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Some new extensions of Darbo’s fixed point theorem with application
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Abstract. We present some new extensions of Darbo’s fixed-point theorem with a different aspect than
those available in the literature by introducing the concept of (k,L)-set contraction. The concept of (k,L)-set
contraction is interesting since there is no restriction for the constant L. We also present the nonlinear
Leray-Schauder type alternative for one of our results. Finally, to demonstrate the applicability, we utilize
theoretical results to provide the existence of solution of an integral equation.

1. Introduction and Preliminaries

It is well known that the Schauder fixed point theorem, which is the counterpart of Brouwer’s theorem in
infinite dimensional spaces, especially in function spaces, has a very important place in nonlinear analysis.
There are many generalizations of Schauder fixed point theorem in the literature [10, 11, 14, 22, 23]. One
of the tools for dealing with nonlinear analysis is measure of the noncompactness. This technique is very
useful in the existence of solution of differential and integral equations. In 1955 Darbo [13], considering
the measure of noncompactness defined by Kuratowski [16], obtained an applicable fixed point theorem.
Since then, some extensions of Darbo’s fixed point theorem have been obtained. [1–5, 7–9, 12, 15, 17–20].

In this paper, we present some new extensions of Darbo’s fixed point theorem with different aspects
than in the previous papers. We also provide the nonlinear Leray-Schauder type alternative for one of our
results. Finally, to demonstrate the applicability, we utilize theoretical results to provide the existence of
solution of an integral equation.

First, we recall the fundamental definition and important properties of measure of noncompactness.
(See for more information [6]).

Let (X, d) be a complete metric space andB(X) be the family of all bounded subsets ofX. A nonnegative
real valued mappingµdefined onB(X) is called measure of noncompactness onX if it satisfies the following
axioms: for all E,E1,E2 ∈ B(X),

• µ(E) = 0 if and only if E is precompact set,

• µ(E) = µ(E),

• µ(E1 ∪ E2) = max
{
µ(E1), µ(E2)

}
.
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* Corresponding author: Ishak Altun
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Let µ be a measure of noncompactness of a complete metric spaceX, then the following properties hold:
for all E,E1,E2 ∈ B(X),

• If E1 ⊆ E2, then µ(E1) ≤ µ(E2),

• µ(E1 ∩ E2) ≤ min
{
µ(E1), µ(E2)

}
,

• If E is a finite set, then µ(E) = 0,

• (Generalized Cantor intersection property) If {En} is a decreasing sequence of nonempty, closed and

bounded subsets of Xwith µ(En)→ 0 as n→∞, then
∞⋂

n=1
En is nonempty and compact.

Further, if X is a Banach space, then the function µ has additional properties, some of which are given
below: for all E,E1,E2 ∈ B(X),

• µ(λE) = |λ|µ(E), for any number λ,

• µ(E1 + E2) ≤ max
{
µ(E1), µ(E2)

}
,

• µ(ξ0 + E) = µ(E) for any ξ0 ∈ X,

• µ(coE) = µ(E), where coE is the convex hull of E.

Let us recall the fundamental fixed point theorem of Schauder.

Theorem 1.1 ([21] Schauder’s fixed point theorem). Let E be a nonempty, bounded, closed, and convex subset
of a Banach space X. Then each continuous and compact map F : E→ E has at least one fixed point in E.

Darbo used the measure of noncompactness to introduce the following concept of k-set contraction to
weaken the compactness condition in Schauder’s theorem.

Definition 1.2. Let E be a nonempty subset of a Banach space X. A mapping F : E → E is said to be a k-set
contraction if, for each D ⊆ E with bounded, FD is bounded and there exists k ∈ [0, 1) such that

µ(FD) ≤ kµ(D). (1)

Since every compact mapping is a k-set contraction, the following theorem is more general than
Schauder’s.

Theorem 1.3 ([13] Darbo’s fixed point theorem). Let E be a nonempty, bounded, closed, and convex subset of a
Banach space X. Then each continuous k-set contraction F : E→ E has at least one fixed point in E.

2. Main Results

We begin this section by introducing the concept of (k,L)-set contraction, which plays a crucial role in
our main results.

Definition 2.1. Let E be a nonempty subset of a Banach space X. A mapping F : E → E is said to be a (k,L)-set
contraction if, for each D ⊆ E with bounded, FD is bounded and there exist k ∈ [0, 1) and L ≥ 0 such that

µ(FD) ≤ kµ(D) + L
[
µ(D ∪ FD) − µ(D ∩ FD)

]
. (2)

It is clear that every k-set contraction is also a (k,L)-set contraction. It should be noted that in the studies
given to generalize the Darbo’s fixed point theorem, the sum of the coefficients of the terms on the right
side of the linear inequalities used instead of the k-set contraction condition is less than 1. There is also a
similar restriction for functions that correspond to the coefficients in nonlinear inequalities. As can be seen,
there is no such restriction in the definition of (k,L)-set contraction for L.

