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The results on solutions to a fuzzy problem
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aDepartment of Mathematics, Faculty of Arts and Sciences, Giresun University, 28200, Giresun-Turkey

Abstract. In this paper, we investigate the solutions of a fuzzy problem with fuzzy coefficient using the
fuzzy Laplace transform method. The problem has four different solutions under the generalized Hukuhara
differentiability. We examine whether the solutions are valid fuzzy functions. We give the results for the
problem. Also, we explain the problem with a numerical example and show the solutions on the graphics.
At the end of the paper, conclusions are given.

1. Introduction

Fuzzy differential equations are very useful for solving differential equations arising in the fields of
engineering, physical mathematics and mathematics. Therefore, the topic of fuzzy differential equations
has been growing rapidly in recent years.

There are several approaches to study fuzzy differential equations [1, 9, 16, 19].The first approach was
to use Hukuhara differentiability for fuzzy number-valued functions. But, this approach has a drawback:
the solution becomes fuzzier as time goes by [4]. Therefore, the fuzzy solution behaves quite differently
from the crisp solution.

Bede and Gal introduced the strongly generalized differentiability [5]. The strongly generalized dif-
ferentiability was studied in [4, 6, 11, 12, 20]. This concept allows us to resolve the above-mentioned
shortcoming. The strongly generalized differentiability is defined for a larger class of fuzzy valued func-
tion than the Hukuhara differentiability and fuzzy differential equations can have solutions which have a
decreasing length of their support.

Fuzzy Laplace transform method to solve first order fuzzy differential equations was introduced by
Allahviranloo and Ahmadi in 2010 [2]. Salahshour and Allahviranloo gave conditions for the existence of
the fuzzy Laplace transform of fuzzy processes and results related to solving fuzzy initial value problems
[22]. Many authors studied the method of fuzzy Laplace transform in their papers [7, 10, 13–15, 23, 24].

The aim of this article is to investigate the fuzzy problem for fuzzy differential equation with fuzzy
coefficient using the method of fuzzy Laplace transform under the concept of generalized Hukuhara
differentiability.

The rest of the article is organized as follows. In Sect. 2, we present fundamentals of fuzzy set theory
and give some basic definitions and theorems. In Sect. 3, we research the problem for fuzzy differential
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equation with fuzzy coefficient by the fuzzy Laplace transform and give the results on solutions to a fuzzy
problem. For illustration, we provide a numerical example in Sect. 4. In the last section, we present our
conclusions.

2. Preliminaries and fundamentals

Definition 2.1 ([4]). A fuzzy number is a mapping û:R→ [0, 1] satisfying the properties: û is upper semi-continuous
on R, normal and convex fuzzy set. Also, {x ∈ R| û (x) > 0} is compact.
RF denote the set of all fuzzy numbers.

Definition 2.2 ([18]). Let û ∈ RF. The α-level set of û is [û]α =
[̂
uα, ûα

]
= {x ∈ R| û (x) ≥ α} , 0 < α ≤ 1.

Definition 2.3 ([18]).

[û]α =
[
u +

(
u − u

2

)
α,u −

(
u − u

2

)
α

]
is the α−level set of symmetric triangular fuzzy number û, where

[
u,u

]
is the support of û.

Definition 2.4 ([2]). The α-level set
[̂
uα, ûα

]
of û fuzzy number satisfy the following conditions:

1. ûα is right-continuous for α = 0 and bounded, non-decreasing and left-continuous on (0, 1],
2. ûα is right-continuous for α = 0 and bounded, non-increasing and left-continuous on (0, 1] ,
3. ûα ≤ ûα, 0 ≤ α ≤ 1.

Definition 2.5 ([3]). Let û, v̂ ∈ RF. The generalized Hukuhara difference between û and v̂ is the set ŵ ∈ RF which
û⊖1v̂ = ŵ if and only if û = v̂ + ŵ or v̂ = û + (−1) ŵ.

