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Available at: http://www.pmf.ni.ac.rs/filomat

Two conjectures on Trinajstić index
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Abstract. Recently, Furtula introduced a new distance-based topological index named Trinajstić index,
and proposed two conjectures on trees and connected graphs with extremal Trinajstić index. For trees, we
solve the conjecture. For connected graphs, we show that the conjecture is true for globular caterpillars.

1. Introduction

Let G be a simple connected graph with the vertex set V(G) and edge set E(G). For a graph G, the order
of G is the number of its vertices, and N(v) denotes the set of neighbors of vertex v and d(v) = |N(v)| denotes
the degree of the vertex v in G. A vertex v is said to be pendent vertex if d(v) = 1. Let p(v) denote the number
of pendent vertices adjacent to vertex v. A quasi-pendent vertex is adjacent to a pendent vertex. Let Sn be
the star of order n. A graph G is called to be a globular caterpillar if G is obtained from a complete graph
Kq with vertex set {v1, v2, . . . , vq} by attaching p(vi) pendent edges viv1

i , viv2
i , . . . , viv

p(vi)
i to each vertex vi of Kq

for positive integers q and p(v1) ≥ p(v2) ≥ . . . ≥ p(vq), denoted by GC(q; p(v1), p(v2), . . . , p(vq)), see Figure 1
for an illustration of GC(4; 3, 3, 2, 1). Clearly, there are only two types of vertices in the globular caterpillar:
pendent vertices and quasi-pendent vertices.

In 1947, Wiener [14] successfully predicted the boiling point of paraffin using the Wiener index (the
sum of distances of all pairs of vertices of a graph). Since then, the molecular structure descriptors (also
called topological indices) have become an important tool for predicting the physico-chemical properties
and biological activity of compounds in theoretical chemistry [5, 12]. In the seminal paper, the Wiener index
of acyclic alkanes (i.e. trees T) can be calculated by the following formula

W(T) =
∑

uv∈E(T)

nu · nv,

where nu is the number of vertices that are closer to the vertex u (including the vertex u) than to vertex
v. Therefore, nu becomes the basic quantity for generating topological index in chemical graph theory.
In particular, Trinajstić has made great contributions to the research of this quantity [8, 10, 13]. Based on
the quantity, scholars have established many distance-based molecular structure descriptors, such as the
Szeged index [4], the hyper-Szeged index [1], the revised Szeged index [11], the Mostar index [2], the total
Mostar index [9], the vertex PI index [7], the modified Wiener index [10], a class of modified Wiener indices
[6] and so on.
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Figure 1: The globular caterpillar GC(4; 3, 3, 2, 1).

In 2022, Furtula [3] defined a novel topological index based on the quantity nu, named Trinajstić index
of a graph G, and is defined by

NT(G) =
∑

{u,v}∈V(G)

(nu − nv)2.

Further, He proposed the following conjecture with extremal Trinajstić index.

Conjecture 1.1. ([3]) For trees with order greater than 10 vertices, the star graph has the minimal value of the
Trinajstić index.

Conjecture 1.2. ([3]) The graph with the maximal value of the Trinajstić index is unique. It is consisting of a
complete subgraph K⌈ n

2 ⌉
, on whose vertices are attached ⌊ n

2 ⌋ pendent vertices.

In this paper, we prove that Conjecture 1.1 is true. In addition, Conjecture 1.2 is correct for all globular
caterpillars.

2. The proof of Conjecture 1.1
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Figure 2: Graft pendent vertex transformation.

Theorem 2.1. Let u, v be two vertices of a tree Tn , Sn of order n (n ≥ 10) and uv ∈ E(Tn). Suppose v1, v2, · · · , vs ∈

N(v) \ {u} are pendent vertices. If T′n is the graph obtained from Tn by deleting the edges vvi and adding the edges
uvi, i = 1, 2, . . . , s, see Figure 2, then

NT(Tn) > NT(T
′

n).

