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Abstract. We examine a Kirchhoff-type equation with nonlinear viscoelasticity, incorporating logarithmic
nonlinearity, delay, and Balakrishnan-Taylor damping terms. The blow-up of solutions is established under
appropriate assumptions.

1. Introduction

In this study, we examine the Kirchhoff equation described as follows:
ςtt −M(t)∆ς(t) +

∫ t

0
ℜ(t − φ)∆ς(φ)dφ + 1(ςt) = ς|ς|ℵ−2 ln |ς| ȷ, x ∈ Ξ, t > 0,

ς(x, 0) = ς0(x), ςt(x, 0) = ς1(x), x ∈ Ξ,
ςt(x, t − ω) = q0(x, t − ω), x ∈ Ξ, t ∈ (0, ω),
ς(x, t) = 0, x ∈ ∂Ξ,

(1)

where

M(t) :=
(
χ0 + χ1∥∇ς∥

2
2 + σ(∇ς(t),∇ςt(t))P2(Ξ)

)
,

1(ςt) := ϑ1ςt + ϑ2ςt(x, t − ω).

Here, ϑ2 represents a real number,Ξ ∈ RN represents a bounded domain with sufficiently smooth boundary
∂Ξ, ℵ ≥ 2, χ0, χ1, σ, ϑ1, ȷ are positive constants,ℜ is a positive function and ω > 0 represents the time delay.

The connection between stress and strain history in the beam, influenced by Boltzmann theory, is termed
viscoelastic damping. The memory term within this damping is governed by the functionℜ.
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See ([8], [13], [14],[18],[19],[21],[23],[24],[31]).
In [3], Taylor and Balakrishnan introduced a novel damping model termed Balakrishnan-Taylor damping,
which pertains to the span problem and the plate equation. For further exploration, several papers have
delved into the investigation of this damping, including references such as ([3], [6], [10], [18], [23], [24], [30],
[32]).
The presence of delay frequently manifests in numerous applications and practical scenarios, transforming
many systems into distinct problems worthy of investigation. Recently, numerous authors have explored
the stability and asymptotic behavior of evolution systems incorporating time delays. Relevant studies
include references such as ([9], [13]-[19], [22], [24], [33–36]).
The significant relevance of logarithmic nonlinearity in physics lies in its occurrence across various theories
and concepts, encompassing cosmology, symmetry, nuclear physics, and quantum mechanics. Furthermore,
it finds utility in numerous applications, spanning nuclear, optical, and even subterranean physics. Several
researchers have also explored this particular type of problem across various contexts, investigating aspects
such as the global existence of solutions, stability, blow-up, and growth of solutions. For further details,
readers are directed to references such as ([4], [5], [7], [10], [18], [20], [25]-[27]).
Considering all the previously mentioned factors, the amalgamation of damping elements (Balakrishnan-
Taylor damping, delay terms, memory term, and logarithmic nonlinearity) within a specific problem,
augmented by the inclusion of the delay term (ϑ2ςt(x, t − ω)), presents what we perceive to be a novel
research challenge deserving of exploration. We posit that this problem stands apart from those previously
discussed and warrants further investigation, which we aim to elucidate.
Our research is structured into distinct sections: The subsequent section delineates the lemmas, concepts,
and hypotheses essential for our analysis. Following that, in Section 3, we state and prove the blow-up
phenomenon observed in solutions.

2. Preliminaries

To delve into our problem, this section necessitates specific materials.
Initially, we introduce the subsequent hypothesis concerningℜ and β2:
(H1)ℜ : R+ → R+ is non-increasing D1 function which holds

ℜ(t) > 0, χ0 −

∫
∞

0
ℜ(φ)dφ = l > 0. (2)

(H2)

|ϑ2| < ϑ1. (3)

Let

(ℜ ◦ ϖ)(t) :=
∫
Ξ

∫ t

0
ℜ(t − φ)|ϖ(t) − ϖ(φ)|2dφdx.