Definition 2.6 ([17]). Let 1̂ : [a1, a2] −→ RF and x0 ∈ [a1, a2].

1) If there exists 1̂′ (x0) ∈ RF such that for all h > 0 sufficiently small,

∃1̂ (x0 + h) ⊖ 1̂ (x0) ,∃1̂ (x0) ⊖ 1̂ (x0 − h)

and the limits

lim
h−→0+

1̂ (x0 + h) ⊖ 1̂ (x0)
h

= lim
h−→0+

1̂ (x0) ⊖ 1̂ (x0 − h)
h

= 1̂
′

(x0) ,

1̂ is said to be (1)-differentiable at x0.
2) If there exists 1̂′ (x0) ∈ RF such that for all h > 0 sufficiently small,

∃1̂ (x0) ⊖ 1̂ (x0 + h) ,∃1̂ (x0 − h) ⊖ 1̂ (x0)

and the limits

lim
h−→0+

1̂ (x0) ⊖ 1̂ (x0 + h)
−h

= lim
h−→0+

1̂ (x0 − h) ⊖ 1̂ (x0)
−h

= 1̂
′

(x0) ,

1̂ is said to be (2)-differentiable at x0.

Theorem 2.7 ([8]). Let 1̂ : [a1, a2] −→ RF, where
[
1̂ (x)

]α = [
1̂
α

(x) , 1̂α (x)
]

for each 0 ≤ α ≤ 1.

1) If 1̂ is (1) differentiable, 1̂
α
, 1̂α are differentiable and

[
1̂
′ (x)

]α
=

[
1̂
′

α
(x) , 1̂

′

α (x)
]
.

2) If 1̂ is (2) differentiable, 1̂
α
, 1̂α are differentiable and

[
1̂
′ (x)

]α
=

[
1̂
′

α (x) , 1̂
′

α
(x)

]
.
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Definition 2.8 ([22]). Let 1̂ : [a1, a2] −→ RF. The fuzzy Laplace transform of 1̂ is

Ĝ (s) = L̂
(
1̂ (x)

)
=

∫
∞

0
e−sx1̂ (x) dx =

[
lim
ρ−→∞

∫ ρ

0
e−sx1̂ (x) dx , lim

ρ−→∞

∫ ρ

0
e−sx1̂ (x) dx

]
,

Ĝ (s, α) = L̂
([
1̂ (x)

]α) = [
L̂
(
1̂
α

(x)
)
,L

(
1̂α (x)

)]
,

L̂
(
1̂
α

(x)
)
=

∫
∞

0
e−sx1̂

α
(x) dx = lim

ρ−→∞

∫ ρ

0
e−sx̂1

α
(x) dx ,

L̂
(
1̂α (x)

)
=

∫
∞

0
e−sx1̂α (x) dx= lim

ρ−→∞

∫ ρ

0
e−sx1̂ (x) dx.

Theorem 2.9 ([21]). Let 1̂′′ (x) be an integrable fuzzy function and 1̂ (x), 1̂′ (x) are primitive of 1̂′ (x), 1̂′′ (x) on
[0,∞).
1. If the functions 1̂, 1̂′ are (1)-differentiable,

L̂
(
1̂
′′

(x)
)
= s2L̂

(
1̂ (x)

)
⊖ s1̂ (0) ⊖ 1̂

′

(0) .

2. If the functions 1̂, 1̂′ are (2)-differentiable,

L̂
(
1̂
′′

(x)
)
= s2L̂

(
1 (x)

)
⊖ s1̂ (0) − 1̂

′

(0) .

3. If 1̂ is (1)-differentiable, then 1̂′ is (2)-differentiable,

L̂
(
1̂
′′

(x)
)
= ⊖

(
−s2

)
L̂
(
1̂ (x)

)
− s1̂ (0) − 1̂

′

(0) .