Proof. Let vi ∈ N(v) \ {u} be pendent vertices and u j be vertices in T other than u, shown in Figure 2,
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i = 1, 2, . . . , s and j = 1, 2, . . . ,n − s − 2. If s = 1, then we have

NT(Tn) −NT(T
′

n) = (n − 2 − 2)2 + (n − 2 − 1)2 + (n − 1 − 1)2
− 2(n − 1 − 1)2

+
∑

u,u j,v1∈Tn

[(nv − nu j )
2 + (nv1 − nu j )

2] −
∑

u,u j,v1∈T′n

[(nv − nu j )
2 + (nv1 − nu j )

2]

≥ (n − 4)2 + (n − 3)2 + (n − 2)2
− 2(n − 2)2 + (n − 5)2

− (n − 6)2 + (n − 5)2
− (n − 4)2

= (n − 4)2 + (n − 3)2 + 2(n − 5)2
− (n − 2)2

− (n − 6)2
− (n − 4)2

= (n − 7)(n − 3) − 2
> 0

for n ≥ 10.
If s ≥ 2, then we have

NT(Tn) −NT(T
′

n) = (n − s − 1 − s − 1)2 + s(n − s − 1 − 1)2 + s(n − 1 − 1)2
− (s + 1)(n − 2)2

+
∑

u,u j,vi∈Tn

[(nv − nu j )
2 + (nvi − nu j )

2] −
∑

u,u j,vi∈T′n

[(nv − nu j )
2 + (nvi − nu j )

2]

> (n − 2s − 2)2 + s(n − s − 2)2
− (n − 2)2 + s2(3s − 2n + 10)

= s(n2
− 4ns − 8n + 4s2 + 18s + 12).

Let t(x) = x2
− 4xs − 8x + 4s2 + 18s + 12. Thus,

t(x)min = t(
4s + 8

2
)

= (2s + 4)2
− 4(2s + 4)s − 8(2s + 4) + 4s2 + 18s + 12

= 2(s − 2)
≥ 0.

Thus, NT(Tn) −NT(T′n) > 0.

The proof of Conjecture 1.1. Let wi, i = 1, 2, · · · , k, be the k quasi-pendant vertices of a tree Tn of order
n, the k vertices in turn undergo the graft pendent vertex transformation to obtain the tree T1

n, by Theorem
2.1, we can obtain NT(Tn) > NT(T1

n). Repeating the above transformation, we can finally obtain the star
graph Sn, so by Theorem 2.1, we have NT(Tn) > NT(Sn).
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Figure 3: Graphs GC and GC∗.
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3. The Trinajstić index of globular caterpillars

Lemma 3.1. Let v, v1 be two quasi-pendent vertices, v1
1 be a pendent vertex of a globular caterpillar GC of order n

and p(v) = 0, p(v1) ≥ 2, v1v1
1 ∈ E(CG). If GC∗ is the graph obtained from GC by deleting a edge v1v1

1 and adding a
edge vv1

1, shown in Figure 3, then
NT(GC) < NT(GC∗).

Proof. Let q be the number of quasi-pendent vertices and p(v1) = p ≥ 2.

NT(GC) −NT(GC∗) = p(n − 2)2 + (q − 1)p(n − p − 2)2 + p2
− (p − 1)[(n − 2)2 + (p − 2)2]

−(q − 1)[(p − 1)(n − p − 1)2 + (n − 2)2] − (n − 3)2
− (p − 2)2

= (2 − q)(n − 2)2 + p(q − 1)(n − p − 2)2 + p2
− p(p − 2)2

−(q − 1)(p − 1)(n − p − 1)2
− (n − 3)2

= −p(q − 1)(2n − 2p − 3) − (q − 1)(2n − p − 3)(p − 1)
−p(p − 4)(p − 1) + 2n − 5

= −(p − 1)(q − 1)(4n − 3p − 6) − (q − 2)(2n − 2p − 3)
−p(p2

− 5p + 2) − 2 < 0.

Thus, NT(GC) < NT(GC∗). This completes the proof.
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Figure 4: Graphs GC and GC∗∗.

Lemma 3.2. Let v1, v2 be two quasi-pendent vertices, v1
1 be a pendent vertex of a globular caterpillar GC of order n,

where p(v1) > p(v2) ≥ 2 and v1v1
1 ∈ E(CG). If GC∗∗ is the graph obtained from GC by deleting an edge v1v1

1 and
adding an edge v2v1

1, shown in Figure 4, then

NT(GC) ≤ NT(GC∗∗).

Proof. Let q be the number of quasi-pendent vertices and p(v1) = p1, p(v2) = p2.

NT(GC∗∗) −NT(GC) = (p1p2 + p1 − p2)(p1 − p2 − 2)2 + (q − 1)[(p1 − 1)(n − p1 − 1)2 + (p2 + 1)(n − j − 3)2]
−(p1p2 + 1)(p1 − p2)2 + p2(n − p2 − 2)2] − (q − 1)[p1(n − p1 − 2)2

= (p1 − p2 − 1)(−3qp1 − 3qp2 + 4qn − 8q + p2
1 − 6p1p2 − p1 + p2

2 + 7p2 − 4n + 8).

