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On quotients of ideals of bounded holomorphic maps

A. Jiménez-Vargas?, D. Ruiz-Casternado®”

?Departamento de Matemdticas, Universidad de Almeria, Ctra. de Sacramento s/n, 04120 La Cafiada de San Urbano, Almeria, Spain

Abstract. Based on the notion of left-hand quotient of operator ideals, we introduce and study the concept
of bounded-holomorphic left-hand quotient 7' 0 7H*, where I is an operator ideal and J™" is a bounded-
holomorphic ideal. We show that such quotients are a method for generating new bounded-holomorphic
ideals. In fact, if 77" has the linearization property in an operator ideal A, then 7' 1o gH" isa composition
ideal of the form (J ™' o A) o H>. We also introduce the notion of Grothendieck holomorphic map and
prove that they form a bounded-holomorphic ideal which can be seen as a bounded-holomorphic left-hand

quotient. In the same way, the ideal of holomorphic maps with Rosenthal range can be generated as a
bounded-holomorphic left-hand quotient.

1. Introduction and preliminaries

Let 7,9 be operator ideals and let E, F be Banach spaces. Following [12, p. 132], a bounded linear
operator T : E — F is said to belong to the left-hand quotient I=' o J, and we write T € I~! o J(E,F), if
SoT € J(E,G) for all S € I(F,G), where G is an arbitrary Banach space. The right-hand quotient T o J !
is defined in a similar way. Of course, the symbols J 1 and 9! have no meaning. It is well known that
I'0J and I o g7 are operator ideals (see [11] 3.2.2]). We will say that 77! o 7 is the left-hand quotient
ideal generated or induced by the ideals 7 and 7, and similarly for the right-hand quotient ideal 7 o .

Furthermore, if [, ||| 7] and [, |||7] are Banach operator ideals, and we set

ITl-109 = sup{liS o Tllg : S € I(F,G), ISl <1},

for every T € I~! o J(E,F), where G ranges over all Banach spaces, then [77 o F, |||7-1, 7] is a Banach
operator ideal by [11} 7.2.2].

Left-hand and right-hand quotients of operator ideals have been studied by some authors over time.
For example, Johnson, Lillemets and Oja showed in [8] that completely continuous operators can be
represented as a right-hand quotient generated by the ideals of weakly co-compact operators and weakly
compact operators, and used it to show that only in Schur spaces the weak Grothendieck compactness
principle is satisfied; Carl and Defant proved in [3] that the ideal of (s, p)-mixing operators is expressible as
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a left-hand quotient induced by the ideals of s-summing operators and p-summing operators; Causey and
Navoyan generalised in [4] a result from Pietsch’s book ([11} 3.2.3]) showing that the class of £-completely
continuous operators can be seen as a right-hand quotient induced by the classes of compact operators and
&-weakly compact operators; Kim proved in [9] that the class of operators which sends weakly p-summable
sequences to unconditionally p-summable sequences is a right-hand quotient generated by the ideals of
unconditionally p-compact operators and weakly p-compact operators.

Through this paper, E and F will be complex Banach spaces and U will be an open subset of E. As
usual, B stands for the closed unit ball of E, L(E, F) for the space of all bounded linear operators from E
into F endowed with the operator norm, and E* for the topological dual of E. Given a set A C E, lin(A) and
abco(A) represent the linear span and the norm-closed absolutely convex hull of A in E, respectively.

Let H(U, F) be the space of all holomorphic mappings from U into F. Moreover, H*(U, F) will be the
subspace formed by all f € H(U, F) for which f(U) is a bounded subset of F. We will use the abbreviations
H(U) and H*(U) instead of H(U, C) and H*(U, C), respectively. Let us recall that H*(L] F) is a Banach
space under the supremum norm

Ifllo = supllif@)ll:xel}  (f € H(U,F)).

Our goal in this note is to present a holomorphic version of the notion of left-hand quotient of operator
ideals, involving the concept of bounded-holomorphic ideal introduced in [2} Definition 2.1]. To our knowl-
edge, nothing has been published so far about quotients of ideals in the setting of bounded holomorphic
maps.

