(T(b j))(x)

and when x ∈ (2
√

nP∗j)
c,

|Φt ∗ T(b j)(x)| ≤ sup
y∈B(x,t)

|T(b j)(y)|.
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Notice that |P j| > C. Then we can get that y ∈ (P∗j)
c. Then, repeating the same argument as used above, we

can obtain that

sup
y∈B(x,t)

|T(b j)(y)| ≤ C
(M(χP j )(x))γ

ω(P j)
1
p

.

Therefore, we complete the proof of the theorem. □
Proof of Theorem 1.12. To prove the first part of this theorem, we apply the argument similar to that used
in the proof of Theorem 1.9 and Theorem 1.10 and so we only need to concentrate on the differences. Now
we consider the case when 1 < q < ∞. By the atomic decomposition of hp

ω(Rn) and a dense argument, in
order to show that Iloc

α admits a bounded extension from hp
ωp (Rn) to Lq

ωq (Rn), we only need to prove that∥∥∥∥∥∥∥∥
∑

j

λ jIloc
α (a j)

∥∥∥∥∥∥∥∥
Lq
ωq

≤ C1

∥∥∥∥∥∥∥∥
∑

j

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ωp

(9)

and ∥∥∥∥∥∥∥∥
∑

j

µ jIloc
α (b j)

∥∥∥∥∥∥∥∥
Lq
ωq

≤ C2

∥∥∥∥∥∥∥∥
∑

j

µ jχP j

ω(P j)
1
p

∥∥∥∥∥∥∥∥
Lp
ωp

, (10)

where each a j is ω-(p, t, s)-atom, each b j is ω-(p, t, s)-block and the exact value of t will be chosen below.
Then we prove (9). We first estimate the condition that |x − cQ j | ≤ l(Q∗j). Since ωp

∈ RH q
p
, ωq
∈ A∞, there

exists r > 1 such that ωq
∈ RHr. Fix q0 > max{q, 1} such that ( q0

q )′ < r. Then ωq
∈ RH( q0

q

)′ . Define p0 > 1 by
1
p0
−

1
q0
= α

n . Moreover, we choose t = p0. Thus, by Lemma 2.8, we have that∥∥∥∥∥∥∥∥
∑

j

λ jIloc
α (a j)χQ∗j

∥∥∥∥∥∥∥∥
Lq
ωq

≤

∥∥∥∥∥∥∥∥
∑

j

λ j|Iloc
α (a j)|χQ∗j

∥∥∥∥∥∥∥∥
Lq
ωq

≤ C

∥∥∥∥∥∥∥∥
∑

j

λ j

 1
|Q∗j|

∫
Q∗j

|Iloc
α (a j)χQ∗j |

q0 dx


1

q0

χQ∗j

∥∥∥∥∥∥∥∥
Lq
ωq

≤ C

∥∥∥∥∥∥∥∥
∑

j

λ j|Q∗j|
−

1
q0

∫
Q∗j

|a j|
p0 dx


1

p0

χQ∗j

∥∥∥∥∥∥∥∥
Lq
ωq

≤ C

∥∥∥∥∥∥∥∥
∑

j

λ j

|Q∗j|
−

1
q0 |Q j|

1
p0 χQ∗j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lq
ωq

≤ C

∥∥∥∥∥∥∥∥
∑

j

λ j

l(Q∗j)
αχQ∗j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lq
ωq

≤ C

∥∥∥∥∥∥∥∥
∑

j

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ωp

,

where the third inequality follows from the boundedness of Iloc
α on classical Lebesgue spaces ([35, Lemma

8.9]) and the last inequality follows from the Lemma 2.9, Remark 2.2.
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Let PN(y) be the Taylor polynomial of degree d of the kernel of Iloc
α centered at cQ j where the exact value

of d will be chosen below. When |x − cQ j | > l(Q∗j), by the moment condition of a j and the Taylor expansion
theorem, we obtain that

|Iloc
α (a j)(x)| ≤ C

l(Q j)α(MχQ j (x))γ

ω(Q j)
1
p

,

where γ = n+d+1−α
n+1 . Since ωp

∈ RH q
p
, then ωq

∈ A∞. We choose d such that γq > qωq . Therefore, by
Fefferman-Stein vector-valued maximal inequality and Lemma 2.9, we have∥∥∥∥∥∥∥∥

∑
j

λ jIloc
α (a j)χ(Q∗j)

c

∥∥∥∥∥∥∥∥
Lq
ωq

≤ C

∥∥∥∥∥∥∥∥
∑

j

λ j
l(Q j)α(MχQ j (x))γ

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lq
ωq

≤ C

∥∥∥∥∥∥∥∥
∑

j

λ j
l(Q j)αχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lq
ωq

≤ C

∥∥∥∥∥∥∥∥
∑

j

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ωp

.

