
Filomat 38:29 (2024), 10463–10483
https://doi.org/10.2298/FIL2429463B

Published by Faculty of Sciences and Mathematics,
University of Niš, Serbia
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Abstract. The main motivation of this study is to present new Hermite-Hadamard-Mercer type inequalities
via a certain fractional operators. We establish several new identities and give Jensen-Mercer variants of
Hermite-Hadamard- type inequalities for differentiable and convex mappings via Katugampola-fractional
operators. We establish connections of our results with several renowned results in literature.
Here, we gave new Lemmas having identities for differentiable functions and construct related inequalities.
Main findings of this study would provide elegant connections and general variants of well known results
established recently. In future, we are going to extend this work for coordinate convex functions. This
research is open for further work by investigating such results for other class of convex functions.

1. Introduction

Convexity is a very functional concept in programming, statistics and numerical analysis as in many
different branches of mathematics. In theory of inequality, the concept of convexity exists in the proof of
many classical inequalities, but has been a source of inspiration for many new and useful inequalities.
Let 0 < µ1 ≤ µ2 ≤ ... ≤ µn and let ξ =

(
ξ1, ξ2, ..., ξn

)
be non-negative weights such that

∑n
i=1 ξi = 1. The

famous Jensen inequality (see [8]) in the literature states that if f is convex function on the interval
[

a, b
]
,

then

Υ

 n∑
i=1

ξi µi

 ≤
 n∑

i=1

ξi Υ
(
µi

) (1)

for all µi ∈ [a, b] and all ξi ∈ [0, 1] , (i = 1, 2, ...,n) .
In (2003) Mercer gave a variant of Jensen’s inequality (see [3]) as:
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* Corresponding author: Ahmet Ocak Akdemir
Email address: ahmetakdemir@agri.edu.tr (Ahmet Ocak Akdemir)



S.I. Butt et al. / Filomat 38:29 (2024), 10463–10483 10464

Theorem 1.1. If Υ is a convex function on [ a, b] , then

Υ

a + b −
n∑

i=1

ξi µi

 ≤ Υ (a) + Υ (b) −
n∑

i=1

ξi Υ
(
µi

)
(2)

∀ µi ∈ [ a, b] and all ξi ∈ [0, 1] , (i = 1, 2, ...,n) .

Pecaric et al. in (2006) worked on Jensen’s inequality of Mercer’s type for operators with applications
[2]. In an another study performed by Niezgoda in (2009) and it includes some generalizations of Mercer
inequality in terms of higher dimensions [15]. In recent years, notable contributions have been made on
Jensen-Mercer’s type inequality. In (2014) M. Kian gave concept of Jensen inequality for superquadratic
functions [14]. Further, E. Anjidani worked on Reverse Jensen-Mercer type operator inequalities and
Jensen-Mercer operator inequalities for superquadratic functions (see [6], [7]). In [13], the authors gave
Mercer’s inequality as a general form and integral means .

Another important inequality that characterize convex function is Hermite-Hadamard inequality, that
is if a mapping Υ : J ⊆ ℜ →ℜ is a convex function and r, s ∈ J, r < s, then

Υ
( r + s

2

)
≤

1
s − r

∫ s

r
Υ(λ)dλ ≤

Υ(r) + Υ(s)
2

.

Although fractional analysis is basically a generalization of classical analysis, it has developed rapidly with
the definition of fractional integral and derivative operators. Fractional analysis has recently become a pop-
ular topic with its applications in many fields such as statictics, economics, engineering and mathematical
biology, based on applied mathematics problems (see [1], [9], [19], [27], [28], [29] and [30]).

Recently in [24], the author introduced a new concept to unify Riemann-Liouville and Hadamard frac-
tional integral operators which a certain general form fro fractional integral operators. Also the conditions
are given so that the operator is bounded in an extended Lebesgue measurable space. The corresponding
fractional derivative approach to this new generalized operator can be seen in [25]. Moreover, Katugam-
pola worked for the Mellin transforms of the fractional integrals and derivatives (see [26]). For further
applications and related results (see [4], [5], [23]) and references therein.

Definition 1.2. [24] Let [a, b] ⊂ ℜ be a finite interval. Then the left-sided and right-sided Katugampola fractional
integrals of order α > 0 of Υ ∈ Xρc (aρ, bρ) are defined as follows:

(ρIαa+Υ)(x) =
ρ1−α

Γ(α)

∫ x

a

Υ(λ)
(x − λ)1−αλ

ρ−1dλ, x > a

with a < x < b and ρ > 0, if the integrals exist.

(ρIαb−Υ)(x) =
ρ1−α

Γ(α)

∫ b

x

Υ(λ)
(λ − x)1−αλ

ρ−1dλ, x < b.

Theorem 1.3. [24]
If α > 0 and ρ > 0, then for x > a

1) limρ→ 1(ρIαa+Υ)(x) = (Jαa+Υ)(x)

2) limρ→ (0+)(ρIαa+Υ)(x) = (Hαa+Υ)(x).