Let us recall that a normed (Banach) bounded-holomorphic ideal, denoted as T g~ ],is a subclass
JM” equipped with a norm ||| g+~ of the class H* of all bounded holomorphic mappings equipped with
the norm ||-[|, such that, for every open subset U of a complex Banach space E and every complex Banach
space F, the components J7" (U, F) verify the following properties:

(P1) (I (U, F), || y#~) is a normed (Banach) space and ||f||oo < ||f”jwm for f € M (U, F).
(P2) Forany g€ H*(U)and y € F, themap g-y: U — F, givenby (7-y)(x) = g(x)y if x € U, is in " (U, F)
and [lg - |y = gl 11|
(P3) The ideal property: Given two complex Banach spaces H, G, an open subset V of H, f € " (U, F),
S € L(F,G)and h € H(V,U), themap So f o his in T (V,G) and [ o f o h| 1y < ISI|[ ]| -
A normed bounded-holomorphic ideal [T, ||-|| y»=~] is
(S) Surjective if f € JH" (U F) with Ifllgz = IIf o mllg#~, whenever f € H*(U,F), m € H(V,U) is a
surjective map, where V is an open subset of a complex Banach space G and f o m € 79" (V, F).
Influenced by the notion of left-hand quotient of operator ideals (see, e.g., [11} 3.2.1]), we introduce the
concept of left-hand quotient of an operator ideal and a bounded-holomorphic ideal.

Definition 1.1. Let I be an operator ideal and let T'*" be a bounded-holomorphic ideal. A mapping f € H*(U, F) is
said to belong to the bounded-holomorphic left-hand quotient I~ o M, and will be written as f € I~ o T (U, F),
if TofeJM(UG)forall T € I(F,G), where G is a complex Banach space.

If T is endowed with a complete norm ||-||; and I with a norm [[[] e, we set

Ifllz-10g7 = sup{liT o fllgne : T € I(F,G),ITll7 < 1}.

Our main tool in this paper is a method of linearization of bounded holomorphic mappings gathered
in the following result due to Mujica [10].

Theorem 1.2. [10, Theorem 2.1 and Remark 2.2] Let U be an open subset of a complex Banach space E. Consider
the Banach space

G™(U) == lin({dy : x € U}) € H (U,
where 6;: H®(U) — C is the functional defined by 0.(f) = f(x) for all f € H>(U).
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(i) The map gy : U — G=(U), given by
gulx) =06,  (xel),
is in H* (U, G*(U)) and ||64]| = 1 for any x € UL

(i1) Bgm(u) = abco(gu(ll)).
(iii) For each complex Banach space F and each map f € H* (U, F), there exists a unique operator T € L(G*(U), F)
Il = Il

Our study will depend essentially on a linearization property of the maps of the bounded-holomorphic
ideal 7H".

Definition 1.3. Let [A, ||||.4] be a normed operator ideal and let [T, 1Ml | 1 | be a normed bounded-holomorphic
ideal. We say that JM" has the linearization property (LP, for short) in A if given f € H>(U,F), we have that
f e M (U F) ifand only if Ty € AG™(U),F), in whose case Hf”ij = ||Tf||ﬂ.

such that T¢ o gy = f. Moreover, l

This paper has been divided into two sections. Section [2| gathers the first properties of the left-hand
quotients 7 1o M where T is an operator ideal and I isa bounded-holomorphic ideal. If both ideals
are endowed with complete norms, we show that 7 1o M with the norm ||-|| r-10g#~ is a Banach bounded-
holomorphic ideal which becomes surjective whenever J/" is surjective. Thus, bounded-holomorphic
left-hand quotients prove to be an interesting method of generating bounded-holomorphic ideals. There
are already two well known ways to produce bounded-holomorphic ideals: by composition and by trans-
position (see [2, Theorems 2.4 and 4.3]).

We show that if 77" has the linearization property in an operator ideal A, then a map f € H*(U,F)
belongs to the bounded-holomorphic left-hand quotient 7! o 5" (U, F) if and only if its Mujica’s lineariza-
tion Ty € L(G*(U), F) belongs to the operator left-hand quotient I ~1 o A(G™(U),F). In this case, we also
prove that 77! o 7H" is a composition ideal of the form (I~ o A) o H>.

