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An analysis of the convergence problem of a function in functional
norms by applying the product Hausdorff operator
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Abstract. In this study, we have obtained results regarding the convergence properties of a function of
derived conjugate Fourier series in weighted Lipschitz and generalized Hölder spaces. These results were
obtained by utilizing the product Hausdorff operator. Several intriguing applications of our findings are
also examined to observe the convergence behaviour of the function in the aforementioned spaces.

1. Introduction

Several researchers, such as [8], [9], [10], [11], [15–20], [21], [22–24] and others, have conducted investi-
gations on the approximation properties of conjugate Fourier series in Lipschitz, Sobolev and generalized
Hölder spaces using summability means.
The paper comprises an analysis of the convergence problems of a function f̃ ′ of C.D.F.S. in Lipschitz and
generalized Hölder norms utilizing product Hausdorffmeans. Our convergence results are compared using
applications. We observe that product Hausdorff means to yield a broader class of summability matrices,
encompassing product Cesàro and product Euler means as special cases.
Srivastava et al. [27] have proved the existence of solutions for an infinite system of nth order boundary
value problems in Banach spaces, such as c0 and l1. Further, Srivastava et al. [28] discussed the existence
and Hyers-Ulam stability of solutions for nonlinear differential equations involving the Liouville-Caputo
fractional derivative with multi-point boundary conditions and the p-Laplacian operator in Banach spaces.
Furthermore, Eidinejad et al. [5] introduced a new class of fuzzy control functions to approximate a Cauchy
additive mapping in a fuzzy Banach space (FBS), exploring isomorphisms in unital FBS (UFBS) and eval-
uating Cauchy-Optimal stability (C-O-stability) for all defined mappings by selecting the optimal control
function from several specific functions. Moreover, AlBaidani et al. [2] introduced a space based on a
general Riesz sequence space, establishing its completeness and linear isomorphism with l(p). They also
derived the Köthe-dual property of this space. Recently, Srivastava et al. [29] introduced and investigated
the q-Cesàro matrix C(q) = cq

uv with q ∈ (0, 1), focusing on the sequence spaces Xq(p),Xq
0(p),Xq

c (p), and Xq
∞(p),

which arise from the domain of the matrix C(q) in the Maddox spaces l(p), c0(p), c(p) and l∞(p) respectively.
They established the Schauder basis and the alpha-beta- and gamma-duals of these spaces.
The paper is structured in the following manner: In the second section, we provide significant definitions
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of our study. Section 3 presents auxiliary findings utilized in the proofs of our primary outcomes. In
the fourth section, we establish the convergence properties of the function f̃ ′ within Lipschitz spaces and
compare these findings using various applications. In this part, we establish convergence results for the
function f̃ ′ in generalized Hölder spaces and analyze these results through various applications. Section 6
encompasses the concluding remarks.

2. Preliminaries

2.1. Conjugate derived Fourier series
The series

f̃ ′(y) :=
∞∑

n=1

(an cos ny + bn sin ny) (1)

is said to be the conjugate derived series of Fourier series, which is also said to be conjugate derived Fourier
series (C.D.F.S.).
We denote the nth partial sum of conjugate derived Fourier series (C.D.F.S.) as s̃′( f̃ ′; y) and is given by

s̃
′

n(y) − f̃ ′(y) = −
2
π

∫ π

0

ϱ(y)(l)

4 sin l
2

(
n +

1
2

)
sin
(
n +

1
2

)
ldl −

1
π

∫ π

0

ϱ(y)(l)

4 sin l
2

cos(n + 1
2 )l

tan l
2

dl, [13] (2)

where f̃ ′ is the conjugate derived function of 2π-periodic function f , which is expressed as

f̃ ′(y) =
1

4π

∫ π

0
ϱ(y)(l) csc2 l

2
dl,

where
ϱ(y)(l) = f (y + l) + f (y − l).

Note: Detailed work on Fourier series and its allied series can be found in [1].

2.2. Product Hausdorff operator
If

1n,r ≡

nCr∆
n−rµr, 0 ≤ r ≤ n;

0, r > n,

where (1n,r) is an infinite lower triangular matrix and ∆ is a forward operator defined as ∆µn ≡ µn − µn+1
and ∆r+1µn ≡ ∆

r(∆µn), then (1n,r) is said to be a Hausdorffmatrix ([7]).
If (1n,r) is regular, then µn, known as moment sequence, has the representation

µn =

∫ 1

0
tndγ(t),

where γ(t), known as mass function, is continuous at t = 0 and belongs to BV [0, 1] such that γ(0+) =
0, γ(1) = 1, and γ(t) = γ(t−0)+γ(t+0)

2 for 0 < t < 1 [6, 23].
The product Hausdorff operator of the series (1) is denoted by H̃

′

1h( f̃ ′; y) as follows

H̃
′

1h( f̃ ′; y) :=
n∑

r=0

1n,r

r∑
k=0

hr,ks̃k( f̃ ′; y), n, r = 0, 1, 2, . . . (3)

The C.D.F.S. (1) is said to be summable to s by product Hausdorff operator if H̃
′

1h( f̃ ′; y)→ s as n, r→∞.
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Remark 2.1. The product Hausdorff matrix H̃ ′

1h( f̃ ′; y) reduces to

• (C, λ1, λ2) means if the mass function is given by

θ(v,w) = λ1λ2

∫ v

0

∫ w

0
(1 − l)λ1−1(1 − z)λ2−1dldz

• (E, qn, qr) means if the mass function is given by

θ(v,w) =

0 If v ∈ [0, β],w ∈ [0, α]
1 If v ∈ [β, 1],w ∈ [α, 1],

where β = 1
1+qn
, α = 1

1+qr
, qn, qr > 0.

2.3. Lipschitz Spaces

Let Lp[0, 2π] = { f : [0, 2π]→ R :
∫ 2π

0 | f (y)|pdy, p ≥ 1} be the space of 2π- periodic and integrable function.
The Lp norm of f ∈ Lp[0, 2π] is given by

|| f ||p :=


{

1
2π

∫ 2π

0 | f (y)|pdy
} 1

p

, for 1 ≤ p < ∞;

ess sup
0<y<2π

| f (y)|, for p = ∞.

