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Convergence of densities of spatial averages of the linear stochastic
heat equation
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Abstract. Let {u(t, x)}t>0,x∈Rd denote the solution to the linear (fractional) stochastic heat equation. We
establish convergence rates with respect to the uniform distance between the density of spatial averages
of the solution and the density of the standard normal distribution in some different scenarios. We first
consider the case when u0 ≡ 1 and the stochastic fractional heat equation is driven by a space-time white
noise. When α = 2 (parabolic Anderson model, PAM for short), and the stochastic heat equation is driven
by colored noise in space, we present the rates of convergence respectively for u0 ≡ 1, d ≥ 1 and u0 = δ0,
d = 1 under the additional condition f̂ (Rd) < ∞. Our results are obtained by using a combination of the
Malliavin calculus and Stein’s method for normal approximations.

1. Introduction

Consider the following stochastic (fractional) heat equation:{
∂tu(t, x) = v · (−(−∆)

α
2 )u(t, x) + u(t, x)η(t, x) for (t, x) ∈ (0,+∞)×Rd,

subject to u(0, x) = u0(x), (1)

where v is a positive constant, −(−∆)
α
2 denotes the fractional Laplace operator (see [21]) and η denotes a

centered, generalized Gaussian random field such that

Cov[η(t, x), η(s, y)] = δ0(t − s) f (x − y) for all s, t ≥ 0 and x, y ∈ Rd, (2)

for a non-zero, nonnegative-definite, tempered Borel measure f on Rd.
We are interested in the rates of convergence of the uniform norm of densities in the following three

cases:
Case 1 (d = 1): α ∈ (1, 2], v = 1, u0 ≡ 1 and f (x) = δ0(x) for all x ∈ R.
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Case 2 (d ≥ 1): α = 2, v = 1
2 , u0 ≡ 1, f (Rd) < ∞ and f̂ (Rd) < ∞1).

Case 3 (d = 1): α = 2, v = 1
2 , u0 = δ0, f (R) < ∞ and f̂ (R) < ∞.

Following from Walsh [7], we can interpret (1) in the following mild form:
In case 1,

u(t, x) = 1 +
∫

(0,t)×R
Gα(t − s, x − y)u(s, y)η(ds,dy) for t > 0 and x ∈ R, (3)

where Gα denotes the Green kernel defined through its Fourier transform Ĝα(t, ·)(x) = e−t|x|α .
In case 2,

u(t, x) = 1 +
∫

(0,t)×Rd
pt−s(x − y)u(s, y)η(ds,dy) for t > 0 and x ∈ Rd, (4)

where pt(x) denotes the heat kernel that satisfies pt(x) = 1
√

2πt
e−
∥x∥2

2t .
In case 3,

U(t, x) = 1 +
∫

(0,t)×R
ps(t−s)/t

(
y −

s
t
x
)

U(s, y)η(ds,dy) for t > 0 and x ∈ R, (5)

where U(t, x) := u(t, x)/pt(x) (see [2, 15]).
The existence and uniqueness problems for the solution to (1) have been studied extensively [2, 17,

19, 22, 23]. In the present setting, we must ensure that the Fourier transform f̂ satisfies the integrability
condition:

Υ(β) :=
1

(2π)d

∫
Rd

f̂ (dy)
β + ∥y∥α

< ∞ for all β > 0. (6)

Clearly, (6) holds in the cases mentioned above.
For any fixed t > 0 and N > 0, we introduce the centered and normalized spatial averages:

In case 1,

FN,1 :=
1
σN,1

(∫
[0,N]

(u(t, x) − 1) dx
)
, where σ2

N,1 := Var
(∫

[0,N]
u(t, x)dx

)
. (7)

In case 2,

FN,2 :=
1
σN,2

(∫
[0,N]d

(u(t, x) − 1) dx
)
, where σ2

N,2 := Var
(∫

[0,N]d
u(t, x)dx

)
. (8)

In case 3,

FN,3 :=
1
σN,3

(∫
[0,N]

(U(t, x) − 1) dx
)
, where σ2

N,3 := Var
(∫

[0,N]
U(t, x)dx

)
. (9)

There are many arguments for a quantitative central limit theorem (CLT for short) for spatial averages
of the solution to (1). The CLT using techniques of the Malliavin-Stein method was first established by
Huang et al [8] with α = 2, u0 ≡ 1 and f = δ0. Later, Chen et al derived the case that d ≥ 1 in [13] and [14]
under the condition f (Rd) < ∞. As for the delta initial condition, Chen et al [15] proved the CLT for the
PAM when η is a space-time white noise. After that, Khoshnevisan et al [2] extended the result to cover
the scenario where η is colored in space. Recently, Assaad et al [22] studied the case of stochastic fractional

1)The Fourier transform of f is denoted by f̂ , that is, f̂ (y) =
∫
Rd eix·y f (dx). In general, f̂ is a nonnegative definite measure.
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heat equation with the initial condition u0 ≡ 1. Other related limit theorems and their variations have been
explored in [3, 5, 9, 11, 12, 28]. In our current context, the convergence rates for the total variation distance2)

are precisely expressed as follows:

dTV
(
FN,1,N(0, 1)

)
≤

Ct
√

N
for all N ≥ 1, (10)

dTV
(
FN,2,N(0, 1)

)
≤

Ct

(
√

N)d
for all N ≥ 1, (11)

and

dTV
(
FN,3,N(0, 1)

)
≤

Ct
√

log N
√

N
for all N ≥ e. (12)

The above results describe the convergence rates for total variation distance between the spatial average
and the standard normal random variable. When the density functions of the two random variables
exist, the convergence rate for total variation distance is equal to the convergence rate described in the
L1(R,dx) difference of the corresponding density functions. Motivated by this insight, we aim to explore
the convergence rates in the L∞(R) difference of two density functions.

The analysis of upper bounds for the uniform norm of densities, using Malliavin calculus techniques,
was first introduced by Hu et al [27]. Recently, Kuzgun and Nualart [24] extended their results and
established upper bounds for the uniform distance of densities between the spatial averages of the solution
to the stochastic heat equation in two different cases and the standard normal random variable. Specifically,
they deduced the convergence rates with respect to the nonlinear stochastic heat equation and the PAM
under the condition u0 ≡ 1, f = δ0 and u0 = δ0, f = δ0, respectively. Later, Kuzgun and Nualart [25] derived
the convergence rates when u0 ≡ 1 and f is given by the Riesz kernel( f (dx) = |x|−βdx, β ∈ (0, d ∧ 2)).

In the three cases of interest in this paper, the convergence rates for the uniform distance of densities
have not been studied. Therefore, we present the following results:

Theorem 1.1. In case 1, let FN,1 be the spatial average defined in (7). Then, for all N ≥ 1,

sup
x∈R
| fFN,1 (x) − ϕ(x)| ≤

Ct
√

N
, (13)

where fFN,1 and ϕ denote the densities of FN,1 and N(0, 1), respectively.

It can be seen that (1) becomes the PAM when α = 2. Therefore, Theorem 1.1 serves as an extension of the
linear case in [24, Theorem 1.1]. The previous theorem is established for f = δ0. In the following, we shift
our focus to the case that η is colored in space.

Theorem 1.2. In case 2, let FN,2 be the spatial average defined in (8). Then, for all N ≥ 1,

sup
x∈R
| fFN,2 (x) − ϕ(x)| ≤

Ct

(
√

N)d
, (14)

where fFN,2 and ϕ denote the densities of FN,2 and N(0, 1), respectively.

Theorem 1.3. In case 3, let FN,3 be the spatial average defined in (9). Fix β > 21. Then, for all N ≥ e,

sup
x∈R
| fFN,3 (x) − ϕ(x)| ≤

Ct(
√

log N)β
√

N
, (15)

where fFN,3 and ϕ denote the densities of FN,3 and N(0, 1), respectively.