Section (3| is devoted to two examples of bounded-holomorphic left-hand quotient ideals generated
by an operator ideal and a bounded-holomorphic ideal: the spaces of bounded holomorphic maps with
Grothendieck range and Rosenthal range.

2. Bounded-holomorphic left-hand quotient ideals

Our first aim is to justify the existence of the following supremum which appears in Definition[I.1} Our
proof is based on [11} 7.2.2].

Proposition 2.1. Let [, ||-||;] be a Banach operator ideal and let [T, ||-|| 7+~ ] be a normed bounded-holomorphic
ideal. If f € I71 o TH"(U, F), then
supllIT o fllgw=: T € I(E G), Tl <1} < co.

Proof. Assume that this supremum is not finite. Then, for each n € IN, we could find a complex Banach
space G, and an operator T, € I(F, G,) with ||T,|[7 < 1/2" such that ||T;, o f||gx~ > n.

Consider the sequence of Banach spaces (G;) with i € IN, and the Cartesian €1-product {1(IN, G;) defined
as the set of all sequences (x;), where x; € G; for each i € N, such that the sequence (||x;|) € £1(IN, R). By [11}
C.4.1], £1(IN, G;) is a Banach space with the norm

el = ) Ikl
i=1

Foreachn € N, let |, : G, — t1(IN, G;) and Q,, : t1(IN, G;) — G, be the bounded linear operators given by

Ju(x) = (6inx); (x € Gp),
Qu((x:)) = xy ((xi) € 6(N, Gy)),
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where 0;, is the Kronecker delta. Notice that ||| = 1 and ||Q,|| < 1. Since (J,, o T,,) is a sequence of vectors
of the Banach space (Z(F, t1(IN, Gy)), IIll7), and

k+h k+h h
Y JoTu| < Y WaoTullr = Y Wees © Truillz
n=k+1 7 n=k+1 i=1

h 0 0
1 1
< Y Taaillr < Y Tialls < Y 55 = o
i=1 i=1 i=1

for all i,k € N, then the series )51 J» o T, converges in the norm |||y to T := Y."; ], o Ty, € I(E, (1(N, Gj)).
Thus we obtain

n<|[Tyo fllgne =1QuoTo fllgne < T o fllgne,

which is a contradiction. [

In general, we can establish an inclusion property between bounded-holomorphic left-hand quotients
through the inclusion of their associated bounded-holomorphic ideals. For two Banach operator ideals
[Z,IMlz] and [T, IIl7], we write [, |I|7] < [T, M) if £ € T and ||fllg < |fllz forall f € 1.

Proposition 2.2. Let [F/", ||| gue] and [T7 1 =] be normed bounded-holomorphic ideals such that

[TTE g < LTFE Ml g1

Then
T 0 T Ml ragne] < 1710 T2 I ge]
for any Banach operator ideal [ 1, ||| 7]. O

It is well known that [H*,||||.] is a Banach bounded-holomorphic ideal. Thus, as an immediate
consequence of the previous result, we can ensure that 7' o H* is the biggest bounded-holomorphic
left-hand quotient for any Banach operator ideal 1 in the following sense.

Corollary 2.3. Let [T, ||| y#=] be a normed bounded-holomorphic ideal. Then
270 TH Il ragne] < L7 0 H®, [l 1001
for any Banach operator ideal [ 1, ||| ]. O
Closely related to Corollary we have the following useful result.

