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Abstract. We study the Hq-Laguerre-Hahn forms u, that is to say those satisfying a q-quadratic q-difference
equation with polynomial coefficients (Φ,Ψ,B): Hq(Φ(x)u) + Ψ(x)u + B(x)

(
x−1u(hqu)

)
= 0, where Hq be the

q-derivative operator. We give the definition of the class s of such form and the characterization of its
corresponding orthogonal polynomials sequence {Pn}n≥0 by the structure relation. As a consequence, we
establish the system fulfilled by the coefficients of the structure relation, those of the polynomials Φ,Ψ,B
and the recurrence coefficients βn, γn+1, n ≥ 0 of {Pn}n≥0 for the class zero. In addition, we carry out the
complete description of the symmetrical Hq-Laguerre-Hahn forms of class s = 0. The limiting cases are also
recovered.

1. Introduction and preliminaries

The concept of the usual Laguerre-Hahn orthogonal polynomials that is to say the D-Laguerre-Hahn
orthogonal polynomials, where D be the derivative operator, were extremely studied by many authors [1, 4,
7-9, 23, 26]. The D-Laguerre-Hahn set is is invariant under many types of perturbations such that association,
co-dilation, co-recursion ... [2, 5, 12, 13, 27, 29]. In particular, D-semiclassical orthogonal polynomials are
D-Laguerre-Hahn [2, 6, 24]. Moreover in [8, 9], the D-Laguerre-Hahn orthogonal polynomials of class zero
were exhaustively described.

In [17], instead of the D operator, the authors used the q-derivative one denoted Hq and they established
the basic theory of Hq-Laguerre-Hahn orthogonal polynomials. In addition, a few generic examples related
to some standard transformation and perturbation of Hq-classical [20, 22] or more generally Hq-semiclassical
polynomials [10, 16, 18, 21, 28] were studied in [17]. Recently in [19], the Christoffel transformation and the
Geronimus one of a Hq-Laguerre-Hahn form (linear functional) were studied into detail. For other relevant
works in the domain of q-Laguerre-Hahn orthogonal polynomials see [3, 14, 15].

The goal of this contribution is to respond to the following classification problem:” find all Hq-Laguerre-
Hahn orthogonal polynomials {Pn}n≥0 of class zero,” that is to say that the corresponding form u satisfies
the q-quadratic q-difference equation Hq(Φ(x)u) + Ψ(x)u + B(x)

(
x−1u(hqu)

)
= 0 with Φ (monic), degΦ ≤

2, degΨ ≤ 1 and deg B ≤ 2. Through the so-called structure relation of a Hq-Laguerre-Hahn orthogonal
polynomials, we managed to get the system fulfilled by the coefficients of the structure relation, those of the

2020 Mathematics Subject Classification. Primary 33C45; Secondary 42C05.
Keywords. Orthogonal polynomials, q-derivative operator, q-Laguerre-Hahn character, structure relation.
Received: 22 December 2022; Revised: 25 December 2023; Accepted: 04 May 2024
Communicated by Dragan S. Djordjević
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polynomialsΦ,Ψ,B and the recurrence coefficients βn, γn+1, n ≥ 0 of {Pn}n≥0 for the class zero (see section 2).
The system obtained is difficult to solve in general. In section 3, we have tried to solve it in the symmetrical
case (βn = 0, n ≥ 0, Φ(x) = 1, Φ(x) = x2, Φ(x) = x2 + c0, c0 , 0) and we provided a complete description of
this symmetrical class as perturbations of symmetrical Hq-classical orthogonal polynomials [20, 22] and the
appearance of some new situations. Also, we were able to rediscover the limiting cases D-Laguerre-Hahn
of class zero (q→ 1) (which indicates the limiting case i.e q tends towards 1) [8, 9].

We denote by P the vector space of the polynomials with coefficients in C and by P′ its dual space. The
action of u ∈ P′ on f ∈ P is denoted as ⟨u, f ⟩. In particular, we denote by (u)n := ⟨u, xn

⟩ , n ≥ 0 the moments
of u. For instance, for any form u, any polynomial 1 and any (A, c) ∈ (C \ {0})×C, we let Hqu, 1u, hAu, Du,
(x − c)−1u and δc, be the forms defined as usually [24] and [20] for the results related to the operator Hq

⟨Hqu, f ⟩ := −⟨u,Hq f ⟩ , ⟨1u, f ⟩ := ⟨u, 1 f ⟩ , ⟨hAu, f ⟩ := ⟨u, hA f ⟩ ,

⟨Du, f ⟩ := −⟨u, f ′⟩ , ⟨(x − c)−1u, f ⟩ := ⟨u, θc f ⟩ , ⟨δc, f ⟩ := f (c) ,

where for all f ∈ P and q ∈ C̃ :=
{
z ∈ C, z , 0, zn , 1,n ≥ 1

}
[20]

(Hq f )(x) =
f (qx) − f (x)

(q − 1)x
, x , 0, (Hq f )(0) = f ′(0), (hA f )(x) = f (Ax), (θc f )(x) =

f (x) − f (c)
x − c

.

Let us define

[n]q :=
qn
− 1

q − 1
, n ≥ 0 ; [−n]q := −q−n[n]q, n ≥ 0.

For 0 < q < 1 or q > 1,we may extend the above definition for a complex number z by

[z]q :=
qz
− 1

q − 1
.

The well known formula holds [20]

Hq( f1)(x) = (hq f )(x)(Hq1)(x) + 1(x)(Hq f )(x), f , 1 ∈ P. (1)

It is obvious that when q→ 1, we meet again the derivative D.
For f ∈ P and u ∈ P′, the product u f is the polynomial [24]

(u f )(x) := ⟨u,
x f (x) − ζ f (ζ)

x − ζ
⟩.

This allows us to define the Cauchy’s product of two forms:

⟨uv, f ⟩ := ⟨u, v f ⟩ , f ∈ P.