2)The total variation distance between two random variables X and Y is defined as dTV(X,Y) = supB∈B(R) |P(X ∈ B) − P(Y ∈ B)|,
where B(R) is the collection of all Borel sets in R.
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Following the method in [24] (see Lemma 2.1), the estimates on p-norm of the second Malliavin derivative
and ∥(DvF)−1

∥4 are crucial components in discussing convergence rates. It is essential to note that, when
dealing with ∥(DvF)−1

∥4, we must ensure that E [|u(t, x)|−p] < ∞ for any fixed (t, x) ∈ (0,+∞) × Rd. In our
settings, the non-negativity of u(t, x) is guaranteed almost surely thanks to the comparison principle or
Feynman-Kac formula; see, for example, [10, 17, 18]. Therefore, we use E [(u(t, x))−p] instead of E [|u(t, x)|−p].
For the case of d = 1, f = δ0, Chen et al [20] have proved that E [(u(t, x))−p] < ∞ based on small-ball
probability estimate. When η is colored in space, small-ball probability estimate was provided by Chen
and Huang [17]. However, the negative moment of the solution exists only when f̂ (Rd) < ∞. (see Lemma
2.3 part (4) and Lemma 2.4 part (4)).

Remark 1.4. The collection of measures under the condition f̂ (Rd) < ∞ is massive. For example, f is given by a

Gaussian kernel ( f (dx) = p1(x)dx and f̂ (dx) = e−∥x∥2/2dx) or a Cauchy kernel ( f (dx) =
[∏d

j=1(1 + |x j|
2)
]−1

dx and

f̂ (dx) = πd ∏d
j=1 e−|x j |dx).

Remark 1.5. Unfortunately, the multidimensional situation of case 3 has not been investigated so far. It has been
proved in [2, Theorem 1.3] that the convergence rate for CLT in terms of total variation is N−1/2, implying a
corresponding convergence rate of ∥1 −DvFN∥2 in Lemma 2.1 as N−1/2. However, the control of ∥(DvFN)−1

∥4 by Na

for any a < 1/2 remains elusive through our current methodology. This is an issue for future research to explore.

The organization of this paper is as follows. In Section 3, we derive moment estimates of the second
Malliavin derivative of u(t, x). Notably, we obtain a more general result for the nonlinear stochastic fractional
heat equation in case 1. Section 4 is devoted to analyzing the negative moments of DvF. Furthermore, we
prove the convergence rates on uniform distance in Theorems 1.1-1.3 in Section 5, based on Malliavin-Stein
method and Fourier analysis. Finally, in the Appendix, we introduce some technical lemmas used along
the paper.

Throughout this paper, we write ∥Z∥p instead of (E|Z|p)1/p for any Z ∈ Lp and we denote the generic
nonnegative constant by C, which can take different values and depend on different variables.

2. Preliminaries

2.1. The BDG inequality
For every continuous L2(Ω)-martingale {Mt}t≥0, we have the following Burkholder-Davis-Gundy (BDG

for short) inequality:
E
(
|Mt|

k
)
≤ zk

kE
(
⟨M⟩k/2t

)
for all t ≥ 0 and k ≥ 2,

where {zk}k≥2 are the optimal constants. Moreover, the method in [1] and [6] together implies that

z2 = 1, and sup
k≥2

zk
√

k
= lim

k→∞

zk
√

k
= 2,

which means zk is bounded from above by the multiples of
√

k, uniformly for all k ≥ 2.

2.2. Malliavin calculus and Stein’s method
LetH0 be the reproducing kernel Hilbert space spanned by all real-valued functions onRd, with respect

to the scalar product ⟨ϕ,ψ⟩ := ⟨ϕ,ψ ∗ f ⟩L2(Rd), and letH = L2(R+×H0). The Gaussian random field {W(h)}h∈H
formed by such Wiener integrals

W(h) :=
∫
R+×Rd

h(s, y)η(ds,dy) (16)

defines an isonormal Gaussian process on the Hilbert space H . On the basis of this, we can develop the
Malliavin calculus (see, for instance, [4]).



W. Zhang et al. / Filomat 38:28 (2024), 9813–9833 9817

Let S denote the space of simple random variables of the form

F = f (W(h1), . . . ,W(hd)),

where f ∈ C∞p (Rd), that is, f is a smooth function and all its partial derivatives have at most polynomial
growth at infinity, and h1, . . . , hn ∈ H . Then the Malliavin derivative DF is defined as H-valued random
variable

DF =
d∑

i=1

∂ f
∂xi

(W(h1), . . . ,W(hd)) hi. (17)

For any p ≥ 1 and k ≥ 1, we denote the completion of S byDk,p with respect to the norm

∥F∥k,p =

E [|F|p] +
k∑

j=1

E
[
∥D jF∥p

H⊗ j

]
1/p

,

where D j denotes the j-th iterated Malliavin derivative and ⊗ denotes the tensor product. Similarly, we
can introduce the spaces Dk,p(V) for some real separable Hilbert space V. The adjoint operator δ of the
derivative D is characterized by the duality formula

E[Fδ(v)] = E[⟨DF, v⟩H ],

which is valid for any F ∈ D1,2. An important property of δ is that any predictable and square integrable
random field v belongs to the domain of δ and δ(v) coincides with the Walsh integral, that is,

δ(v) =
∫
R+×Rd

v(s, x)η(ds,dx).

For anH-valued random variable v and F ∈ D1,1, define

DvF := ⟨DF, v⟩H . (18)

The following lemma, which characterizes the uniform distance of densities, plays an important role in
proving Theorems 1.1-1.3.

Lemma 2.1. [24, Theorem 3.2] Assume that v ∈ D1,6(H), F = δ(v) ∈ D2,6 with E(F) = 0 and E(F2) = 1, and
∥(DvF)−1

∥4 < ∞. Then F admits a density fF(x) and the following inequality holds true,

sup
x∈R
| fF(x) − ϕ(x)| ≤

(
∥F∥4∥(DvF)−1

∥4 + 2
)
∥1 −DvF∥2 + ∥(DvF)−1

∥
2
4∥Dv(DvF)∥2, (19)

where ϕ(x) denotes the density of N(0, 1).

2.3. Some properties of u(t, x)
We first introduce some properties of the moments and Malliavin derivative of u(t, x) in the following

three lemmas.

Lemma 2.2. Let u(t, x) be the solution to (1) in case 1, we have
(1) [22, Theorem 2.1] The process u(t) := {u(t, x)}x∈R is stationary. Moreover, for any p ≥ 1 and any T > 0,

sup
t∈(0,T],x∈R

E[|u(t, x)|p] < ∞.

(2) [22, Propositions 5.1-5.2] For almost all 0 < s < t < T, x, y ∈ R,

Ds,yu(t, x) = Gα(t − s, x − y)u(s, y) +
∫ t

s

∫
R

Gα(t − r, x − z)Ds,yu(r, z)η(dr,dz). (20)
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Moreover, for all p ≥ 2,

∥Ds,yu(t, x)∥p ≤ CT,p(t − s)−
1

2α G
1
2
α (t − s, x − y).

(3) [20, Theorem 1.5] Fix (t, x) ∈ R+ ×R, for all p > 0,

E
(
[u(t, x)]−p) < ∞.

Lemma 2.3. Let u(t, x) be the solution to (1) in case 2, we have
(1) [16, Theorem 1.1] The random field u(t) := {u(t, x)}x∈Rd is stationary.
(2) [13, Lemma 4.2] For almost all 0 < s < t < T, x, y ∈ Rd,

Ds,yu(t, x) = pt−s(x − y)u(s, y) +
∫ t

s

∫
Rd

pt−r(x − z)Ds,yu(r, z)η(dr,dz). (21)

Moreover, for all p ≥ 2,

sup
t∈(0,T],x∈Rd

E[|u(t, x)|p] < ∞ and ∥Ds,yu(t, x)∥p ≤ CT,ppt−s(x − y).