The main motivation of the paper is to establish new and useful HH- type inequalities with the help
of Jensen-Mercer’s inequality via a certain fractional integral operator. The main findings includes new
approaches and estimations for differentiable and convex mappings.
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2. Hermite-Jensen-Mercer Type Inequalities for Katugampola-Fractional Integrals

We will start with the following result that includes HH-type inequalities by using Jensen-Mercer’s
results via Katugampola integrals:

Theorem 2.1. Suppose that if Υ : [aρ, bρ] → ℜ is positive function with 0 ≤ a < b and Υ ∈ Xρc (aρ, bρ). If Υ is
convex on [aρ, bρ], then the following result is valid:

1
ρ
Υ

aρ + bρ −
zρ1 + zρ2

2

 ≤ 1
ρ

[Υ (aρ) + Υ (bρ)] (3)

−
ρα−1Γ (α + 1)

2
(
zρ2 − zρ1

)α {(
ρIαz+1

)
Υ

(
zρ2

)
+

(
ρIαz−2

)
Υ

(
zρ1

)}

≤
1
ρ

[Υ (aρ) + Υ (bρ)] −
1
ρ
Υ

zρ1 + zρ2
2


for all α > 0, zρ1 , z

ρ
2 ∈ [aρ, bρ] and Γ (.) is the Gamma function.

Proof. Since Υ is convex on [aρ, bρ], so by Jensen-Mercer’s inequality (2)

Υ
(
aρ + bρ −

uρ + vρ

2

)
≤ Υ (aρ) + Υ (bρ) −

Υ (uρ) + Υ (vρ)
2

(4)

∀uρ, vρ ∈ [aρ, bρ] .
Now by change of variables uρ = λρzρ1 + (1−λρ)zρ2 and vρ = (1−λρ)zρ1 +λ

ρzρ2 , ∀zρ1 , z
ρ
2 ∈ [aρ, bρ] and λ ∈ [0, 1]

in (4), we have

Υ

aρ + bρ −
zρ1 + zρ2

2

 ≤ Υ (aρ) + Υ (bρ) −
Υ

(
λρzρ1 + (1 − λρ)zρ2

)
+ Υ

(
(1 − λρ)zρ1 + λ

ρzρ2
)

2

If we product the above result by λρα−1 and then apply the integration with respect to λ on [0, 1] ,we have

1
ρα
Υ

aρ + bρ −
zρ1 + zρ2

2

 ≤ 1
ρα
{Υ (aρ) + Υ (bρ)}

−
1
2

{∫ 1

0
λρα−1

(
Υ

(
λρzρ1 + (1 − λρ) zρ2

)
+ Υ

(
(1 − λρ) zρ1 + λ

ρzρ2
))

dλ
}
.

Hence,

1
ρ
Υ

aρ + bρ −
zρ1 + zρ2

2

 ≤ 1
ρ

[Υ (aρ) + Υ (bρ)]

−
ρα−1Γ (α + 1)

2
(
zρ2 − zρ1

)α {(
ρIαz+1

)
Υ

(
zρ2

)
+

(
ρIαz−2

)
Υ

(
zρ1

)}
.

This shows the proof of the first inequality of (3).

We will proceed with the second part of (3), we remind that Υ is convex on [aρ, bρ], then for λ ∈ [0, 1] , it
yields

Υ

zρ1 + zρ2
2

 = Υ λρzρ1 + (1 − λρ) zρ2 + (1 − λρ) zρ1 + λ
ρzρ2

2


≤

Υ
(
λρzρ1 + (1 − λρ) zρ2

)
+ Υ

(
(1 − λρ) zρ1 + λ

ρzρ2
)

2
(5)
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If we product the above expression by λρα−1 and then apply integration with respect to λ on λ ∈ [0, 1] , we
get

1
ρα
Υ

zρ1 + zρ2
2

 ≤
1
2

{∫ 1

0
λρα−1

(
Υ

(
λρzρ1 + (1 − λρ) zρ2

)
+ Υ

(
(1 − λρ) zρ1 + λ

ρzρ2
))}

Υ

zρ1 + zρ2
2

 ≤
ραΓ (α + 1)
2 (z2 − z1)α

{(
ρIαz+1

)
Υ

(
zρ2

)
+

(
ρIαz−2

)
Υ

(
zρ1

)}
Multiplying by (−1), we obtain

−
ραΓ (α + 1)

2
(
zρ2 − zρ1

)α {(
ρIαz+1

)
Υ

(
zρ2

)
+

(
ρIαz−2

)
Υ

(
zρ1

)}
≤ −Υ

zρ1 + zρ2
2

 (6)

By adding Υ(aρ) + Υ(bρ) both sides in (6), we provide the desired inequality of (3).

Remark 2.2. For ρ = 1 in (3), we will get

Υ
(
a + b −

z1 + z2

2

)
≤ [Υ (a) + Υ (b)] −

Γ (α + 1)
2 (z2 − z1)α

{(
Jαz+1

)
Υ (z2) +

(
Jαz−2

)
Υ (z1)

}
≤ [Υ (a) + Υ (b)] − Υ

(z1 + z2

2

)
.

proved in [[10], Theorem 2].