A form u is said to be regular whenever there is a sequence of monic polynomials {Pn}n≥0, deg Pn =
n, n ≥ 0 MPS such that ⟨u,PnPm⟩ = 0, n,m ≥ 0, n , m and ⟨u,P2

n⟩ , 0, n ≥ 0. In this case, {Pn}n≥0 is
called a monic orthogonal polynomials sequence MOPS and it is characterized by the following three-term
recurrence relation (Favard’s theorem) (TTRR in short) [11, 24]

P0(x) = 1, P1(x) = x − β0,

Pn+2(x) = (x − βn+1)Pn+1(x) − γn+1Pn(x), n ≥ 0,
(2)

where βn =
⟨u, xP2

n⟩

⟨u,P2
n⟩
∈ C, γn+1 =

⟨u,P2
n+1⟩

⟨u,P2
n⟩
∈ C \ {0}, n ≥ 0.
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The shifted MOPS {P̂n := A−n
(
hAPn

)
}n≥0 is then orthogonal with respect to û = hA−1 u and satisfies (2)

with [24]

β̂n =
βn

A
, γ̂n+1 =

γn+1

A2 , n ≥ 0. (3)

Moreover, the form u is said to be normalized if (u)0 = 1. In this paper, we suppose that any regular form
will be normalized. When u is regular, {Pn}n≥0 is a symmetrical MOPS if and only if βn = 0, n ≥ 0 or
equivalently (u)2n+1 = 0, n ≥ 0 [11, 24].

Given a regular form u and the corresponding MOPS {Pn}n≥0, we define the associated sequence of the
first kind {P(1)

n }n≥0 of {Pn}n≥0 by [11, 24]

Pn
(1)(x) =

〈
u,

Pn+1(x) − Pn+1(ξ)
x − ξ

〉
= (uθ0Pn+1)(x), n ≥ 0.

We will give now some future about the Hq-Laguerre-Hahn character.

Definition 1.1. [17] A form u is called Hq-Laguerre-Hahn when it is regular and satisfies the q-quadratic q-difference
equation

Hq(Φ(x)u) +Ψ(x)u + B(x)
(
x−1u(hqu)

)
= 0, (4)

whereΦ,Ψ,B are polynomials, withΦmonic. The corresponding orthogonal sequence {Pn}n≥0 is called a Hq-Laguerre-
Hahn MOPS.

Remark 1.2. 1. When B = 0 and the form u is regular then u is Hq-semiclassical [21].

2. When u satisfies (4), then û = hA−1 u fulfills the q-quadratic q-difference equation [17]

Hq(A−degΦΦ(Ax)û) + A1−degΦΨ(Ax)û + A−degΦB(Ax)
(
x−1û(hqû)

)
= 0. (5)

3. Put t = degΦ, p = degΨ, r = deg B and d = max(t, r), we define the class of u the nonnegative integer s [17]

s = min max(p − 1, d − 2),

where the minimum is taken over all triplets (Φ,Ψ,B) satisfying (4). Moreover, the regular form u Hq-Laguerre-
Hahn satisfying (4) is of class s = max(p − 1, d − 2) if and only if,∏

c∈ZΦ

{∣∣∣q(hqΨ)(c) + (HqΦ)(c)
∣∣∣ + ∣∣∣q(hqB)(c)

∣∣∣ + ∣∣∣∣∣〈u, q(θcqΨ) + (θcq ◦ θcΦ) + q
(
hqu(θ0 ◦ θcqB)

)〉∣∣∣∣∣} > 0, (6)

whereZΦ is the set of roots of Φ [17].

Proposition 1.3. [17] Let u be a regular form and {Pn}n≥0 be its MOPS. The following statements are equivalent :

(i) u is a Hq-Laguerre-Hahn form satisfying (4).

(ii) There exist an integer s ≥ 0, two polynomials Φ (monic), B with t = degΦ ≤ s + 2, r = deg B ≤ s + 2 and a
sequence of complex numbers {λn,ν}n,ν≥0 such that (the structure relation)

Φ(x)(HqPn+1)(x) − hq(BP(1)
n )(x) =

n+d∑
ν=n−s

λn,νPν(x), n > s, λn,n−s , 0. (7)

Proposition 1.4. [17] Let u be a symmetric Hq-Laguerre-Hahn form of class s satisfying (4) . The following
statements hold

(i) If s is odd, then the polynomials Φ and B are odd andΨ is even.
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(ii) If s is even, then the polynomials Φ and B are even andΨ is odd.

Lastly, the following results will be needed in the sequel.

Lemma 1.5. [1] Let {Pn}n≥0 be a MOPS and M(x,n) , N(x,n) two polynomials such that

M(x,n)Pn+1(x) = N(x,n)Pn(x), n ≥ 0.

Then, for any index n for which deg N(x,n) ≤ n, we have

N(x,n) = 0 and M(x,n) = 0.

Lemma 1.6. [25] Let (bn)n≥0 with bn , 0, n ≥ 0, (cn)n≥0 two sequences of complex numbers and (xn)n≥0 the sequence
satisfying the recurrence relation:

xn+1 = bnxn + cn, n ≥ 0, x0 = a ∈ C − {0}.

We have

xn+1 =

( n∏
k=0

bk

){
a +

n∑
k=0

( k∏
l=0

bl

)−1

ck

}
, n ≥ 0.

2. The system fulfilled by a Hq-Laguerre-Hahn MOPS of class zero

Let {Pn}n≥0 be a MOPS Hq-Laguerre-Hahn of class s = 0 such that its corresponding regular form satisfies
(4). We have for the polynomials Φ,B andΨ

Φ(x) = c2x2 + c1x + c0 (monic), B(x) = b2x2 + b1x + b0, Ψ(x) = a1x + a0, (8)

with
|a1| + |b2| + |c2| , 0. (9)

Furthermore, the MOPS {Pn}n≥0 fulfills the TTRR (2). Thus, from definition, the MOPS {P(1)
n }n≥0 fulfills the

TTRR
P(1)

0 (x) = 1, P(1)
1 (x) = x − β1,

P(1)
n+2(x) = (x − βn+2)P(1)

n+1(x) − γn+2P(1)
n (x), n ≥ 0,

(10)

By virtue of (2), we get for the structure relation (7)

Φ(x)(HqPn+1)(x) − B(qx)P(1)
n (qx) =

(
Gnx + En

)
Pn+1(x) + FnPn(x), n ≥ 0. (11)

Indeed, (11) is valid for n = 0 since deg(Φ−hqB) ≤ 2 and then we may writeΦ(x)−B(qx) =
(
G0x+E0

)
P1(x)+F0.