4. If 1̂ is (2)-differentiable, then 1̂′ is (1)-differentiable,

L̂
(
1̂
′′

(x)
)
= ⊖

(
−s2

)
L̂
(
1̂ (x)

)
− s1̂ (0)⊖1̂

′

(0) .

3. Main results

We study the solutions of the fuzzy problem
[
χ̂
]α ŷ′′ = ŷ

ŷ (0) =
[
ξ̂
]α

ŷ′ (0) =
[
κ̂
]α , (1)

[
χ̂
]α
=

[
χ̂
α
, χ̂α

]
,
[
ξ̂
]α
=

[
ξ̂
α
, ξ̂α

]
,
[
κ̂
]α
=

[
κ̂α, κ̂α

]
are positive symmetric triangular fuzzy numbers,ŷ is positive

fuzzy function.
In this paper, L̂

(
ŷ (x)

)
= Ŷ (s) is the fuzzy Laplace transform of ŷ and (i,j)-solution means that ŷ is

(i)-differentiable and ŷ′ is (j)-differentiable, i,j=1,2.
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3.1. (1,1)-solution

Since ŷ′and ŷ and are (1)-differentiable, from the equation[
χ̂
]α (s2Ŷ (s) ⊖ sŷ (0) ⊖ ŷ

′

(0)
)
= Ŷ (s) ,

the following equations are obtained.

χ̂
α

(
s2Ŷα (s) − sŷ

α
(0) − ŷ′

α
(0)

)
= Ŷα (s) , (2)

χ̂α

(
s2Ŷα (s) − sŷα (0) − ŷ

′

α (0)
)
= Ŷα (s) . (3)

The equations (2) and (3) yield

Ŷα (s) =
sξ̂
α

s2 − 1
χ̂
α

+
κ̂α

s2 − 1
χ̂
α

,

Ŷα (s) =
sξ̂α

s2 − 1
χ̂α

+
κ̂α

s2 − 1
χ̂α

.

From this, ŷ
α

(x) and ŷα (x) are obtained as

ŷ
α

(x) = ξ̂
α
cosh

 1√
χ̂
α

x

 +
√
χ̂
α
κ̂αsinh

 1√
χ̂
α

x

 ,

ŷα (x) = ξ̂αcosh

 1√
χ̂α

x

 +
√
χ̂ακ̂αsinh

 1√
χ̂α

x

 .
3.2. (2,2)-solution

Similar to (1,1)-solution, (2,2)-solution is obtained as

ŷ
α

(x) = ξ̂
α
cosh

 1√
χ̂
α

x

 +
√
χ̂
α
κ̂αsinh

 1√
χ̂
α

x



ŷα (x) = ξ̂αcosh

 1√
χ̂α

x

 +
√
χ̂ακ̂αsinh

 1√
χ̂α

x


[
ŷ (x)

]α = [
ŷ
α

(x) , ŷα (x)
]
.
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3.3. (1,2)-solution

Since ŷ is (1)-differentiable and ŷ′ is (2)-differentiable, we have the equation

[
χ̂
] (
⊖

(
−s2

)
Ŷ (s) − sŷ (0) − ŷ

′

(0)
)
= Ŷ (s) ,

that is, we have the equations

χ̂
α

(
s2Ŷα (s) − sŷα (0) − ŷ

′

α (0)
)
= Ŷα (s)

χ̂α

(
s2Ŷα (s) − sŷ

α
(0) − ŷ′

α
(0)

)
= Ŷα (s) .