Considering new variables, as in [33]

z(x,κ, t) = ςt(x, t − ωκ), (x,κ, t) ∈ Ξ × (0, 1) ×R+,

which satisfy{
ωzt(x,κ, t) + zκ(x,κ, t) = 0
z(x, 0, t) = ςt(x, t).

(4)
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Problem (1) can also be stated as
ςtt −M(t)∆ς(t) +

∫ t

0
ℜ(t − φ)∆ς(φ)dφ + ϑ1ςt + ϑ2z(x, 1, t) = ς|ς|ℵ−2 ln |ς| ȷ,

ωzt(x,κ, t) + zκ(x,κ, t) = 0,
ς(x, 0) = ς0(x), ςt(x, 0) = ς1(x), x ∈ Ξ,
z(x,κ, 0) = q0(x,−ωκ), in Ξ × (0, 1),
ς(x, t) = 0, x ∈ ∂Ξ.

(5)

Energy functional is given as follows.

Lemma 2.1. The energy functional E, stated as

E(t) =
1
2
∥ςt∥

2
2 +

1
2

(
χ0 −

∫ t

0
ℜ(φ)dφ

)
∥∇ς(t)∥22 +

χ1

4
∥∇ς(t)∥42

+
1
2

(ℜ ◦ ∇ς)(t) +
ȷ

ℵ
∥ς(t)∥ℵ

ℵ
−

1
ℵ

∫
Ξ

|ς|ℵ ln |ς| ȷdx

+
ℏ

2

∫ 1

0
∥z (x,κ, t) ∥22dκ. (6)

satisfies

E′ (t) ≤ −D0

(
∥ςt∥

2
2 +

∫
Ξ

z2(x, 1, t)dx
)
+

1
2

(ℜ′ ◦ ∇ς)(t)

−
1
2
ℜ(t)∥∇ς(t)∥22 −

σ
4

( d
dt

{
∥∇ς(t)∥22

})2
≤ 0, (7)

for ℏ a positive constant satisfying

ω|ϑ2| < ℏ < ω(2ϑ1 − |ϑ2|). (8)

Proof. Taking inner product of (5)1 with ςt, and then integrating over Ξ, we get

(ςtt(t), ςt(t))P2(Ξ) − (M(t)∆ς(t), ςt(t))P2(Ξ)

+(
∫ t

0
ℜ(t − φ)∆ς(φ)dφ, ςt(t))P2(Ξ) + ϑ1(ςt, ςt)P2(Ξ) (9)

+(ϑ2z(x, 1, t), ςt(t))P2(Ξ) − ( ȷς|ς|ℵ−2 ln |ς|, ςt(t))P2(Ξ) = 0.

Further simplification, yields

(ςtt(t), ςt(t))P2(Ξ) =
1
2

d
dt

(
∥ςt(t)∥22

)
, (10)

using integration by parts, we get

−(M(t)∆ς(t), ςt(t))P2(Ξ)

= −(
(
χ0 + χ1∥∇ς∥

2
2 + σ(∇ς(t),∇ςt(t))P2(Ξ)

)
∆ς(t), ςt(t))P2(Ξ)

=
(
χ0 + χ1∥∇ς∥

2
2 + σ(∇ς(t),∇ςt(t))P2(Ξ)

) ∫
Ξ

∇ς(t).∇ςt(t)dx

=
(
χ0 + χ1∥∇ς∥

2
2 + σ(∇ς(t),∇ςt(t))P2(Ξ)

) d
dt

{1
2

∫
Ξ

|∇ς(t)|2dx
}

=
d
dt

{1
2

(
χ0 +

χ1

2
∥∇ς∥22

)
∥∇ς(t)∥22

}
+
σ
4

{ d
dt
∥∇ς(t)∥22

}2

.