Applying the operator Hq to (2), on account of (1) and next multiplying by Φ(x) we get

Φ(x)(HqPn+2)(x) = (qx − βn+1)Φ(x)(HqPn+1)(x) − γn+1Φ(x)(HqPn)(x) + Φ(x)Pn+1(x). (12)

Therefore,
on the one hand (P(1)

−1 := 0),
Φ(x)(HqPn+2)(x) − B(qx)P(1)

n+1(qx) =
(12), (10)

(qx − βn+1)
{
Φ(x)(HqPn+1)(x) − B(qx)P(1)

n (qx)
}

−γn+1

{
Φ(x)(HqPn)(x) − B(qx)P(1)

n−1(qx)
}
+ Φ(x)Pn+1(x)

=
(11), (2)

(qx − βn+1)
{(

Gnx + En

)
Pn+1(x) + FnPn(x)

}
−γn+1

{(
Gn−1x + En−1

)
Pn(x) + 1

γn
Fn−1

(
(x − βn)Pn(x) − Pn+1(x)

)}
+ Φ(x)Pn+1(x),
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and on the other hand,
Φ(x)(HqPn+2)(x) − B(qx)P(1)

n+1(qx) =
(11)

(
Gn+1x + En+1

)
Pn+2(x) + Fn+1Pn+1(x)

=
(2)

(
(x − βn+1)(Gn+1x + En+1) + Fn+1

)
Pn+1(x) − γn+1

(
Gn+1x + En+1

)
Pn(x).

Consequently,
M(x,n)Pn+1(x) = N(x,n)Pn(x), n ≥ 0, (13)

where for all n ≥ 0,

M(x,n) =
(
c2+ qGn−Gn+1

)
x2+

{
c1+βn+1(Gn+1−Gn)+ qEn−En+1

}
x+ c0+βn+1(En+1−En)+

γn+1

γn
Fn−1−Fn+1,

N(x,n) =
{
γn+1(Gn−1 − Gn+1) +

γn+1

γn
Fn−1 − qFn

}
x + γn+1(En−1 − En+1) + βn+1Fn − βn

γn+1

γn
Fn−1,

with constraints γ0 := 1 and G−1 = E−1 = F−1 := 0. Obviously,

Gn+1 − qGn − c2 = 0, n ≥ 0. (14)

By virtue of Lemma 1.5 we have
M(x,n) = 0, N(x,n) = 0, n ≥ 1,

which leads to
βn+1(Gn+1 − Gn) + qEn − En+1 + c1 = 0, n ≥ 1, (15)

βn+1(En+1 − En) +
γn+1

γn
Fn−1 − Fn+1 + c0 = 0, n ≥ 1, (16)

γn+1(Gn+1 − Gn−1) −
γn+1

γn
Fn−1 + qFn = 0, n ≥ 1, (17)

γn+1(En+1 − En−1) + βn
γn+1

γn
Fn−1 − βn+1Fn = 0, n ≥ 1. (18)

For n = 0, equality (13) yields M(x, 0)(x − β0) = N(x, 0). Namely,

G0 = c2 − b2q2, (19)

E0 = β0(c2 − b2q2) + c1 − b1q, (20)

F0 = Φ(β0) − B(qβ0). (21)

The structure relation (11) for n = 1 gives

(q + 1)c1 − q2b1 − E1 + qβ0(c2 − b2q2) + qβ1(c2 − q(q − 1)b2) = 0, (22)

β0

{
c1 − E1 + β1((q + 1)c2 − q3b2)

}
− (q + 1)c0 − β1E1 + F1 = γ1((q + 1)c2 − q3b2) − β1(c1 − qb1) − qb0, (23)

β0(β1E1 − F1 + c0) = β1(b0 − c0) + γ1E1. (24)

Lastly, the condition ⟨Hq(Φu) +Ψu + B
(
x−1u(hqu)

)
, xn
⟩ = 0, n ≥ 0 gives for n = 0, 1

Ψ(β0) = −
(
(1 + q)b2β0 + b1

)
, (25)

Φ(β0) − B(qβ0) =
(
a1 − c2 + (1 + q2)b2

)
γ1 (26)

since (u)0 = 1, (u)1 = β0, (u)2 = β2
0 + γ1 and (8).
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Proposition 2.1. Denoting
ξq := c2 + b2q(1 − q), (27)

rn :=
Fn

γn+1
, n ≥ 0, (28)

and

Sn =

n∑
k=0

βk, n ≥ 0. (29)

The system (14)-(26) become
Gn = c2[n + 1]q − b2qn+2, n ≥ 0, (30)

rn = q−n
{
r0 − qξq[2n]q

}
, n ≥ 0, (31)

βn+1{qξq[2n + 1]q − r0} − q2βn{qξq[2n − 3]q − r0} + qn(q + 1)c1 = qn+1(q − 1){β0(ξq + r0) + b1}, n ≥ 1, (32)

β1(qξq − r0) − β0(−(2q + 1)c2 + 2b2q3
− qr0) + (q + 1)c1 − b1q2 = 0, (33)

γn+2{qξq[2n + 2]q − r0} − q2γn+1{qξq[2n − 2]q − r0} = −qn+1Φ(βn+1)+

1 − q
1 + q

a0qn+1βn+1 +
{
qn+1c2 −

q
1 + q

(
(q − 1)r0 + qξq(1 + q2n)

)}
β2

n+1, n ≥ 1, (34)

γ2{(q+ 1)ξq − q−1r0} − γ1{−(q+ 1)c2 + b2q3
− r0} = −qΦ(β1)+ (q− 1){c0 + β1[q(b1 + b2qβ1)− β0(c2 − b2q2)]}, (35)

En = qn
{ξqSn + c1q−n[n + 1]q − q(b1 + b2β0)}, n ≥ 0, (36)

Fn = q−n
(
r0 − qξq[2n]q

)
γn+1, n ≥ 0, (37)

r0 =
Φ(β0) − B(qβ0)

γ1
, (38)

a0 = −β0(r0 + ξq) − b1, (39)

a1 = r0 + ξq − (1 + q)b2. (40)

Proof. The equalities in (30) and (31) are consequence from (14), (17) and (19) by applying Lemma 1.6. Next,
we obtain (37)-(38) from (21), (28) and (31).
From (22) we have,

E1 − qc1 + b1q2
− qβ0(c2 − b2q2) = c1 + qβ1(c2 − q(q − 1)b2).