Let f (x) = x2
− (3q + 6p2 + 1)x − 3qp2 + 4qn − 8q + p2

2 + 7p2 − 4n + 8. Thus,
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f (x)min = f (
3q + 6p2 + 1

2
)

=
4(−3qp2 + 4qn − 8q + p2

2 + 7p2 − 4n + 8) + (3q + 6p2 + 1)2

4

=
40p2

2 + 24p2q + 40p2 + 16nq − 16n + 9q2
− 26q + 33

4

=
40p2

2 + 40p2 + 16n(q − 1) + 9q2 + (24p2 − 26)q + 33
4

> 0.

Thus, NT(GC) −NT(GC∗∗) ≤ 0. This completes the proof.
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Figure 5: Graphs GC1 and GC∗1.

Lemma 3.3. Let v1, vq be two quasi-pendent vertices and v1
1 be a pendent vertex of a globular caterpillar GC1 of order

n, where every quasi-pendent vertices is adjacent to the same number of pendent vertices and v1v1
1, v1vq ∈ E(CG1).

If GC∗1 is the graph obtained from GC1 by deleting two edges v1v1
1, vqv1 and adding two edges vqv1

1, v1v1
1, shown in

Figure 5, then
(i) NT(GC1) > NT(GC∗1) for q + 1 ≤ n ≤ 2q;
(ii) NT(GC1) < NT(GC∗1) for n > 2q.

Proof. Let q be the number of quasi-pendent vertices, where k (1 ≤ k ≤ q) vertices be adjacent to ⌈ n−q
q ⌉

pendent vertices and the remaining n − k vertices be adjacent to ⌈ n−q
q ⌉ − 1 pendent vertices. Then

NT(GC1) −NT(GC∗1) = (⌈
n − q

q
⌉)(n − 2)2 + (q − k) + (q − k)(⌈

n − q
q
⌉ − 1)(n − ⌈

n − q
q
⌉ − 1)2

+(q − k)(⌈
n − q

q
⌉)(⌈

n − q
q
⌉ − 1) + (k − 1)(⌈

n − q
q
⌉)(n − ⌈

n − q
q
⌉ − 2)2

+(q − 1)(⌈
n − q

q
⌉)(n − ⌈

n − q
q
⌉ − 2)2

− (q − k + 1)(⌈
n − q

q
⌉ − 1)2

−(k − 1)(⌈
n − q

q
⌉)2
− (q − k + 1)(n − ⌈

n − q
q
⌉ − 1)2(⌈

n − q
q
⌉ − 1)
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−2(k − 1)(⌈
n − q

q
⌉)(n − ⌈

n − q
q
⌉ − 2)2

− (⌈
n − q

q
⌉ − 1)(n − 2)2

− (k − 1)

−(q − k)(⌈
n − q

q
⌉ − 1)(n − ⌈

n − q
q
⌉ − 1)2

− (k − 1)(⌈
n − q

q
⌉ − 1)(⌈

n − q
q
⌉)

−(q − 1)(⌈
n − q

q
⌉ − 1)(n − ⌈

n − q
q
⌉ − 1)2

= −q⌈
n − q

q
⌉

3
− 5k⌈

n − q
q
⌉

2 + 2nq⌈
n − q

q
⌉

2 + 2q⌈
n − q

q
⌉

2 + ⌈
n − q

q
⌉

2

−5k⌈
n − q

q
⌉ + 4⌈

n − q
q
⌉ − n2q⌈

n − q
q
⌉ − 4nq⌈

n − q
q
⌉ + 7q⌈

n − q
q
⌉

+⌈
n − q

q
⌉ − kn2 + 2kn − 2k + 2n2q + n2

− 4nq − 4n + 2q + 4.

Let H(x) = (−5⌈ n−q
q ⌉

2
− 5⌈ n−q

q ⌉ + 4n⌈ n−q
q ⌉ − n2)x − q⌈ n−q

q ⌉
3 + 2nq⌈ n−q

q ⌉
2 + 2q⌈ n−q

q ⌉
2 + ⌈

n−q
q ⌉

2
− n2q⌈ n−q

q ⌉ −

4nq⌈ n−q
q ⌉ + 7q⌈ n−q

q ⌉ + ⌈
n−q

q ⌉ + 2kn − 2k + 2n2q + n2
− 4nq − 4n + 2q + 4 for x ∈ [1, q]. Clearly, H(x) is decreasing

with respect to x. Thus, we have
H(q) ≤ H(x) ≤ H(1).

