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Abstract. In this paper, we obtain the generalized form of Hilbert’s inequality by using series of non-
negative terms and convexity, sub-multiplicity of a function on positive real numbers and prove results for
integral and discrete forms.

1. Introduction

For any two sequences (aη) and (bη) of non-negative real numbers, the well-known Hilbert’s inequality
[5] is

∞∑
η=0

∞∑
θ=0

aηbθ
θ + η

≤ π
( ∞∑
η=0

a2
η

) 1
2
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b2
θ

) 1
2

, (1)

provided
∑
∞

η=0 a2
η and

∑
∞

η=0 b2
η are finite. The constant π in the above inequality is best possible and equality

will occur if (aη) and (bη) both are null sequences. The extended form of above inequality is

∞∑
η=0

∞∑
θ=0

aηbθ
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( ∞∑
η=0

aρη
) 1
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) 1
ρ′
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where ρ and ρ′ are two parameters such that ρ′ = ρ
ρ−1 , for ρ > 1 and

∑
∞

η=0 aρη and
∑
∞

θ=0 bρ
′

θ are finite. The
integral analogue of (1) and (2) are (see[5])∫
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and ∫
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0
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respectively, with the best possible constant. If we use κ = X̃ + α2 , φ = Ỹ + α2 , 𭟋(X̃) = f (X̃ + α2 ) and
G(Ỹ) = 1(Ỹ + α2 ), α ∈ R, in (3), we have∫

∞

−
α
2

∫
∞

−
α
2

𭟋(X̃)G(Ỹ)
X̃ + Ỹ + α

dX̃ dỸ <
( ∫ ∞

−
α
2

𭟋2(X̃)dX̃
) 1

2
( ∫ ∞

−
α
2

G2(Ỹ)dỸ
) 1

2

.

For a non-conjugate exponent pair (ρ, ϱ), we have the following inequality (see[5])

∞∑
η=1

∞∑
θ=1

aθbη
(θ + η)λ

≤ K
( ∞∑
θ=1

aρθ

) 1
ρ
( ∞∑
η=1

bϱη
) 1
ϱ

, (4)

where ρ > 1, ϱ > 1, 1
ρ +

1
ϱ ≥ 1, 0 < λ = 2 − ( 1

ρ +
1
ϱ ) ≤ 1 and the constant factor K = K(ρ, ϱ) is the best possible.

The integral version of (4) is given by∫
∞

0

∫
∞

0

f (κ)1(φ)
(κ + φ)λ

dκ dφ ≤ K
( ∫ ∞

0
f ρ(κ)dκ

) 1
ρ
( ∫ ∞

0
1ϱ(φ)dφ

) 1
ϱ

.

The following inequalities, for 0 < α < 1, were given by Ingham [7] in 1936

∞∑
η=0

∞∑
θ=0

bηbθ
θ + η + α

≤ π
∞∑
θ=0

b2
θ

and
∞∑
η=0

∞∑
θ=0

bηbθ
θ + η + α

≤
π

sin(απ)

∞∑
θ=0

b2
θ,

for any α ≥ 1
2 and 0 < α < 1

2 , respectively. In 1979, Hu [6] gave a refinement of (3) as an improved Hölder’s
inequality∫

∞

0

∫
∞

0

f (κ)1(φ)
κ + φ

dκ dφ < π
[( ∫ ∞

0
f 2(κ)dκ

)2
−

1
4

( ∫ ∞

0
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√
κdκ
)2] 1

2

.

The revised form of the inequality (1) has been obtained as (see[11])

∞∑
η=0

∞∑
θ=0

aηbθ
θ + η + 1

≤ π
( ∞∑
η=0

a2
η

) 1
2
( ∞∑
θ=0

b2
θ

) 1
2

. (5)

Since for any aη, bθ ≥ 0, α ≥ 1,we have

∞∑
n=0

∞∑
θ=0

aηbθ
θ + η + α

≤

∞∑
η=0

∞∑
θ=0

aηbθ
θ + η + 1

,

which on using (5) yields

∞∑
η=0

∞∑
θ=0

aηbθ
θ + η + α

≤ π
( ∞∑
η=0

a2
η

) 1
2
( ∞∑
θ=0

b2
θ

) 1
2

. (6)

An equivalent form of the inequality (6) is

∞∑
η=0

( ∞∑
θ=0

bθ
θ + η + α

)2
< π2

∞∑
θ=0

b2
θ,
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where, 1 ≤ α < 2. An inequality similar to (3) was proved by B. G.Pachpatte [16] in 1998 as∫ a

0

∫ b

0

f (κ)1(φ)
κ + φ

dκ dφ <

√
ab
2

[∫ a

0
(a − κ) f ′2(κ)dκ

] 1
2
[∫ b

0
(b − φ)1′2(φ)dφ

] 1
2

.

where a, b > 0.More work of B. G. Pachpatte can be seen in [17].