From this, using the initial conditions, the equations

s2χ̂
α
Ŷα (s) − Ŷα (s) = sχ̂

α
ξ̂α + χ̂ακ̂α (4)

s2χ̂αŶα (s) − Ŷα (s) = sχ̂αξ̂α + χ̂ακ̂α (5)

are obtained. From the equations (4) and (5), we have

Ŷα (s) =
1

s4 − 1
χ̂
α
χ̂α

s3ξ̂
α
+ s2κ̂α +

sξ̂α
χ̂α
+
κ̂α

χ̂α

 ,

Ŷα (s) =
1

s4 − 1
χ̂
α
χ̂α

s3ξ̂α + s2κ̂α +
sξ̂
α

χ̂
α

+
κ̂α
χ̂
α

 .
Then, (1,2)-solution is obtained as

ŷ
α

(x) =
ξ̂
α

2

cosh

 1
4
√
χ̂
α
χ̂α

x

 + cos

 1
4
√
χ̂
α
χ̂α

x


 +
κ̂α

4
√
χ̂
α
χ̂α

2

sinh

 1
4
√
χ̂
α
χ̂α

x

 + sin

 1
4
√
χ̂
α
χ̂α

x




−
ξ̂α
2

√√
χ̂
α

χ̂α

cosh

 1
4
√
χ̂
α
χ̂α

x

 − cos

 1
4
√
χ̂
α
χ̂α

x


 − κ̂α2

4
√
χ̂
α

3

4
√
χ̂α

sinh

 1
4
√
χ̂
α
χ̂α

x

 − sin

 1
4
√
χ̂
α
χ̂α

x


 ,

ŷα (x) =
ξ̂α
2

cosh

 1
4
√
χ̂
α
χ̂α

x

 + cos

 1
4
√
χ̂
α
χ̂α

x


 +
κ̂α

4
√
χ̂
α
χ̂α

2

sinh

 1
4
√
χ̂
α
χ̂α

x

 + sin

 1
4
√
χ̂
α
χ̂α

x




−

ξ̂
α

2

√√
χ̂α
χ̂
α

cosh

 1
4
√
χ̂
α
χ̂α

x

 − cos

 1
4
√
χ̂
α
χ̂α

x


 − κ̂α2

4
√
χ̂

3

α

4

√
χ̂
α

sinh

 1
4
√
χ̂
α
χ̂α

x

 − sin

 1
4
√
χ̂
α
χ̂α

x


 ,

[
ŷ (x)

]α = [
ŷ
α

(x) , ŷα (x)
]
.
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3.4. (2,1)-solution

Similar to (1,2)-solution, (2,1)-solution is obtained as

ŷ
α

(x) =
ξ̂
α

2

cosh

 1
4
√
χ̂
α
χ̂α

x

 + cos

 1
4
√
χ̂
α
χ̂α

x


 +
κ̂α

4
√
χ̂
α
χ̂α

2

sinh

 1
4
√
χ̂
α
χ̂α

x

 + sin

 1
4
√
χ̂
α
χ̂α

x




−
ξ̂α
2

√√
χ̂
α

χ̂α

cosh

 1
4
√
χ̂
α
χ̂α

x

 − cos

 1
4
√
χ̂
α
χ̂α

x


 − κ̂α2

4
√
χ̂
α

3

4
√
χ̂α

sinh

 1
4
√
χ̂
α
χ̂α

x

 − sin

 1
4
√
χ̂
α
χ̂α

x


 ,

ŷα (x) =
ξ̂α
2

cosh

 1
4
√
χ̂
α
χ̂α

x

 + cos

 1
4
√
χ̂
α
χ̂α

x


 +
κ̂α

4
√
χ̂
α
χ̂α

2

sinh

 1
4
√
χ̂
α
χ̂α

x

 + sin

 1
4
√
χ̂
α
χ̂α

x




−

ξ̂
α

2

√√
χ̂α
χ̂
α

cosh

 1
4
√
χ̂
α
χ̂α

x

 − cos

 1
4
√
χ̂
α
χ̂α

x


 − κ̂α2

4
√
χ̂

3

α

4

√
χ̂
α

sinh

 1
4
√
χ̂
α
χ̂α

x

 − sin

 1
4
√
χ̂
α
χ̂α

x


 ,

[
ŷ (x)

]α = [
ŷ
α

(x) , ŷα (x)
]
.