W(Lp, ζ(l)) class of a function:
A function f ∈W(Lp, ζ(l)) if( ∫ 2π

0

∣∣∣∣∣ f (y + l) − f (y)) sinσ
( y

2

)∣∣∣∣∣pdy
) 1

p

= O(ζ(l)), for σ ≥ 0, p ≥ 1,

where ζ(l) is a positive increasing function of l.

Note: A detailed study on other class of function such as Lip φ,Lip(φ, p) and Lip(ζ(l), p) can be found
in [26]. Following [26] we write

if p→∞, then Lip φ ⊆ Lip(φ, p);

if ζ(l) = lφ (0 < φ ≤ 1), then Lip(φ, p) ⊆ Lip(ζ(l), p);

if σ = 0, then Lip(ζ(l), p) ⊆W(Lp, ζ(l)).

2.4. Generalized Hölder Spaces
As defined in[1], ξ : [0, 2π]→ R is an arbitrary function such that ξ(l) > 0, 0 < l ≤ 2π and liml→0+ ξ(l) =

ξ(0) = 0.
Now, the class of function H(ξ)

p is defined by

H(ξ)
p :=

{
f ∈ Lp[0, 2π] : sup

l,0

|| f (·,+l) − f (·)||p
ξ(t)

< ∞, p ≥ 1
}
.

The norm of class of function H(ξ)
p is given by

|| f ||(ξ)p = || f ||p + sup
l,0

|| f (·,+l) − f (·)||p
ξ(l)

; p ≥ 1.
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We note that ξ(l) and η(l) denote the moduli of continuity of order two (moduli of smoothness) such that
ξ(l)
η(l) is positive, non-decreasing and

|| f ||(η)(p) ≤ max
(
1,
ξ(2π)
η(2π)

)
|| f ||(ξ)p < ∞.

Now it can be easily verified that H(ξ)
p is a complete normed linear space. We also observe that

H(ξ)
p ⊂ H(η)

p ⊂ Lp [0, 2π].

2.5. Degree of convergence

The degree of convergence of a function f̃ gives how speedily H̃
′

1h converges to the function f̃ , i.e.

|| f̃ (y) − H̃
′

1h|| = O
( 1
φnr

)
,

where φnr →∞ as n, r→∞[1].

2.6. Notations

M̃
′

1 = −
r

2π

∫ 1

0

( n∑
r=0

nCrtr(1 − t)n−rdγ1(t)
) ∫ 1

0

( r∑
k=0

rCktk(1 − t)r−k sin(k + 1
2 )l

sin l
2

dγ2(t)
)
; (4)

M̃
′

2 = −
1

4π

∫ 1

0

( n∑
r=0

nCrtr(1 − t)n−rdγ1(t)
) ∫ 1

0

( r∑
k=0

rCktk(1 − t)r−k cos(kl)
sin2 l

2

dγ2(t)
)
. (5)

3. Auxiliary Results

The following auxiliary results are required for the proof of our main theorems.

Lemma 3.1.
∣∣∣∣∣M̃′

1

∣∣∣∣∣ = O(n + 1) , for 0 < l ≤ 1
n+1 .

Proof. For 0 < t < 1, 0 < l ≤ 1
n+1 , sin kl ≤ kl, sup

0≤t≤1

dγ1(t)
dt =M, sup

0≤t≤1

dγ2(t)
dt = N and | sin( l

2 )| ≥ l
π , from (4) we have

∣∣∣∣∣M̃′

1

∣∣∣∣∣ ≤ ∣∣∣∣∣ r
2π

∫ 1

0

( n∑
r=0

nCrtr(1 − t)n−rdγ1(t)
) ∫ 1

0

( r∑
k=0

rCktk(1 − t)r−k (2k + 1) l
2

l
π

dγ2(t)
)∣∣∣∣∣

≤
Nr
4

∣∣∣∣∣ ∫ 1

0

n∑
r=0

nCrtr(1 − t)n−rdγ1(t)
∫ 1

0

(
2

r∑
k=0

rCktk(1 − t)r−k
· k +

r∑
k=0

rCktk(1 − t)r−k
)
dt
∣∣∣∣∣. (6)

First, we solve

r∑
k=0

rCktk(1 − t)r−kk = (1 − t)r
r∑

k=0

rCk

( t
1 − t

)k
k. (7)

Taking t
1−t = j in (7), we have

r∑
k=0

rCktk(1 − t)r−kk = (1 − t)r
r∑

k=0

rCk jkk,
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r∑
k=0

rCk jk · k = rC1 j + 2 rC2 j2 + · · · + r rCr jr. (8)

We know that

(1 + j)r =rC0 +
rC1 · j + rC2 · j2 + · · · + rCr · jr (9)

Differentiating (9) with respect to j, we get

r(1 + j)r−1 = 0 + rC1 +
rC2 · 2 j + · · · + rCr · rjr−1. (10)

Multiplying (10) by j on both sides, we get

rj(1 + j)r−1 = rC1 · j + 2 rC2 · j2 + · · · + r rCr · jr. (11)

Now from (8) and (11), we have

r∑
k=0

rCk( j)k
· k =rj(1 + j)r−1

(1 − t)r
r∑

k=0

rCk

( t
1 − t

)k
· k =(1 − t)r(rj(1 + j)r−1)

r∑
k=0

rCk tk(1 − t)r−k
· k =r(1 − t)r

( t
(1 − t)

1
(1 − t)r−1

)
r∑

k=0

rCk tk(1 − t)r−k
· k =rt. (12)

Now solving

r∑
k=0

rCk tk(1 − t)r−k =(1 − t + t)r

= 1 (13)

Using (12) and (13) in (6), we have∣∣∣∣∣M̃′

1

∣∣∣∣∣ ≤ Nr
4

∣∣∣∣∣ ∫ 1

0

n∑
r=0

nCrtr(1 − t)n−rdγ1(t)
∫ 1

0
(2rt + 1)dt

∣∣∣∣∣
=

NMr
4

∣∣∣∣∣ ∫ 1

0

n∑
r=0

nCrtr(1 − t)n−r(r + 1)dt
∣∣∣∣∣

=
NMr

4

∣∣∣∣∣ ∫ 1

0

[ n∑
r=0

nCrtr(1 − t)n−rr +
n∑

r=0

nCrtr(1 − t)n−r
]
dt
∣∣∣∣∣

=
NMr

4

∣∣∣∣∣ ∫ 1

0
(nt + 1)dt

∣∣∣∣∣
=

NMr
2

(n + 1)

= O(n + 1).
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Lemma 3.2.
∣∣∣∣∣M̃′

2

∣∣∣∣∣ = O
(

1
l2

)
, for 0 < l ≤ 1

n+1 .