Now, we present our first main result.
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Theorem 2.2. Let E be nonempty, bounded, closed and convex subset of a Banach space X, and let F : E → E be a
continuous and (k,L)-set contraction. Then, F has a fixed point in E.

Proof. Set E0 = E and construct a sequences of subsets En as

En = co(F En−1) (3)

for n = 1, 2, · · · . In this case it can be easily seen that F En ⊆ En and En+1 ⊆ En for all n ∈ N. Indeed, by (3)
we get

E1 = co(F E0) ⊆ co(E0) = E0.

Also we get

F E1 ⊆ F E0 ⊆ co(F E0) = E1.

Similarly, by (3) we get

E2 = co(F E1) ⊆ co(E1) = E1

and

F E2 ⊆ F E1 = co(F E1) = E2.

Continuining this way we get F En ⊆ En and En+1 ⊆ En for all n ∈N.
Now, if there exists a natural number n0 such that µ(En0 ) = 0, then En0 is compact. In this case Theorem

1.1 implies thatF has a fixed point in E.Next, we assume thatµ(En) > 0 for n = 1, 2, · · · .By our assumptions,
we get

µ(En+1) = µ(co(F (En)))
= µ(F (En))
≤ kµ(En) + L

[
µ(En ∪ F En) − µ(En ∩ F En)

]
= kµ(En) + L

[
µ(En) − µ(F En)

]
= kµ(En) + L

[
µ(En) − µ(En+1)

]
.

Hence, we have

(1 + L)µ(En+1) ≤ (k + L)µ(En)

and so

µ(En+1) ≤
k + L
1 + L

µ(En).

Therefore, we obtain

µ(En+1) ≤ λn+1µ(E0)

for all n ∈N, where λ = k+L
1+L < 1 and so from the last inequality we have

lim
n→∞
µ(En) = 0.

By Generalized Cantor intersection property, we get E∞ is a nonempty and compact, where

E∞ =
∞

∩
n=1

En.

Since F E∞ ⊆ E∞, then by Theorem 1.1, F has a fixed point in E.
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By taking into account of some properties of measure of noncompactness, we can describe the following
concept which stronger than (k,L)-set contraction.

Definition 2.3. Let E be a nonempty subset of a Banach space X. A mapping F : E → E is said to be a strong
(k,L)-set contraction if, for each D ⊆ E with bounded, FD is bounded and there exist k ∈ [0, 1) and L ≥ 0 such that

µ(FD) ≤ kµ(D) + L
[
µ(D ∪ FD) −min

{
µ(D), µ(FD)

}]
. (4)

It is clear that every strong (k,L)-set contraction is also (k,L)-set contraction. Therefore, the proof of the
following theorem is obvious.

Theorem 2.4. Let E be nonempty, bounded, closed and convex subset of a Banach space X, and let F : E → E be a
continuous and strong (k,L)-set contraction. Then, F has a fixed point in E.

Now, we provide the nonlinear Leray-Schauder type alternative of Theorem 2.4.

Theorem 2.5. Let X be a Banach space, E be a nonempty, bounded, closed and convex subset of X, G an open subset
of E and ξ0 ∈ G. Suppose F : G→ E be a continuous, strong (k,L)-set contraction and satisfies

µ
(
F

(
D ∩ G

))
≤ µ
(
D ∩ G

)
for all D ⊆ E. Then, either

(i) F has a fixed point in G, or

(ii) there exists ξ ∈ ∂G and λ ∈ (0, 1) such that ξ = λF ξ + (1 − λ)ξ0.

Proof. Assume (ii) does not hold and F has no fixed point in ∂G. Then

ξ , λF ξ + (1 − λ)ξ0

for ξ ∈ ∂G and λ ∈ [0, 1]. Consider the set

K =
{
ξ ∈ G : ξ = λF ξ + (1 − λ)ξ0 for some λ ∈ [0, 1]

}
.

Since ξ0 ∈ K, then K is nonempty. Also K is closed because of the continuity of F . Further, we have
K ∩ ∂G = ∅. Thus there exists a continuous function λ : G→ [0, 1] such that λ(K) = 1 and λ(∂G) = 0. Now,
define a map S : E→ E as

Sξ =


λ(ξ)F ξ + (1 − λ(ξ))ξ0 , ξ ∈ G

ξ0 , ξ ∈ E\G
.