(11)
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and we have

(
∫ t

0
ℜ(t − φ)∆ς(φ)dφ, ςt(t))P2(Ξ)

=

∫ t

0
ℜ(t − φ)(∆ς(φ), ςt(t))P2(Ξ)dφ

= −

∫ t

0
ℜ(t − φ)

[ ∫
Ξ

∇ς(x, φ)∇ς(x, t)dx
]
dφ,

(12)

and

−∇ς(x, φ).∇ς(x, t) =
1
2

d
dt

{
|∇ς(x, φ) − ∇ς(x, t)(t)|2

}
−

1
2

d
dt

{
|∇ς(x, t)|2

}
, (13)

then

−

∫ t

0
ℜ(t − φ)(∇ς(φ),∇ςt(t))P2(Ξ)dφ

= −

∫ t

0
ℜ(t − φ)

∫
Ξ

[1
2

d
dt

{
|∇ς(x, φ) − ∇ς(x, t)|2

}]
dxds.

−

∫ t

0
ℜ(t − φ)

∫
Ξ

[1
2

d
dt

{
|∇ς(x, t)|2

}]
dxdφ

=
1
2

∫ t

0
ℜ(t − φ)

[ d
dt

{∫
Ξ

|∇ς(x, t) − ∇ς(x, φ)|2dx
}]

dφ

−
1
2

∫ t

0
ℜ(t − φ)

[ d
dt

{
∥∇ς(x, t)∥22

}]
dxdφ (14)

We use (2), we obtain

1
2

∫ t

0
ℜ(t − φ)

[ d
dt

{∫
Ξ

|∇ς(x, t) − ∇ς(x, φ)|2dx
}]

dφ

=
1
2

d
dt

{∫ t

0
ℜ(t − φ)

[ ∫
Ξ

|∇ς(x, t) − ∇ς(x, φ)|2dx
]}

dφ

−
1
2

∫ t

0
ℜ
′(t − φ)

[ ∫
Ξ

|∇ς(x, t) − ∇ς(x, φ)|2dx
]
dφ

=
1
2

d
dt

(ℜ ◦ ∇ς)(t) −
1
2

(ℜ′ ◦ ∇ς)(t), (15)

and

−
1
2

∫ t

0
ℜ(t − φ)

[ d
dt

{
∥∇ς(t)∥22

}]
dxdφ

= −
1
2

( ∫ t

0
ℜ(t − φ)dφ

)( d
dt

{
∥∇ς(t)∥22

})
dx

= −
1
2

( ∫ t

0
ℜ(φ)dφ

)( d
dt

{
∥∇ς(t)∥22

})
dx (16)

= −
1
2

d
dt

{( ∫ t

0
ℜ(φ)dφ

)
∥∇ς(t)∥22

}
+

1
2
ℜ(t)∥∇ς(t)∥22,



A. Alharbi et al. / Filomat 38:26 (2024), 9237–9247 9241

By substituting (15) and (16) into (14), gives( ∫ t

0
ℜ(t − φ)∆ς(φ)dφ, ςt(t)

)
P2(Ξ)

=
d
dt

{1
2

(ℜ ◦ ∇ς)(t) −
1
2

( ∫ t

0
ℜ(φ)dφ

)
∥∇ς(t)∥22

}
−

1
2

(ℜ′ ◦ ∇ς)(t) +
1
2
ℜ(t)∥∇ς(t)∥22. (17)

and we have

−( ȷς|ς|ℵ−2 ln |ς|, ςt(t))P2(Ξ) =
d
dt

{ ȷ
ℵ
∥ς(t)∥ℵ

ℵ
−

1
ℵ

∫
Ξ

|ς|ℵ ln |ς| ȷdx
}
. (18)

Multiplying equation (5)2 by ℏ
ωz, integrating over Ξ × (0, 1) and using (4)2, we get

d
dt
ℏ

2

∫
Ξ

∫ 1

0
z2(x,κ, t)dκdx = −

ℏ

ω

∫
Ξ

∫ 1

0
zzκ (x,κ, t) dκdx

= −
ℏ

2ω

∫
Ξ

∫ 1

0

d
dκ

z2 (x,κ, t) dκdx

=
ℏ

2ω

∫
Ξ

(z2 (x, 0, t) − z2(x, 1, t))dx (19)

