
Filomat 38:27 (2024), 9727–9742
https://doi.org/10.2298/FIL2427727M

Published by Faculty of Sciences and Mathematics,
University of Niš, Serbia
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Abstract. The objective of this study is to introduce novel fractional Milne-type inequalities for s-preinvex
first derivatives. These findings are derived from a fresh fractional identity and offer enhancements to
existing outcomes. The study concludes by applying these findings to special means.

1. Introduction

Convexity theory is a powerful tool to deal with a variety of problems in mathematics as well as other
sciences.This concept has a closed relationship in the development of the theory of inequalities which are
important tool to predict upper and lower bounds in various applied sciences e.g in probability theory,
functional inequalities and information theory.

We recall that a function Υ : I→ R is said to be convex on the interval I, if

Υ
(
ϕu +

(
1 − ϕ

)
v
)
≤ ϕΥ (u) +

(
1 − ϕ

)
Υ (v)

holds for all ϕ ∈ [0, 1] and u, v ∈ I (see [41]).
The fundamental inequality for convex functions is known as Hermite-Hadamard inequality (see [20,

24]), which can be stated as follows: For any convex function Υ on the interval [ξ,ℑ] with ξ < ℑ, we have

Υ
(
ξ+ℑ

2

)
≤

1
ℑ−ξ

ℑ∫
ξ

Υ (u) du ≤ Υ(ξ)+Υ(ℑ)
2 . (1)

Since this discovery, several papers dealing with convex inequalities have been published, see [17, 18,
22, 26, 28, 29, 32, 35, 36, 40, 43, 47, 53, 54, 56].
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* Corresponding author: Abdelghani Lakhdari
Email addresses: badrimeftah@yahoo.fr (Badreddine Meftah), a.lakhdari@ensti-annaba.dz (Abdelghani Lakhdari),

wlehabi@taibahu.edu.sa (Wedad Saleh)



B. Meftah et al. / Filomat 38:27 (2024), 9727–9742 9728

Many researchers have devoted a lot of effort to generalizing classical convexity, the most significant
generalization is that introduced by Hanson [23], called invex set and functions. Pini [42], Noor [38, 39],
Weir et al. [52], and Yang et al. [55] have studied the basic properties of preinvex functions and their roles
in optimization, variational inequalities and equilibrium problems.

Fractional calculus is a branch of mathematical analysis that grows out of the classical definitions of
integral and derivative operators of noninteger order and provides an excellent tool for the description of
the memory and hereditary properties of various materials and processes. It has been successfully used in
various fields of science and engineering see [19, 30]. The most used operator is that of Riemann-Liouville
defined as follow:

Iαξ+ (u) =
1
Γ(α)

u∫
ξ

(
u − ϕ

)α−1
Υ

(
ϕ
)

dϕ, u > ξ

and

Iα
ℑ−

(u) =
1
Γ(α)

ℑ∫
u

(
ϕ − u

)α−1
Υ

(
ϕ
)

dϕ, ℑ > u,

where α > 0, Υ ∈ L1[ξ,ℑ], Γ(α) =
∞∫
0

e−ϕϕα−1dϕ is the gamma function and I0
ξ+Υ(u) = I0

ℑ−
Υ(u) = Υ(u) (see

[30]).
Fractional convex inequalities have gained significant attention as a burgeoning area of research. The lit-

erature showcases a multitude of generalizations, enhancements, extensions, and novel integral inequalities.
For a more comprehensive understanding, the interested reader is directed to references [5–7, 13, 33, 34, 44–
46, 48, 49, 51] and the related citations therein.

In recent years, several papers have investigated Milne quadrature (see [1–4, 8–10, 14, 15, 21, 25, 27, 37,
50, 57]). The conventional formulation of this quadrature rule is as follows [3]:

1
ℑ−ξ

ℑ∫
ξ

Υ (u) du ≃ 1
3

(
2Υ (ξ) − Υ

(
ξ+ℑ

2

)
+ 2Υ (ℑ)

)
.

In [16], Djenaoui and Meftah established some Milne-type inequalities for s-convex, bounded, and
Lipschitzian functions as follow:

Theorem 1.1 ([16]). Let Υ : [ξ,ℑ] → R be a differentiable function on [ξ,ℑ] such that Υ′ ∈ L1 [ξ,ℑ] with
0 ≤ ξ < ℑ. If |Υ′| is s-convex in the second sense for some fixed s ∈ (0, 1], then we have∣∣∣∣∣∣∣∣∣ 1

3

(
2Υ (ξ) − Υ

(
ξ+ℑ

2

)
+ 2Υ (ℑ)

)
−

1
ℑ−ξ

ℑ∫
ξ

Υ (u) du

∣∣∣∣∣∣∣∣∣
≤
ℑ−ξ

4

(
4s+5

3(s+1)(s+2) |Υ
′ (ξ)| + 2s+10

3(s+1)(s+2)

∣∣∣∣Υ′ ( ξ+ℑ2 )∣∣∣∣ + 4s+5
3(s+1)(s+2)

∣∣∣Υ′ (ℑ)
∣∣∣) .

Theorem 1.2 ([16]). Under the assumptions of Theorem 1.1, if |Υ′|q is s-convex in the second sense for some fixed
s ∈ (0, 1] where q > 1 with 1

p +
1
q = 1, then we have∣∣∣∣∣∣∣∣∣ 1

3

(
2Υ (ξ) − Υ

(
ξ+ℑ

2

)
+ 2Υ (ℑ)

)
−

1
ℑ−ξ

ℑ∫
ξ

Υ (u) du

∣∣∣∣∣∣∣∣∣
≤

ℑ−ξ

4(p+1)
1
p

(
4p+1
−1

3p+1

) 1
p


(
|Υ′(ξ)|q+

∣∣∣∣Υ′( ξ+ℑ2 )∣∣∣∣q
s+1

) 1
q

+

( ∣∣∣∣Υ′( ξ+ℑ2 )∣∣∣∣q+|Υ′(ℑ)|
q

s+1

) 1
q
 .
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Theorem 1.3 ([16]). Under the assumptions of Theorem 1.1, if |Υ′|q is s-convex in the second sense for some fixed
s ∈ (0, 1] where q ≥ 1, then we have∣∣∣∣∣∣∣∣∣ 1

3

(
2Υ (ξ) − Υ

(
ξ+ℑ

2

)
+ 2Υ (ℑ)

)
−

1
ℑ−ξ

ℑ∫
ξ

Υ (u) du

∣∣∣∣∣∣∣∣∣
≤
ℑ−ξ

4

(
5
6

)1− 1
q

((
4s+5

3(s+1)(s+2) |Υ
′ (ξ)|q + s+5

3(s+1)(s+2)

∣∣∣∣Υ′ ( ξ+ℑ2 )∣∣∣∣q) 1
q

+
(

s+5
3(s+1)(s+2)

∣∣∣∣Υ′ ( ξ+ℑ2 )∣∣∣∣q + 4s+5
3(s+1)(s+2)

∣∣∣Υ′ (ℑ)
∣∣∣q) 1

q
)
.