Proposition 2.4. Let [Z,||'l|;] be a Banach operator ideal and [T™", ||| g»~] be a normed bounded-holomorphic
ideal. Then

[T 0 T Ml rr0gme] < [H®, IHluo)-
Furthermore,
Lo IM Hiragne] = [H, |1l
whenever TH has the LP in I.
Proof. Let f € I7' o FH™(U,F). Then f € H*(U,F)and T o f € " (U,G) for all T € I(F,G), where G is a
complex Banach space. For each x € U, we can take a functional ¢ € Br- such that || f (x)” = ’d)( f (x))|. Since

[Z, |Ill7] is a Banach operator ideal, it follows that the functional p ® 1: F — C, defined by (¢ ® 1)(y) = ¢(y)
if y € F,is in I (F, C) with ||(j) ® IHI = “qb” < 1 (see, for example, [5] p. 131]). Hence we can write

lf@] =l@eneHw| <@ of], < @) ol m <l
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and taking supremum over all x € U, we conclude that || f ||oo < ” f ” T

Assume now that 7 has the LP in 7. Let f € H®(UF)and let T € I(F,G), where G is a complex
Banach space. Clearly, T o f € H*(U,G). By Theorem we can find operators Tt.r € L(G*(U), G) and

Tr € L(G™(U),F) with ”Tf” = ”f“Oo verifying
TTofO!]ll: TOfZ TOTngu.

Hence Trof = T o Ty by the norm-density of gy(U) in G*(U). Now the ideal property of I yields that
Trof € I(G(U), G) with || Trof||, < IITll7 ||f]|..- Since I has the LP in 7, it follows that T o f € (U, G)
with ||T o f”me = HTTof ;- By the arbitrariness of T € Z(F,G), we conclude that f € I71o gH7(U F) with

WAl e < Il ©

Next, we show that bounded-holomorphic left-hand quotients are a method for generating bounded-
holomorphic ideals.

Theorem 2.5. Let [1,||||z] be a Banach operator ideal and let LT, |gu=] be a normed (Banach) bounded-
holomorphic ideal. Then [I7' o J” HE Nl -1, g ] is a normed (Banach) bounded-holomorphic ideal. In addition,
[Z71 0 TH7, |l p10gn=]1 is surjective whether [T, ||| g»] is surjective.

Proof. (P1): It is easy to see that 7' o JH (U, F) is a linear space. We will now show that ||-|| -1, g#~ is a
norm on 7' o T (U F). Let f € I71 o " (U, F) and assume that ||f||;-1, g% = 0. Since || flloo < IIfll 1097
by Proposition[2.4, we deduce that f = 0.

Given @ € C and f,g € I' o "7 (U,F), it is immediate that ||T o (af)llg#= = lallT o fllg»~ and
ITo(f+llgne =Tof+Togllgrs < fllz-109# + gl =10 g%~ forall T € I(F,G) with [|T||; < 1, and therefore
lafllz1ogne = lalllfllz1ogme and [|f + gllzaogne < fllr1ogme + 1gllr-1ogme

Let us suppose now that the norm |||~ on JH" is complete. Let (f,) be a Cauchy sequence in
(I o "W F), |l 7-10 gu~). Let T € I(F,G), where G is a complex Banach space. On a hand, since
Il llo < I+ ll710g7= on I71 o JH"(U,F) by Proposition there exists a map f € H*(U,F) such that
“f,, - f”oo — 0 as n — oo, and this implies that ”T of,—To f||oo — 0 as n — oo. On the other hand, the
inequality

|Tof-T quHj'H“ =|To(f, - fq)”jﬂ“’ < IITllz |, _fq”rlo;]wm (p,q € N)

shows that (T o f,) is a Cauchy sequence in T W, G), I gu~). Hence we can take a map g € JH(U,G)
so that ||T o fu— g“:ﬂ,m — 0as n — oo. Taking into account that || - [lo < || - lg#= on T (U, G), we obtain
that To f = g,and thus f € 71 o 7" (U F) and ||T o f, —Toij,Hm — 0asn — oo.

To prove that (f,) converges to f in (! o T WE), |l 716 g#=),let € > 0. Then there exists m € IN such
that ”fp - f’i”[—lojH“’ < /2 for all p,q > m. Hence we have that

[Tof,-To vaHme < %

forallp >m,n € Nand T € I(F,G) with ||T]|; < 1. Taking limits with n — oo, it follows that

ITo fy=To fllywe <5

forallp > mand T € I(F,G) with ||T||; < 1. Taking supremum over all such T, we get that || f, — fll 15~ < €
for all p > m, as desired.