Remark 2.3. For ρ = 1 and α = 1 in (3) we will get

Υ
(
a + b −

z1 + z2

2

)
≤

1
(z2 − z1)

∫ z2

z1

Υ (a + b − t) dλ ≤ Υ (a) + Υ (b) −
(
Υ (z1) + Υ (z2)

2

)
(7)

for all z1, z2 ∈ [a, b] proved by Kian and Moslehian in [16].

Theorem 2.4. Suppose that if Υ : [aρ, bρ]→ℜ is positive function with 0 ≤ a < b. If Υ is convex on [aρ, bρ], then
the following result is valid:

Υ

aρ + bρ −
zρ1 + zρ2

2

 ≤ 2α−1ραΓ (α + 1)(
zρ2 − zρ1

)α
×


ρIα(aρ+bρ−

z
ρ
1+z
ρ
2

2

)+
Υ (

aρ + bρ − zρ1
)
+

(
ρIα

(a+b− z1+z2
2 )−

)
Υ

(
aρ + bρ − zρ2

)
≤ Υ (aρ) + Υ (bρ) −

Υ
(
zρ1

)
+ Υ

(
zρ2

)
2

 (8)

for all zρ1 , z
ρ
2 ∈ [aρ, bρ] , α > 0.

Proof. To see the proof of first part of (8), we consider convexity of Υ and write

Υ
(
aρ + bρ −

uρ + vρ

2

)
= Υ

(
aρ + bρ − uρ + aρ + bρ − vρ

2

)
≤ Υ (aρ + bρ − uρ) + Υ (aρ + bρ − vρ)
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∀uρ, vρ ∈ [aρ, bρ] . Now by change of variables uρ = λ
ρ

2 zρ1 +
2−λρ

2 zρ2 and vρ = 2−λρ
2 zρ1 +

λρ

2 zρ2 , λ ∈ [0, 1] we
get

2Υ

aρ + bρ −
zρ1 + zρ2

2


≤ Υ

(
aρ + bρ −

(
λρ

2
zρ1 +

2 − λρ

2
zρ2

))
+ Υ

(
aρ + bρ −

(2 − λρ

2
zρ1 +

λρ

2
zρ2

))
If we product the above expression by λρα−1 and then apply integration with respect to λ on [0, 1] , we

get

2
ρα
Υ

aρ + bρ −
zρ1 + zρ2

2

 ∫ 1

0
λρα−1dλ

≤

∫ 1

0
λρα−1

[
Υ

(
aρ + bρ −

(
λρ

2
zρ1 +

2 − λρ

2
zρ2

))
+ Υ

(
aρ + bρ −

(2 − λρ

2
zρ1 +

λρ

2
zρ2

)) ]
dλ

Υ

aρ + bρ −
zρ1 + zρ2

2

 ≤ 2α−1ραΓ (α + 1)(
zρ2 − zρ1

)α
×

{(
ρIα

(a+b− z1+z2
2 )+

)
Υ

(
aρ + bρ − zρ1

)
+

(
ρIα

(a+b− z1+z2
2 )−

)
Υ

(
aρ + bρ − zρ2

)}
. (9)

Thus, this implies the first part of (8).

We will try to prove the second part of (3), we remind that if Υ is convex, then for λ ∈ [0, 1] , it gives

Υ
(
aρ + bρ −

(
λρ

2
zρ1 +

2 − λρ

2
zρ2

))
≤ Υ (aρ) + Υ (bρ) −

[
λρ

2
Υ

(
zρ1

)
+

2 − λρ

2
Υ

(
zρ2

)]
(10)

and

Υ
(
aρ + bρ −

(2 − λρ

2
zρ1 +

λρ

2
zρ2

))
≤ Υ (aρ) + Υ (bρ) −

[2 − λρ

2
Υ

(
zρ1

)
+
λρ

2
Υ

(
zρ2

)]
(11)

By adding the inequalities of (10) and (11), we have

Υ
(
aρ + bρ −

(
λρ

2
zρ1 +

2 − λρ

2
zρ2

))
+ Υ

(
aρ + bρ −

(2 − λρ

2
zρ1 +

λρ

2
zρ2

))
≤ 2 (Υ (aρ) + Υ (bρ)) −

(
Υ

(
zρ1

)
+ Υ

(
zρ2

))
If we product the above expression by λρα−1 and then apply integration with respect λ on [0, 1] , we have∫ 1

0
λρα−1

[
Υ

(
aρ + bρ −

(
λρ

2
zρ1 +

2 − λρ

2
zρ2

))
+ Υ

(
aρ + bρ −

(2 − λρ

2
zρ1 +

λρ

2
zρ2

)) ]
dλ

≤

{
2 (Υ (aρ) + Υ (bρ)) −

(
Υ

(
zρ1

)
+ Υρ

(
zρ2

)) } ∫ 1

0
λρα−1dλ

Therefore,

2αρα−1 Γ (α)(
zρ2 − zρ1

)α [ (
ρIα

(a+b− z1+z2
2 )+

)
Υ

(
aρ + bρ − zρ1

)
+

(
ρIα

(a+b− z1+z2
2 )−

)
Υ

(
aρ + bρ − zρ2

) ]
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≤

{
2 (Υ (aρ) + Υ (bρ)) −

(
Υ

(
zρ1

)
+ Υ

(
zρ2

)) } 1
ρα
. (12)