Theorem 1.4 ([16]). Under the assumptions of Theorem 1.1, if there exist constants −∞ < m <M < +∞ such that
m ≤ Υ′ (x) ≤M for all x ∈ [ξ,ℑ], then we have∣∣∣∣∣∣∣∣∣ 1

3

(
2Υ (ξ) − Υ

(
ξ+ℑ

2

)
+ 2Υ (ℑ)

)
−

1
ℑ−ξ

ℑ∫
ξ

Υ (u) du

∣∣∣∣∣∣∣∣∣ ≤ 5(ℑ−ξ)(M−m)
24 .

Theorem 1.5 ([16]). Under the assumptions of Theorem 1.1, if Υ′ is L-Lipschitzian function on [ξ,ℑ], then we have∣∣∣∣∣∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
ξ+ℑ

2

)
+ 2Υ (ℑ)

)
−

1
ℑ−ξ

ℑ∫
ξ

Υ (u) du

∣∣∣∣∣∣∣∣∣ ≤ 7(ℑ−ξ)2

24 L.

Recently, Budak et al. [11], investigated some fractional Milne-type integral inequalities for functions
whose first derivatives are convex as follow:

Theorem 1.6 ([11]). Under the assumptions of Theorem 1.1, if |Υ′|q is convex on [ξ,ℑ], then we have∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
ξ+ℑ

2

)
+ 2Υ (ℑ)

)
−

2α−1Γ(α+1)
(ℑ−ξ)α

(
Iα
ℑ−
Υ( ξ+ℑ2 ) + Iαξ+Υ( ξ+ℑ2 )

)∣∣∣∣
≤
ℑ−ξ
12

(
α+4
α+1

) (
|Υ′ (ξ)| +

∣∣∣Υ′ (ℑ)
∣∣∣) .

Theorem 1.7 ([11]). Under the assumptions of Theorem 1.1, if |Υ′|q is convex, where q > 1 with 1
p +

1
q = 1, then we

have the following inequality:∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
ξ+ℑ

2

)
+ 2Υ (ℑ)

)
−

2α−1Γ(α+1)
(ℑ−ξ)α

(
Iα
ℑ−
Υ( ξ+ℑ2 ) + Iαξ+Υ( ξ+ℑ2 )

)∣∣∣∣
≤
ℑ−ξ

4


ℑ∫
ξ

(
υα + 1

3

)p


1
p ((

3|Υ′(ξ)|q+|Υ′(ℑ)|
q

4

) 1
q

+
(
|Υ′(ξ)|q+3|Υ′(ℑ)|

q

4

) 1
q
)

≤
ℑ−ξ

4

4

ℑ∫
ξ

(
υα + 1

3

)p


1
p (
|Υ′ (ξ)| +

∣∣∣Υ′ (ℑ)
∣∣∣) .

Theorem 1.8 ([11]). Under the assumptions of Theorem 1.1, if |Υ′|q is convex, where q ≥ 1, then we have the
following inequality:∣∣∣∣ 1

3

(
2Υ (ξ) − Υ

(
ξ+ℑ

2

)
+ 2Υ (ℑ)

)
−

2α−1Γ(α+1)
(ℑ−ξ)α

(
Iα
ℑ−
Υ( ξ+ℑ2 ) + Iαξ+Υ( ξ+ℑ2 )

)∣∣∣∣
≤
ℑ−ξ

4

(
α+4

3(α+1)

)1− 1
q
((
α2+7α+8

4(α+1)(α+2) |Υ
′ (ξ)|q + α2+3α+8

12(α+1)(α+2)

∣∣∣Υ′ (ℑ)
∣∣∣q) 1

q

+
(
α2+3α+8

12(α+1)(α+2) |Υ
′ (ξ)|q + α2+7α+8

4(α+1)(α+2)

∣∣∣Υ′ (ℑ)
∣∣∣q) 1

q
)
.
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Theorem 1.9 ([11]). Under the assumptions of Theorem 1.1, if there exist constants −∞ < m <M < +∞ such that
m ≤ Υ′ (x) ≤M for all x ∈ [ξ,ℑ], then we have∣∣∣∣ 1

3

(
2Υ (ξ) − Υ

(
ξ+ℑ

2

)
+ 2Υ (ℑ)

)
−

2α−1Γ(α+1)
(ℑ−ξ)α

(
Iα
ℑ−
Υ( ξ+ℑ2 ) + Iαξ+Υ( ξ+ℑ2 )

)∣∣∣∣
≤
ℑ−ξ
12

(
α+4
α+1

)
(M −m) .

Theorem 1.10 ([11]). Under the assumptions of Theorem 1.1, if Υ′ is L-Lipschitzian function on [ξ,ℑ], then we
have ∣∣∣∣ 1

3

(
2Υ (ξ) − Υ

(
ξ+ℑ

2

)
+ 2Υ (ℑ)

)
−

2α−1Γ(α+1)
(ℑ−ξ)α

(
Iα
ℑ−
Υ( ξ+ℑ2 ) + Iαξ+Υ( ξ+ℑ2 )

)∣∣∣∣
≤

(ℑ−ξ)2

24

(
α+8
α+2

)
L.

The aim of this study is to establish some new Milne-type integral inequalities for functions whose
first derivatives are s-preinvex in the second sense via Riemann-Liouville fractional integral operators.
Additionally, when classical convexity is taken into consideration, representing a specific scenario, the
outcomes obtained from this analysis signify advancements or enhancements over previously established
results, especially for 0 < α ≤ 1.