Therefore, by (20) the last formula becomes

E1 − qE0 = c1 + qβ1(c2 − q(q − 1)b2). (41)

Then, by eliminating E1 in (23), and using (22), we get

β1E1 − F1 + (q + 1)c0 = β1(c1 − b1q) + b0q − γ1((q + 1)c2 − b2q3) + β0{q(b1q − c1) + (β1 − qβ0)(c2 − b2q2)} (42)

Consequently, by injecting (42) into (24), and replacing F0, E0 and E1 by their expressions from (20)-(21) and
(41), we get,

γ1β0((2q + 1)c2 − 2b2q3) + (qβ0 − β1)F0 + γ1((q + 1)c1 − b1q2) + qγ1β1c2 − γ1β1q2(q − 1)b2 = 0. (43)

On the other hand, by eliminating E1 in (42) and by (22) we obtain

qϕ(β1) − F1 + γ1((q + 1)c2 − b2q3) + F0 = (q − 1){B(qβ1) − β0[c1 − b1q + (c2 − b2q2)(β0 + β1)]}. (44)
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On account of (27) and (28), the formulas (42)-(44) become (33) and (35).
Now, by virtue of (31), the equations (15)-(18) becomes successively

c1 + qn+1βn+1ξq + qEn − En+1 = 0, n ≥ 0, (45)

βn+1rn − βnrn−1 + En−1 − En+1 = 0, n ≥ 1. (46)

Therefore, subtracting (46) by (45) gives

βn+1(rn − qn+1ξq) − βnrn−1 − c1 + En−1 − qEn = 0, n ≥ 1. (47)

Also, (45) for the order n yields
c1 + qnβnξq + qEn−1 − En = 0, n ≥ 1. (48)

So, (48) + (47) gives

βn+1(rn − qn+1ξq) − βn(rn−1 − qnξq) + (q + 1)(En−1 − En) = 0, n ≥ 1. (49)

By going to the sum on (49), we obtain

(1 + q)En = (1 + q)E0 + βn+1(rn − qn+1ξq) − β1(r0 − qξq), n ≥ 1. (50)

The operation (1 + q) × (48) and on account of (33) and (50) leads to

βn+1{qn+1ξq − rn} + qβn{qnξq + rn−1} + (q + 1)c1 = q(q − 1){β0(ξq + r0) + b1}, n ≥ 1.

Then, (31) leads to (32).
(36) is a consequence from Lemma 1.6, (29) and (31).
The operation (48) − q × (43) gives,

c1 + βn(qrn−1 + qnξq) − qβn+1rn + qEn+1 − En = 0, n ≥ 1. (51)

Subtracting (51) by (45) yields

(q + 1)(En+1 − En) = βn+1(qn+1ξq + qrn) − βn(qnξq + qrn−1), n ≥ 1. (52)

On account of (32), (52) becomes

(q + 1)(En+1 − En) = βn+1{2qn+1ξq + (q − 1)rn} + (1 + q)c1 + q(1 − q){β0(ξq + r0) + b1}. (53)

Thanks to (53), the equation (1 + q) × (16) gives (34).
Lastly, (39)-(40) are consequence from (25)-(26) and (38).

Remark 2.2. 1. When q→ 1 in (30)-(40), we recover again the system of D-Laguerre-Hahn MOPSs of class zero
[8, 9].

2. There are three possibilities for the polynomial Φ

Φ(x) = 1, Φ(x) = x − c, c ∈ C, Φ(x) = (x − c)(x − d), c, d ∈ C,

but it is a very difficult problem to describe exhaustively the situtations in any case on account of the expressions
in (33)-(34). However, in the next section, we are going to describe the symmetrical case that is to say
βn = 0, n ≥ 0.
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3. Description of the symmetrical Hq-Laguerre-Hahn MOPSs of class zero

First of all, to describe the symmetrical Hq-Laguerre-Hahn forms of class zero we may write for (8)

Φ(x) = c2x2 + c0 (monic), B(x) = b2x2 + b0, Ψ(x) = a1x, |a1| + |b2| + |c2| , 0, (54)

since Proposition 1.4. and (9). Consequently, three possibilities for the polynomial Φ occurred

Φ(x) = 1, Φ(x) = x2, Φ(x) = x2 + c0, c0 , 0,

for the symmetrical case. Now, taking for all n ≥ 0, βn = 0 in (34), (34) becomes

(r0 − qξq[2n + 2]q)γn+2 − q2(r0 − qξq[2n − 2]q)γn+1 = qn+1c0, n ≥ 1. (55)

Next, let us suppose
r0 − qξq[2n]q , 0, n ≥ 0. (56)

On account of Lemma 1.6. and after some calculations, we get for (55),

γn+2 =
q2nr0(r0 − q(q + 1)ξq)

{
γ2 + q1−n c0 [n]q

r0−qξq[n+1]q

r0(r0−q(q+1)ξq)

}
(r0 − qξq[2n]q)(r0 − qξq[2n + 2]q)

, n ≥ 0. (57)

Moreover, (35) gives

γ2 = q

(
r0 − b2q3 + (q + 1)c2

)
γ1 + c0

r0 − q(q + 1)ξq
, (58)

with constraint (
r0 − b2q3 + (q + 1)c2

)
γ1 + c0 , 0. (59)

The injection of (58) into (57) yields

γn+2 = q2n+1
r0

{(
r0 − b2q3 + (q + 1)c2

)
γ1 + c0

}
+ q−n c0 [n]q (r0 − qξq[n + 1]q)

(r0 − qξq[2n]q)(r0 − qξq[2n + 2]q)
, n ≥ 0. (60)

Also, thanks to (27), the constraints (38) and (40) become successively

r0 =
c0 − b0

γ1
, (61)

a1 + b2 = c2 + r0 − b2q2. (62)

Before quoting the different canonical situations, let us proceed to the general transformation

P̂n(x) = A−nPn(Ax), n ≥ 0, (63)

γ̂n+1 = A−2 γn+1, n ≥ 0. (64)