In the literature a lot of work has been published on Hilbert’s inequality as extensions, refinements and
generalizations; some of which are in [1–3, 8–10, 13, 15, 18, 19]. We introduce another generalization of
Hilbert’s inequality. The main purpose of this paper is to describe the certain class of generalized Hilbert’s
inequality by introducing the series consisting of non-negative terms with the help of Jensen’s inequality,
Hölder’s inequality involving a pair of non-conjugate exponents ρ, ϱ ≥ 0. We prove that Pachpatte’s results
proved in [16] are the particular cases of our derived inequality. Furthemore, the integral and discrete forms
of this inequality are give.

2. Main Results: Discrete Form

Throughout this section, we assume that ρ > 1, ϱ > 1 are non-conjugate exponents such that 1
ρ +

1
ρ′ =

1; 1
ϱ +

1
ϱ′ = 1 and {aθ}, {bη} are the non-negative real sequences valid for 1 ≤ θ ≤ κ and 1 ≤ η ≤ ω, with

κ,ω ∈ N and Aθ =
∑θ
ξ=1 aξ,Bη =

∑η
ζ=1 bζ.

First, we prove the following results.

Theorem 2.1. Let ρ, ϱ and {aθ}, {bη},Aθ,Bη be defined as above. Then, we have
κ∑
θ=1

ω∑
η=1

AρθB
ϱ
η

θ + η
≤ C(ρ, ϱ, κ, ω)

( κ∑
θ=1

(κ − θ + 1)(aθA
ρ−1
θ )ρ

′

) 1
ρ′

×

( ω∑
η=1

(ω − η + 1)(bηB
ϱ−1
η )ϱ

′

) 1
ϱ′

, (7)

provided that {aθ} and {bη} are zero-sequence, where C(ρ, ϱ, κ, ω) = 1
2ρϱκ

1
ρω

1
ϱ is the constant term.

Proof. From the inequality in Lemma 1 [4, 14], we have( η∑
θ=1

zθ
)α
≤ α

η∑
θ=1

zθ
( η∑
κ=1

zκ
)α−1

,

for α ≥ 1 and zθ ≥ 0 (θ = 1, 2, ...), we obtain

Aρθ ≤ ρ
θ∑
ξ=1

aξA
ρ−1
ξ 1 ≤ θ ≤ κ

and

Bϱη ≤ ϱ
η∑
ζ=1

bζB
ϱ−1
ζ 1 ≤ η ≤ ω

and, therefore,

AρθB
ϱ
η ≤ ρϱ

( θ∑
ξ=1

aξA
ρ−1
ξ

)( η∑
ζ=1

bζB
ϱ−1
ζ

)
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≤ ρϱθ
1
ρ η

1
ϱ

( θ∑
ξ=1

(aξA
ρ−1
ξ )ρ

′

) 1
ρ′
( η∑
ζ=1

(bζB
ϱ−1
ζ )ϱ

′

) 1
ϱ′

≤
1
2
ρϱ(θ

2
ρ + η

2
ϱ )
( θ∑
ξ=1

(aξA
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ξ )ρ

′

) 1
ρ′
( η∑
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(bζB
ϱ−1
ζ )ϱ

′

) 1
ϱ′

. (8)

Clearly, the second inequality in above is obtained by applying the Hölder inequality and the last inequality
is the result of the inequality (cd)

1
2 ≤

1
2 (c + d). On dividing (8) by θ

2
ρ + η

2
ϱ and running the summation over

η and θ, we get

κ∑
θ=1

ω∑
η=1

AρθB
ϱ
η

θ
2
ρ + η

2
ϱ

≤
1
2
ρϱ
[ κ∑
θ=1

( θ∑
ξ=1

(aξA
ρ−1
ξ )ρ

′

) 1
ρ′
][ ω∑
η=1

( η∑
ζ=1

(bζB
ϱ−1
ζ )ϱ

′

) 1
ϱ′
]