(3) [14, Proposition 3.4] For all 0 < r < s < t, x, y, z ∈ Rd and for every p ≥ 2,

∥Dr,zDs,yu(t, x)∥p ≤ Ct,ppt−s(x − y)ps−r(y − z).

(4) Fix (t, x) ∈ R+ ×Rd, for all p > 0,

E
(
[u(t, x)]−p) < ∞.

Proof. (4). From [17, Theorem 1.6], since f̂ (Rd) < ∞, we have that, for any fixed (t, x) ∈ (0,+∞) × Rd, there
exists a finite constant A = At,x > 0 such that for all ε > 0 small enough,

P(u(t, x) < ε) ≤ A exp(−A| log ε|(log | log ε|)2). (22)

According to [20, Lemma A.1], it suffices to show that, for all p > 0, there exists some finite constant Cp > 0
such that

P(u(t, x) < ε) ≤ Cpε
p. (23)

For any p > 0, choose Cp = A ∨ exp(p exp(
√

p/A)). Then, for any 0 < ε < exp(− exp(
√

p/A)),

P(u(t, x) < ε) ≤ A exp(−A| log ε|(log | log ε|)2) ≤ Cpε
p, (24)

and for any ε ≥ exp(− exp(
√

p/A)),

P(u(t, x) < ε) ≤ 1 ≤ exp(p exp(
√

p/A))εp
≤ Cpε

p. (25)

Combining (24) and (25), we prove the result.

Lemma 2.4. Let u(t, x) be the solution to (1) in case 3, U(t, x) = u(t, x)/pt(x), we have
(1) [2, Theorem 1.1] The random field U(t) := {u(t, x)}x∈R is stationary. Moreover, for any p ≥ 2 and any T > 0,

sup
t∈(0,T],x∈R

E[|U(t, x)|p] < ∞.

(2) [2, Proposition 4.1] For all 0 < r < s < t, x, y, z ∈ R,

Ds,yU(t, x) = p s(t−s)
t

(
y −

s
t
x
)

U(s, y) +
∫ t

s

∫
R

p r(t−r)
t

(
z −

r
t
x
)

Ds,yU(r, z)η(dr,dz). (26)
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(3) [26, Corallary 1.2] Suppose that 0 < ri < r j < t for all 1 ≤ i < j ≤ k and zi ∈ R for 1 ≤ i ≤ k, let Dk
rk ,zk

U(t, x)
denote the k-th iterated Malliavin derivative of U(t, x), i.e., Dk

rk,zk
U(t, x) = Dr1,z1 . . .Drk,zk U(t, x), then for all p ≥ 2,

∥Dk
rk ,zk

U(t, x)∥p ≤ Ct,p

 k−1∏
m=1

p rm(rm+1−rm)
rm+1

(
zm −

rm

rm+1
zm+1

) p rk (t−rk )
t

(
zk −

rk

t
x
)
.

(4) Fix (t, x) ∈ R+ ×R, for all p > 0,

E
(
[u(t, x)]−p) < ∞, hence, E

(
[U(t, x)]−p) < ∞.

Proof. (4). The argument is the same as the proof of Lemma 2.3 part (4).

The following lemma describes the asymptotic behavior of the variance functions and upper bounds
for the moment of spatial averages.

Lemma 2.5. Let FN,i and σ2
N,i (i = 1, 2, 3.) be as defined in (7)-(9). Then, we have

(1) For any p ≥ 2, supN≥1 ∥FN,i∥p ≤ Ct (i = 1, 2), and supN≥e ∥FN,3∥p ≤ Ct.

(2) [22, Theorem 5.6] limN→∞
σ2

N,1

N = t.

(3) [14, Proposition 5.2] limN→∞
σ2

N,2

Nd =
∫
Rd Cov[u(t, x),u(t, 0)]dx < ∞.

(4) [2, Theorems 5.1-5.2] limN→∞
σ2

N,3

N log N = t f (R).

Proof. (1). The upper bounds of the moments follow easily from the BDG inequality; see, for instance, [15,
Lemma 2.4].

3. Second Malliavin derivative

This section aims to estimate the moment bounds of the second Malliavin derivative of u(t, x). The
estimates for cases 2 and 3 can be found in Lemmas 2.3-2.4. Therefore, we will only prove the result for
case 1. Now, consider the more general setting,{

∂tu(t, x) = −(−∆)
α
2 u(t, x) + σ(u(t, x))η(t, x) for (t, x) ∈ (0,+∞)×R,

subject to u(0, x) = 1, (27)

where σ denotes the Lipschitz function satisfying σ(1) , 0. In order to obtain the following result, we
further assume that σ is twice continuously differentiable, σ′ is bounded and |σ′′(x)| ≤ C(1 + |x|m) for some
m > 0.

Proposition 3.1. Let u(t, x) denote the solution to (27). Then, u(t, x) ∈ ∩p≥2D2,p and for almost all 0 < r < s < t,
y, z ∈ R, we have

Dr,zDs,yu(t, x) =Gα(t − s, x − y)σ′(u(s, y))Dr,zu(s, y)

+

∫
[s,t]×R

Gα(t − τ, x − ξ)σ′′(u(τ, ξ))Dr,zu(τ, ξ)Ds,yu(τ, ξ)η(dτ,dξ)

+

∫
[s,t]×R

Gα(t − τ, x − ξ)σ′(u(τ, ξ))Dr,zDs,yu(τ, ξ)η(dτ,dξ).

Moreover, for all 0 ≤ r < s < t ≤ T and x, y, z ∈ R,∥∥∥Dr,zDs,yu(t, x)
∥∥∥2

p ≤ CT,pK2
r,z,s,y(t, x), (28)
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where

K2
r,z,s,y(t, x) = (t − s)−

1
α Gα(t − s, x − y)(s − r)−

1
α Gα(s − r, y − z)

+

∫ t

s

∫
R

[(t − θ)(θ − r)(θ − s)]−
1
α Gα(t − θ, x − w)Gα(θ − r,w − z)Gα(θ − s,w − y)dθdw.

In particular, if σ(x) = x, then∥∥∥Dr,zDs,yu(t, x)
∥∥∥

p ≤ CT,p(t − s)−
1

2α G
1
2
α (t − s, x − y)(s − r)−

1
2α G

1
2
α (s − r, y − z). (29)

Proof. First, we define the Picard iteration for the solution to (27). Let u0(t, x) = 1, and for n ∈N,

un+1(t, x) = 1 +
∫

(0,t)×R
Gα(t − s, x − y)σ(un(s, y))η(ds,dy) for t > 0 and x ∈ R. (30)

Applying the properties of the divergence operator [4, Proposition 1.3.8], we deduce, for almost all (s, y) ∈
(0, t) ×R, that

Ds,yun+1(t, x) =Gα(t − s, x − y)σ(un(s, y)) +
∫

[s,t]×R
Gα(t − τ, x − ξ)σ′(un(τ, ξ))Ds,yun(τ, ξ)η(dτ,dξ), (31)

and for almost all s > t, Ds,yun+1(t, x) = 0. Using the properties of the divergence operator again, we obtain,
for almost all 0 < r < s < t and y, z ∈ R,

Dr,zDs,yun+1(t, x) = Gα(t − s, x − y)σ′(un(s, y))Dr,zun(s, y)

+

∫
[s,t]×R

Gα(t − τ, x − ξ)σ′′(un(τ, ξ))Dr,zun(τ, ξ)Ds,yun(τ, ξ)η(dτ,dξ)

+

∫
[s,t]×R

Gα(t − τ, x − ξ)σ′(un(s, y))Dr,zDs,yun(τ, ξ)η(dτ,dξ). (32)

Moreover, applying the BDG inequality, Minkowski inequality and Lemma 2.2 (Lemma 2.2 still holds for
the nonlinear case, see [22]), we have, for almost all (t, x) ∈ [0,T] ×R,∥∥∥Dr,zDs,yun+1(t, x)

∥∥∥2

p ≤ CT,pG2
α(t − s, x − y)(s − r)−

1
α Gα(s − r, y − z)

+ CT,p

∫ t

s

∫
R

G2
α(t − τ, x − ξ)(τ − r)−

1
α Gα(τ − r, ξ − z)(τ − s)−

1
α Gα(τ − s, ξ − y)dξdτ

+ CT,p

∫ t

s

∫
R

G2
α(t − τ, x − ξ)

∥∥∥Dr,zDs,yun(τ, ξ)
∥∥∥2

p dξdτ. (33)

To simplify the expression, we define the measure on [s, t] ×R such that

J(dτ,dξ) :=(τ − r)−
1
α Gα(τ − r, ξ − z)δs,y(dτ,dξ)

+ (τ − r)−
1
α Gα(τ − r, ξ − z)(τ − s)−

1
α Gα(τ − s, ξ − y)dτdξ.