Proof. For 0 < t < 1, 0 < l ≤ 1
n+1 , | cos(kl)| ≤ 1, sup

0≤t≤1

dγ1(t)
dt = M, sup

0≤t≤1

dγ2(t)
dt = N and | sin( l

2 )| ≥ l
π , from (5) we

have ∣∣∣∣∣M̃′

2

∣∣∣∣∣ ≤ Nπ2

l2
1

4π

∣∣∣∣∣ ∫ 1

0

( n∑
r=0

nCrtr(1 − t)n−rdγ1(t)
) ∫ 1

0

( r∑
k=0

rCktk(1 − t)r−kdt
∣∣∣∣∣)

≤
Nπ
4l2

∣∣∣∣∣ ∫ 1

0

( n∑
r=0

nCrtr(1 − t)n−rdγ1(t)
) ∫ 1

0
(1 − t + t)rdt

∣∣∣∣∣
≤

NMπ
4l2

∣∣∣∣∣ ∫ 1

0

( n∑
r=0

nCrtr(1 − t)n−rdt
)

≤
NMπ

4l2

∣∣∣∣∣ ∫ 1

0
(1 − t + t)ndt

∣∣∣∣∣
= O
( 1

l2

)
.

Lemma 3.3.
∣∣∣∣∣M̃′

1

∣∣∣∣∣ = O
(

1
(n+1)l2

)
, for 1

n+1 < l ≤ π.

Proof. For 0 < t < 1, 1
n+1 < l ≤ π, sin2( r+1

2 )l ≤ 1, sup
0≤t≤1

dγ1(t)
dt = M, sup

0≤t≤1

dγ2(t)
dt = N and | sin( l

2 )| ≥ l
π , from (4) we

have ∣∣∣∣∣M̃′

1

∣∣∣∣∣ ≤ ∣∣∣∣∣ r
2π

∫ 1

0

( n∑
r=0

nCrtr(1 − t)n−rdγ1(t)
) ∫ 1

0

( r∑
k=0

rCktk(1 − t)r−k Im(ei(k+ 1
2 )l)

l
π

dγ2(t)
)∣∣∣∣∣

≤
Nr
2l

∣∣∣∣∣ ∫ 1

0

n∑
r=0

nCrtr(1 − t)n−rdγ1(t) · Im
∫ 1

0
(1 − t)re

il
2

r∑
k=0

rCk

( teil

1 − t

)k
dt
∣∣∣∣∣

=
Nr
2l

∣∣∣∣∣ ∫ 1

0

n∑
r=0

nCrtr(1 − t)n−rdγ1(t)Im
[
e

il
2

∫ 1

0
(1 − t)r

{
rC0

( teil

1 − t

)0
+ rC1

( teil

1 − t

)1
+ · · · + rCr

( teil

1 − t

)r}
dt
]

=
Nr
2l

∣∣∣∣∣ ∫ 1

0

n∑
r=0

nCrtr(1 − t)n−rdγ1(t)Im
[
e

il
2

∫ 1

0

{
rC0(1 − t)r + rC1(1 − t)r−1

(
teil
)
+ · · · + rCr(1 − t)0

(
teil
)r}

dt
]

=
Nr
2l

∣∣∣∣∣ ∫ 1

0

n∑
r=0

nCrtr(1 − t)n−rdγ1(t) · Im
(
e

il
2

∫ 1

0
(1 + t(eil

− 1))rdt
)∣∣∣∣∣. (14)

Considering

1 + t(eil
− 1) = x

⇒ (eil
− 1)dt = dx

⇒ dt =
dx

(eil − 1)
.

∣∣∣∣∣M̃′

1

∣∣∣∣∣ = Nr
2l

∣∣∣∣∣ ∫ 1

0

n∑
r=0

nCrtr(1 − t)n−rdγ1(t) · Im
(
e

il
2

∫
xr dx

(eil − 1)

)∣∣∣∣∣
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=
Nr
2l

∣∣∣∣∣ ∫ 1

0

n∑
r=0

nCrtr(1 − t)n−rdγ1(t) · Im e
il
2

( ei(r+1)l
− 1

(r + 1)(eil − 1)

)∣∣∣∣∣
=

Nr
2l

∣∣∣∣∣ ∫ 1

0

n∑
r=0

nCrtr(1 − t)n−rdγ1(t) · Im
(cos(r + 1)l + i sin(r + 1)l − 1

(r + 1)2i sin l
2

)∣∣∣∣∣
=

Nr
2l

∣∣∣∣∣ ∫ 1

0

n∑
r=0

nCrtr(1 − t)n−rdγ1(t)
sin2( (r+1)l

2 )

(r + 1) sin l
2

∣∣∣∣∣
≤

NMrπ
2l2

∣∣∣∣∣ ∫ 1

0

( n∑
r=0

nCrtr(1 − t)n−r 1
r + 1

dt
)∣∣∣∣∣

≤
NMrπ

2(n + 1)l2

∣∣∣∣∣ ∫ 1

0

( n∑
r=0

nCrtr(1 − t)n−rdt
)∣∣∣∣∣

=
NMrπ

2(n + 1)l2

∣∣∣∣∣ ∫ 1

0
(1 − t + t)ndt

∣∣∣∣∣
= O
( 1

(n + 1)l2

)
.