The paper is organized as follows: Section 2 is dedicated to recalling several fundamental definitions
related to fractional calculus. In Section 3, we show a new identity as a partial result. Based on this equality,
we derive some new fractional and classical Milne-type inequalities for various classes of functions. Certain
specific cases are discussed. In Section 4, some applications to special means for different positive real
numbers involving arithmetic, logarithmic, p-logarithmic and harmonic means are given.

The originality of the results established in our research has links with the results proven in previous
works concerning the three-point Newton-Cotes inequalities. Our results open the horizons and stimulate
other research in different fields of applied sciences, in particular the field of integral inequalities.

2. Preliminaries

In this section, we revisit a number of definitions essential for our study.

Definition 2.1 ([30]). The beta function is defined for any x, y such that Re(x),Re(y) > 0 by

B(x, y) =

1∫
0

ϕx−1
(
1 − ϕ

)y−1
dϕ.

Similarly, the incomplete beta function is given for 0 < a < 1 by

Ba(x, y) =

a∫
0

ϕx−1
(
1 − ϕ

)y−1
dϕ.

Definition 2.2 ([30]). The hypergeometric function is defined as follows

2F1 (a, b, c; z) = 1
B(b,c−b)

1∫
0

ϕb−1
(
1 − ϕ

)c−b−1 (
1 − zϕ

)−a
dϕ,

where Re(c) > Re(b) > 0, |z| < 1 and B (., .) is the beta function.

Definition 2.3 ([31]). A nonnegative function Υ : K ⊂ [0,∞)→ R is said to be s-preinvex in the second sense with
respect to θ for some fixed s ∈ (0, 1], if

Υ
(
u + ϕθ (v,u)

)
≤ (1 − ϕ)sΥ(u) + ϕsΥ(v)

holds for all u, v ∈ K and ϕ ∈ [0, 1].
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3. Main results

Throughout, we assume that θ (ℑ, ξ) > 0, α > 0 and s ∈ (0, 1].

Lemma 3.1. For any differentiable functionΥ : [ξ, ξ + θ (ℑ, ξ)] ⊂ R→ R of integrable first derivativeΥ′ on [ξ,ℑ],
we have

1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
− I (Υ)

=θ
(ℑ,ξ)

4


1∫
0

((
1 − ϕ

)α
−

4
3

)
Υ′

(
ξ +

1−ϕ
2 θ (ℑ, ξ)

)
dϕ −

1∫
0

(
ϕα − 4

3

)
Υ′

(
ξ +

(
1 − ϕ2

)
θ (ℑ, ξ)

)
dϕ

 , (2)

where

I (Υ) = 2α−1Γ(α+1)
(θ(ℑ,ξ))α

(
Iα( 2ξ+θ(ℑ,ξ)

2

)−Υ(ξ) + Iα( 2ξ+θ(ℑ,ξ)
2

)+Υ(ξ + θ (ℑ, ξ))
)
. (3)

Proof. Let

A = A1 − A2, (4)

where

A1 =

1∫
0

((
1 − ϕ

)α
−

4
3

)
Υ′

(
ξ +

1−ϕ
2 θ (ℑ, ξ)

)
dϕ

and

A2 =

1∫
0

(
ϕα − 4

3

)
Υ′

(
ξ +

(
1 − ϕ2

)
θ (ℑ, ξ)

)
dϕ.

Integrating by parts A1, we get

A1 = −
2

θ(ℑ,ξ)

((
1 − ϕ

)α
−

4
3

)
Υ

(
ξ +

1−ϕ
2 θ (ℑ, ξ)

)∣∣∣∣t=1

t=0
−

2
θ(ℑ,ξ)

1∫
0

(
1 − ϕ

)α−1
Υ

(
ξ +

1−ϕ
2 θ (ℑ, ξ)

)
dϕ

= 8
3θ(ℑ,ξ)Υ (ξ) − 2

3θ(ℑ,ξ)Υ
(

2ξ+θ(ℑ,ξ)
2

)
−

2
θ(ℑ,ξ)

1∫
0

(
1 − ϕ

)α−1
Υ

(
ξ +

1−ϕ
2 θ (ℑ, ξ)

)
dϕ

= 8
3θ(ℑ,ξ)Υ (ξ) − 2

3θ(ℑ,ξ)Υ
(

2ξ+θ(ℑ,ξ)
2

)
−

2α+1

(θ(ℑ,ξ))α+1

2ξ+θ(ℑ,ξ)
2∫
ξ

(u − ξ)α−1Υ (u) du

= 8
3θ(ℑ,ξ)Υ (ξ) − 2

3θ(ℑ,ξ)Υ
(

2ξ+θ(ℑ,ξ)
2

)
−

2α+1Γ(α+1)
(θ(ℑ,ξ))α+1 Iα( 2ξ+θ(ℑ,ξ)

2

)−Υ(ξ). (5)

Likewise, we get

A2 = −
2

θ(ℑ,ξ)

(
ϕα − 4

3

)
Υ

(
ξ +

(
1 − ϕ2

)
θ (ℑ, ξ)

)∣∣∣∣t=1

t=0
+ 2α
θ(ℑ,ξ)

1∫
0

ϕα−1Υ
(
ξ +

(
1 − ϕ2

)
θ (ℑ, ξ)

)
dϕ
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= 2
3θ(ℑ,ξ)Υ

(
2ξ+θ(ℑ,ξ)

2

)
−

8
3θ(ℑ,ξ)Υ (ξ + θ (ℑ, ξ)) + 2α

θ(ℑ,ξ)

1∫
0

ϕα−1Υ
(
ξ +

(
1 − ϕ2

)
θ (ℑ, ξ)

)
dϕ

= 2
3θ(ℑ,ξ)Υ

(
2ξ+θ(ℑ,ξ)

2

)
−

8
3θ(ℑ,ξ)Υ (ξ + θ (ℑ, ξ)) + 2α+1α

(θ(ℑ,ξ))α+1

ξ+θ(ℑ,ξ)∫
2ξ+θ(ℑ,ξ)

2

(ξ + θ (ℑ, ξ) − u)α−1Υ (u) du

= 2
3θ(ℑ,ξ)Υ

(
2ξ+θ(ℑ,ξ)

2

)
−

8
3θ(ℑ,ξ)Υ (ξ + θ (ℑ, ξ)) + 2α+1Γ(α+1)

(θ(ℑ,ξ))α+1 Iα( 2ξ+θ(ℑ,ξ)
2

)+Υ(ξ + θ (ℑ, ξ)). (6)

Substituting (5) and (6) into (4), then multiplying the resulting equality by θ(ℑ,ξ)
4 , we get the required

result.