(P2): Let g € H*(U) and y € F. Since J7" is a normed bounded-holomorphic ideal, we have that
g-ye€ JH (U, F) with lg - Yllg#= = llgllollyll. Let T € I(F,G), where G is a complex Banach space, and
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note that T (7 - y) = g- T(y). Hence To (g-y) € " (U,G) with IT o (7 - yllgw = ||g]|., [T )
g-yeI o gH" (UF) with

, and thus

g Yo = ||g]| suplITW)Il = T € Z(F,G),IITll7 < 1}
> ||g]l. supllop)l : ¢ € Be} = liglloliyll

To get the converse inequality, note that

IT o (- Wligre < ITIg - Yllgn= < Tllzllg - Yllg#= < llglleollyll

forall T € I(F,G) with [[T|ly <1,and so [|g - Yllr-1o5#= < [Iglleollyll.

(P3): Let H and G be complex Banach spaces, let V be an opensubsetof H, f € I Yo gH™(U,F),h e H(V,U)
and S € L(F,G). Let T € I(G, Gp), where Gy is a complex Banach space. Then To S € I (F, Go) with |[T o S||7 <
IIT]I7 1IS|| by the ideal property of 7, and ToSo f € JH(U, Gy) with IToSof|lgn= <|IT o S|z “f”l._lojf,m by the
definitions of 710" and ||"|| /-1, 4#~ . Hence ToSofoh € JH"(V, Go) with||ToSo foh|| g#= < ||[ToSo f|| g#~ by
theideal property of 7. Consequently, Sofoh € I-1oJM"(V, G) and since || ToSo foh|| g < ||S]| ||f||j,]
for all T € I(G, Go) with [IT||7 < 1, we deduce that [IS o f o hll 1o g < IS | ]| -1, e

(S): Let f € H*(U, F) and assume that f ot € 771 o T (V, F), where V is an open subset of a complex
Banach space G and 7 € H(V, U) is a surjective map. Then To fom € JH(V,H) for all T € I(F H), being
H a complex Banach space. Since the normed bounded-holomorphic ideal LT 110 g ] is surjective and
To feH U H),itfollows thatTo f € JH (U, H) with ||T o fllgre = ||IT o f o 7t||g»=. By the arbitrariness
of T € I(F, H), we can ensure that f € 7! o 77 (U, F). Moreover, notice that

o JH™

fll7-10g#e = sup{l|T o fllgn=: T € I(F,H),||T|l; <1}
=supilT o f on||gn=: T € I(F,H),|ITlly <1}
=|lfo 77“]-103"”""-

Hence [771 o T, || 7-1og#~] is surjective. [

The following result allows us to establish a relationship between left-hand quotients of operator ideals
and left-hand quotients of an operator ideal and a bounded-holomorphic ideal with the LP.

Theorem 2.6. Let [, ||||7] be a Banach operator ideal, [A, ||| 4] be a normed operator ideal and [J” HE 1) gu=] bea
normed bounded-holomorphic ideal with the LP in A. For every f € H*(U, F), the following are equivalent:

(i) feI o g™ (UF)
(ii) T € I7' o AG=(U), F).

In this case, ||fllz-1ogn> = [Tfllz104. In addition, the correspondence f +— Ty is an isometric isomorphism from
(‘[—1 o me(uF)/ ”'”I’]oj'(ﬂm) onto (I_l © ﬂ(goo(u)l F)/ ”'”I’loﬂ)'

Proof. (i) = (ii): Let f € 771 o JH"(U,F). Then, for all T € I(F,G), being G a complex Banach space, we
have that To f € %7 (U,G). As in the proof of Proposition by using Theorem [1.2) we can ensure the
existence of two operators Ty € L(G*(U),F) and Tr.y € L(GZ(U), G) so that Tros = T o Ty. Since I has
the LP in A, we deduce that Tr.y € A(G*(U), G), and by the arbitrariness of T € 7(F, G), we conclude that
Ty e It o A(G™(U),F).

