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Abstract.In this paper, we propose three new operators, which are obtained from composition of gener-
alized Baskakov-Szász operators with Szász, Lupaş and operators based on Laguerre polynomials. It is
observed here that the new operators are expressed in the discrete form. We also provide their moment
generating functions, which may be useful in finding several other convergence results in different settings.

1. Introduction

For a ≥ 0, Mihesan in [9] considered the following operators

(Wa
m f )(x) =

∞∑
ν=0

wa
m,ν(x) f

(
ν
m

)
, (1)

where wa
m,ν(x) = e−

ax
1+x

pν(m,a)
ν!

xν
(1+x)m+ν , pν(m, a) =

∑ν
i=0

(ν
i
)
(m)i aν−i and (m)i =

∏i−1
η=0(m + η), (m)0 = 1. It was

obtained by the generating function

(1 − t)−meat =

∞∑
k=0

pk(m, a)
tk

k!
. (2)

Particularly, if a = 0, then the operators (1) becomes Baskakov operators.
The generalized Baskakov-Szász operator (see [3]) is defined by

(V
a
m f )(x) = m

∞∑
ν=0

wa
m,ν(x)

∫
∞

0
sν(mt) f (t)dt, (3)

where sν(r) = e−rrν/ν! is Szász-Basis function.

In the present article, we introduce three new discretely defined operators by composition of (3) with
three operators namely Szász, Lupaş and the operators based on Laguerre polynomials. We consider differ-
ent parameters m and n, in case m = n we get immediately the approximation operator. We obtain moments
and basic convergence theorems. The lot of work may be done on such new operators.

Throughout the paper, we denote expA(t) = eAt and BC[0,∞) denotes the class of bounded continuous
functions on positive real axis.
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ORCID iD: 0000-0002-5768-5763 (Vijay Gupta)
Email address: vijay@nsut.ac.in; vijaygupta2001@hotmail.com (Vijay Gupta)



V. Gupta / Filomat 38:21 (2024), 7493–7501 7494

2. Composition with Szász operators

We can take a composition of V
a
m with the Szász-Mirakyan operators Sn, to obtain a new approximation

operator Ca
m,n as follows:

(Ca
m,n f )(x) := (V

a
m ◦ Sn f )(x).

For m = n, we get the approximation operator Ca
n,n = Ca

n.

Theorem 2.1. A concise form of Ca
m,n can be given by(

Ca
m,n f

)
(x) =

∞∑
k=0

ck,m,n (x) f
(

k
n

)
,

where

ca
k,m,n (x) =

me−
ax

1+x

(1 + x)m
nk

(m + n)k+1

∞∑
ν=0

(
k + ν
ν

)
am

ν!

(
amx

(m + n) (1 + x)

)ν
U(m, 1 +m + ν, a),

U(a, b, z) is the Tricomi’s confluent hypergeometric series. In particular if a approaches to zero, then

ca=0
k,m,n (x) =

mnk

(m + n)k+1 (1 + x)m
2F1

(
k + 1,m; 1;

mx
(m + n) (1 + x)

)
.

Proof. We have

(Cm,n f ) (x) = m
∞∑
ν=0

wa
m,ν(x)

∫
∞

0
sν(mt)

∞∑
k=0

sk(nt) f
( k

n

)
dt

:=
∞∑

k=0

ck,m,n (x) f
( k

n

)
,

where

ck,m,n (x) =
mnk

(m + n)k+1

∞∑
ν=0

(
k + ν
ν

)
wa

m,ν(x)
( m

m + n

)ν
=

m
(1 + x)m

nk

(m + n)k+1

∞∑
ν=0

(
k + ν
ν

)
e−

ax
1+x

pν(m, a)
ν!

(
mx

(m + n) (1 + x)

)ν
=

me−
ax

1+x

(1 + x)m
nk

(m + n)k+1

∞∑
ν=0

(
k + ν
ν

)
am

ν!

(
amx

(m + n) (1 + x)

)ν
U(m, 1 +m + ν, a).