Theorem 3.2. Under the assumptions of Lemma 3.1, if |Υ′| is s-preinvex, then we have∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
− I (Υ)

∣∣∣∣
≤
θ(ℑ,ξ)

4

(
2s+3(α+s+1)−3(s+1)
2s×3(s+1)(α+s+1) − 2α+1B 1

2
(α + 1, s + 1)

) (
|Υ′ (ξ)| +

∣∣∣Υ′ (ℑ)
∣∣∣) ,

where B 1
2

(., .) is the incomplete beta function.

Proof. Applying the absolute value to both sides of (2), then using the s-preinvexity of |Υ′|, we get∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
− I (Υ)

∣∣∣∣
≤
θ(ℑ,ξ)

4


1∫
0

∣∣∣∣(1 − ϕ)α − 4
3

∣∣∣∣ ∣∣∣∣Υ′ (ξ + 1−ϕ
2 θ (ℑ, ξ)

)∣∣∣∣ dϕ + 1∫
0

∣∣∣ϕα − 4
3

∣∣∣ ∣∣∣∣Υ′ (ξ + (
1 − ϕ2

)
θ (ℑ, ξ)

)∣∣∣∣ dϕ


≤
θ(ℑ,ξ)

4


1∫
0

(
4
3 −

(
1 − ϕ

)α) ((
1 − 1−ϕ

2

)s
|Υ′ (ξ)| +

( 1−ϕ
2

)s ∣∣∣Υ′ (ℑ)
∣∣∣) dϕ

+

1∫
0

(
4
3 − ϕ

α
) ((

1 −
(
1 − ϕ2

))s
|Υ′ (ξ)| +

(
1 − ϕ2

)s ∣∣∣Υ′ (ℑ)
∣∣∣) dϕ


=θ

(ℑ,ξ)
4


1∫
0

(
4
3 −

(
1 − ϕ

)α) ((
1 − 1−ϕ

2

)s
|Υ′ (ξ)| +

( 1−ϕ
2

)s ∣∣∣Υ′ (ℑ)
∣∣∣) dϕ

+

1∫
0

(
4
3 − ϕ

α
) ((

1 −
(
1 − ϕ2

))s
|Υ′ (ξ)| +

(
1 − ϕ2

)s ∣∣∣Υ′ (ℑ)
∣∣∣) dϕ


=θ

(ℑ,ξ)
4

|Υ′ (ξ)|


1∫
0

(
4
3 −

(
1 − ϕ

)α) (
1 − 1−ϕ

2

)s
dϕ +

1∫
0

(
4
3 − ϕ

α
) (

1 −
(
1 − ϕ2

))s
dϕ


+

∣∣∣Υ′ (ℑ)
∣∣∣


1∫
0

(
4
3 −

(
1 − ϕ

)α) ( 1−ϕ
2

)s
dϕ +

1∫
0

(
4
3 − ϕ

α
) (

1 − ϕ2
)s

dϕ




=θ
(ℑ,ξ)

4

(
2s+3(α+s+1)−3(s+1)
2s×3(s+1)(α+s+1) − 2α+1B 1

2
(α + 1, s + 1)

) (
|Υ′ (ξ)| +

∣∣∣Υ′ (ℑ)
∣∣∣) ,
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where we have used the fact that

1∫
0

(
4
3 −

(
1 − ϕ

)α) (
1 − 1−ϕ

2

)s
dϕ =

1∫
0

(
4
3 − ϕ

α
) (

1 − ϕ2
)s

dϕ

=2

1
2∫
0

(
4
3 (1 − τ)s

− 2ατα (1 − τ)s
)

dτ

= 8
3(s+1)

(
1 −

(
1
2

)s+1
)
− 2α+1B 1

2
(α + 1, s + 1) (7)

and

1∫
0

(
4
3 − ϕ

α
) (

1 −
(
1 − ϕ2

))s
dϕ =

1∫
0

(
4
3 −

(
1 − ϕ

)α) ( 1−ϕ
2

)s
dϕ

= 1
2s

1∫
0

(
4
3τ

s
− τα+s

)
dτ = 4α+(s+1)

2s3(s+1)(α+s+1) . (8)

The proof is completed.

Corollary 3.3. In Theorem 3.2, taking s = 1, we obtain∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
− I (Υ)

∣∣∣∣
≤
θ(ℑ,ξ)

12

(
4α+1
α+1

) (
|Υ′ (ξ)| +

∣∣∣Υ′ (ℑ)
∣∣∣) .

Corollary 3.4. In Theorem 3.2, taking α = 1, we obtain∣∣∣∣∣∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
−

1
θ(ℑ,ξ)

ξ+θ(ℑ,ξ)∫
ξ

Υ (u) du

∣∣∣∣∣∣∣∣∣
≤
θ(ℑ,ξ)

12

(
2s+1(2s+1)+3

2s−1(s+1)(s+2)

) (
|Υ′ (ξ)| +

∣∣∣Υ′ (ℑ)
∣∣∣) .

Corollary 3.5. In Theorem 3.2, taking α = s = 1, we obtain∣∣∣∣∣∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
−

1
θ(ℑ,ξ)

ξ+θ(ℑ,ξ)∫
ξ

Υ (u) du

∣∣∣∣∣∣∣∣∣
≤

5θ(ℑ,ξ)
24

(
|Υ′ (ξ)| +

∣∣∣Υ′ (ℑ)
∣∣∣) .