Then, S is continuous. Now, let D ⊆ E be any set. Then, we have

S(D) ⊆ co(F (D ∩ G) ∪ {ξ0})

and hence

µ(S(D)) ≤ µ(co(F (D ∩ G) ∪ {ξ0}))

= µ(F (D ∩ G))

≤ kµ(D ∩ G) + L
[
µ
{
(D ∩ G) ∪ F (D ∩ G)

}
−min

{
µ
(
D ∩ G

)
, µ
(
F (D ∩ G

)
)
}]

≤ kµ(D) + L
[
µ
(
D ∩ G

)
− µ
(
F (D ∩ G

)
)
]
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≤ kµ(D) + L
[
µ (D) − µ (S(D))

]
≤ kµ(D) + L

[
µ (D ∪ S(D)) −min

{
µ(D), µ (S(D))

}]
.

Consequently, S : E → E is continuous and strong (k,L)-set contraction. Therefore, by Theorem 2.4, there
exists z ∈ E such that z = Sz. Notice that z ∈ G since ξ0 ∈ G. Hence

z = λ(z)F z + (1 − λ(z))ξ0

and so z ∈ K. It follows that λ(z) = 1 which implies z = F z.

3. Application

This section is devoted to present a new application by aid of the Theorem 2.2. In this section, we will
study the existence of solution of the following integral equation:

ξ(t) = a(t) + f (t, ξ(t))

t∫
0

u(s, ξ(s))ds, (5)

where a : [0, 1]→ R and f ,u : [0, 1] ×R→ R are continuous functions. Consider the space

C[0, 1] = {u : u : [0, 1]→ R is continuous}

endowed with the norm

∥ξ∥∞ = sup{|ξ(t)| : t ∈ [0, 1]}.

For simplicity, denote I = [0, 1] and C[I] = C[0, 1].
We will now briefly summarize the definition of the measure of noncompactness in C[I] that we’ll be

using. That measure was presented and studied in [6]. In order to do this, let us fix a nonempty, bounded
subset X of C[I]. For ξ ∈ X and ε > 0 denoted by ω(ξ, ε), the modulus of continuity of the function ξ:

ω(ξ, ε) = sup {|ξ(t) − ξ(s)| : t, s ∈ I, |t − s| ≤ ε} .

Moreover, let us define

ω(X, ε) = sup {ω(ξ, ε) : ξ ∈ X}
ω0(X) = lim

ε→0
ω(X, ε).

It can be shown that the function ω0 is a measure of noncompactness in C[I], see [6].
Define an operator F : C[I]→ C[I] by

F ξ(t) = a(t) + f (t, ξ(t))

t∫
0

u(s, ξ(s))ds.

Hence, if ξ∗ is a fixed point of F , then it is a solution of (5).
Now consider the below conditions:

(A1) there exists α > 0 such that

| f (t, ξ) − f (t, ζ)| ≤ α|ξ − ζ|

for all t ∈ I and ξ, ζ ∈ R,
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(A2) u(t, 0) = 0 and there exists a nondecreasing function φ : I→ [0, 1
α ) such that

|u(t, ξ) − u(t, ζ)| ≤ φ (|ξ − ζ|)

for all t ∈ I and ξ, ζ ∈ R,

Theorem 3.1. In addition to (A1)-(A2), suppose that the inequality

M + [αr +N]φ (r) ≤ r (6)

has a positive solution, where

M = sup{|a(t)| : t ∈ I},

and

N = sup{
∣∣∣ f (t, 0)

∣∣∣ : t ∈ I},

then the equation (5) has solution in C[I].

Proof. Let r0 is a positive solution of (6) and Br0 = {ξ ∈ C[I] : ||ξ||| < r0}. First, we show that F maps Br0 from
itself. Indeed, let ξ ∈ Br0 , then we have

|F ξ(t)| =

∣∣∣∣∣∣∣∣a(t) + f (t, ξ(t))

t∫
0

u(s, ξ(s))ds

∣∣∣∣∣∣∣∣
≤ |a(t)| +

∣∣∣ f (t, ξ(t))
∣∣∣ t∫

0

|u(s, ξ(s))| ds

≤M +
[
| f (t, ξ(t)) − f (t, 0)| +

∣∣∣ f (t, 0)
∣∣∣] t∫

0

∣∣∣φ(ξ(s))
∣∣∣ ds

≤M + [α |ξ(t)| +N]φ (∥ξ∥∞) t
≤M + [α ∥ξ∥∞ +N]φ (∥ξ∥∞)

for all t ∈ I. Therefore, we have

∥F ξ∥∞ ≤M + [α ∥ξ∥∞ +N]φ (∥ξ∥∞)

for all ξ ∈ Br0 . Since r0 is a positive solution of the inequality

M + [αr +N]φ (r) ≤ r,

then we get F ξ ∈ Br0 . Now, we show that F is continuous on Br0 .