4. Numerical example

Example 4.1. Consider the fuzzy problem
[
1̂
]α

ŷ′′ = ŷ
ŷ (0) = [1 + α, 3 − α]
ŷ′ (0) = [2 + α, 4 − α]

,

where
[
1̂
]α
= [α, 2 − α].

(1,1)-solution is

ŷ
α

(x) = (1 + α) cosh
(

1
√
α

x
)
+
√
α (2 + α) sinh

(
1
√
α

x
)
,

yα (x) = (3 − α) cosh
(

1
√

2 − α
x
)
+
√

2 − α (4 − α) sinh
(

1
√

2 − α
x
)
,

[
ŷ (x)

]α = [
ŷ
α

(x) , ŷα (x)
]
.

(2,2)-solution is

ŷ
α

(x) = (1 + α) cosh
(

1
√
α

x
)
+
√
α (4 − α) sinh

(
1
√
α

x
)
,

yα (x) = (3 − α) cosh
(

1
√

2 − α
x
)
+
√

2 − α (2 + α) sinh
(

1
√

2 − α
x
)
,
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ŷ (x)

]α = [
ŷ
α

(x) , ŷα (x)
]
.

(1,2)-solution is

ŷ
α

(x) =
(1 + α)

2

cosh

 1
4
√
α (2 − α)

x

 + cos

 1
4
√
α (2 − α)

x


+

(2 + α) 4
√
α (2 − α)

2

sinh

 1
4
√
α (2 − α)

x

 + sin

 1
4
√
α (2 − α)

x


−

(3 − α)
2

√
α

2 − α

cosh

 1
4
√
α (2 − α)

x

 − cos

 1
4
√
α (2 − α)

x


−

(4 − α)
2

4√

α3

4√2 − α

sinh

 1
4
√
α (2 − α)

x

 − sin

 1
4
√
α (2 − α)

x

 ,

ŷα (x) =
(3 − α)

2

cosh

 1
4
√
α (2 − α)

x

 + cos

 1
4
√
α (2 − α)

x


+

(4 − α) 4
√
α (2 − α)

2

sinh

 1
4
√
α (2 − α)

x

 + sin

 1
4
√
α (2 − α)

x


−

(1 + α)
2

√
2 − α
α

cosh

 1
4
√
α (2 − α)

x

 − cos

 1
4
√
α (2 − α)

x


−

(2 + α)
2

4
√

(2 − α)3

4
√
α

sinh

 1
4
√
α (2 − α)

x

 − sin

 1
4
√
α (2 − α)

x

 ,
[
ŷ (x)

]α = [
ŷ
α

(x) , ŷα (x)
]
.

(2,1)-solution is

ŷ
α

(x) =
(1 + α)

2

cosh

 1
4
√
α (2 − α)

x

 + cos

 1
4
√
α (2 − α)

x


+

(4 − α) 4
√
α (2 − α)

2

sinh

 1
4
√
α (2 − α)

x

 + sin

 1
4
√
α (2 − α)

x


−

(3 − α)
2

√
α

2 − α

cosh

 1
4
√
α (2 − α)

x

 − cos

 1
4
√
α (2 − α)

x


−

(2 + α)
2

4√

α3

4√2 − α

sinh

 1
4
√
α (2 − α)

x

 − sin

 1
4
√
α (2 − α)

x

 ,
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ŷα (x) =
(3 − α)

2

cosh

 1
4
√
α (2 − α)

x

 + cos

 1
4
√
α (2 − α)

x



+
(2 + α) 4

√
α (2 − α)

2

sinh

 1
4
√
α (2 − α)

x

 + sin

 1
4
√
α (2 − α)

x



−
(1 + α)

2

√
2 − α
α

cosh

 1
4
√
α (2 − α)

x

 − cos

 1
4
√
α (2 − α)

x



−
(4 − α)

2

4
√

(2 − α)3

4
√
α

sinh

 1
4
√
α (2 − α)

x

 − sin

 1
4
√
α (2 − α)

x

 ,

[
ŷ (x)

]α = [
ŷ
α

(x) , ŷα (x)
]
.