Then, we can rewrite the inequality (33) as follows:

∥∥∥Dr,zDs,yun+1(t, x)
∥∥∥2

p ≤CT,p

∫ t

s

∫
R

G2
α(t − τ, x − ξ)J(dτ,dξ) + CT,p

∫ t

s

∫
R

G2
α(t − τ, x − ξ)

∥∥∥Dr,zDs,yun(τ, ξ)
∥∥∥2

p dξdτ.
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Notice that
∥∥∥Dr,zDs,yu1(t, x)

∥∥∥2

p = 0, then we perform n − 1 iterations to obtain that

∥∥∥Dr,zDs,yun+1(t, x)
∥∥∥2

p ≤ CT,p

∫ t

s

∫
R

G2
α(t − s1, x − y1)J

(
ds1,dy1

)
+

n−1∑
k=1

Ck+1
T,p

∫ t

s

∫
R

∫ s1

s

∫
R

· · ·

∫ sk

s

∫
R

G2
α(t − s1, x − y1)G2

α(s1 − s2, y1 − y2) · · ·

× G2
α(sk − sk+1, yk − yk+1)J

(
dsk+1,dyk+1

)
dykdsk · · ·dy1ds1.

Let K2(t, x) be defined by K2(t, x) = K2
r,z,s,y(t, x) :=

∫ t

s

∫
R

(t − τ)−
1
α Gα(t − τ, x − ξ)J(dτ,dξ). Using Lemma A.1

part (1) we can write

∥∥∥Dr,zDs,yun+1(t, x)
∥∥∥2

p ≤ CT,pK2(t, x) +
n−1∑
k=1

Ck+1
T,p

∫ t

s

∫
R

∫ s1

s

∫
R

· · ·

∫ sk

s

∫
R

×

k∏
j=0

(
s j − s j+1

)− 1
α Gα(s j − s j+1, y j − y j+1)J

(
dsk+1,dyk+1

)
dykdsk · · ·dy1ds1,

where s0 = t and y0 = x. Then, apply the semigroup property of the Green kernel to find that

∥∥∥Dr,zDs,yun+1(t, x)
∥∥∥2

p ≤ CT,pK2(t, x) +
n−1∑
k=1

Ck+1
T,p

∫ t

s

∫ s1

s
· · ·

∫ sk−1

s

∫
R

∫ sk

s

× [(t − s1)(s1 − s2) · · · (sk − sk+1)]−
1
α Gα(t − sk+1, x − yk+1)J

(
dsk+1,dyk+1

)
dsk · · ·ds1

= CT,pK2(t, x) +
n−1∑
k=1

[
Ck+1

T,p

∫
R

∫ t

s
(t − sk+1)

(α−1)k
α Gα(t − sk+1, x − yk+1)J(dsk+1,dyk+1)

×

∫
0<rk<···<r2<r1<1

[(1 − r1) (r1 − r2) · · · rk]−
1
α drk · · ·dr1

]

≤ CT,pK2(t, x) +
n−1∑
k=1

Ck+1
T,p

T
(α−1)k
α Γ

(
1 − 1

α

)k+1

Γ
(
(k + 1)

(
1 − 1

α

)) ∫
R

∫ t

s
(t − τ)−

1
α Gα(t − τ, x − ξ)J(dτ,dξ)

≤

CT,p +

∞∑
k=1

Ck+1
T,p

T
(α−1)k
α Γ

(
1 − 1

α

)k+1

Γ
(
(k + 1)

(
1 − 1

α

))

∫
R

∫ t

s
(t − τ)−

1
α Gα(t − τ, x − ξ)J(dτ,dξ)

≤ CT,pK2(t, x),

where in the second inequality, we use the following identity:

∫
0<rk<···<r2<r1<1

[(1 − r1) (r1 − r2) · · · rk]−
1
α drk · · ·dr1 =

Γ
(
1 − 1

α

)k+1

Γ
(
(k + 1)

(
1 − 1

α

)) . (34)

Hence, we obtain the moment estimate

sup
n∈N
∥Dr,zDs,yun(t, x)∥2p ≤ CT,pK2

r,z,s,y(t, x). (35)

In particular, if σ(x) = x, the second part of (32) vanishes. According to the preceding arguments, we have

sup
n∈N
∥Dr,zDs,yun(t, x)∥p ≤ CT,p(t − s)−

1
2α G

1
2
α (t − s, x − y)(s − r)−

1
2α G

1
2
α (s − r, y − z).
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Moreover, using Minkowski inequality and Lemma A.2 we derive that

sup
n∈N

E
[
∥D2un(t, x)∥p

H⊗H

]
≤ sup

n∈N

(∫
[0,t]2

∫
R2

∥∥∥Dr,zDs,yun(t, x)
∥∥∥2

p dydzdrds
) p

2

≤ CT,p

(
2
∫ t

0

∫ s

0

∫
R2

K2
r,z,s,y(t, x)dzdydrds

) p
2

< ∞. (36)

Finally, since un(t, x) converges to u(t, x) in Lp(Ω) for p ≥ 2 (see in the proof of [22, Theorem 2.1]), we deduce
that u(t, x) ∈ ∩p≥2D2,p by [4, Lemma 1.5.3]. Following an approximation argument similar to the proof of
Theorem 6.4 in [16], we prove the results.

4. Negative moments

In this section, we will give estimates for the negative moments of DvF in this section. The following
lemmas play an important role in proving Theorems 1.1-1.3.

Proposition 4.1. (Case 1). Let FN,1 denote the spatial average defined in (7). Then, for any p ≥ 2,

sup
N≥1

E
[∣∣∣DvN,1 FN,1

∣∣∣−p]
< ∞. (37)

Proposition 4.2. (Case 2). Let FN,2 denote the spatial average defined in (8). Then, for any p ≥ 2,

sup
N≥1

E
[∣∣∣DvN,2 FN,2

∣∣∣−p]
< ∞. (38)

Proposition 4.3. (Case 3). Let FN,3 denote the spatial average defined in (9) Then, for any p ≥ 2, γ > 5p,

sup
N≥e

E
[∣∣∣DvN,3 FN,3

∣∣∣−p]
≤ Ct,p,γ(log N)γ. (39)

For the sake of simplicity, we put (3)-(5) together and recast the mild solution in cases 1-3 as

ũ(t, x) = 1 +
∫

(0,t)×Rd
G̃(t − s, x − y)ũ(s, y)η(ds,dy) for t > 0 and x ∈ Rd, (40)

where ũ(t, x), G̃(t − s, x − y) and η depend on the situation of cases 1-3. Similarly, (7)-(9) can be recast as

FN :=
1
σN

(∫
[0,N]d

(
ũ(t, x) − 1

)
dx

)
, where σ2

N := Var
(∫

[0,N]d
ũ(t, x)dx

)
. (41)

Substituting (40) into (41), we have

FN =
1
σN

(∫
[0,N]d

∫
(0,t)×Rd

G̃(t − s, x − y)ũ(s, y)η(ds,dy)dx
)

=

∫ t

0

∫
Rd

1
σN

(∫
[0,N]d

G̃(t − s, x − y)ũ(s, y)dx
)
η(ds,dy) = δ (vN) ,

where

vN(s, y) = 1[0,t](s)
1
σN

∫
[0,N]d

G̃(t − s, x − y)ũ(s, y)dx. (42)
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Consider the Malliavin derivative of FN,

Ds,yFN =
1
σN

∫
[0,N]d

Ds,yũ(t, x)dx.