=
ℏ

2ω

∫
Ξ

ς2
t dx −

ℏ

2ω

∫
Ξ

z2 (x, 1, t) dx,

through Young’s inequality, we obtain

ϑ2(z(x, 1, t), ςt(t))P2(Ξ) ≤
|ϑ2|

2
∥ςt∥

2
2 +
|ϑ2|

2
∥z(x, 1, t)∥22. (20)

By substituting (10)-(11) and (17)-(20) into (9), we get (6) and

E′ (t) ≤ −

(
ϑ1 −

ℏ

2ω
−
|ϑ2|

2

)
∥ςt∥

2
2 −

(
ℏ

2ω
−
|ϑ2|

2

)
∥z(x, 1, t)∥22

+
1
2

(ℜ′ ◦ ∇ς)(t) −
1
2
ℜ(t)∥∇ς(t)∥22 −

σ
4

( d
dt

{
∥∇ς(t)∥22

})2
,

Utilizing condition (8), we achieve

η0 =
(
ϑ1 −

ℏ

ω
−
|ϑ2|

2

)
> 0, and η1 =

(
ℏ

ω
−
|ϑ2|

2

)
> 0. (21)

Then, by (8),(21), (3), we get(7), where D0 = min{η0, η1} > 0.
This completes the proof.

Theorem 2.2. [27] Let (2)-(3) holds. Then, there exists a weak solution (ς, z) of problem (5), for any ς0, ς1 ∈

H1
0(Ξ) ∩P2(Ξ), and q0 ∈P2(Ξ × (0, 1)), such that

ς ∈ D(]0,T [,H1
0(Ξ)) ∩D1(]0,T [,P2(Ξ)),

ςt ∈ D(]0,T [,H1
0(Ξ)) ∩P2(]0,T [,P2(Ξ × (0, 1))).
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Lemma 2.3. [27] There exists a positive constant c(Ξ) > 0, provided that( ∫
Ξ

|ς|ℵ ln |ς| ȷdx
) s
ℵ

≤ c
( ∫
Ξ

|ς|ℵ ln |ς| ȷdx + ∥∇ς∥22
)
,

for any 2 ≤ s ≤ ℵ, such that
∫
Ξ
|ς|ℵ ln |ς| ȷdx ≥ 0.

Corollary 2.4. [27] A positive constant c(Ξ) > 0, exists in such a way that

∥ς∥22 ≤ c
[( ∫

Ξ

|ς|ℵ ln |ς| ȷdx
) 2
ℵ

+ ∥∇ς∥
4
ℵ

2

]
,

provided that
∫
Ξ
|ς|ℵ ln |ς| ȷdx ≥ 0.

Lemma 2.5. [27] A positive constant c(Ξ) > 0, exists in such a way that

∥ς∥s
ℵ
≤ c

(
∥ς∥ℵ
ℵ
+ ∥∇ς∥22

)
,

for any ς ∈Pℵ(Ξ) and 2 ≤ s ≤ ℵ.

3. Blow up result

Within this section, we will prove the blow-up outcome of the solution to problem (5).
Initially, we state the functional

Q(t) = −E(t) = −
1
2
∥ςt∥

2
2 −

1
2

(
χ0 −

∫ t

0
ℜ(φ)dφ

)
∥∇ς(t)∥22 −

χ1

4
∥∇ς(t)∥42

−
1
2

(ℜ ◦ ∇ς)(t) −
ȷ

ℵ
∥ς(t)∥ℵ

ℵ
+

1
ℵ

∫
Ξ

|ς|ℵ ln |ς| ȷdx

−
ℏ

2

∫ 1

0
∥z (x,κ, t) ∥22dκ. (22)

Theorem 3.1. Let (2)-(3) hold, and E(0) < 0, Then, the solution of problem (5) blow up in finite time.