From Definition 2.4 , (1,2)-solution is a valid alpha-level set for x ∈ (0, 1.44275) in figure 5 and (2,1)-solution is a
valid alpha-level set for x ∈ (0, 0.590438) in figure 7. Also, (1,2)-solution is a valid alpha-level set for x ∈ (0, 1.67157)
in figure 6 and (2,1)-solution is a valid alpha-level set for x ∈ (0, 0.628153) in figure 8. But, according to figure 1-4,
(1,1) and (2,2)-solutions are not valid alpha-level sets.

Figure 1. Graphic of (1,1)-solution for α = 0.5
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Figure 2. Graphic of (1,1)-solution for α = 0.8

Figure 3. Graphic of (2,2)-solution for α = 0.5

Figure 4. Graphic of (2,2)-solution for α = 0.8
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Figure 5. Graphic of (1,2)-solution for α = 0.5

Figure 6. Graphic of (1,2)-solution for α = 0.8

Figure 7. Graphic of (2,1)-solution for α = 0.5
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Figure 8. Graphic of (2,1)-solution for α = 0.8

red→ ŷ
α

(x) , blue→ ŷα (x) , 1reen→ ŷ
1

(x) = ŷ
1

(x)

5. Conclusions

In this work, we study the fuzzy problem for fuzzy differential equation with fuzzy coefficient. Four
different solutions of the problem are found. Fuzzy Laplace transform method is used in this paper. The
results of the problem are given. Also, to illustrate the problem, a numerical example is solved. Then, the
graphics of the solutions are drawn. In this paper, it is seen that (1,2) and (2,1)-solutions are valid alpha-
level sets in different intervals for different alpha-level sets. In addition, as the alpha-level set increases, the
range in which the problem is a valid fuzzy function expands. But, (1,1) and (2,2)-solutions are not valid
alpha-level sets.

References

[1] Agarwal, RP., Lakshmikantham, V. and Nieto, JJ., On the concept of solution for fractional differential equations with uncertainty,
Nonlinear Analysis, 72(6)(2010), 2859-2862.

[2] Allahviranloo, T. and Ahmadi, MB., Fuzzy Laplace transforms, Soft Computing, 14(3) (2010), 235-243.
[3] Allahviranloo, T. and Gholami, S., Note on Generalized Hukuhara differentiability of interval-valued functions and interval

differential equations, Journal of Fuzzy Set Valued Analysis, Article ID jfsva-00135 (2012), 1-4.
[4] Bede, B. and Gal, SG., Generalizations of the differentibility of fuzzy number value functions with applications to fuzzy differential

equations, Fuzzy Sets and Systems, 151 (2005), 581-599.
[5] Bede, B. and Gal, SG., Almost periodic fuzzy-number-valued functions, Fuzzy Sets and Systems, 147 (2004), 385-403.
[6] Bede, B., Rudas, IJ. and Bencsik, AL., First order linear fuzzy differential equations under generalized differentiability, Inform.

Sci., 177 (2007), 1648-1662.
[7] Belhallaj, Z., Melliani, S., Elomari M. and Chadli, LS., Application of the intuitionistic fuzzy Laplace transform method for

resolution of one dimensional wave equations, International Journal of Difference Equations, 18(1) (2023), 211-225.
[8] Chalco-Cano, Y. and Roman-Flores, H., On new solutions of fuzzy differential equations, Chaos, Solitons and Fractals, 38 (2008),

112-119.
[9] Chalco-Cano, Y. and Roman-Flores, H., Comparation between some approaches to solve fuzzy differential equations, Fuzzy Sets

and Systems, 160 (2009), 1517-1527.
[10] Eljaoui E. and Melliani, S., A study of some properties of fuzzy Laplace transform with their applications in solving the second-

order fuzzy linear partial differential equations, Advances in Fuzzy Systems, Article ID 7868762 (2023), 1-15.
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