Now we prove (10). Notice that

supp(Iloc
α (b j)) ⊂ P j(cP j , l(P j) + 4) ⊂ 10P j.

Repeating the similar argument, we can obtain that∥∥∥∥∥∥∥∥
∑

j

µ jIloc
α (b j)

∥∥∥∥∥∥∥∥
Lq
ωq

≤ C

∥∥∥∥∥∥∥∥
∑

j

µ jχP j

ω(P j)
1
p

∥∥∥∥∥∥∥∥
Lp
ωp

.

Therefore, we have proved the first part of the theorem.
Now we consider the boundedness of Iloc

α from hp
ωp (Rn) to hq

ωq (Rn). To end this, we need to prove that∥∥∥∥∥∥∥∥
∑

j

λ jMΦ(Iloc
α (a j))

∥∥∥∥∥∥∥∥
Lq
ωq

≤ C

∥∥∥∥∥∥∥∥
∑

j

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ωp

(11)

and ∥∥∥∥∥∥∥∥
∑

j

µ jMΦ(Iloc
α (b j))

∥∥∥∥∥∥∥∥
Lq
ωq

≤ C

∥∥∥∥∥∥∥∥
∑

j

µ jχP j

ω(P j)
1
p

∥∥∥∥∥∥∥∥
Lp
ωp

, (12)

where each a j is ω-(p, t,N)-atom, each b j is ω-(p, t,N)-block and the exact values of t and N will be chosen
below.

First we prove (11). For x ∈ Rn,∣∣∣∣∣∣∣∣
∑

j

λ jMΦ(Iloc
α (a j))(x)

∣∣∣∣∣∣∣∣
≤

∑
j

λ j|MΦ(Iloc
α (a j))(x)|χQ∗j (x) +

∑
j

λ j|MΦ(Iloc
α (a j))(x)|χ(Q∗j)

c (x)

=: I + II.
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To estimate I, arguing as before we may assume that q0 > max{q, 1}. Define p0 > 1 by 1
p0
−

1
q0
= α

n .
Together with the fact that MΦ is bounded on Lq0 (Rn), we can obtain that

∥I∥Lq
ωq
≤ C

∥∥∥∥∥∥∥∥
∑

j

λ j

 1
|Q∗j|

∫
Q∗j

(
MΦIloc

α (a j)
)q0

dx


1

q0

χQ∗j

∥∥∥∥∥∥∥∥
Lq
ωq

≤ C

∥∥∥∥∥∥∥∥
∑

j

λ j|Q∗j|
−

1
q0

∫
Q∗j

|Iloc
α (a j)|q0 dx


1

q0

χQ∗j

∥∥∥∥∥∥∥∥
Lq
ωq

≤ C

∥∥∥∥∥∥∥∥
∑

j

λ j|Q∗j|
α
n

ω(Q j)
1
p

χQ∗j

∥∥∥∥∥∥∥∥
Lq
ωq

≤ C

∥∥∥∥∥∥∥∥
∑

j

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ωp

.

To estimate II, we choose N so that(n − α +N + 1
n

)
q > qωq .

Let τ = n+N+1
n . Then, since 1

τp −
1
τq =

α
τn , we have that

1 +
τq

(τp)′
= τp

(
1 −

α
τn

)
=

(n − α +N + 1
n

)
q.

Let υ = ω
1
τ . Then we have that υτq = ωq

∈ A1+ τq

(τp)′
. Equivalently, we have that υ ∈ Aτp,τq. Therefore, by

Lemma 2.10 and Lemma 2.11 applied to the fractional maximal operator Mατ ,

∥II∥Lq
ωq
≤ C

∥∥∥∥∥∥∥∥∥
∑

j

λ j(Mατ (χQ j ))
τ

ω(Q j)
1
p


1
τ

∥∥∥∥∥∥∥∥∥
τ

Lqτ
υqτ

≤ C

∥∥∥∥∥∥∥∥∥
∑

j

λ jχQ j

ω(Q j)
1
p


1
τ

∥∥∥∥∥∥∥∥∥
τ

Lpτ
υpτ

= C

∥∥∥∥∥∥∥∥
∑

j

λ jχQ j

ω(Q j)
1
p

∥∥∥∥∥∥∥∥
Lp
ωp

.

Then we prove (12). From the definition of MΦ(Iloc
α (b j)), we can obtain that

supp(MΦ(Iloc
α (b j))) ⊂ P j(cP j , l(P j) + 8) ⊂ 20P j.

Applying the similar argument in the above proof, we can obtain the desired results. □
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