Lemma 3.4.
∣∣∣∣∣M̃′

2

∣∣∣∣∣ = O
(

1
(n+1)l3

)
, for 1

n+1 ≤ l ≤ π.

Proof. For 0 < t < 1, 1
n+1 < l ≤ π, | cos(kl)| ≤ 1, | sin(r+1)l| ≤ 1, sup

0≤t≤1

dγ1(t)
dt =M, sup

0≤t≤1

dγ2(t)
dt = N and | sin( l

2 )| ≥ l
π ,

from (5) we have∣∣∣∣∣M̃′

2

∣∣∣∣∣ ≤ Nπ
4l2

∣∣∣∣∣ ∫ 1

0

( n∑
r=0

nCrtr(1 − t)n−rdγ1(t)
)
· Re
∫ 1

0

( r∑
k=0

rCktk(1 − t)r−keikldt
∣∣∣∣∣)

≤
Nπ
4l2

∣∣∣∣∣ ∫ 1

0

( n∑
r=0

nCrtr(1 − t)n−rdγ1(t)
)
· Re
( ∫ 1

0
(1 − t)r

r∑
k=0

rCk

( teil

1 − t

)k)
dt
∣∣∣∣∣

≤
Nπ
4l2

∣∣∣∣∣ ∫ 1

0

( n∑
r=0

nCrtr(1 − t)n−rdγ1(t)
)
· Re
( ∫ 1

0
(1 − t + teil)rdt

∣∣∣∣∣
=

Nπ
4l2

∣∣∣∣∣ ∫ 1

0

n∑
r=0

nCrtr(1 − t)n−rdγ1(t) · Re
(cos(r + 1)l + i sin(r + 1)l − 1

(r + 1)2i sin l
2

)∣∣∣∣∣
=

Nπ
4l2

∣∣∣∣∣ ∫ 1

0

n∑
r=0

nCrtr(1 − t)n−rdγ1(t)
sin(r + 1)l

2(r + 1) sin l
2

∣∣∣∣∣
≤

NMπ2

4l3

∣∣∣∣∣ ∫ 1

0

( n∑
r=0

nCrtr(1 − t)n−r 1
r + 1

dt
)∣∣∣∣∣

≤
NMπ2

4(n + 1)l3

∣∣∣∣∣ ∫ 1

0

( n∑
r=0

nCrtr(1 − t)n−rdt
)∣∣∣∣∣

≤
NMπ2

(n + 1)l3

∣∣∣∣∣ ∫ 1

0
(1 − t + t)ndt

∣∣∣∣∣
= O
( 1

(n + 1)l3

)
.
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Lemma 3.5. [12] Let f ∈ H(ξ)
p , then for 0 < l ≤ π

(i) ||ϱ(·, l)||p = O(ξ(l));

(ii) ||ϱ(· + t, l) − ϱ(·, l)||p =

O(ξ(l)),
O(ξ(t));

(iii) If ξ(l) and η(l) are modulus of continuity, then
||ϱ(· + t, l) − ϱ(·, l)||p = O(η(|t|)( ξ(l)η(l) ).

4. Analysis of convergence of a function in weighted Lipschitz spaces

4.1. Results and their proofs
Here, we establish a theorem to study the convergence of function f̃ ′ of derived Fourier series in

W(Lp, ζ(l)), σ ≥ 0, p ≥ 1 class using product Hausdorff operator. In fact, we prove the following theorem:

Theorem 4.1. If f̃ ′ is a derived conjugate function of 2π periodic and Lebesgue integrable function f , then the degree
of convergence of W(Lp, ζ(l)) (p > 1 and 0 ≤ σ ≤ 1 − 1

p ) class using product Hausdorff operator, is given by

||H̃
′

1h( f̃ ′; y) − f̃ ′(y)||p = O
(
(n + 1)σ+1+ 1

p ζ
( 1

n + 1

))
,

provided ζ(l) satisfies{ζ(l)
l

}
is non-increasing, (15)

( ∫ 1
n+1

0

(
|ϱy(l)|
ζ(l)

sinσ
( l

2

))p
dl
) 1

p

= O
( 1

n + 1

) 1
p

, (16)

( ∫ 1
n+1

ϵ

( ζ(l)
l sinσ( l

2 )

)ω
dl
) 1
ω

= O
(
(n + 1)σ+

1
p ζ
( 1

n + 1

))
, (17)

∫ π

1
n+1

(( l−δ|ϱy(l)|
ζ(l)

)p
dl
) 1

p

= O
(
(n + 1)δ

)
, (18)

where δ is an arbitrary number, 0 < δ < σ + 1
p ,

1
p +

1
ω = 1 for p > 1. The conditions (16) and (18) hold uniformly in

y.
The conditions (16) and (18) can be verified by using the fact that ϱy(l) ∈W(Lp, ζ(l)) and ϱy(l)

ζ(l) is a bounded function.
The condition (17) is obvious in the light of the mean value theorem for integrals.

Proof. Following [14], the integral representation of s̃′n( f̃ ′; y) is given by,

s̃
′

n( f̃ ′; y) =
1
π

∫ π

−π
f (u)

∂
∂u

( r∑
e=1

sin e(u − y)
)
du

= −
1
π

∫ π

0

d
dl

(cos( l
2 ) − cos(r + 1

2 )l

2 sin( l
2 )

)
( f (y + l) + f (y − l))dl

= −
1
π

∫ π

0

d
dl

(cot( l
2 )

2

)
ϱy(l)dl +

1
π

∫ π

0

d
dl

(cos(r + 1
2 )l

2 sin( l
2 )

)
ϱy(l)dl

=
1

4π

∫ π

0
csc2(

l
2

)ϱy(l)dl −
2
π

∫ π

0

ϱy(l)

4 sin( l
2 )

(
r +

1
2

)
sin
(
r +

1
2

)
ldl −

1
π

∫ π

0

ϱy(l)

4 sin( l
2 )

cos(r + 1
2 )l

tan( l
2 )

dl.
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s̃
′

n( f ; y) −
1

4π

∫ π

0
csc2
( l

2

)
ϱy(l)dl = −

2
π

(
r +

1
2

) ∫ π

0

ϱ(y)(l)

4 sin l
2

sin
(
r +

1
2

)
ldl

−
1
π

∫ π

0

ϱ(y)(l)

4 sin l
2

cos(r + 1
2 )l cos( l

2 )

sin l
2

dl

s̃
′

n( f ; y) − f̃ ′(y) = −
2r
π

∫ π

0

ϱ(y)(l)

4 sin l
2

sin
(
r +

1
2

)
ldl −

1
π

∫ π

0

ϱ(y)(l)

4 sin l
2

cos(rl)
sin l

2

dl.