(ii) = (i): Assume that Ty € I 1o AG>(U),F). Then T o Tr e A(G™(U),G) forall T € I(F,G), and thus
Tror € AG (U), G) because Tror = T o Ty. Since I has the LP in A, it follows that T o f € T (U, G)
and then f € 771 o TH" (U, F).
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In this case, we have

sup{lIT o fllgn~ : T € I(F,G),IITlly <1}
sup{liTroflla : T € I(F, G), ITllr < 1}
sup{lITo Tflla: T € Z(F,G),|ITllr <1}
=Tl -10m,

Il 107

where the second equality is due to the LP of 7" in A.

For the last assertion of the statement, it suffices to prove the surjectivity of the map f — Ty from
I1 o " (U, F) into I! o A(G™(U),F). Towards this end, let S € 7! o AG*(U),F). Wehave To S €
AG™(U),G) for all T € I(F,G), being G a complex Banach space. By applying Theorem ToS=T,for
some g € H*(U,G). Hence g € 77" (U, G) by the LP of 7" in A. Consider the map f = Sogy: U — F.
Clearly, f € H®(UF)and To f =ToSogy =Tyogy =g € J" (UG). Hence f € -1 o T (U F) and
Ty =S. O

Let us recall now the composition method for generating bounded-holomorphic ideals. Given an
operatorideal 7, amap f € H*(U, F) is in the composition ideal 7 o H*, and it is written as f € 7 o H*(LL F),
if there are a complex Banach space G, an operator T € J(G,F) and amap g € H*(U,G)so that f =T o g. If
[Z,|Ill7] is a normed operator ideal and f € T o H*, we set

If

being the infimum taken over all factorizations of f as above.
Left-hand quotients of an operator ideal and a bounded-holomorphic ideal with the LP in a certain
operator ideal can be seen as a composition ideal as the following result reflects.

repe = E{ITIz gL}

Proposition 2.7. Let [, ||||7] be a Banach operator ideal, [A, ||||#] be a normed operator ideal and LT, 1 g ]
be a normed bounded-holomorphic ideal with the LP in A. Then

[T o T Hlraagn=]= [T 0 A) o H, IHlz-r0more]-
Proof. Let f € H*(U,F). Applying [1, Theorem 3.2] and Theorem 2.6} we have

fed o A) o HX(UF) & Tye I o AG™(U),F)
e fel o g WU F),

with ||fH(I—1o.?I)o’H°° = “Tf”I-loﬂ = ||f”1—1ojH°° forall f€ 771 o (U F). O

3. Examples of bounded-holomorphic left-hand quotient ideals

An operator T € L(E, F) is called compact (respectively, weakly compact, separable, Rosenthal, Grothendieck) if
T(Bg) is a relatively compact (respectively, relatively weakly compact, separable, Rosenthal, Grothendieck)
subset of F. The ideals of compact operators, weakly compact operators, separable bounded operators,
Rosenthal operators, and Grothendieck operators from E into F will be denoted as K(E, F), W(E, F), S(E, F),
R(E, F) and ®(E, F), respectively. The inclusions that follow are widely recognized:

K(E,F) € W(E,F) C R(E, F),
W(E, F) C G(E, F)
K(E,F) C S(E,F).

The monograph [11] by Pietsch contains a complete study on these operator ideals.
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In this section, we will give two examples of bounded-holomorphic left-hand quotient ideals generated
by an operator ideal and a bounded-holomorphic ideal, namely, the spaces of holomorphic maps which
have Grothendieck range or Rosenthal range.

We refer the reader to [6] for a study of the Grothendieck property. According to [6} p. 298], aset K C E
is called Grothendieck if for every operator T € L(E, cp), T(K) is a relatively weakly compact subset of co. It
is known that ® is a closed surjective operator ideal.

Definition 3.1. We will say that a map f € H®(U,F) is Grothendieck if f(U) is a Grothendieck subset of F. Let
H (U, F) denote the space of all Grothendieck holomorphic maps from U into F.