Let H(1) = y2(q − 1)(−q2y + 2q2 + qy − 4q + 4), where yq + 1 = n. Then H(x) < 0 for y ≥ 2, that is,
NT(GC1) − NT(GC∗1) < 0 for n ∈ [2q + 1,+∞). If y = 1, then H(1) > 0, that is, NT(GC1) − NT(GC∗1) > 0 for
n = q + 1.

On the other hand, we have

H(x) ≥ H(q)

= −⌈
n − q

q
⌉

3q + 2⌈
n − q

q
⌉

2nq − 3⌈
n − q

q
⌉

2q + ⌈
n − q

q
⌉

2
− ⌈

n − q
q
⌉n2q

+2⌈
n − q

q
⌉q + ⌈

n − q
q
⌉ + n2q + n2

− 2nq − 4n + 4

= (q − 1)(−n3q + n3 + 2n2q2
− n2q − n2 + nq − 4q2)/q2

= 2(q2
− 5q + 3)

> 0.

for 2q = n. Further, we have NT(GC1) −NT(GC∗1) > 0 for n ∈ [q + 2, 2q]. This completes the proof.

Theorem 3.4. For n vertices globular caterpillars, GC(⌈ n
2 ⌉; 1, 1, . . . , 1) is the maximum graph of the Trinajstić index.

Proof. Let q be the number of quasi-pendent vertices in the globular caterpillars GC(q; p(v1), p(v2), . . . , p(vq))
of order n, and p(vi) be the number of pendent vertices adjacent to vertex vi. Let vi and v j be the quasi-
pendant vertex. We consider the following four cases.

Case 1. GC(q; p(v1), p(v2), . . . , p(vq)) with n ≥ 2q + 1 and p(vi) , 0. By Lemma 3.2, we have NT(G̃C) ≥
NT(GC(q; p(v1), p(v2), . . . , p(vq))), where G̃C is a globular caterpillar with 0 ≤ |p(vi) − p(v j)| ≤ 1. By (ii) in
Lemma 3.3, we have NT(GC(⌈ n

2 ⌉; 1, 1, . . . , 1)) > NT(G̃C). Thus

NT(GC(⌈
n
2
⌉; 1, 1, . . . , 1)) > NT(GC(q; p(v1), p(v2), . . . , p(vq))).

Case 2. GC(q; p(v1), p(v2), . . . , p(vq)) with n ≥ 2q + 1 and p(v j) = 0, ( j = k + 1, k + 2, · · · q), 1 ≤ k < q. We
will move the pendent vertices to v j, ( j = k + 1, k + 2, · · · q). Repeated use of Lemmas 3.1 and 3.2, we have
NT(G̃C) > NT(GC(q; p(v1), p(v2), . . . , p(vq))). Same as the Case 1,

NT(GC(⌈
n
2
⌉; 1, 1, . . . , 1)) > NT(GC(q; p(v1), p(v2), . . . , p(vq))).
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Case 3. GC(q; p(v1), p(v2), . . . , p(vq)) with n = 2q and p(v j) = 0, ( j = k + 1, k + 2, · · · q), 1 ≤ k < q. By Lemma
3.1, we have

NT(GC(
n
2

; 1, 1, . . . , 1)) ≥ NT(GC(q; p(v1), p(v2), . . . , p(vq))).

Case 4. GC(q; p(v1), p(v2), . . . , p(vq)) with 4 ≤ n < 2q and p(v j) = 0, ( j = k + 1, k + 2, · · · q), 1 ≤ k < q. By
Lemma 3.1, we have NT(GC(q; 1, 1, . . . , 1, 0, 0, . . . , 0)) ≥ NT(GC(q; p(v1), p(v2), . . . , p(vq))). By (i) in Lemma 3.3,
we have NT(GC(⌈ n

2 ⌉; 1, 1, . . . , 1)) > NT(GC(q; 1, 1, . . . , 1, 0, 0, . . . , 0)). Thus, we have

NT(GC(⌈
n
2
⌉; 1, 1, . . . , 1)) > NT(GC(q; p(v1), p(v2), . . . , p(vq))).

By the cases, we complete the proof.
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[13] D. Vukičević, B. Zhou, N. Trinajstić, Altered Wiener indices of thorn trees, Croat. Chem. Acta 80 (2007), 283–285.
[14] H. Wiener, Structural Determination of Paraffin Boiling Points, J. Am. Chem. Soc. 69 (1947), 17–20.