Multiplying (12) by ρα2 , we get

2α−1ρα Γ (α + 1)(
zρ2 − zρ1

)α {(
ρIα

(a+b− z1+z2
2 )+

)
Υ

(
aρ + bρ − zρ1

)
+

(
ρIα

(a+b− z1+z2
2 )−

)
Υ

(
aρ + bρ − zρ2

)}

≤ (Υ (aρ) + Υ (bρ)) −
Υ

(
zρ1

)
+ Υ

(
zρ2

)
2

. (13)

Collecting (9) and (13), we get (8).

The following interesting cases can be deduced

Remark 2.5. For ρ = 1 in Theorem 2.4, we will get Theorem 3 proved in [10].

Remark 2.6. For ρ = 1 and α = 1, Theorem 2.4 recapture (8) given in Remark 2.3.

3. New Identities and Related Results for differentiable function λ′

In this section, we first introduce new identities and then give related results:

Lemma 3.1. Suppose thatΥ : [aρ, bρ]→ℜ is a differentiable mapping on (aρ, bρ) with 0 ≤ a < b, then the following
equality for Katugampola-fractional integrals holds:

Υ
(
aρ + bρ − zρ1

)
+ Υ

(
aρ + bρ − zρ2

)
αρ

−

ρα−1Γ
(
α
)

(
zρ2 − zρ1

)α ((ρIα(
aρ+bρ−zρ2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−zρ1

)− )
Υ
(
aρbρ − zρ2

))
=

(zρ2 − zρ1)

α

∫ 1

0
λρ(α+1)−1

×

[
− Υ

′
(
aρ + bρ −

(
(1 − λρ)zρ1 + λ

ρzρ2
) )
+ Υ

′
(
aρ + bρ −

(
λρzρ1 + (1 − λρ) zρ2

) )]
dλ (14)

for all zρ1 , z
ρ
2 ∈ [aρ, bρ] , α > 0 , λ ∈ [0, 1].

Proof. We have used the fact that

K =
(zρ2 − zρ1)

α

(
K2 − K1

)
(15)

where

K1 =

∫ 1

0
(λρ)α λρ−1 Υ

′
(
aρ + bρ −

(
(1 − λρ)zρ1 + (λρ) zρ2

))
dλ

= −
Υ

(
aρ + bρ − zρ2

)
ρ(zρ2 − zρ1)

+
α

zρ2 − zρ1

∫ 1

0
(1 − λρ)α−1 Υ

(
aρ + bρ −

(
λρzρ1 + (1 − λρ) zρ2

))
dλ

= −
Υ

(
aρ + bρ − zρ2

)
ρ(zρ2 − zρ1)

+
ρα−1Γ (α + 1)(

zρ2 − zρ1
)α+1

{(
ρIα

(aρ+bρ−zρ2)
+

)
Υ

(
aρ + bρ − zρ1

)}
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and

K2 =

∫ 1

0

(
λραλρ−1

)
Υ
′
(
aρ + bρ −

(
λρzρ1 + (1 − λρ) zρ2

))
dλ

=
Υ

(
aρ + bρ − zρ1

)
ρ(zρ2 − zρ1)

−
α

zρ2 − zρ1

∫ 1

0
λρα−1λρ−1 Υ

(
aρ + bρ −

(
λρzρ1 + (1 − λρ) zρ2

))
dλ

=
Υ

(
aρ + bρ − zρ1

)
ρ(zρ2 − zρ1)

−
ρα−1Γ (α + 1)(

zρ2 − zρ1
)α+1

{(
ρIα

(aρ+bρ−zρ1)
−

)
Υ

(
aρ + bρ − zρ2

)}
Substituting the values of the K1 and K2 in (15), we will get (14).

Theorem 3.2. Suppose that Υ : [aρ, bρ] → ℜ is a differentiable mapping on (aρ, bρ) with 0 ≤ a < b. If Υ′ is
differentiable function on [aρ, bρ], then one has the inequality for Katugampola-fractional integrals:

∣∣∣∣∣Υ
(
aρ + bρ − zρ1

)
+ Υ

(
aρ + bρ − zρ2

)
2

−

αραΓ
(
α
)

2
(
zρ2 − zρ1

)α ((ρIα(
aρ+bρ−zρ2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−zρ1

)− )
Υ
(
aρ + bρ − zρ2

))∣∣∣∣∣ ≤ (zρ2 − zρ1)2

2(α + 1)(α + 2)

(
α +

1
2α

)
sup
ξ∈[a,b]

∣∣∣Υ′′(ξ)∣∣∣ (16)

for all zρ1 , z
ρ
2 ∈ [aρ, bρ] , α > 0 , λ ∈ [0, 1].