Since ũ(t, x) ≥ 0 and Ds,yũ(t, x) ≥ 0 for almost all 0 < s < t and x, y ∈ Rd (see [14, Theorem 3.2] for case 2,
others can be obtained similarly), together with (42), we have

DvN FN =

∫ t

0

∫
R2d

vN(s, y + y′)Ds,yFNdy f (dy′)ds

=
1
σ2

N

∫ t

0
ds

∫
R2d

dy f (dy′)
∫

[0,N]2d
dx1dx2

×Ds,yũ(t, x1)G̃(t − s, x2 − (y + y′))ũ(s, y + y′) (43)

≥
1
σ2

N

∫ t

tα
ds

∫
R2d

dy f (dy′)
∫

[0,N]2d
dx1dx2Ds,yũ(t, x1)G̃(t − s, x2 − (y + y′))ũ(s, y + y′),

where tα := t − εα, for any 0 < α < 1 and 0 < εα < t
2 . Recall (20), (21) and (26), thanks to a stochastic Fubini

argument, we obtain

1
σ2

N

∫ t

tα
ds

∫
R2d

dy f (dy′)
∫

[0,N]2d
dx1dx2Ds,yũ(t, x1)G̃(t − s, x2 − (y + y′))ũ(s, y + y′)

=I1 + I2,

where

I1 :=
1
σ2

N

∫ t

tα
ds

∫
R2d

dy f (dy′)
∫

[0,N]2d
dx1dx2

× G̃(t − s, x1 − y)G̃(t − s, x2 − (y + y′))ũ(s, y)ũ(s, y + y′), (44)

I2 :=
1
σ2

N

∫
[tα,t]×Rd

η(dr,dz)
∫ r

tα
ds

∫
R2d

dy f (dy′)
∫

[0,N]2d
dx1dx2

× G̃(t − r, x1 − z)G̃(t − s, x2 − (y + y′))ũ(s, y + y′)Ds,yũ(r, z). (45)

Hence, by Chebyshev’s inequality, for any q ≥ 2, we have

P
(
DvN FN < ε

)
≤ P (I1 + I2 < ε) ≤ P (I1 < 2ε) + P (|I2| > ε)
≤ (2ε)q E

[
|I1|
−q] + ε−qE [|I2|

q] . (46)

Now we begin to prove Propositions 4.1-4.3 by estimating E [|I1|
−q] and E [|I2|

q].

Proof. [Proof of Proposition 4.1] In case 1, we define

ϕN(s, y) =
∫

[0,N]
Gα(t − s, x − y)dx.
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Recall the definition of I1 in (44), thanks to Jensen’s inequality we have

E
[
|I1|
−q] = E


∣∣∣∣∣∣∣ 1
σ2

N,1

∫ t

tα

∫
R

ϕ2
N(s, y)u2(s, y)dyds

∣∣∣∣∣∣∣
−q

=

(∫ t

tα
M1(s,N)ds

)−q

E


∣∣∣∣∣∣∣∣
∫ t

tα

∫
R
ϕ2

N(s, y)u2(s, y)dyds

σ2
N,1

∫ t

tα
M1(s,N)ds

∣∣∣∣∣∣∣∣
−q

≤

(∫ t

tα
M1(s,N)ds

)−q−1
1
σ2

N,1

∫ t

tα

∫
R

ϕ2
N(s, y)E

[
u−2q(s, y)

]
dyds,

where

M1(s,N) :=
1
σ2

N,1

∫
R

ϕ2
N(s, y)dy. (47)

From Lemma 2.2 part (1) and part (3),

sup
s∈[t/2,t]

E
[
u−2q(s, y)

]
= sup

s∈[t/2,t]
E
[
u−2q(s, 0)

]
≤ Ct,q < ∞.

Hence, we derive that

E
[
|I1|
−q]
≤ Ct,q

(∫ t

tα
M1(s,N)ds

)−q

. (48)

For every real number N > 0, define the following functions:

IN(x) := N−d1[0,N]d (x), ĨN(x) := IN(−x) for x ∈ Rd. (49)

Then, we obtain that the Fourier transform of IN ∗ ĨN is 2−d ∏d
j=1

1−cos(Nz j)
(Nz j)2 . Note that in this setting, the

functions IN ∗ ĨN and Gα(t, •) belong to L2(R). By the semigroup property of Gα and Parseval’s identity, we
have that for any N ≥ 1,

M1(s,N) =
1
σ2

N,1

∫
[0,N]2

Gα(2(t − s), x2 − x1)dx1dx2

=
N2

σ2
N,1

∫
R

(
IN ∗ ĨN

)
(x)Gα(2(t − s), x)dx

=
N2

πσ2
N,1

∫
R

1 − cos(Nz)
(Nz)2 e−2(t−s)zαdz

=
N

πσ2
N,1

∫
R

1 − cos z
z2 exp

(
−

2(t − s)zα

Nα

)
dz (50)

≥
N

πσ2
N,1

∫
[1,2]

1 − cos z
z2 exp

(
−

2(t − s)zα

Nα

)
dz ≥ Ct, (51)

where we use Lemma 2.5 part (2) in the last inequality. Then, from (48) and (51), we conclude that

E
[
|I1|
−q]
≤ Ct,q

(∫ t

tα
ds

)−q

≤ Ct,qε
−αq. (52)
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Now, we estimate the term E [|I2|
q]. Recall the definition of I2 in (45), we apply the BDG inequality and

Minkowski inequality to find that

E [|I2|
q] ≤ CqE


∣∣∣∣∣∣∣
∫ t

tα

∫
R

 1
σ2

N,1

∫ r

tα

∫
R

ϕN(s, y)ϕN(r, z)u(s, y)Ds,yu(r, z)dyds

2

dzdr

∣∣∣∣∣∣∣
q
2


= CqE


∣∣∣∣∣∣∣ 1
σ4

N,1

∫ t

tα
dr

∫
[tα,r]2

ds1ds2

∫
R3

dy1dy2dzϕN(s1, y1)ϕN(s2, y2)ϕ2
N(r, z)

× u(s1, y1)u(s2, y2)Ds1,y1 u(r, z)Ds2,y2 u(r, z)

∣∣∣∣∣∣
q
2
]

≤ Cq

 1
σ4

N,1

∫ t

tα
dr

∫
[tα,r]2

ds1ds2

∫
R3

dy1dy2dzϕN(s1, y1)ϕN(s2, y2)ϕ2
N(r, z)

×

∥∥∥u(s1, y1)u(s2, y2)Ds1,y1 u(r, z)Ds2,y2 u(r, z)
∥∥∥ q

2

) q
2

≤ Ct,q

 1
σ4

N,1

∫ t

tα
dr

∫
[tα,r]2

ds1ds2

∫
R3

dy1dy2dzϕN(s1, y1)ϕN(s2, y2)ϕ2
N(r, z)

× (r − s1)−
1

2α G
1
2
α (r − s1, z − y1)(r − s2)−

1
2α G

1
2
α (r − s2, z − y2)

) q
2

, (53)

where we use Lemma 2.2 part (1) and part (2) in the last inequality. Notice that ϕN(s, y) ≤ 1 by Lemma A.1
part (3). Thanks to Lemma A.1 part (4), we obtain that for any N ≥ 1,

1
σ4

N,1

∫
R3
ϕ2

N(r, z)
∏
i=1,2

ϕN(si, yi)(r − si)−
1

2α G
1
2
α (r − si, z − yi)dy1dy2dz

≤
1
σ4

N,1

∫
R3
ϕ2

N(r, z)
∏
i=1,2

(r − si)−
1

2α G
1
2
α (r − si, z − yi)dy1dy2dz

≤
C
σ4

N,1

∫
R

ϕ2
N(r, z)dz =

CN
πσ4

N,1

∫
R

1 − cos z
z2 exp

(
−

2(t − r)zα

Nα

)
dz ≤ Ct, (54)

where the equality holds by (50), and we use
∫
R

1−cos z
z2 dz = π and Lemma 2.5 part (2) in the last inequality.