Following [7], Hz,(U, F) and H2(U, F) stand for the spaces of all bounded holomorphic maps from U
into F with relatively weakly compact range and relatively compact range, respectively. By [2, Proposition
3.2] and [10, Proposition 3.4], (H;g and 7-((‘;’/ are bounded-holomorphic ideals with the LP in K and W,
respectively. We now show that " has the LP in ©.

Theorem 3.2. Fora map f € H®(U,F), the following are equivalent:
(i) feHZUF).
(i) Ty € G(G=(U),F).
(iti) f € ®oH®U,F).

In this case, f||oo = ||Tf|| = “ fllgogs- As a consequence, the map f — Ty is an isometric isomorphism from
(Hg (U, F), lIleo) onto (&(G=(U), F), 1)), and from (& o H*(U, F), |I-llgozs~) onto (GG (W), F), ).

Proof. (i) = (ii): If f € H (U, F), then T¢(gu(U)) = f(U) is Grothendieck in F. Notice that the norm-closed
absolutely convex hull of a Grothendieck set is itself Grothendieck due to the norm-closed absolutely

convex hull of a relatively weakly compact set is relatively weakly compact. In this way, abco(T¢(gu(U))

is Grothendieck in F. Since T¢(Bg~u)) = Tr(abco(gu(U)) S abco(T¢(gu(U)), it follows that T¢(Bg=y) is a
Grothendieck subset of F.

(ii) = (i): If Ty € 6(G*(U), F), then T¢(Bg~u)) is a Grothendieck subset of F. Since gu(U) C Bg~(), it
follows that f(U) = T(gu(U)) is Grothendieck in F.

(i) & (iii): It is an application of [1, Theorem 3.2] (see also [2| Theorem 2.4]).

For the consequence, the first part follows easily applying Theorem [1.2|and (ii) = (i), and the second
part from [2, Theorem 2.4]. [J

Let us recall (see [2, Definition 2.1]) that a bounded-holomorphic ideal 7 is said to be closed if every
component JH” (U, F) is a closed subspace of H*(U, F) endowed with the topology of the supremum norm.
Since ® is a closed operator ideal (the norm-limit of a convergent sequence of Grothendieck operators is
Grothendieck) and Hg' = 6 o H*™ by Theorem then Corollary 2.5 in [2] yields the following.

Corollary 3.3. [H, |Il|e] is a closed bounded-holomorphic ideal. ]

We are now ready to describe the space of all Grothendieck holomorphic mappings in terms of a
bounded-holomorphic left-hand quotient ideal.

Theorem 3.4. [H,|lll] = [S7! o Hor ||'||S*107-1;;,]-

Proof. Let f € H*(U, F). Taking into account Theorem 3.2} [11] 3.2.6], Definition[1.1} and Theorem 2.6]joint
to [10} Proposition 3.4], respectively, we have

feHFUF) & Ty € G(G™U),F)
©ToTre WG U),G), VTeSEQG)
e Tre S o WG (U),F)
& feS o Hy(UF),
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flo = 1A = 1TAls000 = I llsrog - O

Let us look back on and recall that a subset A of E is said to be conditionally weakly compact (or Rosenthal)
if every sequence in A has a weak Cauchy subsequence.

On the other hand, an operator T € L(E,F) is called completely continuous if every weakly convergent
sequence (x,) is mapped into a norm convergent sequence (T(x,)). Let V(E, F) be the space of all completely
continuous operators from E into F. By [11} 1.6.2 and 4.2.5], V is a closed operator ideal.

Next, we characterise the subclass of bounded holomorphic mappings which have Rosenthal range,
denoted by H, as a bounded-holomorphic left-hand quotient ideal generated by the operator ideal ‘V and
the bounded-holomorphic ideal Hz.

and, in this case,

Theorem 3.5. [H, [Ille] = [V 1o 7‘(,}'?,”‘“4/*107{;]-
Proof. Given f € H*(U, F), we obtain:
feHRUF) o Ty e RG™(U),F)
© ToTre K(G™(U),G), YTeV(EGQG)
& Tre V1o K(G™(U),F)
& fe V' o HZUF),

Fll = ITAl = 1Trlly 05 = [Fly-1094- by using [, Theorem 2.9], 11} 3.2.4], Deﬁnition
and Theorem 2.6| with [10}, Proposition 3.4], respectively. [

in whose case,

We do not know what happens with Proposition [2.7] for the case in which the ideal of bounded holo-
morphic mappings J7~ does not have the LP in an operator ideal A. The natural idea is to think that a
holomorphic quotient 7! o 7" may not coincide with a composition ideal of the form (7! o A) o H.