Proof. From (7), we obtain

E(t) ≤ E(0) ≤ 0. (23)

Thus

Q′(t) = −E′(t) ≥ D0

(
∥ςt∥

2
2 + ∥z

2 (x, 1, t) ∥22
)
, (24)

hence

Q′(t) ≥ D0∥ςt(t)∥22 ≥ 0

Q′(t) ≥ D0∥z2 (x, 1, t) ∥22 ≥ 0. (25)

By (22), we have

0 ≤ Q(0) ≤ Q(t) ≤
1
ℵ

∫
Ξ

|ς|ℵ ln |ς| ȷdx. (26)

We set

I (t) = Q1−𭟋(t) + ℘
∫
Ξ

ςςtdx +
℘ϑ1

2

∫
Ξ

ς2dx +
σ
4
∥∇ς∥42, (27)
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where ℘ > 0 to be chosen later and

2(ℵ − 1)
ℵ2 < 𭟋 <

ℵ − 2
2ℵ

< 1. (28)

Multiplying (5)1 by ς and derivative of (27), we achieve

I ′(t) = (1 − 𭟋)Q−𭟋Q′(t) + ℘∥ςt∥
2
2 + ℘

∫
Ξ

|ς|ℵ ln |ς| ȷdx

−℘χ0∥∇ς∥
2
2 − ℘χ1∥∇ς∥

4
2 + ℘

∫
Ξ

∇ς

∫ t

0
ℜ(t − φ)∇ς(φ)dφdx︸                                    ︷︷                                    ︸

J1

(29)

−℘ϑ2

∫
Ξ

ςz(x, 1, t)dx︸                  ︷︷                  ︸
J2

.

We have

J1 = ℘

∫ t

0
ℜ(t − φ)dφ

∫
Ξ

∇ς.(∇ς(φ) − ∇ς(t))dxdφ + ℘
∫ t

0
ℜ(φ)dφ∥∇ς∥22

≥
℘

2

( ∫ t

0
ℜ(φ)dφ

)
∥∇ς∥22 −

℘

2
(ℜ ◦ ∇ς), (30)

by (3), for δ1 > 0

J2 ≥ −℘|ϑ2|δ1∥ς∥
2
2 −
℘|ϑ2|

4δ1
∥z(x, 1, t)∥22

≥ −℘ϑ1δ1∥ς∥
2
2 −
℘ϑ1

4δ1
∥z(x, 1, t)∥22. (31)

From (29), we find

I ′(t) ≥ (1 − 𭟋)Q−𭟋Q′(t) + ℘∥ςt∥
2
2 + ℘

∫
Ξ

|ς|ℵ ln |ς| ȷdx

−℘χ1∥∇ς∥
4
2 − ℘

[(
χ0 −

1
2

∫ t

0
ℜ(φ)dφ

)
∥∇ς∥22 −

℘

2
(ℜ ◦ ∇ς)

−℘ϑ1δ1∥ς∥
2
2 −
℘ϑ1

4δ1
∥z(x, 1, t)∥22. (32)

Now, setting δ1 such that, for large κ to be assigned later

1
4δ1D0

= κQ−𭟋(t),

by (25) and substituting in (32), we get

I ′(t) ≥ [(1 − 𭟋) − ℘κ]Q−𭟋Q′(t) + ℘∥ςt∥
2
2

−
℘

2
(ℜ ◦ ∇ς) − ℘χ1∥∇ς∥

4
2 − ℘

(
χ0 −

1
2

∫ t

0
ℜ(φ)dφ

)
∥∇ς∥22

−℘
(ϑ1Q𭟋(t)

4D0κ

)
∥ς∥22 + ℘

∫
Ξ

|ς|ℵ ln |ς| ȷdx. (33)
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For 0 < a < 1 and from (22), we get

℘

∫
Ξ

|ς|ℵ ln |ς| ȷdx = ℘a
∫
Ξ

|ς|ℵ ln |ς| ȷdx +
℘ℵ(1 − a)

2
∥ςt∥

2
2 + ℘ℵ(1 − a)Q(t)

+℘
ℵ(1 − a)