Proof. By following Lemma 3.1, we have the following equality

Υ
(
aρ + bρ − zρ1

)
+ Υ

(
aρ + bρ − zρ2

)
αρ

−

ρα−1Γ
(
α
)

(
zρ2 − zρ1

)α ((ρIα(
aρ+bρ−zρ2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−zρ1

)− )
Υ
(
aρbρ − zρ2

))
=

(zρ2 − zρ1)

α

[ ∫ 1

0
λρ(α+1)−1

(
Υ
′
(
aρ + bρ −

(
(1 − λρ)zρ1 + λ

ρ zρ2
))

− Υ
′
(
aρ + bρ −

(
λρzρ1 + (1 − λρ) zρ2

)) )
dλ

]
Now applying Mean value theorem for the function Υ

′

on the right side of above equality, we have

Υ
(
aρ + bρ − zρ1

)
+

(
aρ + bρ − zρ2

)
αρ

−

ρα−1Γ
(
α
)

(
zρ2 − zρ1

)α ((ρIα(
aρ+bρ−zρ2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−zρ1

)− )
Υ
(
aρbρ − zρ2

))
=

(zρ2 − zρ1)2

α

{∫ 1

0
λρ(α+1)−1(2λρ − 1)Υ

′′

(ξ(λ)) dλ
}

where ξ(λ) ∈ (aρ, bρ). This leads us to∣∣∣∣∣Υ
(
aρ + bρ − zρ1

)
+

(
aρ + bρ − zρ2

)
αρ

−

ρα−1Γ
(
α
)

(
zρ2 − zρ1

)α ((ρIα(
aρ+bρ−zρ2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−zρ1

)− )
Υ
(
aρbρ − zρ2

))∣∣∣∣∣ = (zρ2 − zρ1)2

α

{∫ 1

0
λρ(α+1)−1

∣∣∣2λρ − 1
∣∣∣∣∣∣Υ′′ (ξ(λ))

∣∣∣dλ}
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≤
(zρ2 − zρ1)2

α
sup
ξ∈[a,b]

∣∣∣Υ′′ (ξ)
∣∣∣( ∫ 1

ρ√2

0
λρ(α+1)−1(1 − 2λρ)dλ +

∫ 1

1
ρ√2

λρ(α+1)−1(2λρ − 1)dλ
)

=
(zρ2 − zρ1)2

αρ(α + 1)(α + 2)

(
α +

1
2α

)
sup
ξ∈[a,b]

∣∣∣Υ′′(ξ)∣∣∣.
After simple re-arrangement, we will get (16).

Remark 3.3. For z1 = a and z2 = b in Theorem 3.2, we will get Theorem 2.2 proved in [11].

Theorem 3.4. Suppose thatΥ : [aρ, bρ]→ℜ is a differentiable mapping on (aρ, bρ) with 0 ≤ a < b . If |Υ′ | is convex
function on [aρ, bρ], then one has the inequality for Katugampola-fractional integrals:

∣∣∣∣∣Υ
(
aρ + bρ − zρ1

)
+ Υ

(
aρ + bρ − zρ2

)
2

−

ραΓ
(
α
)

2
(
zρ2 − zρ1

)α ((ρIα(
aρ+bρ−zρ2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−zρ1

)− )
Υ
(
aρ + bρ − zρ2

))∣∣∣∣∣
≤

(zρ2 − zρ1)

α + 1

∣∣∣Υ′ (aρ)
∣∣∣ + ∣∣∣Υ′ (bρ)

∣∣∣ −

∣∣∣∣Υ′ (zρ1)∣∣∣∣ + ∣∣∣∣Υ′ (zρ2)∣∣∣∣

2


 (17)

for all zρ1 , z
ρ
2 ∈ [aρ, bρ] , α > 0 , λ ∈ [0, 1].

Proof. By taking into account Lemma 3.1 and employing Jensen-Mercer’s inequality for the convex function
|Υ
′

|, we have

∣∣∣∣∣Υ
(
aρ + bρ − zρ1

)
+ Υ

(
aρ + bρ − zρ2

)
αρ

−

ρα−1Γ
(
α
)

ρ
(
zρ2 − zρ1

)α ((ρIα(
aρ+bρ−zρ2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−zρ1

)− )
Υ
(
aρ + bρ − zρ2

))∣∣∣∣∣
≤

(zρ2 − zρ1)

α

( ∫ 1

0
λρ(α+1)−1

∣∣∣∣∣Υ′ (aρ + bρ −
(
(1 − λρ)zρ1 + λ

ρzρ2
))

− Υ
′
(
aρ + bρ −

(
(λρ)zρ1 + (1 − λρ) zρ2

)) ∣∣∣∣∣dλ)
≤

(zρ2 − zρ1)

α

∫ 1

0
λρ(α+1)−1

(∣∣∣∣∣Υ′ (aρ + bρ −
(
(1 − λρ)zρ1 + λ

ρzρ2
)) ∣∣∣∣∣

+

∣∣∣∣∣Υ′ (aρ + bρ −
(
λρzρ1 + (1 − λρ) zρ2

)) ∣∣∣∣∣)dλ
≤

(zρ2 − zρ1)

α

{
2
( ∣∣∣Υ′ (aρ)

∣∣∣ + ∣∣∣Υ′ (bρ)
∣∣∣ ) − (∣∣∣∣Υ′ (zρ1)∣∣∣∣ + ∣∣∣∣Υ′ (zρ2)∣∣∣∣) } ∫ 1

0
λρ(α+1)−1dλ.