Then, the form û = hA−1 u fulfills the q-quadratic q-difference equation

Hq(A−degΦΦ(Ax)û) + A1−degΦΨ(Ax)û + A−degΦB(Ax)
(
x−1û(hqû)

)
= 0. (65)

Any so-called canonical situation will be denoted by γ̂n+1, û and recall q ∈ C̃, except opposite mention.
Moreover, in this case, according to (11), (30), (36)-(37) and (54), the structure relation (11) of the symmetrical



S. Jbeli, L. Khériji / Filomat 38:24 (2024), 8349–8365 8357

Hq-Laguerre-Hahn {Pn}n≥0 of class zero may be written as
(c2x2 + c0)(HqPn+1)(x) − (q2b2x2 + b0)P(1)

n (qx) =(
c2[n + 1]q − b2qn+2

)
xPn+1(x) + q−n

(
r0 − qξq[2n]q

)
γn+1Pn(x), n ≥ 0. (66)

The change x ← Ax in (66), after that multiplying the resulting by A−n we get the structure relation
corresponding to the shifted symmetrical Hq-Laguerre-Hahn {P̂n}n≥0 of class zero in the following way
(c2A2x2 + c0)(HqP̂n+1)(x) − (q2b2A2x2 + b0)P̂(1)

n (qx) =

A2
(
c2[n + 1]q − b2qn+2

)
xP̂n+1(x) + A2q−n

(
r0 − qξq[2n]q

)
γ̂n+1P̂n(x), n ≥ 0. (67)

3.1. Φ(x) = 1
In this case, c2 = 0 and c0 = 1.We get for (27), (56) and (60)-(62),

ξq = b2q(1 − q), (68)

r0 − b2q2 + b2q2n+2 , 0, n ≥ 0, (69)

γn+1 = q2n−1
r0

{
1 +

(
r0 − b2q3

)
γ1

}
+ q−n+1 [n − 1]q (r0 − b2q2 + b2qn+2)

(r0 − b2q2 + b2q2n)(r0 − b2q2 + b2q2n+2)
, n ≥ 1, (70)

r0 =
1 − b0

γ1
, (71)

and
a1 + b2 = r0 − b2q2. (72)

3.1.1. a1 + b2 = 0.Necessary b2 , 0 from regularity and by (72) we get r0 = b2q2. Consequently, (70) becomes

γn+1 =
b2q2(1 − q)γ1 + [n]q

b2q2n+1 , n ≥ 1, (73)

since q[n−1]q = [n]q−1, n ≥ 1.Choosing A in (63)-(65) such that A2b2 = 2 and putting γ1 =
ρ

b2q2 , ρ , 0,
then thanks to (71)-(73) we get the following situation

γ̂1 =
ρ

2q2 , ρ , 0,

γ̂n+1 = q−2n−1 (1−q)ρ+[n]q

2 , n ≥ 1 ; (1 − q)ρ + [n]q , 0, n ≥ 1,

Hq(û) − 2xû + (2x2 + 1 − ρ)
(
x−1û(hqû)

)
= 0.

(74)

When q → 1 in (74), we meet the singular symmetrical D-Laguerre-Hahn of class 0 of Hermite type
[9] (see Table A.1. in the Appendix).

Now, choosing A in (63)-(65) such that A2b2 = 2qτ−2 and putting γ1 =
[τ+1]q−1

b2q3(1−q) , τ ∈ N, then thanks to
(71)-(73) we get the following situation

γ̂1 =
q−τ−1[τ+1]q−1

2(1−q) ,

γ̂n+1 = q−n−τ [n+τ+1]q−1

2 , n ≥ 1,

Hq(û) − 2qτ−2xû +
(
2qτ−2x2 + 1 −

[τ+1]q−1

q(1−q)

)(
x−1û(hqû)

)
= 0.

(75)

In view of (75), we discover the co-dilates of the associated of order τ of the natural q−1
−analogue of

Hermite [22].
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3.1.2. a1 + b2 , 0. That is to say r0 , b2q2 since (72). Denoting

ρ :=
r0

r0 − b2q2 , 0. (76)

Then,

ρ − 1 =
b2q2

r0 − b2q2 . (77)

On account of (76)-(77), (70) becomes

γn+1 = q2n−1 ρ

r0

ρ + r0

(
ρ − q(ρ − 1)

)
γ1 + q1−n[n − 1]q

(
1 + (ρ − 1)qn

)
(
1 + (ρ − 1)q2n−2

) (
1 + (ρ − 1)q2n

) , n ≥ 1. (78)

Two cases arise:

3.1.2.1. ρ = 1. Therefore, b2 = 0 and a1 = r0 , 0 on account of (77) and the item 2.2.1.2. Moreover, the
formula in (78) becomes

γn+1 =
q2n−1

r0

(
r0γ1 + [n]q−1

)
, n ≥ 1. (79)

Choosing A in (63)-(65) such that A2 = 2r−1
0 q−τ and putting r0γ1 = q[τ + 1]q for 0 < q < 1 or q > 1,

by virtue of (71) and (79) we are led to
γ̂1 = qτ+1 [τ+1]q

2 ,

γ̂n+1 = qn+τ [n+τ+1]q

2 , n ≥ 1,

Hq(û) + 2q−τxû +
(
1 − q[τ + 1]q

)(
x−1û(hqû)

)
= 0.

(80)

When q → 1 in (80), we meet a restricted nonsingular symmetrical D-Laguerre-Hahn of class 0
of Hermite type [9] (see Table A.2. in the Appendix).

3.1.2.2. ρ , 1. In this case, (78) may be written as

γn+1 =
q2n−1

r0

[n]q + qρ−1r0γ1 + (1 − q)
(
r0γ1 + ρ−1q1−n[n]q[n − 1]q

)
(
ρ−1 + (1 − ρ−1)q2n−2

)(
ρ−1 + (1 − ρ−1)q2n

) , n ≥ 1, (81)

since q[n − 1]q = [n]q − 1, n ≥ 1, ρ , 0 and ρ , 1.
Choosing A in (63)-(65) such that A2 = 2r−1

0 q−2τ−3 and putting r0γ1 = ρq−τ−2[τ + 1]q for 0 < q < 1
or q > 1, by virtue of (71)-(72), (76)-(77) and (81) we obtain

γ̂1 = ρqτ+1 [τ+1]q

2 , τ , −1,

γ̂n+1 =
1
2 q2n+τ+1

[n+τ+1]q+(1−q)
(
ρq−1[τ+1]q+ρ−1qτ−n+2[n]q[n−1]q

)(
ρ−1+(1−ρ−1)q2n−2

)(
ρ−1+(1−ρ−1)q2n

) , n ≥ 1,

Hq(û) + 2q−2τ−5
(
ρ−1(1 + q2) − 1

)
xû+(

2q−2τ−5(1 − ρ−1)x2 + 1 − ρq−τ−2[τ + 1]q

)(
x−1û(hqû)

)
= 0.