Remark 2.2. For non-negative constant a ≥ 0, we have

(Wa
m expA)(x) = e

ax
1+x

(
e

A
m −1

) (
1 + x − xe

A
m

)−m
.

Also, for Szász–Mirakyan operators [6, Eq. (8)], we have(
Sn expA

)
(x) = exp

(
nx

(
eA/n
− 1

))
.

Proposition 2.3. For the operators V
a
m, there hold

(V
a
m expA)(x) =

m(m − A)m−1

(m − A − Ax)m exp
(

axA
(1 + x)(m − A)

)
.
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Proof. Simple computation after applying (2) leads us to

(V
a
m expA)(x) = m

∞∑
ν=0

wm,ν(x)
∫
∞

0

e−mt(mt)ν

ν!
eAtdt

=
m

m − A
e−

ax
1+x

1
(1 + x)m

∞∑
ν=0

pν(m, a)
ν!

xν

(1 + x)ν
mν

(m − A)ν

=
m

m − A
e−

ax
1+x

1
(1 + x)m

[
1 −

xm
(1 + x)(m − A)

]−m

exp
(

axm
(1 + x)(m − A)

)
=

m(m − A)m−1

(m − A − Ax)m exp
(

axA
(1 + x)(m − A)

)
.

Proposition 2.4. For the operator Ca
n,m, there holds

(Ca
m,n expA)(x) =

(
m(m + n − neA/n)m−1

(m + n(1 + x)(1 − eA/n))m

)
exp

(
axn(eA/n

− 1)
(1 + x)(m + n − neA/n)

)
.

Proof. By applying Remark 2.2, we have

(Ca
m,n expA)(x) = (V

a
m ◦ Sn expA)(x)

= (V
a
m expn(eA/n−1))(x).

The result immediately follows by applying Proposition 2.3.

Theorem 2.5. If m is a natural number then for f ∈ BC[0,∞), we have

lim
m→∞

(Ca
m,n f )(x) = (Sn f )(x),

lim
n→∞

(
Ca

r,n f
( t

m

))
(mx) = (Pr f )(x),

where Sn and Pr are respectively Szász-Mirakyan and Post-Widder operators given by

(Sn f )(x) = e−nx
∞∑

k=0

(nx)k

k!
f (k/n), (Pr f )(x) =

rr

xr
1
Γ(r)

∫
∞

0
e−rt/xtr−1 f (t)dt.

Proof. By Proposition 2.4 and by [1, Th. 1.1], we have

lim
n→∞

(Ca
m,n expis)(x) = exp

(
(−1 + eis/n)nx

)
= (Sneist)(x),

leads us to

lim
n→∞

(Ca
m,n f )(x) = (Sn f )(x).

Finally

lim
n→∞

(
Ca

r,n expis/m

)
(mx) = rr(r − isx)−r = (Pr expis)(x),

thus we get

lim
n→∞

(
Ca

r,n f
( t

m

))
(mx) = (Pr f )(x).
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3. Composition with Lupaş operators

A. Lupaş [7] introduced the following important operator, which is defined by

(Ln f )(x) =
∞∑

k=0

(nx)k

k!2k+nx
f
(

k
n

)
, x ≥ 0.

Later Agratini [2] studied these operators in details.
We can take a composition of V

a
n with the Lupas operators Lm, to obtain another new approximation

operator Da
n,m as follows:

(Da
m,n f )(x) := (V

a
m ◦ Ln f )(x).

The approximation operator can be obtained in above m = n.

Theorem 3.1. A concise form of Da
m,n is given by

(Da
m,n f )(x) =

∞∑
k=0

da
k,m,n (x) f

(
k
n

)
,

where

da
k,m,n (x) =

1
k!2k

∞∑
ν=0

wa
m,ν(x)mν+1

ν!(m + n log 2)ν+1

k∑
i=0

(−1)k−isk,i
ni(i + ν)!

(m + n log 2)i .

In particular if m = n, then

da
k,n,n (x) =

1
k!2k

∞∑
ν=0

wa
n,ν(x)

ν!(1 + log 2)ν+1

k∑
i=0

(−1)k−isk,i
(i + ν)!

(1 + log 2)i .