Corollary 3.6. In Theorem 3.2, choosing θ (ℑ, ξ) = ℑ − ξ, we obtain∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
ξ+ℑ

2

)
+ 2Υ (ℑ)

)
− Î (Υ)

∣∣∣∣
≤
ℑ−ξ

4

(
2s+3(α+s+1)−3(s+1)
2s×3(s+1)(α+s+1) − 2α+1B 1

2
(α + 1, s + 1)

) (
|Υ′ (ξ)| +

∣∣∣Υ′ (ℑ)
∣∣∣) ,

where

Î (Υ) = 2α−1Γ(α+1)
(ℑ−ξ)α

(
Iα(
ξ+ℑ

2

)−Υ(ξ) + Iα(
ξ+ℑ

2

)+Υ(ℑ)
)
. (9)
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Remark 3.7. For s = 1, Corollary 3.6 is the same as the second inequality of Theorem 2.2 from [12].

Corollary 3.8. In Corollary 3.6, taking α = 1, we obtain∣∣∣∣∣∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
ξ+ℑ

2

)
+ 2Υ (ℑ)

)
−

1
ℑ−ξ

ℑ∫
ξ

Υ (u) du

∣∣∣∣∣∣∣∣∣
≤
ℑ−ξ
12

(
2s+1(2s+1)+3

2s−1(s+1)(s+2)

) (
|Υ′ (ξ)| +

∣∣∣Υ′ (ℑ)
∣∣∣) .

Remark 3.9. The outcome derived in Corollary 3.8 refines the second inequality of Corollary 2.3 in reference [16],
as depicted by the curves in Figure 1, where the red curve represents the coefficient of ℑ−ξ12

(
|Υ′ (ξ)| +

∣∣∣Υ′ (ℑ)
∣∣∣) from

Corollary 3.8, and the blue curve represents the coefficient of the same term established in [16], given repectively by
2s+1(2s+1)+3

2s−1(s+1)(s+2) and 22−s(s+5)+(4s+5)(s+1)
(s+1)2(s+2)

.

0 0.2 0.4 0.6 0.8 1
2

4

6

8

10

12

14

parameter s

Figure 1: s ∈ (0, 1]

Remark 3.10. By setting α = s = 1, Corollary 3.6 will be reduced to Corollary 2.4. from [16] and Remark 1 from
[11].

Example 3.11. Let us consider the function Υ : [0, 1] → R defined by Υ(u) = us+1

s+1 and θ (ℑ, ξ) = ℑ − ξ, so that
Υ′ (u) = us which is s-convex on [0, 1] for s ∈ (0, 1].

By the definition of the Riemann-Liouville integrals, we have

Iα
( 1

2 )−
Υ(0) =

1
(s + 1)(s + α + 1)Γ(α)

(1
2

)s+α+1

(10)

and

Iα
( 1

2 )+
Υ(1) =

1
(s + 1)Γ(α)

B 1
2

(α, s + 2) , (11)

where B (., .) is the incomplete beta function. From (10) and (11), we obtain

Î (Υ) =
2α−1α
s + 1

(
1

2s+α+1 (s + α + 1)
+ B 1

2
(α, s + 2)

)
.
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Thus, the left side (LHS) of Corollary 3.6 is reduced to

LHS :=
∣∣∣∣ 2s+2

−1
3(s+1)2s+1 −

2α−1α
s+1

(
1

2s+α+1(s+α+1) + B 1
2

(α, s + 2)
)∣∣∣∣ .

The right hand side (RHS) of Corollary 3.6 is reduced to

RHS := 1
4

(
2s+3(α+s+1)−3(s+1)
2s×3(s+1)(α+s+1) − 2α+1B 1

2
(α + 1, s + 1)

)
.

The outcomes from Example 3.11 are illustrated in Figure 2.
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Figure 2: α ∈ (0, 20] and s ∈ (0, 1]

Theorem 3.12. Under the assumptions of Lemma 3.1, if |Υ′|q is convex, where q > 1 with 1
p +

1
q = 1, then we have∣∣∣∣ 1

3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
− I (Υ)

∣∣∣∣
≤
θ(ℑ,ξ)

3

(
2F1

(
−p, 1

α ,
1
α + 1; 3

4

)) 1
p

((
(2s+1

−1)|Υ′(ξ)|q+|Υ′(ℑ)|
q

2(s+1)

) 1
q

+
(
|Υ′(ξ)|q+(2s+1

−1)|Υ′(ℑ)|
q

2(s+1)

) 1
q
)
,

where 2F1 (., ., .; .) is the hypergeometric function.

Proof. Applying the absolute value to both sides of (2), Hölder’s inequality and s-preinvexity of |Υ′|q, we
get ∣∣∣∣ 1

3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
− I (Υ)

∣∣∣∣
≤
θ(ℑ,ξ)

4




1∫
0

(
4
3 −

(
1 − ϕ

)α)p
dϕ


1
p


1∫
0

∣∣∣∣Υ′ (ξ + 1−ϕ
2 θ (ℑ, ξ)

)∣∣∣∣q dϕ


1
q

+


1∫
0

(
4
3 − ϕ

α
)p

dϕ


1
p


1∫
0

∣∣∣∣Υ′ (ξ + (
1 − ϕ2

)
θ (ℑ, ξ)

)∣∣∣∣q dϕ


1
q


≤
θ(ℑ,ξ)

4


1∫
0

(
4
3 − ϕ

α
)p

dϕ


1
p



1∫
0

((
1 − 1−ϕ

2

)s
|Υ′ (ξ)|q +

( 1−ϕ
2

)s ∣∣∣Υ′ (ℑ)
∣∣∣q) dϕ


1
q
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+


1∫
0

((
1 −

(
1 − ϕ2

))s
|Υ′ (ξ)|q +

(
1 − ϕ2

)s ∣∣∣Υ′ (ℑ)
∣∣∣q) dϕ


1
q


=θ
(ℑ,ξ)

3

(
2F1

(
−p, 1

α ,
1
α + 1; 3

4

)) 1
p

((
(2s+1

−1)|Υ′(ξ)|q+|Υ′(ℑ)|
q

2(s+1)

) 1
q

+
(
|Υ′(ξ)|q+(2s+1

−1)|Υ′(ℑ)|
q

2(s+1)

) 1
q
)
,

where we have used
1∫
0

(
4
3 − ϕ

α
)p

dϕ = 1
α

(
4
3

)p
1∫
0

(
1 − 3

4 u
)p

u
1
α−1du

=
(

4
3

)p
2F1

(
−p, 1

α ,
1
α + 1; 3

4

)
.

The proof is completed.