(82)

The form û is regular, if and only if,

τ , −1, [n + τ + 1]q + (1 − q)
(
ρq−1[τ + 1]q + ρ

−1qτ−n+2[n]q[n − 1]q

)
, 0, n ≥ 1.

When q → 1 in (82), we meet the general situation of the nonsingular symmetrical D-Laguerre-
Hahn of class 0 of Hermite type [9] (see Table A. 2. in the Appendix).
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3.2. Φ(x) = x2

In this case, c2 = 1 and c0 = 0.We get for (27) and (59)-(62),

r0 − b2q3 + q + 1 , 0. (83)

ξq = 1 + b2q(1 − q), (84)

γn+1 = q2n−1
r0

(
r0 − b2q3 + q + 1

)
γ1

(r0 − qξq[2n − 2]q)(r0 − qξq[2n]q)
, n ≥ 1, (85)

r0 = −
b0

γ1
, (86)

a1 + b2 = 1 + r0 − b2q2. (87)

with (56) is globally unchanged.

3.2.1. ξq = 0. Then, b2 = q−1(q − 1)−1 and r0 , (q − 1)−1 thanks to (84) and (83). In addition, (85) yields

γn+1 = q2n−1
(
1 − r−1

0 (q − 1)−1
)
γ1, n ≥ 1, (88)

Choosing A in (63)-(65) such that A2 =
(
1 − r−1

0 (q − 1)−1
)
γ1, putting ρ = 1

1−r−1
0 (q−1)−1 , with evidently

ρ , 0, ρ , 1, and by virtue of (56), (87), (86) and (88) we get the following situation

γ̂1 = ρ,

γ̂n+1 = q2n−1, n ≥ 1,

Hq(x2û) + q−1(1 − q)−1(1 − ρ)−1
(
1 + q − ρ

)
xû−

(1 − q)−1
(
q−1x2 + ρ2(1 − ρ)−1

)(
x−1û(hqû)

)
= 0.

(89)

3.2.2. ξq , 0. Then, b2 , q−1(q − 1)−1 and one may write for (85)

γn+1 = q2n−1
r0

(
r0 − b2q3 + q + 1

)
γ1

q2ξ2
q

1(
[2n − 2]q − q−1ξ−1

q r0

)(
[2n]q − q−1ξ−1

q r0

) , n ≥ 1. (90)

Chosing A in (63)-(65) such that A2 = −
r0

(
r0−b2q3+q+1

)
γ1

q2ξ2
q

and putting

q−1ξ−1
q r0 = −2τ − q − 2,

qξq

r0 − b2q3 + q + 1
= −

ρ

2τ + 1
, (91)

with constraints

τ , −
1
2
, τ , −1 −

q
2
, ρ , 0, 1 + q − q2 + (q − 1)(ρ−1

− 1)(2τ + 1) , 0, (92)

(83) is then valid, (91) yields

r0 = −
2τ + q + 2

1 + q − q2 + (q − 1)(ρ−1 − 1)(2τ + 1)
, b2 =

1 − q2 + q(ρ−1
− 1)(2τ + 1)

q2
(
1 + q − q2 + (q − 1)(ρ−1 − 1)(2τ + 1)

) , (93)
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and thanks to (86)-(87), (91)-(93) and (89) we obtain

γ̂1 = −
ρ

(2τ+q+2)(2τ+1) ,

γ̂n+1 = −
q2n−1(

[2n−2]q+2τ+q+2
)(

[2n]q+2τ+q+2
) , n ≥ 1,

Hq(x2û) −
1+q(2τ+1)

(
(q+1)ρ−1

−1
)

q2

(
1+q−q2+(q−1)(ρ−1−1)(2τ+1)

)xû+

1
1+q−q2+(q−1)(ρ−1−1)(2τ+1)×(

q−2
(
1 − q2 + q(ρ−1

− 1)(2τ + 1)
)
x2
−

ρ
(2τ+1)

)(
x−1û(hqû)

)
= 0.

(94)

When q→ 1 in (94), we meet the general situation of the nonsingular symmetrical D-Laguerre-Hahn
of class 0 of Bessel type [9] (see Table B. 1. in the Appendix).

3.3. Φ(x) = x2 + c0, c0 , 0
In this case, (60) becomes

γn+1 = q2n−1
r0

{(
r0 − b2q3 + q + 1

)
γ1 + c0

}
+ q1−n c0 [n − 1]q (r0 − qξq[n]q)

(r0 − qξq[2n − 2]q)(r0 − qξq[2n]q)
, n ≥ 1. (95)

Also, we get for (27), (59) and (62),
ξq = 1 + b2q(1 − q), (96)(

r0 − b2q3 + q + 1
)
γ1 + c0 , 0, (97)

a1 + (1 + q2)b2 = 1 + r0, (98)

and (61) remains unchanged.

3.3.1. ξq = 0
Then b2 = q−1(q − 1)−1 by (96). In addition, the constraint (97) yields(

r0 − (q − 1)−1
)
γ1 + c0 , 0. (99)

By virtue of (99), we get for (95),

γn+1 =
q2n−1

r0

{(
r0 − (q − 1)−1

)
γ1 + c0 + q1−n c0 [n − 1]q

}
, n ≥ 1. (100)

It is possible to take r0 = (q − 1)−1 , 0 since q ∈ C̃, then (99) is valid since c0 , 0 and (100) may be written as

γn+1 = (qc0)(1 − q−n)q2n−1, n ≥ 1. (101)

Putting qc0 = −c2 in (101), writing γ1 = ρ, ρ , 0 and thanks to (98) and (61), we are led to the following
situation (ρ , 0, c , 0, q ∈ C̃)

γ̂1 = ρ,

γ̂n+1 = −c2(1 − q−n)q2n−1, n ≥ 1,

Hq((x2
− q−1c2)u) − q−1(q − 1)−1xu + q−1(q − 1)−1

(
x2
− (q − 1)c2

− qρ
)(

x−1u(hqu)
)
= 0.