Let ε > 0 and ξ, ζ ∈ Br0 with ∥ξ − ζ∥∞ ≤ ε, then we have, for all t ∈ I,

|F ξ(t) − F ζ(t)| =

∣∣∣∣∣∣∣∣ f (t, ξ(t))

t∫
0

u(s, ξ(s))ds − f (t, ζ(t))

t∫
0

u(s, ζ(s))ds

∣∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣∣ f (t, ξ(t))

t∫
0

u(s, ξ(s))ds − f (t, ζ(t))

t∫
0

u(s, ξ(s))ds

∣∣∣∣∣∣∣∣
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+

∣∣∣∣∣∣∣∣ f (t, ζ(t))

t∫
0

u(s, ξ(s))ds − f (t, ζ(t))

t∫
0

u(s, ζ(s))ds

∣∣∣∣∣∣∣∣
≤

∣∣∣ f (t, ξ(t)) − f (t, ζ(t))
∣∣∣ t∫

0

|u(s, ξ(s))| ds

+
∣∣∣ f (t, ζ(t))

∣∣∣ t∫
0

|u(s, ξ(s)) − u(s, ζ(s))| ds

≤ α|ξ(t) − ζ(t)|φ (∥ξ∥∞) +
∣∣∣ f (t, ζ(t))

∣∣∣ t∫
0

|u(s, ξ(s)) − u(s, ζ(s))| ds

≤ α ∥ξ − ζ∥∞ φ (r0) + (αr0 +N)

t∫
0

β(ε, r0)ds

≤ α ∥ξ − ζ∥∞ φ (r0) + (αr0 +N) β(ε, r0),

where β(ε, r0) is defined by

β(ε, r0) = sup{|u(s, ξ(s)) − u(s, ζ(s))| : s ∈ I, ξ, ζ ∈ Br0 with ∥ξ − ζ∥∞ ≤ ε}.

Hence, we have

∥F ξ − F ζ∥∞ ≤ α ∥ξ − ζ∥∞ φ (r0) + (αr0 +N) β(ε, r0)

and so F is continuous on Br0 .
Finally, we show that F is (k,L)-set contraction. Let D be a nonempty subset of Br0 , ξ ∈ D, ε > 0 and

t, s ∈ I with |t − s| ≤ ε and s ≤ t, then we have

|F ξ(t) − F ξ(s)| ≤

∣∣∣∣∣∣∣∣a(t) + f (t, ξ(t))

t∫
0

u(τ, ξ(τ))dτ − a(s) − f (s, ξ(s))

s∫
0

u(τ, ξ(τ))dτ

∣∣∣∣∣∣∣∣
≤ |a(t) − a(s)| +

∣∣∣∣∣∣∣∣ f (t, ξ(t))

t∫
0

u(τ, ξ(τ))dτ − f (s, ξ(s))

t∫
0

u(τ, ξ(τ))dτ

∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣ f (s, ξ(s))

t∫
0

u(τ, ξ(τ))dτ − f (s, ξ(s))

s∫
0

u(τ, ξ(τ))dτ

∣∣∣∣∣∣∣∣
≤ |a(t) − a(s)| +

∣∣∣ f (t, ξ(t)) − f (s, ξ(s))
∣∣∣ t∫

0

|u(τ, ξ(τ))| dτ

+
∣∣∣ f (s, ξ(s))

∣∣∣
∣∣∣∣∣∣∣∣

t∫
0

u(τ, ξ(τ))dτ −

s∫
0

u(τ, ξ(τ))dτ

∣∣∣∣∣∣∣∣
≤ |a(t) − a(s)| +

∣∣∣ f (t, ξ(t)) − f (s, ξ(t))
∣∣∣φ (∥ξ∥∞)

+
∣∣∣ f (s, ξ(t)) − f (s, ξ(s))

∣∣∣φ (∥ξ∥∞)

+
∣∣∣ f (s, ξ(s))

∣∣∣
∣∣∣∣∣∣∣∣

t∫
s

u(τ, ξ(τ))dτ

∣∣∣∣∣∣∣∣
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≤ ω(a, ε) + ω f (r0, ε)φ (r0) + α|ξ(t) − ξ(s)|φ (r0) + (αr0 +N)φ (r0) ε,

where

ω f (r0, ε) = sup{
∣∣∣( f (t, ξ) − f (s, ξ)

)∣∣∣ : t, s ∈ [0, 1] , |t − s| ≤ ε, ξ ∈ [−r0, r0]}.

Hence, we have the estimate

ω(F ξ, ε) ≤ ω(a, ε) + ω f (r0, ε)φ(r0) + αω(ξ, ε)φ(r0) + (αr0 +N)φ(r0)ε

and so taking ε→ 0 we get

ω0(FD) ≤ kω0(D)
≤ kω0(D) + L [ω0 (D ∪ FD) − ω0 (D ∩ FD)] ,

where k = αφ(r0) < 1. Therefore, F is (k,L)-set contraction for every L ≥ 0. Finally, combining the above
estimate and all properties of the operator F given before and by using Theorem 2.2, the equation (5) has
at least one solution in C[I].
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