≤
1
2
ρϱκ

1
ρω

1
ϱ

[ κ∑
θ=1

( θ∑
ξ=1

(aξA
ρ−1
ξ )ρ

′

)] 1
ρ′
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η=1

( η∑
ζ=1

(bζB
ϱ−1
ζ )ϱ

′

)] 1
ϱ′

≤
1
2
ρϱκ

1
ρω

1
ϱ

[ κ∑
ξ=1

(aξA
ρ−1
ξ )ρ

′

( κ∑
θ=ξ

1
)] 1
ρ′
[ ω∑
ζ=1

(bζB
ϱ−1
ζ )ϱ

′

( ω∑
η=ζ

1
)] 1
ϱ′

=
1
2
ρϱκ

1
ρω

1
ϱ

[ κ∑
ξ=1

(aξA
ρ−1
ξ )ρ

′

(κ − ξ + 1)
] 1
ρ′

×

[ ω∑
ζ=1

(bζB
ϱ−1
ζ )ϱ

′

(ω − ζ + 1)
] 1
ϱ′

= C(ρ, ϱ, κ, ω)
[ κ∑
θ=1

(κ − θ + 1)(aξA
ρ−1
ξ )ρ

′

] 1
ρ′

×

[ ω∑
n=1

(ω − η + 1)(bζB
ϱ−1
ζ )ϱ

′

] 1
ϱ′

.

In the above, the second inequality results as an application of Hölder’s inequality and the third one is
obtained by interchanging the order of summation [14, 15] and C(ρ, ϱ, κ, ω) = 1

2ρϱκ
1
ρω

1
ϱ . This completes the

proof of the theorem.

Theorem 2.2. Let {aθ}, {bη},Aθ,Bη be given as in Theorem 1 and {ρθ}, {ϱη}, the positive sequences with 1 ≤ θ ≤ κ
and 1 ≤ η ≤ ω; and Pθ =

∑θ
ξ=1 ρξ, Qη =

∑η
ζ=1 ϱζ. Let Φ and Υ be the non-negative, sub-multiplicative and convex

functions on the set of real numbers. Then, we obtain
κ∑
θ=1

ω∑
η=1

Φ(Aθ)Υ(Bη)

θ
2
ρ + η

2
ϱ

≤ M(κ,ω)
[ κ∑
θ=1

(κ − θ + 1)
(
ρθΦ(aθ/ρθ)

)ρ′] 1
ρ′

×

[ ω∑
η=1

(ω − η + 1)
(
ϱηΥ(bη/ϱη)

)ϱ′] 1
ϱ′

, (9)

where M(κ,ω) = 1
2

[∑κ
θ=1

(
Φ(Pθ)

Pθ

)ρ] 1
ρ
[∑ω
η=1

(
Υ(Qη)

Qη

)ϱ] 1
ϱ

.

Proof. Using sub-multiplicity of Φ, Jensen’s [12] and Hölder’s inequalities, we obtain

Φ(Aθ) = Φ
(Pθ∑θξ=1 ρξaξ/ρξ∑θ

ξ=1 ρξ

)



S. Kaushik et al. / Filomat 38:21 (2024), 7377–7388 7381

≤ Φ(Pθ)Φ
(∑θ
ξ=1 ρξaξ/ρξ∑θ
ξ=1 ρξ

)
≤
Φ(Pθ)

Pθ

θ∑
ξ=1

ρξΦ(aξ/ρξ)

≤ θ
1
ρ
Φ(Pθ)

Pθ

[ θ∑
ξ=1

(
ρξΦ(aξ/ρξ)

)ρ′] 1
ρ′

. (10)

Similarly,

Υ(Bη) ≤ η
1
ϱ
Υ(Qη)

Qη

[ η∑
ζ=1

(
ϱζΥ(bζ/ϱζ)

)ϱ′] 1
ϱ′

. (11)

From (10) and (11) and using the inequality c
1
2 d

1
2 ≤

c+d
2 , we derive

Φ(Aθ)Υ(Bη) ≤
(θ

2
ρ + η

2
ϱ )

2
Φ(Pθ)

Pθ

Υ(Qη)
Qη

[ θ∑
ξ=1

(
ρξΦ(aξ/ρξ)

)ρ′] 1
ρ′

×

[ η∑
ζ=1

(
ϱζΥ(bζ/ϱζ)

)ϱ′] 1
ϱ′

. (12)

On dividing (12) by (θ
2
ρ + η

2
ϱ ) and summing over η from 1 to ω and θ from 1 to κ and then using Hölder’s

inequality, the following is obtained

κ∑
θ=1

ω∑
η=1

Φ(Aθ)Υ(Bη)

θ
2
ρ + η

2
ϱ

≤
1
2

[ κ∑
θ=1

Φ(Pθ)
Pθ

{ θ∑
ξ=1

(
ρξΦ(aξ/ρξ)

)ρ′} 1
ρ′
]

×

[ ω∑
η=1

Υ(Qη)
Qη

{ η∑
ζ=1

(
ϱζΥ(bζ/ϱζ)

)ϱ′} 1
ϱ′
]

≤
1
2

[ κ∑
θ=1

(
Φ(Pθ)