Simplifying the integral gives the required inequality (17).

Remark 3.5. For z1 = a and z2 = b in Theorem 3.4 , we recapture Theorem 2.3 proved in [11].

Now, we give the follownig new identity.
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Lemma 3.6. Suppose thatΥ : [aρ, bρ]→ℜ is a differentiable mapping on (aρ, bρ) with 0 ≤ a < b, then the following
equality for Katugampola-fractional integrals holds:

Υ
(
aρ + bρ − zρ1

)
+ Υ

(
aρ + bρ − zρ2

)
2

−
ραΓ (α + 1)

2
(
zρ2 − zρ1

)α
×

{(
ρIα

(aρ+bρ−zρ2)
+

)
Υ

(
aρ + bρ − zρ1

)
+

(
ρIα

(aρ+bρ−zρ1)
−

)
Υ

(
aρ + bρ − zρ2

)}
=

(zρ2 − zρ1)

2

∫ 1

0

(
λρα − (1 − λρ)α

)
λρ−1 Υ

′
(
aρ + bρ −

(
λρzρ1 + (1 − λρ) zρ2

))
dλ. (18)

for all zρ1 , z
ρ
2 ∈ [aρ, bρ] , α > 0 , λ ∈ [0, 1].

Proof. It is obvious to see that

K =
(zρ2 − zρ1)

2

(
K1 − K2

)
(19)

where

K1 =

∫ 1

0

(
λραλρ−1

)
Υ
′
(
aρ + bρ −

(
λρzρ1 + (1 − λρ) zρ2

))
dλ

=
Υ

(
aρ + bρ − zρ1

)
ρ(zρ2 − zρ1)

−
α

zρ2 − zρ1

∫ 1

0
λρα−1λρ−1 Υ

(
aρ + bρ −

(
λρzρ1 + (1 − λρ) zρ2

))
dλ

=
Υ

(
aρ + bρ − zρ1

)
ρ(zρ2 − zρ1)

−
ρα−1αΓ (α + 1)(

zρ2 − zρ1
)α+1

{(
ρIα

(aρ+bρ−zρ1)
−

)
Υ

(
aρ + bρ − zρ2

)}
and

K2 =

∫ 1

0
(1 − λρ)α λρ−1 Υ

′
(
aρ + bρ −

(
λρzρ1 + (1 − λρ) zρ2

))
dλ

= −
Υ

(
aρ + bρ − zρ2

)
ρ(zρ2 − zρ1)

+
α

zρ2 − zρ1

∫ 1

0
(1 − λρ)α−1 Υ

(
aρ + bρ −

(
λρzρ1 + (1 − λρ) zρ2

))
dλ

= −
Υ

(
aρ + bρ − zρ2

)
ρ(zρ2 − zρ1)

+
ρα−1αΓ (α + 1)(

zρ2 − zρ1
)α+1

{(
ρIα

(aρ+bρ−zρ2)
+

)
Υ

(
aρ + bρ − zρ1

)}
.

Putting the respective values of K1 and K2 in (19), we will get (18).

We deduce the following important connections of our result:

Remark 3.7. For z1 = a and z2 = b in Lemma 3.6, we will get Lemma 2.4 proved in [11].

Remark 3.8. For ρ = 1 in Lemma 3.6, we will get Lemma 1 proved in [10].

Remark 3.9. For ρ = 1 , α = 1 and z1 = a and z2 = b in Lemma 3.6, the equality reduces to the equality

Υ (a) + Υ (b)
2

−
1

(b − a)

∫ b

a
Υ (u) du =

b − a
2

∫ 1

0
(2λ − 1)Υ ((1 − λ)a + λb) dλ. (20)

proved by Dragomir and Agarwal in [21].
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Theorem 3.10. Suppose that Υ : [aρ, bρ] → ℜ is a differentiable mapping on (aρ, bρ) with 0 ≤ a < b. If |Υ′ | is
convex on [aρ, bρ], then one has the new result as:∣∣∣∣∣∣Υ

(
aρ + bρ − zρ1

)
+ Υ

(
aρ + bρ − zρ2

)
2

−

ρααΓ
(
α + 1

)
2
(
zρ2 − zρ1

)α ((ρ
Iα(

aρ+bρ−zρ2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−zρ1

)− )
Υ
(
aρ + bρ − zρ2

))∣∣∣∣∣∣
≤

zρ2 − zρ1
ρ(α + 1)

(
1 −

1
2α

) ∣∣∣Υ′ (aρ)
∣∣∣ + ∣∣∣Υ′ (bρ)

∣∣∣ −

∣∣∣∣Υ′ (zρ1)∣∣∣∣ + ∣∣∣∣Υ′ (zρ2)∣∣∣∣

2


 (21)

for all zρ1 , z
ρ
2 ∈ [aρ, bρ] , α > 0 , λ ∈ [0, 1] .