Then, substituting (54) into (53), we conclude that

E [|I2|
q] ≤ Ct,q

(∫ t

tα
dr

∫
[tα,r]2

ds1ds2

) q
2

≤ Ct,qε
3αq

2 . (55)

Choose α = 4/5. (46), (52) and (55) together imply that

sup
N≥1

P
(
DvN,1 FN,1 < ε

)
≤ Ct,qε

q
5 . (56)

Therefore, we finally get

sup
N≥1

E
[(

DvN,1 FN,1

)−p
]
= sup

N≥1

∫
∞

0
pε−p−1P

(
DvN,1 FN,1 < ε

)
dε

≤ 1 + Ct,qp
∫ 1

0
ε−p−1+q/5dε < ∞, (57)

for all q > 5p. This proves our result.
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Proof. [Proof of Proposition 4.2] In case 2, recall the definition of I1 in (44), thanks to Jensen’s inequality, we
have

E
[
|I1|
−q] = E


∣∣∣∣∣∣∣ 1
σ2

N,2

∫ t

tα
ds

∫
R2d

dy f (dy′)
∫

[0,N]2d
dx1dx2

× pt−s(x1 − y)pt−s(x2 − (y + y′))u(s, y)u(s, y + y′)

∣∣∣∣∣∣
−q]

≤

(∫ t

tα
M2(s,N)ds

)−q−1 ∫ t

tα
ds

∫
R2d

dy f (dy′)
∫

[0,N]2d
dx1dx2

×
1
σ2

N,2

pt−s(x1 − y)pt−s(x2 − (y + y′))E
[
u−q(s, y)u−q(s, y + y′)

]
,

where

M2(s,N) :=
1
σ2

N,2

∫
R2d

dy f (dy′)
∫

[0,N]2d
dx1dx2pt−s(x1 − y)pt−s(x2 − (y + y′)). (58)

Thanks to Hölder’s inequality, Lemma 2.3 part (1) and part (4), we can see that

sup
s∈[t/2,t]

E
[
u−q(s, y)u−q(s, y + y′)

]
≤ sup

s∈[t/2,t]

[
E
(
u−2q(s, y)

)
E
(
u−2q(s, y + y′)

)] 1
2

≤ sup
s∈[t/2,t]

E
[
u−2q(s, 0)

]
≤ Ct,q < ∞. (59)

This, together with Lemma A.3 part (1), concludes that

E
[
|I1|
−q]
≤ Ct,q

(∫ t

tα
M2(s,N)ds

)−q

≤ Ct,q

(∫ t

tα
ds

)−q

≤ Ct,qε
−αq, (60)

for any N ≥ 1. As for E [|I2|
q], recall (45), using the BDG inequality and Minkowski inequality, we can write

E [|I2|
q] ≤ Cq

(∫ t

tα
dr

∫
[tα,r]2

ds1ds2

∫
R6d

dy1 f (dy′1)dy2 f (dy′2)dz f (dz′)
∫

[0,N]4d
dx1dx′1dx2dx′2

×
1
σ4

N,2

pt−r(x1 − z)pt−r(x′1 − (z + z′))pt−s1 (x2 − (y1 + y′1))pt−s2 (x′2 − (y2 + y′2))

× ∥u(s1, y1 + y′1)u(s2, y2 + y′2)Ds1,y1 u(r, z)Ds2,y2 u(r, z + z′)∥ q
2

) q
2

≤ Ct,q

(∫ t

tα
dr

∫
[tα,r]2

ds1ds2

∫
R6d

dy1 f (dy′1)dy2 f (dy′2)dz f (dz′)
∫

[0,N]4d
dx1dx′1dx2dx′2

×
1
σ4

N,2

pt−r(x1 − z)pt−r(x′1 − (z + z′))pt−s1 (x2 − (y1 + y′1))pt−s2 (x′2 − (y2 + y′2))

× pr−s1 (z − y1)pr−s2 (z + z′ − y2)
) q

2

, (61)

where we use Lemma 2.3 part (2) in the last inequality. Then, we proceed in the following order: integrating
in y1, y2 and using the semigroup property of the heat kernel; integrating x2, x′2 on Rd, to obtain that for
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any N ≥ 1,

E [|I2|
q] ≤ Ct,q

 1
σ4

N,2

∫ t

tα
dr

∫
[tα,r]2

ds1ds2

∫
R4d

f (dy′1) f (dy′2)dz f (dz′)
∫

[0,N]2d
dx1dx′1

× pt−r(x1 − z)pt−r(x′1 − (z + z′))
) q

2

≤ Ct,q

ε2α( f (Rd))2

σ2
N,2

∫ t

tα
M2(r,N)dr


q
2

≤ Ct,qε
3αq

2 , (62)

where we use Lemma A.3 part (2) and Lemma 2.5 part (3) in the last inequality. Choose α = 4/5. Similar to
the argument in (57), from (46), (60) and (62), we finally prove the result.

Proof. [Proof of Proposition 4.3] In case 3, we first estimate the term E [|I1|
−q]. Similar to the proof of

Proposition 4.2, we apply Jensen’s inequality, Lemma 2.4 part (1) and part (4) to see that

E
[
|I1|
−q]
≤ Ct,q

(∫ t

tα
M3(s,N)ds

)−q

, (63)

where

M3(s,N) :=
1
σ2

N,3

∫
R2

dy f (dy′)
∫

[0,N]2
dx1dx2p s(t−s)

t
(y −

s
t
x1)p s(t−s)

t
(y + y′ −

s
t
x2). (64)

From Lemma A.4 part (1), we conclude that

E
[
|I1|
−q]
≤ Ct,q(log N)q

(∫ t

tα
ds

)−q

≤ Ct,qε
−αq(log N)q, (65)

for any N ≥ e. Next, recall (45), Lemma 2.4 part (1) and part (3). By the BDG inequality and Minkowski
inequality,

E[|I2|
q] ≤ Ct,q

(∫ t

tα
dr

∫
[tα,r]2

ds1ds2

∫
R6

dy1 f (dy′1)dy2 f (dy′2)dz f (dz′)
∫

[0,N]4
dx1dx′1dx2dx′2

×
1
σ4

N,3

p r(t−r)
t

(
z −

r
t
x1

)
p r(t−r)

t

(
z + z′ −

r
t
x′1

)
p s1(t−s1)

t

(
y1 + y′1 −

s1

t
x2

)

×p s2(t−s2)
t

(
y2 + y′2 −

s2

t
x′2

)
p s1(r−s1)

r

(
y1 −

s1

r
z
)

p s2(r−s2)
r

(
y2 −

s2

r
(z + z′)

) ) q
2

. (66)

Then, we use the same arguments in proving (62) and apply the following identity in integrating x2, x′2:

pt(θx) = θ−dpt/θ2 (x), for all x ∈ R and t, σ > 0. (67)

As a consequence, for any N ≥ e,

E [|I2|
q] ≤ Ct,q

 ( f (R))2

σ2
N,3

∫ t

tα
M3(r,N)dr

∫
[tα,r]2

1
s1s2

ds1ds2


q
2

≤ Ct,qε
3αq

2 , (68)

where the last inequality holds by tα > t/2 and Lemma A.4 part (2). Choose α = 4/5. Combining (46), (65)
and (68), we finally get

E
[(

DvN,3 FN,3

)−p
]
≤ 1 + Ct,q

(
log N

)q p
∫ 1

0
ε−p−1+q/5dε ≤ Ct,q

(
log N

)q , (69)

for all q > 5p and N ≥ e. This proves the result.
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5. Proofs of Theorems 1.1-1.3

In this section, we will establish upper bounds for the uniform distance of densities and prove Theorems
1.1-1.3 by analyzing the behavior of ∥DvN (DvN FN)∥2.