Corollary 3.13. In Theorem 3.12, taking s = 1, we obtain∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
− I (Υ)

∣∣∣∣
≤
θ(ℑ,ξ)

3

(
2F1

(
−p, 1

α ,
1
α + 1; 3

4

)) 1
p

((
3|Υ′(ξ)|q+|Υ′(ℑ)|

q

4

) 1
q

+
(
|Υ′(ξ)|q+3|Υ′(ℑ)|

q

4

) 1
q
)
.

Corollary 3.14. In Theorem 3.12, taking α = 1, we obtain∣∣∣∣∣∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
−

1
θ(ℑ,ξ)

ξ+θ(ℑ,ξ)∫
ξ

Υ (u) du

∣∣∣∣∣∣∣∣∣
≤
θ(ℑ,ξ)

12

(
4p+1
−1

3(p+1)

) 1
p
((

(2s+1
−1)|Υ′(ξ)|q+|Υ′(ℑ)|

q

2(s+1)

) 1
q

+
(
|Υ′(ξ)|q+(2s+1

−1)|Υ′(ℑ)|
q

2(s+1)

) 1
q
)
.

Corollary 3.15. In Theorem 3.12, taking α = s = 1, we obtain∣∣∣∣∣∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
−

1
θ(ℑ,ξ)

ξ+θ(ℑ,ξ)∫
ξ

Υ (u) du

∣∣∣∣∣∣∣∣∣
≤
θ(ℑ,ξ)

12

(
4p+1
−1

3(p+1)

) 1
p
((

3|Υ′(ξ)|q+|Υ′(ℑ)|
q

4

) 1
q

+
(
|Υ′(ξ)|q+3|Υ′(ℑ)|

q

4

) 1
q
)
.

Remark 3.16. Corollary 3.15 will be reduced to Corollary 1 from [11], and second inequality of Corollary 2.8 from
[16], if we choose θ (ℑ, ξ) = ℑ − ξ.

Corollary 3.17. In Theorem 3.12, using the discrete power mean inequality i.e. ξλ+ℑλ ≤ 21−λ (ξ + ℑ)λ for ξ,ℑ > 0
and 0 ≤ λ ≤ 1, we get∣∣∣∣ 1

3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
− I (Υ)

∣∣∣∣
≤

2θ(ℑ,ξ)
3

(
2F1

(
−p, 1

α ,
1
α + 1; 3

4

)) 1
p
(

2s

s+1

) 1
q
(
|Υ′(ξ)|q+|Υ′(ℑ)|

q

2

) 1
q

.

Corollary 3.18. In Corollary 3.17, taking s = 1, we obtain∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
− I (Υ)

∣∣∣∣
≤

2θ(ℑ,ξ)
3

(
2F1

(
−p, 1

α ,
1
α + 1; 3

4

)) 1
p
(
|Υ′(ξ)|q+|Υ′(ℑ)|

q

2

) 1
q

.
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Corollary 3.19. In Corollary 3.17, taking α = 1, we obtain∣∣∣∣∣∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
−

1
θ(ℑ,ξ)

ξ+θ(ℑ,ξ)∫
ξ

Υ (u) du

∣∣∣∣∣∣∣∣∣
≤
θ(ℑ,ξ)

6

(
4p+1
−1

3(p+1)

) 1
p (

2s

s+1

) 1
q
(
|Υ′(ξ)|q+|Υ′(ℑ)|

q

2

) 1
q

.

Corollary 3.20. In Corollary 3.17, taking α = s = 1, we obtain∣∣∣∣∣∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
−

1
θ(ℑ,ξ)

ξ+θ(ℑ,ξ)∫
ξ

Υ (u) du

∣∣∣∣∣∣∣∣∣
≤
θ(ℑ,ξ)

6

(
4p+1
−1

3(p+1)

) 1
p
(
|Υ′(ξ)|q+|Υ′(ℑ)|

q

2

) 1
q

.

Theorem 3.21. Under the assumptions of Lemma 3.1, if |Υ′|q is convex where q ≥ 1, then we have∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
− I (Υ)

∣∣∣∣
≤
θ(ℑ,ξ)

4

(
4α+1

3(α+1)

)1− 1
q
[((

8(2s+1
−1)

2s+13(s+1) − 2α+1B 1
2

(α + 1, s + 1)
)
|Υ′ (ξ)|q + 4α+(s+1)

2s3(s+1)(α+s+1)

∣∣∣Υ′ (ℑ)
∣∣∣q) 1

q

+
(

4α+(s+1)
2s3(s+1)(α+s+1) |Υ

′ (ξ)|q +
(

8(2s+1
−1)

2s+13(s+1) − 2α+1B 1
2

(α + 1, s + 1)
) ∣∣∣Υ′ (ℑ)

∣∣∣q) 1
q
]
,

where B 1
2

(., .) is the incomplete beta function.

Proof. Applying the absolute value to both sides of (2), power mean inequality and s-preinvexity of |Υ′|q,
we get ∣∣∣∣ 1

3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
− I (Υ)

∣∣∣∣
≤
θ(ℑ,ξ)

4




1∫
0

(
4
3 −

(
1 − ϕ

)α)
dϕ


1− 1

q


1∫
0

(
4
3 −

(
1 − ϕ

)α) ∣∣∣∣Υ′ (ξ + 1−ϕ
2 θ (ℑ, ξ)

)∣∣∣∣q dϕ


1
q

+


1∫
0

(
4
3 − ϕ

α
)

dϕ


1− 1

q


1∫
0

(
4
3 − ϕ

α
) ∣∣∣∣Υ′ (ξ + (

1 − ϕ2
)
θ (ℑ, ξ)

)∣∣∣∣q dϕ


1
q


≤
θ(ℑ,ξ)

4


1∫
0

(
4
3 − ϕ

α
)

dϕ


1− 1

q



1∫
0

(
4
3 −

(
1 − ϕ

)α) ((
1 − 1−ϕ

2

)s
|Υ′ (ξ)|q +

( 1−ϕ
2

)s ∣∣∣Υ′ (ℑ)
∣∣∣q) dϕ


1
q

+


1∫
0

(
4
3 − ϕ

α
) ((

1 −
(
1 − ϕ2

))s
|Υ′ (ξ)|q +

(
1 − ϕ2

)s ∣∣∣Υ′ (ℑ)
∣∣∣q) dϕ


1
q


=θ
(ℑ,ξ)