(102)

We meet the perturbed of order one of a certain symmetrical modified q−1
−classical q−1

−Jacobi kind ( see
(3.29) in [20] with q← q−1, n← n − 1, n ≥ 1).
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3.3.2. ξq , 0
On account of (96), b2 , q−1(q− 1)−1. In view of (95) and the constraint (97), two cases appear: r0 − b2q3 +

q + 1 = 0 or r0 − b2q3 + q + 1 , 0.

3.3.2.1. r0 − b2q3 + q + 1 = 0
Then (97) remains valid since c0 , 0 and

r0 = b2q3
− q − 1, (103)

with necessary
b2 , q−3(q + 1), (104)

since r0 , 0. Now, putting
q−1ξ−1

q r0 = −(α + 1), α , −1. (105)

On account of (96), (103) and (105), necessary α , (q − 1)−1,we get for b2,

b2 = q−2 1 − qα
1 + (1 − q)α

, (106)

and the constraint (104) is valid. Consequently, we may write for (95),

γn+1 = −
c0

qξq
qn−1

[n]q

(
[n]q + qα + q − 1

)(
[2n − 2]q + α + 1

)(
[2n]q + α + 1

) , n ≥ 1. (107)

Putting γ1 = −
c0

qξq
ρ, ρ , 0, choosing A in (63)-(65) such that A2 = − c0

qξq
and thanks to (61), (98), (103)-(107)

we are led to the following situation

γ̂1 = ρ,

γ̂n+1 = qn−1
[n]q

(
[n]q+qα+q−1

)(
[2n−2]q+α+1

)(
[2n]q+α+1

) , n ≥ 1,

Hq

((
x2
−

1
1+(1−q)α

)
û
)
+

q−1α−(1+q−2)
1+(1−q)α xû+

1
1+(1−q)α

(
q−2(1 − qα)x2 + ρ(α + 1) − 1

)(
x−1û(hqû)

)
= 0.

(108)

The form û is regular, if and only if,

ρ , 0, α , (q − 1)−1, α + 1 , −[2n]q, n ≥ 0, q(α + 1) , 1 − [n]q, n ≥ 1.

When q→ 1 in (108), we meet the general situation of the singular symmetrical D-Laguerre-Hahn of class
0 of Jacobi type [9] (see Table C. 1. in the Appendix).
Meanwhile, there is another way to write (95) by replacing [n]q by its expression,

γn+1 = −
c0

qξq
qn

(qn
− 1)

(
qn−1
− 1 − q−1ξ−1

q r0(q − 1)
)

(
q2n−2 − 1 − q−1ξ−1

q r0(q − 1)
)(

q2n − 1 − q−1ξ−1
q r0(q − 1)

) , n ≥ 1. (109)

Putting

q−1ξ−1
q r0 = [−2α − 1]q, 0 < q < 1 or q > 1, α , −

1
2
, (110)
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which is equivalent to 1 + q−1ξ−1
q r0(q − 1) = q−2α−1, α , − 1

2 . Therefore, (109) becomes

γn+1 = −
c0

qξq

(qn
− 1)(qn+2α

− 1)
(q2n+2α−1 − 1)(q2n+2α+1 − 1)

qn+2α+1, n ≥ 1. (111)

On account of (96), (103) and (110), necessary 1 − q − q−2α−1 , 0,we get for b2,

b2 = −q−2 1 + q(1 + [−2α − 1]q)

1 − q − q−2α−1 , (112)

and the constraint (104) is valid. Putting γ1 = −
c0

qξq
ρ, ρ , 0, choosing A in (63)-(65) such that A2 = − c0

qξq
and

thanks to (61), (98), (103)-(104), (110)-(112) we are led to the following situation

γ̂1 = ρ,

γ̂n+1 =
(qn
−1)(qn+2α

−1)
(q2n+2α−1−1)(q2n+2α+1−1) qn+2α+1, n ≥ 1,

Hq

((
x2 + 1

1−q−q−2α−1

)
û(α)

)
+ q−2 [3]q+q[−2α−1]q

1−q−q−2α−1 xû(α)−

q−2

1−q−q−2α−1

{(
1 + q

(
1 + [−2α − 1]q

))
x2
− q2

(
1 + ρ[−2α − 1]q

)}(
x−1û(α)(hqû(α))

)
= 0.

(113)

The form û(α) is regular, if and only if,

ρ , 0, 1 − q − q−2α−1 , 0, α , −
n
2
, n ≥ 1. (114)

We meet the perturbed of order one of a certain modified symmetrical q−classical q−Jacobi kind ( see (8) in

[25] with n← n − 1, n ≥ 1). Moreover, taking α =
1
2

in (113), the constraints in (114) are valid for 0 < q < 1

or q > 1 and (113) becomes
(
û := û

(
1
2

))
,

γ̂1 = ρ,

γ̂n+1 = q qn+1

(qn+1)(qn+1+1) , n ≥ 1,

Hq

((
x2 + 1

1−q−q−2

)
û
)
+ q−2 [3]q+q[−2]q

1−q−q−2 xû−

q−2

1−q−q−2

{(
1 + q

(
1 + [−2]q

))
x2
− q2

(
1 + ρ[−2]q

)}(
x−1û(hqû)

)
= 0.

(115)

Denoting ̂̂u = h
q−

1
2
û, it is also a symmetrical Hq-Laguerre-Hahn of class 0 fulfilling

̂̂γ1 = q−1ρ,

̂̂γn+1 =
qn+1

(qn+1)(qn+1+1) , n ≥ 1,

Hq

((
x2 +

q−1

1−q−q−2

)̂
û
)
+ q−2 [3]q+q[−2]q

1−q−q−2 x̂û−

q−2

1−q−q−2

{(
1 + q

(
1 + [−2]q

))
x2
− q

(
1 + ρ[−2]q

)}(
x−1̂̂u(hq

̂̂u)
)
= 0.