Proof. Thus using (u)k =
∑k

i=0(−1)k−isk,i.ui, where sk,i is Stirling number of first kind, we can write

(Da
m,n f )(x) = m

∞∑
ν=0

wa
m,ν(x)

∫
∞

0
sν(mt)2−nt

∞∑
k=0

(nt)k

k!2k
f
(

k
n

)
dt

:=
∞∑

k=0

da
k,n,n (x) f

(
k
n

)
,

where

da
k,n,n (x) =

m
k!2k

∞∑
ν=0

wa
m,ν(x)

∫
∞

0
e−mt (mt)ν

ν!
2−nt(nt)kdt

=
m

k!2k

∞∑
ν=0

wa
m,ν(x)

∫
∞

0
e−mt−nt log 2 (mt)ν

ν!

k∑
i=0

(−1)k−isk,i.(nt)idt

=
1

k!2k

∞∑
ν=0

wa
m,ν(x)
ν!

k∑
i=0

(−1)k−isk,i
mν+1ni(i + ν)!

(m + n log 2)i+ν+1
.

Proposition 3.2. The operator Da
m,n satisfies

(Da
m,n expA)(x) =

m(m + n log(2 − eA/n))m−1

[(m + n(1 + x) log(2 − eA/n)]m exp
(

−axn log(2 − eA/n)
(1 + x)(m + n log(2 − eA/n))

)
.
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Proof. Using
∞∑

k=0

(c)k
k! zk = 1

(1−z)c , |z| < 1, and (2), we can write

(Da
m,n expA)(x) = m

∞∑
ν=0

wa
m,ν(x)

∫
∞

0
sν(mt)2−nt

∞∑
k=0

(nt)k

k!2k
eAk/ndt

= m
∞∑
ν=0

wa
m,ν(x)

∫
∞

0
e−mt (mt)ν

ν!
(2 − eA/n)−ntdt

=
m

m + n log(2 − eA/n)
1

(1 + x)m

[
1 −

xm
(1 + x)(m + n log(2 − eA/n))

]−m

exp
(

axm
(1 + x)(m + n log(2 − eA/n))

−
ax

1 + x

)
=

m(m + n log(2 − eA/n))m−1

[(m + n(1 + x) log(2 − eA/n)]m exp
(

−axn log(2 − eA/n)
(1 + x)(m + n log(2 − eA/n))

)
.

Theorem 3.3. For f ∈ BC[0,∞), we have

lim
n→∞

(Da
n,n f )(x) = f (x),

lim
m→∞

(Da
m,n f )(x) = (Ln f )(x),

lim
n→∞

(Da
r,m

( t
n

)
)(nx) = (Pr f )(x),

where Ln and Pr are respectively Lupaş and Post-Widder operators.

Proof. By Proposition 3.2, and by [1], we have

lim
n→∞

(Da
n,n expis)(x) = eisx,

implying

lim
n→∞

(Da
n,n f )(x) = f (x).

Next

lim
m→∞

(Da
m,n expis)(x) = (2 − eis/n)−nx = (Ln expis)(x),

leads us to

lim
m→∞

(Da
m,n f )(x) = (Ln f )(x).

Finally

lim
n→∞

(
Da

r,m expis/n

)
(nx) = rr(r − isx)−r = (Pr expis)(x),

thus we get

lim
n→∞

(
Da

r,m f
( t

n

))
(nx) = (Pr f )(x).

where Lm and Pr are respectively Szász-Mirakyan and Post-Widder operators
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4. Composition with operators based on Laguerre polynomials

Sucu et al [10] introduced by means of the Laguerre polynomials, the following operators defined for
x ∈ [0,∞), β > −1 and n ∈ N as

(Gβn f )(x) = e−nx/22−β−1
∞∑

k=0

2−kLβk

(
−nx

2

)
f
( k

n

)
, (4)

where Lβk(−x) are the modified Laguerre polynomials defined in terms of confluent hypergeometric series
by

Lβk(−x) :=
(β + 1)k

k! 1F1(−k; β + 1;−x), α > −1,

alternatively Lβk(−x) in the equivalent form is expressed as
∑k

s=0
(β+k)!