2
(χ0 −

∫ t

0
ℜ(φ)dφ)∥∇ς∥22 + ℘ȷ(1 − a)∥ς∥ℵ

ℵ

+℘
χ1ℵ(1 − a)

2
∥∇ς∥42 − ℘

ℵ(1 − a)
2

((ℜ ◦ ∇ς)

+
℘ℵ(1 − a)ℏ

2

∫ 1

0
∥z (x,κ, t) ∥22dκ. (34)

Putting in (33), we obtain

I ′(t) ≥

{
(1 − 𭟋) − ℘κ

}
Q−𭟋Q′(t) + ℘a

∫
Ξ

|ς|ℵ ln |ς| ȷdx

+℘
{
ℵ(1 − a)

2
+ 1
}
∥ςt∥

2
2 − ℘

(ϑ1Q𭟋(t)
4D0κ

)
∥ς∥22

+℘
{
ℵ(1 − a)

2

(
χ0 −

∫ t

0
ℜ(φ)dφ

)
−

(
χ0 −

1
2

∫ t

0
ℜ(φ)dφ

)}
∥∇ς∥22

+℘χ1

{
ℵ(1 − a)

2
− 1
}
∥∇ς∥42 + ℘

{
ℵ(1 − a)

2
−

1
2

}
(ℜ ◦ ∇ς)

+℘ȷ(1 − a)∥ς∥ℵ
ℵ
+ ℘ℵ(1 − a)Q(t)

+
℘ℵ(1 − a)ℏ

2

∫ 1

0
∥z (x,κ, t) ∥22dκ. (35)

According (26), Young’s inequality and Corollary 2.4, we obtain

Q𭟋(t)∥ς∥22 ≤

( ∫
Ξ

|ς|ℵ ln |ς| ȷdx
)𭟋
∥ς∥22

≤ c
[( ∫

Ξ

|ς|ℵ ln |ς| ȷdx
)𭟋+ 2

ℵ

+
( ∫
Ξ

|ς|ℵ ln |ς| ȷdx
)𭟋
∥∇ς∥

4
ℵ

2

]
≤ c

[( ∫
Ξ

|ς|ℵ ln |ς| ȷdx
) (𭟋ℵ+2)

ℵ

+
( ∫
Ξ

|ς|ℵ ln |ς| ȷdx
) 𭟋ℵ

(ℵ−2)

+ ∥∇ς∥22

]

By (28), we get

2 < 𭟋ℵ + 2 ≤ ℵ and 2 <
𭟋ℵ2

ℵ − 2
≤ ℵ.

Therefore, lemma 2.3 yields

Q𭟋(t)∥ς∥22 ≤ c
( ∫
Ξ

|ς|ℵ ln |ς| ȷdx + ∥∇ς∥22
)
. (36)
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Combining (35) and (36), we obtain

I ′(t) ≥

{
(1 − 𭟋) − ℘κ

}
Q−𭟋Q′(t) + ℘

(
a −

cϑ1

4D0κ

) ∫
Ξ

|ς|ℵ ln |ς| ȷdx

+℘
{
ℵ(1 − a)

2
+ 1
}
∥ςt∥

2
2 + ℘ȷ(1 − a)∥ς∥ℵ

ℵ
+ ℘ℵ(1 − a)Q(t)

+℘
{
ℵ(1 − a)

2

(
χ0 −

∫ t

0
ℜ(φ)dφ

)
−

(
χ0 −

1
2

∫ t

0
ℜ(φ)dφ

)
−

cϑ1

2D0κ

}
∥∇ς∥22

+℘χ1

{
ℵ(1 − a)

2
− 1
}
∥∇ς∥42 + ℘

{
ℵ(1 − a)

2
−

1
2

}
(ℜ ◦ ∇ς) (37)

+
℘ℵ(1 − a)ℏ

2

∫ 1

0
∥z (x,κ, t) ∥22dκ,

Now, select a > 0 small enough such that

λ1 =
ℵ(1 − a)