In cases 1-3, recall (43) that

DvN FN =
1
σ2

N

∫ t

0
ds

∫
R2d

dy f (dy′)
∫

[0,N]2d
dx1dx2

×Ds,yũ(t, x1)G̃(t − s, x2 − (y + y′))ũ(s, y + y′). (70)

Applying the Malliavin derivative operator, we have

Dr,z(DvN FN) =
1
σ2

N

∫ t

0
ds

∫
R2d

dy f (dy′)
∫

[0,N]2d
dx1dx2G̃(t − s, x2 − (y + y′))

×

(
Ds,yũ(t, x1)Dr,zũ(s, y + y′) + ũ(s, y + y′)Dr,zDs,yũ(t, x1)

)
.

Recall (42), we obtain

DvN (DvN FN) =
1
σ3

N

∫ t

0
dr

∫ t

r
ds

∫
R4d

dz f (dz′)dy f (dy′)
∫

[0,N]3d
dx1dx2dx3

× G̃(t − s, x2 − (y + y′))G̃(t − r, x3 − (z + z′))ũ(r, z + z′)

×

(
Ds,yũ(t, x1)Dr,zũ(s, y + y′) + 2ũ(s, y + y′)Dr,zDs,yũ(t, x1)

)
. (71)

Now we begin to prove Theorems 1.1-1.3.

Proof. [Proof of Theorem 1.1.] In case 1, according to the proof of [22, Theorem 2.3], it is easy to see that∥∥∥1 −DvN,1 FN,1

∥∥∥
2
≤

Ct
√

N
. (72)

Recall Lemma 2.1 and Lemma 2.5 part (1), it remains to estimate the term ∥DvN,1 (DvN,1 FN,1)∥2. According to
Hölder’s inequality, Proposition 3.1, Lemma 2.2 part (1) and part (2), we have∥∥∥∥u(r, z)

(
Ds,yu(t, x1)Dr,zu(s, y) + 2u(s, y)Dr,zDs,yu(t, x1)

)∥∥∥∥
2

≤ Ct(t − s)−
1

2α G
1
2
α (t − s, x1 − y)(s − r)−

1
2α G

1
2
α (s − r, y − z). (73)

Hence, recall (71), thanks to Minkowski inequality,

∥DvN,1 (DvN,1 FN,1)∥2 ≤
Ct

σ3
N,1

∫ t

0
dr

∫ t

r
ds

∫
R2

dzdy
∫

[0,N]3
dx1dx2dx3

× Gα(t − s, x2 − y)Gα(t − r, x3 − z)(t − s)−
1

2α G
1
2
α (t − s, x1 − y)(s − r)−

1
2α G

1
2
α (s − r, y − z).

Then, we proceed in the following order: integrating x3 on R by using Lemma A.1 part (3); integrating x1
and z on R by using Lemma A.1 part (4); integrating y on R, to obtain that for any N ≥ 1,

∥DvN,1 (DvN,1 FN,1)∥2 ≤
Ct

σ3
N,1

∫ t

0
dr

∫ t

r
ds

∫
[0,N]

dx2 ≤
Ct
√

N
, (74)

where the last inequality holds by Lemma 2.5 part (2). This proves Theorem 1.1.
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Proof. [Proof of Theorem 1.2.] In case 2, from the proof of [14, Theorem 2.5], we have∥∥∥1 −DvN,2 FN,2

∥∥∥
2
≤

Ct

(
√

N)d
. (75)

Thanks to Lemma 2.1 and Lemma 2.5 part (1), we estimate the term ∥DvN,2 (DvN,2 FN,2)∥2 in the following.
According to Hölder’s inequality, Lemma 2.3 part (2) and part (3), we have∥∥∥∥u(r, z + z′)

(
Ds,yu(t, x1)Dr,zu(s, y + y′) + 2u(s, y + y′)Dr,zDs,yu(t, x1)

)∥∥∥∥
2

≤ Ctpt−s(x1 − y)ps−r(y + y′ − z) + Ctpt−s(x1 − y)ps−r(y − z). (76)

Then, recall (71), we have

∥DvN,2 (DvN,2 FN,2)∥2 ≤ ΦN,1 + ΦN,2, (77)

where

ΦN,1 =
Ct

σ3
N,2

∫ t

0
dr

∫ t

r
ds

∫
R4d

dz f (dz′)dy f (dy′)
∫

[0,N]3d
dx1dx2dx3

× pt−s(x2 − (y + y′))pt−r(x3 − (z + z′))pt−s(x1 − y)ps−r(y + y′ − z),

ΦN,2 =
Ct

σ3
N,2

∫ t

0
dr

∫ t

r
ds

∫
R4d

dz f (dz′)dy f (dy′)
∫

[0,N]3d
dx1dx2dx3

× pt−s(x2 − (y + y′))pt−r(x3 − (z + z′))pt−s(x1 − y)ps−r(y − z).

Next, for both ΦN,1 and ΦN,2, we first integrate in z and use the semigroup property of the heat kernel, then
integrate x3 on Rd to obtain that for i = 1, 2,

ΦN,i ≤
Ct

σ3
N,2

∫ t

0
dr

∫ t

r
ds

∫
R3d

f (dz′)dy f (dy′)
∫

[0,N]2d
dx1dx2pt−s(x2 − (y + y′))pt−s(x1 − y)

=
Ct f (Rd)
σN,2

∫ t

0
dr

∫ t

r
M2(s,N)ds ≤

Ct

(
√

N)d
, (78)

where M2(s,N) is defined in (58), and we use Lemma A.3 part (2) and Lemma 2.5 part (3) in the last
inequality. Hence, recall (77), we finish the proof.

Proof. [Proof of Theorem 1.3.]In case 3, it follows from the proof of [2, Theorem 1.3] that∥∥∥1 −DvN,3 FN,3

∥∥∥
2
≤

Ct
√

log N
√

N
. (79)

Since Lemma 2.4 part (1) and part (3) hold, we repeat the computation in the proof of Theorem 1.2 to find
that

∥DvN,3 (DvN,3 FN,3)∥2 ≤ ΨN,1 +ΨN,2, (80)

where

ΨN,1 =
Ct

σ3
N,3

∫ t

0
dr

∫ t

r
ds

∫
R4

dz f (dz′)dy f (dy′)
∫

[0,N]3
dx1dx2dx3p s(t−s)

t

(
y + y′ −

s
t
x2

)
× p r(t−r)

t

(
z + z′ −

r
t
x3

)
p s(t−s)

t

(
y −

s
t
x1

)
p r(s−r)

s

(
z −

r
s

(y + y′)
)
,

ΨN,2 =
Ct

σ3
N,3

∫ t

0
dr

∫ t

r
ds

∫
R4

dz f (dz′)dy f (dy′)
∫

[0,N]3
dx1dx2dx3p s(t−s)

t

(
y + y′ −

s
t
x2

)
× p r(t−r)

t

(
z + z′ −

r
t
x3

)
p s(t−s)

t

(
y −

s
t
x1

)
p r(s−r)

s

(
z −

r
s

y
)
.
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Since 1/s is not integrable on (0, t), we can not apply the same argument as Theorem 1.2 in the following
estimate. Therefore, we first integrate x1 and x2 on R for ΨN,1 and ΨN,2, respectively, by using (67). Then
for both ΨN,1 and ΨN,2, owing to the semigroup property and (67), we integrate in the variables y and z to
obtain that for i = 1, 2,

ΨN,i ≤
Ct

σ3
N,3

∫ t

0
dr

∫ t

r

1
s

ds
∫
R2

f (dz′) f (dy′)
∫

[0,N]2
dx1dx2

× p[(r(s−r)/s)(s2/r2)+s(t−s)/t](r2/s2)+r(t−r)/t

(
z′ −

r
t
(x2 − x1)