(k−s)!(β+s)!s! x
s.

We can take a composition of V
a
n with the Lupas operators Gβm, to obtain another new approximation

operator Ea,β
n,m as follows:

(Ea,β
m,n f )(x) := (V

a
m ◦ Gβn f )(x).

If m = n in above we get approximation operator.

Theorem 4.1. A concise form of Ea,β
m,n is given by

(Ea,β
m,n f )(x) =

∞∑
k=0

ea,β
k,m,n (x) f

(
k
n

)
,

where

ea,β
k,m,n (x) =

∞∑
k=0

me−
ax

1+x

(1 + x)m2β+k
f
( k

n

) k∑
s=0

(β + k)!ns

(k − s)!(β + s)!(2m + n)s+1

∞∑
ν=0

(
s + ν
ν

)
am+ν

ν!
U(m, 1 +m + ν, a)

(2m)ν

[(2m + n)(1 + x)]ν
,

where U(a, b, z) is Tricomi’s confluent hypergeometric function. In particular if a = 0, then

e0,β
k,m,n (x) =

∞∑
k=0

me−
ax

1+x

(1 + x)m2β+k
f
( k

n

) k∑
s=0

(β + k)!ns

(k − s)!(β + s)!(2m + n)s+1

2F1

(
m, 1 + s; 1;

2m
[(2m + n)(1 + x)]

)
.

Proof. We can write

(Ea,β
m,n f )(x) = m

∞∑
ν=0

wa
m,ν(x)

∫
∞

0
sν(mt)

∞∑
k=0

1
2β+k+1

f
( k

n

)
e−nt/2Lβk

(
−nt

2

)
dt

=

∞∑
k=0

ea,β
k,m,n (x) f

( k
n

)
,

where

ea,β
k,m,n (x) =

m
2β+k+1

k∑
s=0

(β + k)!ns

(k − s)!(β + s)!s!2s

∞∑
ν=0

wa
m,ν(x)

mν

ν!

∫
∞

0
e−(m+ n

2 )tts+νdt
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=
m

2β+k+1

k∑
s=0

(β + k)!ns

(k − s)!(β + s)!s!2s

∞∑
ν=0

wa
m,ν(x)

mν

ν!
2s+ν+1

(2m + n)s+ν+1 (s + ν)!

=
me−

ax
1+x

(1 + x)m2β+k

k∑
s=0

(β + k)!ns

(k − s)!(β + s)!(2m + n)s+1

∞∑
ν=0

(
s + ν
ν

)
pν(m, a)
ν!

(2m)ν

[(2m + n)(1 + x)]ν

=
me−

ax
1+x

(1 + x)m2β+k

k∑
s=0

(β + k)!ns

(k − s)!(β + s)!(2m + n)s+1

∞∑
ν=0

(
s + ν
ν

)
am+ν

ν!
U(m, 1 +m + ν, a)

(2m)ν

[(2m + n)(1 + x)]ν
.

Proposition 4.2. For the operators Ea,β
m,n, one can see that

(Ea,β
m,n expA)(x) =

m

(2 − eA/n)β+1
[(

m + n
2

)
−

neA/n

2(2−eA/n)

] 1 + x −
xm[(

m + n
2

)
−

neA/n

2(2−eA/n)

] 
−m

exp

 ax
1 + x

 m[(
m + n

2

)
−

neA/n

2(2−eA/n)

] − 1


 .

Proof. Using the generating function(
1 −

z
2

)−β−1
exp

(
xz

2(2 − z)

)
=

∞∑
k=0

( z
2

)k
Lβk

(
−x
2

)
(5)

we can write

(Ea,β
m,n expA)(x) =

m
2β+1

∞∑
ν=0

wa
m,ν(x)

∫
∞

0

(mt)ν

ν!
e−(m+ n

2 )t
∞∑

k=0

(
eA/n

2

)k

Lβk

(
−nt

2

)
dt

=
m

2β+1

∞∑
ν=0

wa
m,ν(x)

∫
∞

0

(mt)ν

ν!
e−(m+ n

2 )t
(
1 −

eA/n

2

)−β−1

exp
(

nteA/n

2(2 − eA/n)

)
dt

=
m

(2 − eA/n)β+1

∞∑
ν=0

wa
m,ν(x)

mν

ν!