4

(
4α+1

3(α+1)

)1− 1
q


|Υ′ (ξ)|q

1∫
0

(
4
3 −

(
1 − ϕ

)α) (
1 − 1−ϕ

2

)s
dϕ +

∣∣∣Υ′ (ℑ)
∣∣∣q 1∫

0

(
4
3 −

(
1 − ϕ

)α) ( 1−ϕ
2

)s
dϕ


1
q
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+

|Υ′ (ξ)|q
1∫
0

(
4
3 − ϕ

α
) (
ϕ
2

)s
dϕ +

∣∣∣Υ′ (ℑ)
∣∣∣q 1∫

0

(
4
3 − ϕ

α
) (

1 − ϕ2
)s

dϕ


1
q


=θ
(ℑ,ξ)

4

(
4α+1

3(α+1)

)1− 1
q
[((

8(2s+1
−1)

2s+13(s+1) − 2α+1B 1
2

(α + 1, s + 1)
)
|Υ′ (ξ)|q + 4α+(s+1)

2s3(s+1)(α+s+1)

∣∣∣Υ′ (ℑ)
∣∣∣q) 1

q

+
(

4α+(s+1)
2s3(s+1)(α+s+1) |Υ

′ (ξ)|q +
(

8(2s+1
−1)

2s+13(s+1) − 2α+1B 1
2

(α + 1, s + 1)
) ∣∣∣Υ′ (ℑ)

∣∣∣q) 1
q
]
,

where we have used (7) and (8). The proof is finished.

Corollary 3.22. In Theorem 3.21, taking s = 1, we obtain∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
− I (Υ)

∣∣∣∣
≤

(4α+1)θ(ℑ,ξ)
12(α+1)

((
(6α2+15α+3)|Υ′(ξ)|q+(2α2+3α+1)|Υ′(ℑ)|

q

8α2+18α+4

) 1
q

+
(

(2α2+3α+1)|Υ′(ξ)|q+(6α2+15α+3)|Υ′(ℑ)|
q

8α2+18α+4

) 1
q
)
.

Corollary 3.23. In Theorem 3.21, taking α = 1, we obtain∣∣∣∣∣∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
−

1
θ(ℑ,ξ)

ξ+θ(ℑ,ξ)∫
ξ

Υ (u) du

∣∣∣∣∣∣∣∣∣
≤

5θ(ℑ,ξ)
24

((
(21−s(1−s)+16s+8)|Υ′(ξ)|q+21−s(s+5)|Υ′(ℑ)|

q

5(s+1)(s+2)

) 1
q

+
(

21−s(s+5)|Υ′(ξ)|q+(21−s(1−s)+16s+8)|Υ′(ℑ)|
q

5(s+1)(s+2)

) 1
q
)
.

Corollary 3.24. In Theorem 3.21, taking α = s = 1, we obtain∣∣∣∣∣∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
−

1
θ(ℑ,ξ)

ξ+θ(ℑ,ξ)∫
ξ

Υ (u) du

∣∣∣∣∣∣∣∣∣
≤

5θ(ℑ,ξ)
24

((
4|Υ′(ξ)|q+|Υ′(ℑ)|

q

5

) 1
q

+
(
|Υ′(ξ)|q+4|Υ′(ℑ)|

q

5

) 1
q
)
.

Remark 3.25. Corollary 3.24 will be reduced to Corollary 2.11. from [16] and that of Remark 2 from [11], if we
choose θ (ℑ, ξ) = ℑ − ξ.

Corollary 3.26. In Theorem 3.21, using the discrete power mean inequality, we get∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
− I (Υ)

∣∣∣∣ ≤ (4α+1)θ(ℑ,ξ)
6(α+1)

×

(
(α+1)(2s+3(α+s+1)−3(s+1))

2s(s+1)(α+s+1)(4α+1) − 2α+1B 1
2

(α + 1, s + 1)
) 1

q
(
|Υ′(ξ)|q+|Υ′(ℑ)|

q

2

) 1
q

.

Corollary 3.27. In Corollary 3.26, taking s = 1, we obtain∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
− I (Υ)

∣∣∣∣
≤

(4α+1)θ(ℑ,ξ)
6(α+1)

(
|Υ′(ξ)|q+|Υ′(ℑ)|

q

2

) 1
q

.
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Corollary 3.28. In Corollary 3.26, taking α = 1, we obtain∣∣∣∣∣∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
−

1
θ(ℑ,ξ)

ξ+θ(ℑ,ξ)∫
ξ

Υ (u) du

∣∣∣∣∣∣∣∣∣
≤

5θ(ℑ,ξ)
12

(
(21−s6+8(2s+1))

5(s+1)(s+2)

) 1
q
(
|Υ′(ξ)|q+|Υ′(ℑ)|

q

2

) 1
q

.

Corollary 3.29. In Corollary 3.26, taking α = s = 1, we obtain∣∣∣∣∣∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
−

1
θ(ℑ,ξ)

ξ+θ(ℑ,ξ)∫
ξ

Υ (u) du

∣∣∣∣∣∣∣∣∣
≤

5θ(ℑ,ξ)
12

(
|Υ′(ξ)|q+|Υ′(ℑ)|

q

2

) 1
q

.

Theorem 3.30. Under the assumptions of Lemma 3.1, if Υ′ is r-L-Hölderian function on [ξ, ξ + θ (ℑ, ξ)] (i.e. there
exist L > 0 and 0 < r ≤ 1 such that

∣∣∣Υ′ (x) − Υ′
(
y
)∣∣∣ ≤ L

∣∣∣x − y
∣∣∣r), then we have∣∣∣∣ 1

3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
− I (Υ)

∣∣∣∣
≤

(θ(ℑ,ξ))r+1

4 L
(

4
3(r+1) − B (r + 1, α + 1)

)
.