Let us recall that a map g : U — F is called locally weakly compact if for each point x € U, we can find
a neighborhood U, € U for which g(U,) is relatively weakly compact in F. Let H;’ (U, F) be the linear
subspace of H* (U, F) formed by all locally weakly compact maps. If A denotes the open unit disc of C, let
g € H®(A, cp) be given as

o) = @2, e A).

By [10, Example 3.2], g € H (A, co) but g ¢ ?L;’;(A, co). By [10, Proposition 3.4], it follows that T, ¢
WG (A), co). Thus, HY # W o H™ by [1, Theorem 3.2]. Hence H;® does not have the LP in ‘W, and
since 7' o HS;, = (I7! o ‘W) o H™ for any operator ideal 7 by Proposition [2.7|and [10} Proposition 3.4],
we can assure that 7! o HY # (I71 o W) o H™ for some operator ideal 7. Thus 7! o H can not be a
composition ideal generated by its associated operator ideal ‘W but it is a bounded-holomorphic left-hand
quotient ideal according to Theorem [2.5|since H is a bounded-holomorphic ideal by [2, Proposition 3.1].

References

[1] R. Aron, G. Botelho, D. Pellegrino and P. Rueda, Holomorphic mappings associated to composition ideals of polynomials, Rend.
Lincei-Mat. Appl. 21 (2010), no. 3, 261-274.

[2] M G. Cabrera-Padilla, A. Jiménez-Vargas and D. Ruiz-Casternado, On composition ideals and dual ideals of bounded holomor-
phic mappings, Results Math. 78 (2023), no. 3, Paper No. 103, 21 pp.

[3] B. Carl and A. Defant, Tensor products and Grothendieck type inequalities of operators in Ly-spaces, Trans. Amer. Math. Soc.
331 (1992), no. 1, 55-76.

[4] R.M. Causey and K. V. Navoyan, £-completely continuous operators and &-Schur Banach spaces, J. Funct. Anal. 276 (2019), no.
7,2052-2102.

[5] J. Diestel, H. Jarchow and A. Tonge, Absolutely summing operators, Cambridge Studies in Advanced Mathematics, vol. 43,
Cambridge University Press, Cambridge, 1995.

[6] M. Gonzélez and T. Kania, Grothendieck spaces: the landscape and perspectives., Japan. J. Math 16 (2021), 247-313.

[7] A.]Jiménez-Vargas, D. Ruiz-Casternado and J. M. Sepulcre, On holomorphic mappings with compact type range, Bull. Malays.
Math. Sci. Soc. 46 (2023), no. 1, Paper No. 20, 16 pp.



A. Jiménez-Vargas, D. Ruiz-Casternado / Filomat 38:29 (2024), 10123-10132 10132

[8] W. B. Johnson, R. Lillemets and E. Oja, Representing completely continuous operators through weakly co-compact operators,
Bull. London Math. Soc. 48 (2016), no. 3, 452-456.
[9] J. M. Kim, The ideal of weakly p-compact operators and its approximation property for Banach spaces, Ann. Fenn. Math. 45
(2020), no. 2, 863-876.
[10] J. Mujica, Linearization of bounded holomorphic mappings on Banach spaces, Trans. Amer. Math. Soc. 324 (1991), no. 2, 867-887.
[11] A.Pietsch, Operator ideals, North-Holland Mathematical Library, vol. 20, North-Holland Publishing Co., Amsterdam-New York,
1980. Translated from German by the author.
[12] J. Puhl, Quotienten von Operatorenidealen, Math. Nachr. 79 (1977), 131-144



	Introduction and preliminaries
	Bounded-holomorphic left-hand quotient ideals
	Examples of bounded-holomorphic left-hand quotient ideals