(116)

The situation in (116) deals with the co-dilates of the perturbed of order one of the modified symmetrical
q-classical q-Chebyshev form of the second kind ( see (10) in [25] with n← n − 1, n ≥ 1).
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3.3.2.2. r0 − b2q3 + q + 1 , 0
Then putting, 

q−1ξ−1
q r0 = −(2τ + 2α + 3),

c−1
0 γ1(r0 − b2q3 + q + 1) = (τ+1)(τ+2α+1)

2τ+2α+3 ,

−
qξq(2τ+2α+1)
r0−b2q3+q+1 = ρ,

(117)

with necessary the following constraints, 2τ + 2α + 3 , 0, (τ + 1)(τ + 2α + 1) , 0, 2τ + 2α + 1 , 0, ρ , 0,

℧ := (1 − ρ)(1 − q)(2τ + 2α + 1) + ρ(q − 2) , 0.
(118)

Consequently, we may write for (95),

γn+1 = −
c0

qξq
q2n−1

×

(
q−n[n]q + τ + 1

) (
[n]q + τ + 2α + 1

)
+ q−n(q − 1)[n]q

(
2α + 1 + (τ + 1)(2 − [n]q)

)(
[2n − 2]q + 2τ + 2α + 3

) (
[2n]q + 2τ + 2α + 3

) , n ≥ 1. (119)

Moreover, on account of (96) and (117)-(118) we get for γ1, b2, qξq, r0,

γ1 =
−c0
qξq

(τ+1)(τ+2α+1)
(2τ+2α+3)(2τ+2α+1) ρ,

b2 = q−2 q(ρ−1)(2τ+2α+1)+ρ(q−1)
℧ ,

qξq = −
ρ
℧ ,

r0 =
ρ(2τ+2α+3)

℧ .

(120)

Now, choosing A in (63)-(65) such that A2 = − c0
qξq

and thanks to (61), (98) and (117)-(120), we are led to the
following situation

γ̂1 =
(τ+1)(τ+2α+1)

(2τ+2α+3)(2τ+2α+1) ρ,

γ̂n+1 = q2n−1
×

(q−n[n]q+τ+1)([n]q+τ+2α+1)+q−n(q−1)[n]q

(
2α+1+(τ+1)(2−[n]q)

)
([2n−2]q+2τ+2α+3)([2n]q+2τ+2α+3) , n ≥ 1,

Hq

((
x2 +

ρ
℧

)
û
)
+

q−2

℧

{
(1 − q + q2)ρ + q(q + 1 − ρ)(2τ + 2α + 1)

}
xû + q−2

℧ ×{(
q(ρ − 1)(2τ + 2α + 1) + ρ(q − 1)

)
x2 + ρq2

(
1 − ρ (τ+1)(τ+2α+1)

(2τ+2α+1)

)} (
x−1û

(
hqû

))
= 0.

(121)

The form û is regular, if and only if,
ρ , 0, τ , −1, τ + 2α + 1 , 0, 2τ + 2α + 1 , 0, 2τ + 2α + 3 , −[2n − 2]q, n ≥ 1,(
q−n[n]q + τ + 1

) (
[n]q + τ + 2α + 1

)
+ q−n(q − 1)[n]q

(
2α + 1 + (τ + 1)(2 − [n]q)

)
, 0, n ≥ 1.

When q → 1 in (121), we meet the general situation of the nonsingular symmetrical D-Laguerre-Hahn of
class 0 of Jacobi type [9] (see Table C. 2. in the Appendix).
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Appendix

Table A.1.
The singular symmetrical D-Laguerre-Hahn of class 0 of Hermite type (ρ , 0 ) [9]

γ1 =
ρ

2
, γn+1 =

n
2
, n ≥ 1.

u′ − 2xu + (2x2 + 1 − ρ)(x−1u2) = 0.

Table A.2.
The nonsingular symmetrical D-Laguerre-Hahn of class 0 of Hermite type(ρ , 0, τ , −n, n ≥ 1) [9]

γ1 = ρ
1 + τ

2
, γn+1 =

n + τ + 1
2

, n ≥ 1.

u′ + 2
2 − ρ
ρ

xu +
(
2
ρ − 1
ρ

x2 + 1 − ρ(1 + τ)
)
(x−1u2) = 0.

Table B.1.

The nonsingular symmetrical D-Laguerre-Hahn of class 0 of Bessel type (τ , −1 −
n
2
, n ≥ −2, τ ,

−n − 1, n ≥ 0) [9]

γ1 = −
ρ

(2τ + 1)(2τ + 3)
, γn+1 = −

1
(2n + 2τ + 1)(2n + 2τ + 3)

, n ≥ 1.

(x2u)′ + 2
(
(τ + 1)(1 −

2
ρ

) +
1
ρ
− 1

)
xu +

(
(
1
ρ
− 1)(2τ + 1) x2

−
ρ

2τ + 1

)
(x−1u2) = 0.

Table C.1.
The singular symmetrical D-Laguerre-Hahn of class 0 of Jacobi type (ρ , 0, α , −n, n ≥ 1) [9]

γ1 = ρ, γn+1 =
n(n + α)

(2n + α − 1)(2n + α + 1)
, n ≥ 1.(

(x2
− 1)u

)′
+ (α − 2) xu +

(
(1 − α) x2 + ρα + ρ − 1

)
(x−1u2) = 0.

Table C.2.
The nonsingular symmetrical D-Laguerre-Hahn of class 0 of Jacobi type (ρ , 0, τ , −n − 1, τ + 2α ,
−n − 1, 2τ + 2α , −2n − 1, n ≥ 0) [9]

γ1 = ρ
(τ + 1)(τ + 2α + 1)

(2τ + 2α + 1)(2τ + 2α + 3)
,

γn+1 =
(n + τ + 1)(n + τ + 2α + 1)

(2n + 2τ + 2α + 1)(2n + 2τ + 2α + 3)
, n ≥ 1.(

(x2
− 1)u

)′
+ 2

(
2(1 −

2
ρ

)(τ + α) −
2
ρ

)
xu+

(
(
1
ρ
− 1)(2τ + 2α + 1) x2

− 1 + ρ
(τ + 1)(τ + 2α + 1)

2τ + 2α + 1

)
(x−1u2) = 0.