Pθ

)p] 1
ρ
[ ω∑
η=1

(Υ(Qη)
Qη

)ϱ] 1
ϱ

×

[ κ∑
θ=1

θ∑
ξ=1

(
ρξΦ(aξ/ρξ)

)ρ′] 1
ρ′
[ ω∑
η=1

η∑
ζ=1

(
ϱζΥ(bζ/ϱζ)

)ϱ′] 1
ϱ′

≤ M(κ,ω)
[ κ∑
θ=1

(κ − θ + 1)
(
ρθΦ(aθ/ρθ)

)ρ′] 1
ρ′

×

[ ω∑
η=1

(ω − η + 1)
(
ϱηΥ(bη/ϱη)

)ϱ′] 1
ϱ′

,

where the last inequality is obtained by interchanging the order of the summations. This completes the
proof.

Theorem 2.3. Let {aθ}, {bη} be given as in Theorem 2.1 and Φ and Υ, the functions defined as in Theorem 2.2. If
Aθ = 1

θ

∑θ
ξ=1 aξ and Bη = 1

η

∑η
ζ=1 bζ with 1 ≤ θ ≤ κ and 1 ≤ η ≤ ω, then

κ∑
θ=1

ω∑
η=1

θη

θ
2
ρ + η

2
ϱ

Φ(Aθ)Υ(Bη) ≤ C(1, 1, κ, ω)
[ κ∑
θ=1

(κ − θ + 1)
(
Φ(aθ)

)ρ′] 1
ρ′
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×

[ ω∑
η=1

(ω − η + 1)
(
Υ(bη)

)ϱ′] 1
ϱ′

, (13)

where C(1, 1, κ, ω) is the constant obtained by putting ρ = ϱ = 1 in C(ρ, ϱ, κ, r) of Theorem 1.

Proof. Making use of Jensen’s and Hölder’s inequalities, we arrive at

Φ(Aθ) ≤
1
θ
θ

1
ρ

[ θ∑
ξ=1

(
Φ(aξ)

)ρ′] 1
ρ′

and

Υ(Bη) ≤
1
η
η

1
ϱ

[ η∑
ζ=1

(
Υ(bζ)

)ϱ′] 1
ϱ′

.

The rest of the proof follows by mimicing the proofs of Theorems 2.1, 2.2.

Theorem 2.4. Let {aθ}, {bη}, {ρθ}, {ϱη},Pθ,Qη be the same as in Theorem 2.2 and Φ,Υ defined as in Theorem 2.3. If
Aθ = 1

Pθ

∑θ
ξ=1 ρξaξ and Bη = 1

Qη

∑η
ζ=1 ϱζbζ with 1 ≤ θ ≤ κ and 1 ≤ η ≤ ω, then

κ∑
θ=1

ω∑
η=1

PθQη

θ
2
ρ + η

2
ϱ

Φ(Aθ)Υ(Bη) ≤ C(1, 1, κ, ω)
[ κ∑
θ=1

(κ − θ + 1)
(
ρξΦ(aξ)

)ρ′] 1
ρ′

×

[ ω∑
η=1

(ω − η + 1)
(
ϱζΥ(bζ)

)ϱ′] 1
ϱ′

, (14)

where C(1, 1, κ, ω) is same as defined before.

Proof. By using Jensen’s and Hölder’s inequalities, we obtain

Φ(Aθ) ≤
1

Pθ
θ

1
ρ

[ θ∑
ξ=1

(
ρξΦ(aξ)

)ρ′] 1
ρ′

,

and

Υ(Bη) ≤
1

Qη
η

1
ϱ

[ η∑
ζ=1

(
ϱζΥ(bζ)

)ϱ′] 1
ϱ′

.

The remaining proof follows from the proofs of Theorems 2.1, 2.2.

3. Useful Remarks

Putting ρ = ϱ = 2, in Theorems 2.1 − 2.4, the following inequalities are obtained

κ∑
θ=1

ω∑
η=1

A2
θB

2
η

θ + η
≤ 2
√
κω
( κ∑
θ=1

(κ − θ + 1)(aθAθ)2
) 1

2
( ω∑
η=1

(ω − η + 1)(bηBη)2
) 1

2

, (15)

κ∑
θ=1

ω∑
η=1

Φ(Aθ)Υ(Bη)
θ + η

≤
1
2

( κ∑
θ=1

(
Φ(Pθ)

Pθ

)2) 1
2
( ω∑
η=1

(Υ(Qη)
Qη

)2) 1
2



S. Kaushik et al. / Filomat 38:21 (2024), 7377–7388 7383

×

[ κ∑
θ=1

(κ − θ + 1)
(
ρθΦ(aθ/ρθ)

)2] 1
2

×

[ ω∑
η=1

(ω − η + 1)
(
ϱηΥ(bη/ϱη)

)2] 1
2

, (16)

κ∑
θ=1

ω∑
η=1

θη

θ + η
Φ(Aθ)Υ(Bη) ≤ C(1, 1, κ, ω)

[ κ∑
θ=1

(κ − θ + 1)
(
Φ(aθ)

)2] 1
2

×

[ ω∑
η=1

(ω − η + 1)
(
Υ(bη)

)2] 1
2

, (17)

with C(1, 1, κ, ω) = κω2 .