Now,

T
′

n(y) = H̃
′

1h( f̃ ′; y) − f̃ ′(y)

=

n∑
r=0

mn,r

r∑
k=0

nr,k(s̃
′

n( f ; y) − f̃ ′(y))

= −
2r
π

∫ π

0

ϱ(y)(l)

4 sin l
2

n∑
r=0

mn,r

r∑
k=0

nr,k sin(k +
1
2

)ldl −
1
π

∫ π

0

ϱ(y)(l)

4 sin l
2

n∑
r=0

mn,r

r∑
k=0

nr,k
cos(kl)
sin l

2

dl

= −
2r
π

∫ π

0

[ ϱ(y)(l)

4 sin l
2

∫ 1

0

( n∑
r=0

nCrtr(1 − t)n−r
)
dγ1(t)

∫ 1

0

( r∑
k=0

rCktk(1 − t)r−k sin(k +
1
2

)l
)
dγ2(t)

]
dl

−
1
π

∫ π

0

[ ϱ(y)(l)

4 sin l
2

∫ 1

0

( n∑
r=0

nCrtr(1 − t)n−r
)
dγ1

∫ 1

0

( r∑
k=0

rCktk(1 − t)r−k cos(kl)
sin l

2

)
dγ2

]
dl

=

∫ π

0

(
ϱ(y)(l)M̃

′

1dl
)
+

∫ π

0

(
ϱ(y)(l)M̃

′

2dl
)

=

∫ π

0
ϱ(y)(l)

(
M̃
′

1 + M̃
′

2

)
dl

=
( ∫ 1

n+1

0
ϱ(y)(l)

(
M̃
′

1 + M̃
′

2

)
+

∫ π

1
n+1

ϱ(y)(l)
(
M̃
′

1 + M̃
′

2

))
dl

= A + B. (19)

Now ϱy(l) ∈W(Lp, ζ(l)),we have

|A| ≤
∫ 1

n+1

0
|ϱy(l)||M̃

′

1|dl +
∫ 1

n+1

0
|ϱy(l)||M̃

′

2|dl.

using the Lemmas 3.1 and 3.2, we write

|A| ≤
∫ 1

n+1

0
|ϱy(l)|(n + 1)dl +

∫ 1
n+1

0
|ϱy(l)|

1
l2

dl

≤

∫ 1
n+1

0
(n + 1)|ϱy(l)|dl +

∫ 1
n+1

0

|ϱy(l)|
l2

dl

Applying Hölder’s inequality

|A| =
( ∫ 1

n+1

0

( (n + 1)|ϱy(l)| sinσ l
2

ζ(l)

)p
dl
) 1

p
( ∫ 1

n+1

0

( ζ(l)
sinσ l

2

)ω
dl
) 1
ω

+
( ∫ 1

n+1

0

(
|ϱy(l)| sinσ l

2

ζ(l)

)p
dl
) 1

p
( ∫ 1

n+1

0

( ζ(l)
l2 sinσ l

2

)ω
dl
) 1
ω
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Using the conditions (15), (16) and second mean value theorem for integrals, we have

|A| = O
( 1

n + 1

) 1
p

ζ
( 1

n + 1

)
(n + 1)

( ∫ 1
n+1

0

( 1
lσ

)ω
dl
) 1
ω

+O
( 1

n + 1

) 1
p

ζ
( 1

n + 1

)( ∫ 1
n+1

0

( 1
lσ+2

)ω
dl
) 1
ω

= O
( 1

n + 1

) 1
p

ζ
( 1

n + 1

)
(n + 1)

(
lim
ϵ→0

∫ 1
n+1

ϵ

( 1
lσω

)
dl
) 1
ω

+O
( 1

n + 1

) 1
p

ζ
( 1

n + 1

)(
lim
ϵ→0

∫ 1
n+1

ϵ

( 1
lσω+2ω

)
dl
) 1
ω

= O
( 1

n + 1

) 1
p

ζ
( 1

n + 1

)
(n + 1)

([ l−σω+1

−σω + 1

] 1
n+1

ϵ

) 1
ω

+O
( 1

n + 1

) 1
p

ζ
( 1

n + 1

)([ l−σω−2ω+1

−σω − 2ω + 1

] 1
n+1

ϵ

) 1
ω

= O
(( 1

n + 1

) 1
p

ζ
( 1

n + 1

)
(n + 1)σ+

1
p

)
+O
( 1

n + 1

) 1
p

ζ
( 1

n + 1

)
(n + 1)σ+1+ 1

p

)
= O
(
(n + 1)σ+1ζ

( 1
n + 1

))
. (20)

Now,

|B| ≤
∫ π

1
n+1

|ϱy(l)||M̃
′

1|dl +
∫ π

1
n+1

|ϱy(l)||M̃
′

2|dl.

Using the Lemmas 3.1 and 3.2, we have

|B| ≤
∫ π

1
n+1

|ϱy(l)|
1

(n + 1)l2
dl +
∫ π

1
n+1

|ϱy(l)|
1

(n + 1)l3
dl

Applying Hölder’s inequality, we have

|B| ≤
( ∫ π

1
n+1

( l−δ|ϱy(l)| sinσ l
2

ζ(l)

)p
dl
) 1

p
( ∫ π

1
n+1

( ζ(l)
(n + 1)l2−δ+σ

)ω
dl
) 1
ω

+
( ∫ π

1
n+1

( l−δ|ϱy(l)| sinσ l
2

ζ(l)

)p
dl
) 1

p
( ∫ π

1
n+1

( ζ(l)
(n + 1)l3−δ+σ

)ω
dl
) 1
ω

.