2
− 1 > 0,

let ∫
∞

0
ℜ(φ)dφ <

ℵ(1−a)
2 − 1

ℵ(1−a)
2 −

1
2

=
2λ1

2λ1 + 1
, (38)

gives

λ2 =
{(
ℵ(1 − a)

2
− 1
)
− (
∫ t

0
ℜ(φ)dφ)

(
ℵ(1 − a)

2
−

1
2

)}
> 0,

taking κ large such that

λ3 = a −
cϑ1

4D0κ
> 0,

λ4 = λ2 −
cϑ1

4D0κ
> 0.

Selecting fixed values for κ, a, and assign ℘ small enough such that

λ5 = (1 − 𭟋) − ℘κ > 0

and

I (0) > 0.

Thus, for some η > 0 , estimate (35) yields

I ′(t) ≥ η
{
Q(t) + ∥ςt∥

2
2 + ∥∇ς∥

2
2 + (ℜ ◦ ∇ς) + ∥ς∥ℵ

ℵ
+

∫
Ξ

|ς|ℵ ln |ς| ȷdx

+∥∇ς∥42 +

∫ 1

0
∥z (x,κ, t) ∥22dκ

}
. (39)

Next, using Young’s and Holder’s inequalities, we get∣∣∣∣∣ ∫
Ξ

ςςtdx
∣∣∣∣∣ 1

1−𭟋

≤ c
[
∥ς∥

θ
1−𭟋
ℵ
+ ∥ςt∥

ϑ
1−𭟋
2

]
. (40)
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where 1
ϑ +

1
θ = 1.

we take ϑ = 2(1 − 𭟋), to get
θ

1 − 𭟋
=

2
2(1 − 𭟋) − 1

≤ ℵ

Additionally, for s = 2
2(1−𭟋)−1 , estimate (40) yields∣∣∣∣∣ ∫

Ξ

ςςtdx
∣∣∣∣∣ 1

1−𭟋

≤ c
[
∥ς∥s
ℵ
+ ∥ςt∥

2
2

]
.

Then, Lemma 2.5 yields∣∣∣∣∣ ∫
Ξ

ςςtdx
∣∣∣∣∣ 1

1−𭟋

≤ c
[
∥ς∥ℵ
ℵ
+ ∥ςt∥

2
2 + ∥∇ς∥

2
2

]
. (41)

Hence,

I
1

1−𭟋 (t) =
(
Q1−𭟋 + ℘

∫
Ξ

ςςtdx +
℘ϑ1

2
∥ς∥22 + ℘

σ
4
∥∇ς∥42

) 1
1−𭟋

≤ c
(
Q(t) + |

∫
Ξ

ςςtdx|
1

1−𭟋 + ∥ς∥
2

1−𭟋
2 + ∥∇ς∥

4
1−𭟋
2

)
≤ c

(
Q(t) + ∥ς∥ℵ

ℵ
+ ∥ςt∥

2
2 + ∥∇ς∥

2
2 + ∥∇ς∥

4
2 + ∥∇ςt∥

2
2

)
≤ c

(
Q(t) + ∥ς∥ℵ

ℵ
+ ∥ςt∥

2
2 + ∥∇ς∥

2
2 + ∥∇ς∥

4
2 + (ℜ ◦ ∇ς)

+

∫ 1

0
∥z(x,κ, t)∥22dκ +

∫
Ξ

|ς|ℵ ln |ς| ȷdx
)
. (42)

From (39) and (42), produces

I ′(t) ≥ ΓI
1

1−𭟋 (t), (43)

where Γ > 0, this depends on c and η only.
From integration of (43), we achieve

I
𭟋

1−𭟋 (t) ≥
1

I
−𭟋

1−𭟋 (0) − Γ 𭟋
(1−𭟋) t

.

Hence, I (t) blows up in time

T ≤ T ∗ =
1 − 𭟋

Γ𭟋I 𭟋/(1−𭟋)(0)
.

Thus proof is completed.
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