κ∑
θ=1

ω∑
η=1

PθQη
θ + η

Φ(Aθ)Υ(Bη) ≤ C(1, 1, κ, ω)
[ κ∑
θ=1

(κ − θ + 1)
(
ρξΦ(aξ)

)2] 1
2

×

[ ω∑
η=1

(ω − η + 1)
(
ϱζΥ(bζ)

)2] 1
2

. (18)

The inequality (15) is a Hilbert’s type inequality and (16) − (18) are results of Pachpatte.

4. Generalized Discrete Form

Using c
1
2 d

1
2 ≤

c+d
2 , the inequalities (7), (9), (13) and (14), respectively, take the following forms.

κ∑
θ=1

ω∑
η=1

AρθB
ϱ
η

θ + η
≤

1
2

C(ρ, ϱ, κ, ω)
[( κ∑
θ=1

(κ − θ + 1)(aθA
ρ−1
θ )ρ

′

) 2
ρ′

+
( ω∑
η=1

(ω − η + 1)(bηB
ϱ−1
η )ϱ

′

) 2
ϱ′
]
, (19)

κ∑
θ=1

ω∑
η=1

Φ(Aθ)Υ(Bη)

θ
2
ρ + η

2
ϱ

≤
1
2

M(κ,ω)
{[ κ∑
θ=1

(κ − θ + 1)
(
ρθΦ(aθ/ρθ)

)ρ′] 2
ρ′

+
[ ω∑
η=1

(ω − η + 1)
(
ϱηΥ(bη/ϱη)

)ϱ′] 2
ϱ′
}
, (20)

κ∑
θ=1

ω∑
η=1

θη

θ
2
ρ + η

2
ϱ

Φ(Aθ)Υ(Bη) ≤
1
2

C(1, 1, κ, ω)
{[ κ∑
θ=1

(κ − θ + 1)
(
Φ(aθ)

)ρ′] 2
ρ′

+
[ ω∑
η=1

(ω − η + 1)
(
Υ(bη)

)ϱ′] 2
ϱ′
}
, (21)

κ∑
θ=1

ω∑
η=1

PθQη

θ
2
ρ + η

2
ϱ

Φ(Aθ)Υ(Bη) ≤
1
2

C(1, 1, κ, ω)
{[ κ∑
θ=1

(κ − θ + 1)
(
ρξΦ(aξ)

)ρ′] 2
ρ′
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+
[ ω∑
η=1

(ω − η + 1)
(
ϱζΥ(bζ)

)ϱ′] 2
ϱ′
}
. (22)

The inequalities (19)− (22) are revised forms of our results. Moreover, for ρ = ϱ = 2, we obtain the following
inequalities.

κ∑
θ=1

ω∑
η=1

A2
θB

2
η

θ + η
≤

1
2

C(2, 2, κ, ω)
[( κ∑
θ=1

(κ − θ + 1)(aθAθ)2
)

+
( ω∑
η=1

(ω − η + 1)(bηBη)2
)]
, (23)

κ∑
θ=1

ω∑
η=1

Φ(Aθ)Υ(Bη)
θ + η

≤
1
2

M(κ,ω)
{[ κ∑
θ=1

(κ − θ + 1)
(
ρθΦ(aθ/ρθ)

)2]
+
[ ω∑
η=1

(ω − η + 1)
(
ϱηΥ(bη/ϱη)

)2]}
, (24)

κ∑
θ=1

ω∑
η=1

θη

θ + η
Φ(Aθ)Υ(Bη) ≤

1
2

C(1, 1, κ, ω)
{[ κ∑
θ=1

(κ − θ + 1)
(
Φ(aθ)

)2]
+
[ ω∑
η=1

(ω − η + 1)
(
Υ(bη)

)2]}
, (25)

κ∑
θ=1

ω∑
η=1

PθQη
θ + η

Φ(Aθ)Υ(Bη) ≤
1
2

C(1, 1, κ, ω)
{[ κ∑
θ=1

(κ − θ + 1)
(
ρξΦ(aξ)

)2]
+
[ ω∑
η=1

(ω − η + 1)
(
ϱζΥ(bζ)

)2]}
. (26)