Using conditions (15), (18), | sin(l)| ≤ 1 and second mean value theorem for integrals, we have

|B| = O(n + 1)δζ
( 1

n + 1

)( 1
n + 1

)( ∫ n+1

1
π

(
12+σ−δ

)ω d1
12

) 1
ω

+O(n + 1)δζ
( 1

n + 1

)( 1
n + 1

)( ∫ n+1

1
π

(
13+σ−δ

)ω d1
12

) 1
ω
(

putting
1
l
= 1
)

= O(n + 1)δζ
( 1

n + 1

)( 1
n + 1

)
(n + 1)2+σ−δ− 1

ω +O(n + 1)δζ
( 1

n + 1

)( 1
n + 1

)
(n + 1)3+σ−δ− 1

ω

= O
(
ζ
( 1

n + 1

)
(n + 1)σ+

1
p

)
+O
(
ζ
( 1

n + 1

)
(n + 1)1+σ+ 1

p

)
= O
(
(n + 1)σ+1+ 1

p ζ
( 1

n + 1

))
. (21)

Combining (19), (20) and (21), we get

||H̃
′

1h( f̃ ′; y) − f̃ ′(y)||p = O
(
(n + 1)σ+1+ 1

p ζ
( 1

n + 1

))
. (22)
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Remark 4.2. In view of Remark 2.1, two corollaries can be deduced from the Theorem 4.1.

Now, we establish a theorem for p = 1 in order to study the convergence of function f̃ ′ of derived Fourier
series of a 2π periodic and Lebesgue integrable function f in W(L1, ζ(l)) class using product Hausdorff
operator. In fact, we prove the following theorem:

Theorem 4.3. If f̃ ′ is a derived conjugate function of 2π periodic and Lebesgue integrable function f , then the degree
of convergence of W(L1, ζ(l)) (0 ≤ σ < 1 and p = 1) class using product Hausdorff operator, is given

||H̃
′

1h( f̃ ′; y) − f̃ ′(y)||1 = O
(
(n + 1)(σ+2)ζ

( 1
n + 1

))
,

provided ζ(l) satisfies (15) and the following conditions{ ζ(l)
lσ+ρ

}
be non-decreasing, (23)∫ 1

n+1

0

lρ−1
|ϱy(l)| sinσ( l

2 )
ζ(l)

dl = O
( 1

n + 1

)ρ
, (24)

for some ρ > 0, σ + ρ < 1,∫ π

1
n+1

l−δ|ϱy(l)|
ζ(l)

dl = O(n + 1)δ, (25)

{ ζ(l)
lσ−δ+2

}
is non-increasing, (26)

where ζ(l) is a positive increasing function, 0 < δ < σ + 1 and (23) and (24) hold uniformly in y.

Proof. Following the proof of Theorem 4.1 for p = 1 i.e. ω = ∞, we have

|A| ≤ (n + 1)
∫ 1

n+1

0

( lρ−1
|ϱy(l)| sinσ( l

2 )
ζ(l)

)
dl · ess sup

0<l≤ 1
n+1

∣∣∣∣∣ ζ(l)
lρ−1 sinσ( l

2 )

∣∣∣∣∣.
+

∫ 1
n+1

0

( lρ−1
|ϱy(l)| sinσ( l

2 )
ζ(l)

)
dl · ess sup

0<l≤ 1
n+1

∣∣∣∣∣ ζ(l)
lρ+1 sinσ( l

2 )

∣∣∣∣∣.
Using the condition (24) and | sin l

2 | ≤
π
l , we have

|A| = O(n + 1)
( 1

n + 1

)ρ
ess sup
0<l≤ 1

n+1

∣∣∣∣∣ ζ(l)lσ+ρ−1

∣∣∣∣∣ +O
( 1

n + 1

)ρ
ess sup
0<l≤ 1

n+1

∣∣∣∣∣ ζ(l)lσ+ρ+1

∣∣∣∣∣
= O
(
(n + 1)σζ

( 1
n + 1

))
+O
(
(n + 1)σ+1ζ

( 1
n + 1

))
= O
(
(n + 1)σ+1ζ

( 1
n + 1

))
. (27)

Similarly,

|B| ≤
1

n + 1

∫ π

1
n+1

l−δ|ϱy(l)| sinσ( l
2 )

ζ(l)
dl · ess sup

1
n+1<l≤π

∣∣∣∣∣ ζ(l)l−δ+σ+2

∣∣∣∣∣ + 1
n + 1

∫ π

1
n+1

l−δ|ϱy(l)| sinσ( l
2 )

ζ(l)
dl · ess sup

1
n+1<l≤π

∣∣∣∣∣ ζ(l)l−δ+σ+3

∣∣∣∣∣.
Using the condition (25), we have

|B| = O
(
(n + 1)δ−1ζ

( 1
n + 1

)( (n + 1)σ−δ+2

πσ−δ+2

))
+O
(
(n + 1)δ−1ζ

( 1
n + 1

)( (n + 1)σ−δ+3

πσ−δ+3

))
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= O
(
(n + 1)σ+2ζ

( 1
n + 1

))
. (28)

Combining (19), (27) and (28), we get

||H̃
′

1h( f̃ ′; y) − f̃ ′(y)||1 = O
(
(n + 1)(σ+2)ζ

( 1
n + 1

))
. (29)

Remark 4.4. In view of Remark 2.1, two corollaries can be deduced from the Theorem 4.1.

4.2. Applications

4.2.1. Degree of convergence of a function f̃ ′ in W(Lp, ζ(l)) class

(i) Considering ζ
(

1
n+1

)
=
(

e
1

n+1

(n+1)3

)
, σ = 0.1, p = 2. From (22), we write

||T
′

n(y)||2 = ||H̃
′

1h( f̃ ′; y) − f̃ ′(y)||2 = O
( e

1
n+1

(n + 1)1.4

)
.

n ||T′n(y)||2 = O
(

e
1

n+1

(n+1)1.4

)
10000 0.000002512
100000 0.000000100
1000000 0.000000004
. .
∞ 0.0

Table 1: Values of ∥T′n(·)∥ for different values of n.