∫
∞

0
tν exp

[
nteA/n

2(2 − eA/n)
−

(
m +

n
2

)
t
]

dt

=
m

(2 − eA/n)β+1
[(

m + n
2

)
−

neA/n

2(2−eA/n)

] ∞∑
ν=0

wa
m,ν(x)

mν[(
m + n

2

)
−

neA/n

2(2−eA/n)

]ν
=

m

(2 − eA/n)β+1
[(

m + n
2

)
−

neA/n

2(2−eA/n)

] 1 + x −
xm[(

m + n
2

)
−

neA/n

2(2−eA/n)

] 
−m

exp

 ax
1 + x

 m[(
m + n

2

)
−

neA/n

2(2−eA/n)

] − 1


 .
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In particular, if m = n then

(Ea,β
n,n expA)(x) =

1 + x − x[
3
2−

eA/n

2(2−eA/n )

]
−n

(2 − eA/n)β+1
[

3
2 −

eA/n

2(2−eA/n)

] exp

 ax
1 + x

 1[
3
2 −

eA/n

2(2−eA/n)

] − 1


 .

Theorem 4.3. For f ∈ BC[0,∞), we have

lim
n→∞

(Ea,β
n,n f )(x) = f (x),

lim
m→∞

(Ea,β
m,n f )(x) = (Gβn f )(x),

lim
r→∞

(Ea,β
m,n

( t
r

)
)(rx) = (Pm f )(x),

where Gβn is operator based on Laguerre polynomial and Pm is Post-Widder operator.

Proof. By Proposition 4.2, and by [1], we have

lim
n→∞

(Ea,β
n,n expis)(x) = eisx,

implying

lim
n→∞

(Ea,β
n,n f )(x) = f (x).

Next

lim
m→∞

(Ea,β
m,n expis)(x) =

1
(2 − eA/n)β+1 exp

(
nx(eA/n

− 1)
(2 − eA/n)

)
= (Gβn expis)(x),

leads us to

lim
m→∞

(Ea,β
m,n f )(x) = (Gβn f )(x).

Finally

lim
r→∞

(
Ea,β

m,n expis/r

)
(rx) = mm(m − isx)−m = (Pm expis)(x),

thus we get

lim
r→∞

(
Ea,β

m,n f
( t

r

))
(rx) = (Pm f )(x).

where Gβn is defined in (4) and Pm is the Post-Widder operators.

Remark 4.4. For instance if we consider composition of operators namely Baskakov, Szász-Mirakyan and Szász-
Mirakyan operators in following way

(W0
n ◦ Sn f )(x),

then the moment generating function after simple computation will be given by

(W0
n ◦ Sn expA)(x) = (1 + x − xe(eA/n

−1))−n,

thus the moments of the composition operator satisfy∑
s≥0

as(W0
n ◦ Snes)(x)
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= a0 + a1x + a2

(
x2 +

x(x + 2)
n

)
+ a3

(
x3 +

5x + 6x2 + 6nx2 + 2x3 + 3nx3

n2

)
+ ......

Further, in this way we can write

(W0
n ◦ Sn ◦ Sn f )(x),

and the moment generating function after simple computation will be given by

(W0
n ◦ Sn ◦ Sn expA)(x) = (1 + x − xe(e(eA/n

−1)
−1))−n,

the moments of the composition operator satisfy∑
s≥0

bs(W0
n ◦ Sn ◦ Snes)(x)

= b0 + b1x + b2

(
x2 +

x(x + 3)
n

)
+ b3

(
x3 +

12x + 9x2 + 9nx2 + 2x3 + 3nx3

n2

)
+ ......

There may be some other new operators by composition of Baskakov type Pólya-Durrmeyer operators [5] with Beta
operators of second kind [4] and of q Szász-Kantorovich operators (see [8]) with other q operators. The analysis is
different we will discuss them elsewhere.
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