5. Main Results: Integral Form

In this section, we present integral analogues of our results proved in Theorems 2.1 − 2.4. We prove

Theorem 5.1. Let ρ > 1, ϱ > 1 and f (u) ≥ 0, 1(v) ≥ 0 and 0 < u < κ, 0 < v < φ with 0 < κ, φ < ∞ and define
𭟋(ξ) =

∫ ξ
0 f (u)du,G(ζ) =

∫ ζ
0 1(v)dv, where 0 < ξ < κ, 0 < ζ < φ. Then∫ κ

0

∫ φ

0

𭟋ρ(ξ)Gϱ(ζ)

ξ
2
ρ + ζ

2
ϱ

dζ dξ ≤
1
2

D(ρ, ϱ,κ, φ)
[( ∫ κ

0
(κ − ξ)

(
𭟋ρ−1(ξ) f (ξ)

)ρ′
dξ
) 2
ρ′

+
( ∫ φ

0
(φ − ζ)

(
Gϱ−1(ζ)1(ζ)

)ϱ′
dζ
) 2
ϱ′
]
, (27)

unless f or 1 is identically zero and D(ρ, ϱ,κ, φ) = 1
2ρϱκ

1
ρφ

1
ϱ .
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Proof. By the hypothesis, it is easily seen that

𭟋ρ(ξ) = ρ
∫ ξ

0
𭟋ρ−1(u) f (u)du, ξ ∈ (0,κ), (28)

and

Gϱ(ζ) = ϱ
∫ ζ

0
Gϱ−1(v)1(v)dv, ζ ∈ (0, φ). (29)

From (28), (29) and using Hölder’s inequality and the inequality c
1
2 d

1
2 ≤

c+d
2 , we obtain

𭟋ρ(ξ)Gϱ(ζ) ≤
ρϱ

2
(ξ

2
ρ + ζ

2
ϱ )
( ∫ ξ

0

(
𭟋ρ−1(u) f (u)

)ρ′
du
) 1
ρ′

×

( ∫ ζ

0

(
Gϱ−1(v)1(v)

)ϱ′
dv
) 1
ϱ′

. (30)

Divide (30) by ξ
2
ρ + ζ

2
ϱ and integrate over ζ from 0 to φ and then integrate over ξ from 0 to κ, one obtains∫ κ

0

∫ φ

0

𭟋ρ(ξ)Gϱ(ζ)

ξ
2
ρ + ζ

2
ϱ

dξ dζ ≤
ρϱ

2

{∫ κ

0

( ∫ ξ

0

(
𭟋ρ−1(u) f (u)

)ρ′
du
) 1
ρ′

dξ
}

×

{∫ φ

0

( ∫ ζ

0

(
Gϱ−1(v)1(v)

)ϱ′
dv
) 1
ϱ′

dζ
}

≤
ρϱ

2
κ

1
ρφ

1
ϱ

{∫ κ

0

( ∫ ξ

0

(
𭟋ρ−1(u) f (u)

)ρ′
du
)
dξ
} 1
ρ′

×

{∫ φ

0

( ∫ ζ

0

(
Gϱ−1(v)1(v)

)ϱ′
dv
)
dζ
} 1
ϱ′

= D(ρ, ϱ,κ, φ)
( ∫ κ

0
(κ − ξ)

(
𭟋ρ−1(ξ) f (ξ)

)ρ′
dξ
) 1
ρ′

×

( ∫ φ

0
(φ − ζ)

(
Gϱ−1(ζ)1(ζ)

)ϱ′
dζ
) 1
ϱ′

≤
1
2

D(ρ, ϱ,κ, φ)
[( ∫ κ

0
(κ − ξ)

(
𭟋ρ−1(ξ) f (ξ)

)ρ′
dξ
) 2
ρ′

+
( ∫ φ

0
(φ − ζ)

(
Gϱ−1(ζ)1(ζ)

)ϱ′
dζ
) 2
ϱ′
]
,

where second inequality is achieved by applying Hölder’s inequality and the last inequality is the result
of the inequality c

1
2 d

1
2 ≤

c+d
2 . This completes the proof of the theorem.

Theorem 5.2. Let us consider f , 1, 𭟋,G defined as in Theorem 5.1. Let ρ(u) and ϱ(v) be positive functions with
0 < u < κ, 0 < v < φ and define P(ξ) =

∫ ξ
0 ρ(u)du and Q(ζ) =

∫ ζ
0 ϱ(v)dv with 0 < ξ < κ, 0 < ζ < φ andκ, φ ∈ R+.