Proof. From Lemma 3.1, we have

1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
− I (Υ)

=θ
(ℑ,ξ)

4


1∫
0

((
1 − ϕ

)α
−

4
3

)
Υ′

(
ξ +

1−ϕ
2 θ (ℑ, ξ)

)
dϕ −

1∫
0

(
ϕα − 4

3

)
Υ′

(
ξ +

(
1 − ϕ2

)
θ (ℑ, ξ)

)
dϕ


=θ

(ℑ,ξ)
4


1∫
0

((
1 − ϕ

)α
−

4
3

)
Υ′

(
ξ +

1−ϕ
2 θ (ℑ, ξ)

)
dϕ −

1∫
0

((
1 − ϕ

)α
−

4
3

)
Υ′

(
ξ +

1+ϕ
2 θ (ℑ, ξ)

)
dϕ


=θ

(ℑ,ξ)
4

1∫
0

((
1 − ϕ

)α
−

4
3

) (
Υ′

(
ξ +

1−ϕ
2 θ (ℑ, ξ)

)
− Υ′

(
ξ +

1+ϕ
2 θ (ℑ, ξ)

))
dϕ. (12)

Applying the absolute value in both sides of (12), and by using the fact that Υ′ is r-L-Hölderian∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
− I (Υ)

∣∣∣∣
≤
θ(ℑ,ξ)

4

1∫
0

(
4
3 −

(
1 − ϕ

)α) ∣∣∣∣Υ′ (ξ + 1−ϕ
2 θ (ℑ, ξ)

)
− Υ′

(
ξ +

1+ϕ
2 θ (ℑ, ξ)

)∣∣∣∣ dϕ
≤

(θ(ℑ,ξ))r+1

4 L

1∫
0

(
4
3 −

(
1 − ϕ

)α)
ϕrdϕ

=
(θ(ℑ,ξ))r+1

4 L


1∫
0

(
4
3ϕ

r
− ϕr

(
1 − ϕ

)α)
dϕ
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=
(θ(ℑ,ξ))r+1

4 L
(

4
3(r+1) − B (r + 1, α + 1)

)
.

The proof is over.

Corollary 3.31. In Theorem 3.30, taking r = 1, we get∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
− I (Υ)

∣∣∣∣ ≤ (2α2+6α+1)(θ(ℑ,ξ))2

12(α+1)(α+2) L.

Moreover, if we choose θ (ℑ, ξ) = ℑ − ξ, we get∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
ξ+ℑ

2

)
+ 2Υ (ℑ)

)
− Î (Υ)

∣∣∣∣ ≤ (2α2+6α+1)(ℑ−ξ)2

12(α+1)(α+2) L,

where Î (Υ) is defined as in (9)

Corollary 3.32. In Theorem 3.30, taking α = 1, we have∣∣∣∣∣∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
−

1
θ(ℑ,ξ)

ξ+θ(ℑ,ξ)∫
ξ

Υ (u) du

∣∣∣∣∣∣∣∣∣ ≤ (4r+5)(θ(ℑ,ξ))r+1

12(r+1)(r+2) L.

Moreover, if we choose θ (ℑ, ξ) = ℑ − ξ, we get∣∣∣∣∣∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
ξ+ℑ

2

)
+ 2Υ (ℑ)

)
−

1
ℑ−ξ

ℑ∫
ξ

Υ (u) du

∣∣∣∣∣∣∣∣∣ ≤ (4r+5)(ℑ−ξ)r+1

12(r+1)(r+2) L.

Corollary 3.33. In Theorem 3.30, taking α = r = 1, we get∣∣∣∣∣∣∣∣∣ 1
3

(
2Υ (ξ) − Υ

(
2ξ+θ(ℑ,ξ)

2

)
+ 2Υ (ξ + θ (ℑ, ξ))

)
−

1
θ(ℑ,ξ)

ξ+θ(ℑ,ξ)∫
ξ

Υ (u) du

∣∣∣∣∣∣∣∣∣ ≤ (θ(ℑ,ξ))2

8 L.

Moreover, if we choose θ (ℑ, ξ) = ℑ − ξ, we get Corollary 4 from [11].

4. Applications

Let ξ,ℑ be two arbitrary real numbers. Then, we have:
Arithmetic mean: A (ξ,ℑ) = ξ+ℑ2 .
Logarithmic mean: L (ξ,ℑ) = ℑ−ξ

lnℑ−ln ξ , ξ,ℑ > 0 and ξ , ℑ.

p-Logarithmic mean: Lp (ξ,ℑ) =
(
ℑ

p+1
−ξp+1

(p+1)(ℑ−ξ)

) 1
p

, ξ,ℑ > 0, ξ , ℑ and p ∈ R‵ {−1, 0}.

Harmonic mean: H (ξ,ℑ) = 2ξℑ
ξ+ℑ , ξ,ℑ > 0.

Proposition 4.1. Let 0 < ξ < ℑ. Then, we have∣∣∣4H (ξ, ξ + A (ξ,ℑ)) − A−1 (ξ, ξ + A (ξ,ℑ)) − 3L−1 (ξ, ξ + A (ξ,ℑ))
∣∣∣

≤
5
4 A (ξ,ℑ) H−1

(
ξ2,ℑ2

)
.

Proof. Applying Corollary 3.5 with θ (ℑ, ξ) = A (ξ,ℑ), to the function Υ(u) = 1
u .

Proposition 4.2. Let 0 < ξ < ℑ, q, p > 1 and s ∈ (0.1]. Then, we have∣∣∣∣∣4A
(
ξ1+ s

q ,ℑ1+ s
q
)
− A1+ s

q (ξ,ℑ) − 3L
1+ s

q

1+ s
q

(ξ,ℑ)
∣∣∣∣∣

≤
ℑ−ξ

2

(
4p+1
−1

3(p+1)

) 1
p (

2s

s+1

) 1
q
(
1 + s

q

) (
ξs+ℑs

2

) 1
q .

Proof. Using Corollary 3.19 with θ (ℑ, ξ) = ℑ − ξ, to the function Υ(u) = u1+ s
q .
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5. Conclusion

In this study, we have explored fractional Milne-type integral inequalities for functions with s-preinvex
first derivatives. We began by demonstrating a novel integral identity and subsequently established a series
of fresh Milne-type inequalities that incorporate the Riemann-Liouville integral operator. Furthermore, we
addressed specific scenarios and offered practical applications of our findings. We trust that the concepts
presented in this paper will inspire researchers engaged in inequality studies to extend our findings to
various forms of classical and generalized convexity, as well as to broaden this research into different
realms of calculus.
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