Proof. From Lemma 3.6 and Jensen-Mercer’s inequality, we have∣∣∣∣∣∣Υ
(
aρ + bρ − zρ1

)
+ Υ

(
aρ + bρ − zρ2

)
2

−

ρααΓ
(
α
)

2
(
zρ2 − zρ1

)α ((ρIα(
aρ+bρ−zρ2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−zρ1

)− )
Υ
(
aρbρ − zρ2

))∣∣∣∣∣∣
≤

(zρ2 − zρ1)

2

∫ 1

0

∣∣∣(λρα − (1 − λρ)α)λρ−1
∣∣∣ ∣∣∣∣Υ′ (aρ + bρ −

(
λρzρ1 + (1 − λρ) zρ2

))∣∣∣∣ dλ
≤

(zρ2 − zρ1)

2

∫ 1

0

∣∣∣λρα − (1 − λρ)α
∣∣∣λρ−1

{ ∣∣∣Υ′ (aρ)
∣∣∣ + ∣∣∣Υ′ (bρ)

∣∣∣ − (
λρ

∣∣∣∣Υ′ (zρ1)∣∣∣∣ + (1 − λρ)
∣∣∣∣Υ′ (zρ2)∣∣∣∣) }dλ

=
ρ(zρ2 − zρ1)

2
[I1 + I2]

where

I1 =

∫ 1
ρ√2

0

(
(1 − λρ)α − λρα

)
λρ−1

{ ∣∣∣Υ′ (aρ)
∣∣∣ + ∣∣∣Υ′ (bρ)

∣∣∣ − (
λρ

∣∣∣∣Υ′ (zρ1)∣∣∣∣ + (1 − λρ)
∣∣∣∣Υ′ (zρ2)∣∣∣∣) }dλ

=
(∣∣∣Υ′ (aρ)

∣∣∣ + ∣∣∣Υ′ (bρ)
∣∣∣) ( 1
ρ(α + 1)

−
2−α

ρ(α + 1)

)
−

{∣∣∣∣Υ′ (zρ1)∣∣∣∣ ( 1(
ρ(α + 1)

)
(α + 2)

−
2−α−1

ρ(α + 1)

)
+

∣∣∣∣Υ′ (zρ2)∣∣∣∣ ( 1(
ρ(α + 2)

) − 2−α−1

ρ(α + 1)

)}
and

I2 =

∫ 1

1
ρ√2

(
λρα − (1 − λρ)α

)
λρ−1

{ ∣∣∣Υ′ (aρ)
∣∣∣ + ∣∣∣Υ′ (bρ)

∣∣∣ − (
λρ

∣∣∣∣Υ′ (zρ1)∣∣∣∣ + (1 − λρ)
∣∣∣∣Υ′ (zρ2)∣∣∣∣) }dλ

=
(∣∣∣Υ′ (aρ)

∣∣∣ + ∣∣∣Υ′ (bρ)
∣∣∣) ( 1(
ρ(α + 1)

) − 2−α

ρ(α + 1)

)
−

{∣∣∣∣Υ′ (zρ1)∣∣∣∣ ( 1(
ρ(α + 2)

) − 2−α−1

ρ(α + 1)

)
+

∣∣∣∣Υ′ (zρ2)∣∣∣∣ ( 1(
ρ(α + 1)

)
(α + 2)

−
2−α−1

ρ(α + 1)

)}
Placing the values of the evaluated integrals I1 and I2 gives inequality (21).
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It is pertinent to give the following elegant connections of our obtained result:

Remark 3.11. For z1 = a and z2 = b in Theorem 3.10, we will get Theorem 2.5 proved in [11].

Remark 3.12. For ρ = 1 in Theorem 3.10, we will get Theorem 4 proved in [10].

Remark 3.13. For ρ = 1, z1 = a and z2 = b in Theorem 3.10, we will get Theorem 3 proved by Sarikaya et al. in [17].

Next we formulate another important lemma that is useful to obtain further results:

Lemma 3.14. Let Υ : [aρ, bρ]→ ℜ be a differentiable mapping on (aρ, bρ) with 0 ≤ a < b. If Υ′ is convex, then the
following equation hold:

Υ
(
aρ + bρ − zρ1

)
+ Υ

(
aρ + bρ − zρ2

)
2

−
2αραΓ (α + 1)

2
(
zρ2 − zρ1

)α { (
ρIα

(aρ+bρ−zρ2 )+

)

×

Υ(aρ + bρ −
zρ1 + zρ2

2
)

 + (
ρIα

(aρ+bρ−zρ1 )−

) Υ(aρ + bρ −
zρ1 + zρ2

2
)

 }
=
ρ(zρ2 − zρ1)

4

∫ 1

0
λραλρ−1 Υ

′

(
aρ + bρ −

(1 + λρ

2
zρ1 +

1 − λρ

2
zρ2

))
dλ

−
ρ(zρ2 − zρ1)

4

∫ 1

0
λραλρ−1 Υ

′

(
aρ + bρ −

(1 − λρ

2
zρ1 +

1 + λρ

2
zρ2

))
dλ (22)

for all zρ1 , z
ρ
2 ∈ [aρ, bρ] , α > 0 , λ ∈ [0, 1] and Γ (.) is the Gamma f unction.