Let Φ and Υ be the same as in Theorem 2.2. Then∫ κ

0

∫ φ

0

Φ(𭟋(ξ))Υ(G(ζ))

ξ
2
ρ + ζ

2
ϱ

dξ dζ ≤
1
2

L(κ, φ)
{[∫ κ

0
(κ − ξ)

(
ρ(ξ)Φ

( f (ξ)
ρ(ξ)

))ρ′
dξ
] 2
ρ′

+
[∫ φ

0
(φ − ζ)

(
ϱ(ζ)Υ

(1(ζ)
ϱ(ζ)

))ϱ′
dζ
] 2
ϱ′
}
, (31)

where L(κ, φ) = 1
2

( ∫ κ
0

(
Φ(P(ξ))

P(ξ)

)ρ
dξ
) 1
ρ
( ∫ φ

0

(
Υ(Q(ζ))

Q(ζ)

)ϱ
dζ
) 1
ϱ

.
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Proof. From the hypothesis, we get

Φ(𭟋(ξ)) = Φ
(P(ξ)

∫ ξ
0 ρ(u) f (u)

ρ(u) du∫ ξ
0 ρ(u)du

)
.

Making use of sub-multiplicity of Φ and Jensen’s and Hölder’s inequalities, the following is attained

Φ(𭟋(ξ)) ≤
Φ(P(ξ))

P(ξ)

∫ ξ

0
ρ(u)Φ

( f (u)
ρ(u)

)
du

≤ ξ
1
ρ
Φ(P(ξ))

P(ξ)

{∫ ξ

0

(
ρ(u)Φ

( f (u)
ρ(u)

))ρ′
du
} 1
ρ′

. (32)

Similarly, we find

Υ(G(ζ)) ≤ ζ
1
ϱ
Υ(Q(ζ))

Q(ζ)

{∫ ζ

0

(
ϱ(v)Υ

(1(v)
ϱ(v)

))ϱ′
dv
} 1
ϱ′

. (33)

From (32) and (33), we have

Φ(𭟋(ξ))Υ(G(ζ)) ≤ ξ
1
ρ ζ

1
ϱ
Φ(P(ξ))

P(ξ)
Υ(Q(ζ))

Q(ζ)

{∫ ξ

0

(
ρ(u)Φ

( f (u)
ρ(u)

))ρ′
du
} 1
ρ′

×

{∫ ζ

0

(
ϱ(v)Υ

(1(v)
ϱ(v)

))ϱ′
dv
} 1
ϱ′

≤

(
ξ

2
ρ + ζ

2
ϱ

2

)(
Φ(P(ξ))

P(ξ)

)(
Υ(Q(ζ))

Q(ζ)

){∫ ξ

0

(
ρ(u)Φ

( f (u)
ρ(u)

))ρ′
du
} 1
ρ′

×

{∫ ζ

0

(
ϱ(v)Υ

(1(v)
ϱ(v)

))ϱ′
dv
} 1
ϱ′

. (34)

Divide (34) by ξ
2
ρ +ζ

2
ϱ and integrate over ζ from 0 to φ and then ξ from 0 toκ and using Hölder’s inequality,

we obtain∫ κ

0

∫ φ

0

Φ(𭟋(ξ))Υ(G(ζ))

ξ
2
ρ + ζ

2
ϱ

dζ dξ ≤
1
2

[∫ κ

0

(
Φ(P(ξ))

P(ξ)

){∫ ξ

0

(
ρ(u)Φ

( f (u)
ρ(u)

))ρ′
du
} 1
ρ′

dξ
]

×

[∫ φ

0

(
Υ(Q(ζ))

Q(ζ)

){∫ ζ

0

(
ϱ(v)Υ

(1(v)
ϱ(v)

))ϱ′
dv
} 1
ϱ′

dζ
]

≤
1
2

[∫ κ

0

(
Φ(P(ξ))

P(ξ)

)ρ
dξ
] 1
ρ
[ ∫ φ

0

(
Υ(Q(ζ))

Q(ζ)

)ϱ
dζ
] 1
ϱ

×

[∫ κ

0

∫ ξ

0

(
ρ(u)Φ

( f (u)
ρ(u)

))ρ′
du dξ

] 1
ρ′

×

[∫ φ

0

∫ ζ

0

(
ϱ(v)Υ

(1(v)
ϱ(v)

))ϱ′
dv dζ

] 1
ϱ′

= L(κ, φ)
[∫ κ

0
(κ − ξ)

(
ρ(ξ)Φ

( f (ξ)
ρ(ξ)

))ρ′
dξ
] 1
ρ′

×

[∫ φ

0
(φ − ζ)

(
ϱ(ζ)Υ

(1(ζ)
ϱ(ζ)

))ϱ′
dζ
] 1
ϱ′

≤
1
2

L(κ, φ)
[∫ κ

0
(κ − ξ)

(
ρ(ξ)Φ

( f (ξ)
ρ(ξ)

))ρ′
dξ
] 2
ρ′
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+
[∫ φ

0
(φ − ζ)

(
ϱ(ζ)Υ

(1(ζ)
ϱ(ζ)

))ϱ′
dζ
] 2
ϱ′

.