Now, we draw the following graphs of T′n(·) for different values of n:

(a) For n=100000 (b) For n=1000000

Figure 1: Graphs of ∥T′n(·)∥ for different values of n.
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(ii) Considering ζ
(

1
n+1

)
= 1

(n+1)3 , σ = 0.1, p = 2. From (22), we can write

||T
′

n(y)||p = ||H̃
′

1h( f̃ ′; y) − f̃ ′(y)||p = O
( 1

(n + 1)1.4

)
.

n ||T′n(y)||p = O
(

1
(n+1)1.4

)
10000 0.000002512
100000 0.000000100
1000000 0.000000004
. .
∞ 0.0

Table 2: Values of ∥T′n(·)∥ for different values of n.

Now, we draw the following graphs of T′n(·) for the different values of n:

(a) For n=100000 (b) For n=1000000

Figure 2: Graphs of ∥T′n(·)∥ for different values of n.

4.2.2. Degree of convergence of a function f̃ ′ in W(L1, ζ(l)) class

(i) Considering ζ
(

1
n+1

)
=
(

e
1

n+1

(n+1)3

)
, σ = 0.1. From (29), we write

||T
′

n(y)||1 = ||H̃
′

1h( f̃ ′; y) − f̃ ′(y)||1 = O
( e

1
n+1

(n + 1)0.9

)
.
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n ||T′n(y)||1 = O
(

e
1

n+1

(n+1)0.9

)
10000 0.000251191
100000 0.000031623
1000000 0.000003981
. .
∞ 0.0

Table 3: Values of ∥T′n(·)∥ for different values of n.

Now, we draw the following graphs of T′n(·) for different values of n:

(a) For n=100000 (b) For n=1000000

Figure 3: Graphs of ∥T′n(·)∥ for different values of n.

(ii) Consider ζ
(

1
n+1

)
= 1

(n+1)3 , σ = 0.1. From (29), we can write

||T
′

n(y)||1 = ||H̃
′

1h( f̃ ′; y) − f̃ ′(y)||1 = O
( 1

(n + 1)0.9

)
.

n ||T′n(y)||1 = O
(

1
(n+1)0.9

)
10000 0.000251166
100000 0.000031622
1000000 0.000003981
. .
∞ 0.0

Table 4: Values of ∥T′n(·)∥ for different values of n.

Now, we draw the following graphs of T′n(·) for the different values of n:
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(a) For n=100000 (b) For n=1000000

Figure 4: Graphs of ∥T′n(·)∥ for different values of n.

5. Analysis of convergence of a function in generalized Hölder spaces

5.1. Result and its proof
Now, we establish a theorem to study the convergence of function f̃ ′ of derived Fourier series in

generalized Hölder spaces ((Hp
ξ,η, p ≥ 1)) class using product Hausdorff operator. In fact, we prove the

following theorem:

Theorem 5.1. If f̃ ′ is a derived conjugate function of 2π periodic and Lebesgue integrable function f , then the degree
of convergence of generalized Hölder (Hp

ξ,η, p ≥ 1) class using product Hausdorff operator, is given by

||H̃
′

1h( f̃ ′; y) − f̃ ′(y)||p = O
( 1

n + 1

∫ π

1
n+1

ξ(l)
η(l)

l + 1
l3

dl
)
.

Proof. Let

T′n(y) =H̃
′

1h( f̃ ′; y) − f̃ ′(y) =
∫ π

0
ϱy(l)(M̃

′

1 + M̃
′

2)dl.

or

T′n(y) =
∫ π

0
ϱy(l)(M̃

′

1 + M̃
′

2)dl.

So,

T′n(y + t) − T′n(y) =
∫ π

0
(ϱ(y + t, l) − ϱ(y, l))(M̃

′

1 + M̃
′

2)dl.

Using generalized Minkowski’s inequality[1], we have

||T
′

n(· + t) − T
′

n(·)||p

≤

∫ π

0
||ϱ(· + t, l) − ϱ(·, l)||p(M̃

′

1 + M̃
′

2)dl

=

∫ 1
n+1

0
||ϱ(· + t, l) − ϱ(·, l)||p(M̃

′

1 + M̃
′

2)dl +
∫ π

1
n+1

||ϱ(· + t, l) − ϱ(·, l)||p(M̃
′

1 + M̃
′

2)dl
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= U + V (30)

Using Lemmas 3.1, 3.2 and 3.5 (iii), we get

|U| =
∫ 1

n+1

0
||ϱ(· + t, l) − ϱ(·, l)||p(M̃

′

1 + M̃
′

2)dl

≤

[
η(|t|)

∫ 1
n+1

0

ξ(l)
η(l)

(
n + 1 +

1
l2

)
dl
]

=
[
η(|t|) lim

ϵ→0

∫ 1
n+1

ϵ

ξ(l)
η(l)

(
n + 1 +

1
l2

)
dl
]

=
[
η(|t|)

ξ( 1
n+1 )

η( 1
n+1 )

lim
ϵ→0

(
nl + l −

1
l

) 1
n+1

ϵ

]
=
[
η(|t|)

ξ( 1
n+1 )

η( 1
n+1 )

(
(n + 1)

( 1
n + 1

)
− (n + 1)

)]
= O
(
n η(|t|)

ξ( 1
n+1 )

η( 1
n+1 )

)
. (31)

Using Lemmas 3.3, 3.4 and 3.5 (iii), we get

|V| =
∫ π

1
n+1

||ϱ(· + t, l) − ϱ(·, l)||p(M̃
′

1 + M̃
′

2)dl

=
[
η(|t|)

∫ π

1
n+1

ξ(l)
η(l)

( 1
(n + 1)l2

+
1

(n + 1)l3

)
dl
]

= O
( 1

n + 1
η(|t|)

∫ π

1
n+1

ξ(l)
η(l)

( l + 1
l3

)
dl
)
. (32)

From (30), (31) and (32) we get

sup
t,0

||T′n(· + t) − T′n(·)||p
η(|t|)

= O
(
n
ξ( 1

n+1 )