)
=

Ct f (R)

σ3
N,3

∫ t

0
dr

∫ t

r

1
s

ds
∫
R

f (dz′)
∫

[0,N]2
dx1dx2p 2r(t−r)

t

(
z′ −

r
t
(x2 − x1)

)
=

CtN2 f (R)

σ3
N,3

∫ t

0
dr

∫ t

r

1
s

ds
∫
R

dx
(
IN ∗ ĨN

)
(x)

(
p2r(t−r)/t ∗ f

) ( r
t
x
)

≤
CtN( f (R))2

σ3
N,3

∫ t

0

1
r

dr
∫ t

r

1
s

ds
∫
R

1 − cos z
z2 e−

t(t−r)z2

rN2 dz, (81)

where the last inequality holds by the proof of Lemma A.4. Then, integrating in the variable s and making
a change of variable σ = (t − r)/r yields

ΨN,i ≤
CtN
σ3

N,3

∫
R

1 − cos z
z2

∫
∞

0

log(1 + σ)
1 + σ

e−
tσz2

N2 dσdz

=
CtN
2σ3

N,3

∫
R

1 − cos z
z2

(∫
∞

0
e−

tσz2

N2 d(log(1 + σ))2

)
dz

=
CtN
2σ3

N,3

∫
R

1 − cos z
z2

(∫
∞

0

tz2

N2 e−
tσz2

N2 (log(1 + σ))2dσ
)

dz,

where we integrate by parts in the second equality. Next, we make a change of variable θ = tz2σ/N2 to
obtain that

ΨN,i ≤
CtN
σ3

N,3

∫
R

1 − cos z
z2

∫ ∞

0
e−θ

(
log

(
1 +

N2θ

tz2

))2

dθ

 dz

≤
CtN(log N)2

σ3
N,3

≤
Ct

√
log N
√

N
, (82)

where we use Lemma A.5 in the second inequality, and the last inequality holds by Lemma 2.5 part (4).
Finally, recall Lemma 2.1, we combine (79), (80), Proposition 4.3 and Lemma 2.5 part (1) to finish the
proof.

Remark 5.1. Unlike the proof of nonlinear case [24, Proof of Theorem 1.1], when dealing with (71), we apply moment
inequalities of Malliavin derivative of the solutions directly rather than using the expansion of the Malliavin derivative
as in (20) and estimating the stochastic integral. The similar technique can also be used to simplify computations in
proving Theorem 1.2 in [24].

6. Appendix

First, We introduce some properties of the Green kernel Gα(t, x) that could be found in [22].
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Lemma A.1. Let Gα(t, x) denote the Green kernel defined in (3). Then,
(1) G2

α(t, x) ≤ Ct−
1
α Gα(t, x), for all (t, x) ∈ R+ ×R.

(2) (Semigroup property.)
∫
R

Gα(t, z)Gα(s, x − z)dz = Gα(t + s, x), for t, s > 0 and x ∈ R.
(3)

∫
R

Gα(t, x)dx = 1, for every t > 0.

(4)
∫
R

G
1
2
α (t, x)dx = Ct

1
2α , for every t > 0.

Lemma A.2. Let K2
r,z,s,y(t, x) be defined in (28), then for any fixed 0 < r < s < t, we have∫ t

0

∫ s

0

∫
R2

K2
r,z,s,y(t, x)dzdydrds ≤ Ct

Proof. ∫ t

0

∫ s

0

∫
R2

K2
r,z,s,y(t, x)dzdydrds

≤

∫ t

0

∫ s

0

∫
R2

(t − s)−
1
α Gα(t − s, x − y)(s − r)−

1
α Gα(s − r, y − z)dzdydrds

+

∫ t

0

∫ s

0

∫ t

s

∫
R3

[(t − θ)(θ − r)(θ − s)]−
1
α

× Gα(t − θ, x − w)Gα(θ − r,w − z)Gα(θ − s,w − y)dzdydwdθdrds

=

∫ t

0

∫ s

0
[(t − s)(s − r)]−

1
α drds +

∫ t

0

∫ s

0

∫ t

s
[(t − θ)(θ − r)(θ − s)]−

1
α dθdrds

≤Ct < ∞,

where we integrate y, z, w in order and use Lemma A.1 part (2) and part(3) in the equality.

Lemma A.3. Let M2(s,N) be defined in (58). Then,
(1) M2(s,N) ≥ Ct, for all t/2 < s < t, N ≥ 1.
(2) M2(s,N) ≤ Ct, for all 0 < s < t, N ≥ 1.

Proof. Recall the definition of IN, ĨN in (49),

M2(s,N) =
1
σ2

N,2

∫
R2

dy f (dy′)
∫

[0,N]2d
dx1dx2pt−s(x1 − y)pt−s(x2 − (y + y′))

=
N2d

πdσ2
N,2

∫
Rd

dx
(
IN ∗ ĨN

)
(x)

(
p2(t−s) ∗ f

)
(x)

=
N2d

πdσ2
N,2

∫
Rd

d∏
j=1

1 − cos(Nz j)
(Nz j)2 e−(t−s)∥z∥2 f̂ (dz)

=
Nd

πdσ2
N,2

∫
Rd

d∏
j=1

1 − cos z j

z2
j

e−
(t−s)∥z∥2

N2 f̂ (dz).

(1). f (Rd) < ∞ implies that f̂ is a bounded and continuous function, then for t/2 < s < t, choose 0 < a < b < 1
such that infz∈[a,b] f̂ (z) > 0, we have

M2(s,N) ≥
Nd

πdσ2
N,2

∫
[a,b]d

d∏
j=1

1 − cos z
z2 e−

(t−s)∥z∥2

N2 f̂ (z)dz ≥ Ct,
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where we use Lemma 2.5 part (3) in the last inequality.
(2). Notice that f̂ (x) ≤ f̂ (0) = f (Rd), then for all 0 < s < t,

M2(s,N) ≤
Ndπd f (Rd)
πdσ2

N,2

≤ Ct.

Lemma A.4. Let M3(s,N) be defined in (64). Then,
(1) M3(s,N) ≥ Ct

log N , for all t/2 < s < t, N ≥ e.

(2) M3(s,N) ≤ Ct
s log N , for all 0 < s < t, N ≥ e.

Proof. According to the proof of Lemma A.3, we have

M3(s,N) =
N2

σ2
N,3

∫
R

dx
(
IN ∗ ĨN

)
(x)

(
p2s(t−s)/t ∗ f

) ( s
t
x
)

=
N2

πσ2
N,3

∫
R

1 − cos(Nzs/t)
(Nzs/t)2 e−s(t−s)∥z∥2 f̂ (dz)

=
Nt

sπσ2
N,2

∫
R

1 − cos z
z2 e−

t(t−s)∥z∥2

sN2 f̂
( tz

s

)
dz.

Then thanks to Lemma 2.5 part (4), by a similar argument in proving Lemma A.3, we prove the result.

Lemma A.5. For any N ≥ e,∫
R

1 − cos z
z2

∫ ∞

0
e−θ

(
log

(
1 +

N2θ

tz2

))2

dθ

 dz ≤ Ct(log N)2.

Proof. Since

1 +
N2θ

tz2 ≤ N2 +N2θ ·
1
t
·

1
z2 ≤ N2(θ + 1)

(1
t
+ 1

) ( 1
z2 + 1

)
,

then, we have

log
(
1 +

N2θ

tz2

)
≤

(
2 log N + log

(1
t
+ 1

))
·

(
1 + log(θ + 1) + log

( 1
z2 + 1

))
.

Notice that∫
R

1 − cos z
z2

(∫
∞

0
e−θ

(
1 + log(θ + 1) + log

( 1
z2 + 1

))2

dθ
)

dz < ∞,

we finish the proof.
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