Hence, the theorem is proved.

Theorem 5.3. Let us consider f , 1 as in Theorem 5.1 and Φ, Υ as in Theorem 2.2. Let 𭟋(ξ) = 1
ξ

∫ ξ
0 f (u)du and

G(ζ) = 1
ζ

∫ ζ
0 1(v)dv with 0 < ξ < κ, 0 < ζ < φ for the positive real numbers κ, φ. Then∫ κ

0

∫ φ

0

ξζ

ξ
2
ρ + ζ

2
ϱ

Φ( f (ξ))Υ(G(ζ)) dξ dζ ≤
1
4
κ

1
ρφ

1
ϱ

{[∫ κ

0
(κ − ξ)

(
Φ( f (ξ))

)ρ′
dξ
] 2
ρ′

+
[∫ φ

0
(φ − ζ)

(
Υ(1(ζ))

)ϱ′
dζ
] 2
ϱ′
}
. (35)

Proof. The proof runs similar as the proof of Theorem 5.2.

Theorem 5.4. Let f , 1, ρ, ϱ,P,Q be the same as in Theorem 5.2 and Φ, Υ as in Theorem 2.2. Let 𭟋(ξ) =
1

P(ξ)

∫ ξ
0 ρ(u) f (u)du and G(ζ) = 1

Q(ζ)

∫ ζ
0 ϱ(v)1(v)dv with ξ ∈ (0,κ), and ζ ∈ (0, < φ), for the positive real num-

bers κ, φ. Then∫ κ

0

∫ φ

0

P(ξ)Q(ζ)Φ(𭟋(ξ))Υ(G(ζ))

ξ
2
ρ + ζ

2
ϱ

dξdζ ≤
1
4
κ

1
ρφ

1
ϱ

{[∫ κ

0
(κ − ξ)

(
ρ(ξ)Φ( f (ξ))

)ρ′
dξ
] 2
ρ′

+
[∫ φ

0
(φ − ζ)

(
ϱ(ζ)Υ(1(ζ))

)ϱ′
dζ
] 2
ϱ′
}
. (36)

Proof. The proof foloows in a similar way as of Theorem 5.2.

6. Conclusions

On considering ρ = ϱ = 2, inequalities (27), (31), (35) and (36) take the forms∫ κ

0

∫ φ

0

𭟋2(ξ)G2(ζ)
ξ + ζ

dζdξ ≤
1
2

D(2, 2,κ, φ)
[( ∫ κ

0
(κ − ξ)

(
𭟋(ξ) f (ξ)

)2
dξ
)

+
( ∫ φ

0
(φ − ζ)

(
G(ζ)1(ζ)

)2
dζ
)]
, (37)

∫ κ

0

∫ φ

0

Φ(𭟋(ξ))Υ(G(ζ))
ξ + ζ

≤
1
2

L′(κ, φ)
[∫ κ

0
(κ − ξ)

(
ρ(ξ)Φ

( f (ξ)
ρ(ξ)

))2
dξ
]

+
[∫ φ

0
(φ − ζ)

(
ϱ(ζ)Υ

(1(ζ)
ϱ(ζ)

))2
dζ
]
, (38)

where L′(κ, φ) = 1
2

( ∫ κ
0

(
Φ(P(ξ))

P(ξ)

)2
dξ
) 1

2
( ∫ φ

0

(
Υ(Q(ζ))

Q(ζ)

)2
dζ
) 1

2

,∫ κ

0

∫ φ

0

ξζ
ξ + ζ

Φ( f (ξ))Υ(G(ζ))dξdζ ≤
1
4
κ

1
2φ

1
2

{[∫ κ

0
(κ − ξ)

(
Φ( f (ξ))

)2
dξ
]

+
[∫ φ

0
(φ − ζ)

(
Υ(1(ζ))

)2]}
, (39)

∫ κ

0

∫ φ

0

P(ξ)Q(ζ)Φ(𭟋(ξ))Υ(G(ζ))
ξ + ζ

dξdζ ≤
1
4
κ

1
2φ

1
2

{[∫ κ

0
(κ − ξ)

(
ρ(ξ)Φ( f (ξ))

)2]
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+
[∫ φ

0
(φ − ζ)

(
ϱ(ζ)Υ(1(ζ))

)2]}
(40)

respectively. Clearly Pachpatte’s main results [16] are the special cases of our derived inequalities (37)-(40).
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