η( 1
n+1 )

)
+O
( 1

n + 1

∫ π

1
n+1

ξ(l)
η(l)

( l + 1
l3

)
dl
)
. (33)

Again applying generalized Minkowski’s inequality [1] and using Lemma 3.5 (i), we have

||T′n(·)||p = ||H̃
′

1h( f̃ ′; y) − f̃ ′(y)||p

≤

( ∫ 1
n+1

0
+

∫ π

1
n+1

)
||ϱ(·, l)||p(K̃1

′
+ K̃2

′)dl

= O
( ∫ 1

n+1

0

(
(n + 1) +

1
l2

)
ξ(l)dl

)
+O
( ∫ π

1
n+1

( 1
n + 1

( l + 1
l3

)
ξ(l)
)
dl
)

= O
(
ξ
( 1

n + 1

)
n
)
+O
( 1

n + 1

∫ π

1
n+1

ξ(l)
( l + 1

l3

)
dl
)
. (34)

We know that

||T′n(·)||(η)p = ||Tn(·)||p + sup
t,0

||T′n(·,+t) − T′n(·)||p
η(|t|)

(35)
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Using (33), (34) and (35) we get

||T
′

n||
(η)
p = O

(
ξ
( 1

n + 1

)
n
)
+O
( 1

n + 1

∫ π

1
n+1

ξ(l)
( l + 1

l3

)
dl
)
+O
(
n
ξ( 1

n+1 )

η( 1
n+1 )

)
+O
( 1

n + 1

∫ π

1
n+1

ξ(l)
η(l)

( l + 1
l3

)
dl
)
. (36)

Due to monotonicity of η(l),

ξ(l) =
ξ(l)
η(l)
η(l) ≤

ξ(π)
η(π)
η(π)

for 0 < l ≤ πwe get

||T
′

n(·)||(η)p = O
(
n
ξ( 1

n+1 )

η( 1
n+1 )

)
+O
( 1

n + 1

∫ π

1
n+1

ξ(l)
η(l)

( l + 1
l3

)
dl
)
. (37)

Now

1
n + 1

∫ π

1
n+1

ξ(l)
η(l)

( l + 1
l3

)
dl ≥

1
n + 1

ξ( 1
n+1 )

η( 1
n+1 )

∫ π

1
n+1

( 1
l2
+

1
l3

)
dl

=
1

n + 1
ξ( 1

n+1 )

η( 1
n+1 )

[
−

1
l
−

1
2l2

]π
1

n+1

=
ξ( 1

n+1 )

η( 1
n+1 )

(n + 3
2

)
≥ O
(n

2
ξ( 1

n+1 )

η( 1
n+1 )

)
.

Thus

O
(
n
ξ( 1

n+1 )

η( 1
n+1 )

)
= O
( 2

n + 1

∫ π

1
n+1

ξ(l)
η(l)

( l + 1
l3

)
dl
)
. (38)

Now from (37) and (38)

||T
′

n(·)||(η)p = O
( 3

n + 1

∫ π

1
n+1

ξ(l)
η(l)

( l + 1
l3

)
dl
)

(39)

5.1.1. Corollary
Corollary 5.2. Let f̃ ′ ∈ H(γ,δ),p; p ≥ 1 and assume that ξ(l) = lγ, η(l) = lδ and 0 ≤ δ < γ ≤ 1, then

||T′n(·)||ηp =


O
(
(n + 1)γ−δ−2, if 0 ≤ δ < γ < 1,

O
(

1
n+1 (ln(π(n + 1)) + (n + 1))

)
, if δ = 0, γ = 1.

5.2. Applications
5.2.1. Degree of convergence of a function f̃ ′ in generalized Hölder spaces
(i) Considering ξ(l)η(l) = ell3. From (39), we can write

||T
′

n(y)||p = ||H̃
′

1h( f̃ ′; y) − f̃ ′(y)||p = O
( 1

n + 1

(
πeπ −

e
1

n+1

n + 1

))
.
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n ||T′n(y)||p = O
(

1
n+1

(
πeπ − e

1
n+1

n+1

))
10000 0.00726
100000 0.00072
1000000 0.00007
. .
∞ 0.0

Table 5: Values of ∥T′n(·)∥ for different values of n.

(a) For n=100000 (b) For n=1000000

Figure 5: Graphs of ∥T′n(·)∥ for different values of n.

Now, we draw the following graphs of T′n(·) for different values of n:
(ii) Considering ξ(l)η(l) = l3. From (39), we can write

||T
′

n(y)||p = ||H̃
′

1h( f̃ ′; y) − f̃ ′(y)||p = O
( 1

n + 1

(
π2

2
+ π −

1
2(n + 1)2 −

1
n + 1

))
.

n ||T′n(y)||p = O
(

1
n+1

(
π2

2 + π −
1

2(n+1)2 −
1

n+1

))
10000 0.00080
100000 0.00008
1000000 0.00000
. .
∞ 0.0

Table 6: Values of ∥T′n(·)∥ for different values of n.

Now, we draw the following graphs of T′n(·) for the different values of n:
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(a) For n=100000 (b) For n=1000000

Figure 6: Graphs of ∥T′n(·)∥ for different values of n.

6. Conclusion

In every individual application, it is evident that the convergence rate of f̃ ′ grows more rapidly as the
value of n increases. This implies that each unique norm of f̃ ′ offers the most accurate estimate. However,
the rate of convergence in Application 4.2.1(i) is faster than that of Application 4.2.1(ii) and the rate of
convergence in Application 4.2.2(i) is faster than that of Application 4.2.2(ii). Additionally, it is seen that
the rate of convergence in Application 5.2.1(i) is faster than that of Application 5.2.1(ii).
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Theory Appl., 35(4), (2019), 392–404.
[11] S. Lal, A. Mishra, Approximation of signals of generalized Lipschitz class by (N, pn)(E, 1) summability means of Fourier series, Pacific

Journal of Applied Mathematics, 5(1), (2013), 69.
[12] S. Lal, A. Mishra, The method of summation (E, 1)(N, pn) and trigonometric approximation of function in generalized Hölder metric, J.
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