Proof. To make things simple, let us denote

K =
ρ(zρ2 − zρ1)

4

(
K1 − K2

)
(23)

where

K1 =

∫ 1

0
(λρα)λρ−1 Υ

′

(
aρ + bρ −

(1 + λρ

2
zρ1 +

1 − λρ

2
zρ2

))
dλ

=
2Υ

(
aρ + bρ − zρ1

)
ρ(zρ2 − zρ1)

−
2α+1α

(zρ2 − zρ1)α+1

∫ aρ+bρ−zρ1

aρ+bρ−
(

z
ρ
1+z
ρ
2

2

)
wρ −

aρ + bρ −
zρ1 + zρ2

2

α−1

Υ(wρ)dw

=
2Υ

(
aρ + bρ − zρ1

)
ρ(zρ2 − zρ1)

−
2α+1Γ (α + 1)

ρ1−α
(
zρ2 − zρ1

)α+1

ρIα(aρ+bρ−zρ1 )−
Υ(aρ + bρ −

zρ1 + zρ2
2

)


and

K2 =

∫ 1

0
(λ)ρα λρ−1 Υ

′

(
aρ + bρ −

(1 − λρ

2
zρ1 +

1 + λρ

2
zρ2

))
dλ

= −
2Υ

(
aρ + bρ − zρ2

)
ρ(zρ2 − zρ1)

+
2α+1α

(zρ2 − zρ1)α+1

∫ aρ+bρ−
z
ρ
1+z
ρ
2

2

aρ+bρ−zρ2

(aρ + bρ −
zρ1 + zρ2

2
) − wρ

α−1

Υ(wρ)dw

= −
2Υ

(
aρ + bρ − zρ2

)
ρ(zρ2 − zρ1)

+
2α+1Γ (α + 1)

ρ1−α
(
zρ2 − zρ1

)α+1

ρIα(aρ+bρ−zρ2 )+
Υ(aρ + bρ −

zρ1 + zρ2
2

)


Putting the respective values of K1 and K2 in (23), we get (22).
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Remark 3.15. For ρ = 1 in Lemma 3.3, we will get Lemma 2.1 proved in [20].

Theorem 3.16. Suppose that Υ : [aρ, bρ] → R is a differentiable mapping on (aρ, bρ) with 0 ≤ a < b . If |Υ′ | is
convex on [aρ, bρ], then one has the following statement:∣∣∣∣∣∣Υ

(
aρ + bρ − zρ1

)
+ Υ

(
aρ + bρ − zρ2

)
2

−
2αραΓ (α + 1)

2
(
zρ2 − zρ1

)α { (
ρIα

(aρ+bρ−zρ2 )+

)

×

Υ(aρ + bρ −
zρ1 + zρ2

2
)

 + (
ρIα

(aρ+bρ−zρ1 )−

) Υ(aρ + bρ −
zρ1 + zρ2

2
)

 }∣∣∣∣∣∣
≤

zρ2 − zρ1
2
(
α + 1

){∣∣∣Υ′(aρ)∣∣∣ + ∣∣∣Υ′(bρ)∣∣∣ − ( ∣∣∣Υ′(zρ1)∣∣∣ + ∣∣∣Υ′(zρ2)∣∣∣
2

)}
(24)

for all zρ1 , z
ρ
2 ∈ [aρ, bρ] , α > 0 , λ ∈ [0, 1] .

Proof. By considering Lemma 3.14 and Jensen-Mercer’s inequality along with the convexity of | Υ
′

| , we have

∣∣∣∣∣∣Υ
(
aρ + bρ − zρ1

)
+ Υ

(
aρ + bρ − zρ2

)
2

−
2αραΓ (α + 1)

2
(
zρ2 − zρ1

)α { (
ρIα

(aρ+bρ−zρ2 )+

)

×

Υ(aρ + bρ −
zρ1 + zρ2

2
)

 + (
ρIα

(aρ+bρ−zρ1 )−

) Υ(aρ + bρ −
zρ1 + zρ2

2
)

 }∣∣∣∣∣∣
≤
ρ(zρ2 − zρ1)

4

∫ 1

0
λραλρ−1

∣∣∣∣∣Υ′ (aρ + bρ −
(1 + λρ

2
zρ1 +

1 − λρ

2
zρ2

))∣∣∣∣∣ dλ
+
ρ(zρ2 − zρ1)

4

∫ 1

0
λραλρ−1

∣∣∣∣∣Υ′ (aρ + bρ −
(1 − λρ

2
zρ1 +

1 + λρ

2
zρ2

))∣∣∣∣∣ dλ
≤
ρ(zρ2 − zρ1)

4

[ ∫ 1

0
λραλρ−1

{∣∣∣Υ′(aρ)∣∣∣ + ∣∣∣Υ′(bρ)∣∣∣ − (1 + λρ

2

∣∣∣Υ′(zρ1)∣∣∣ +
(
1 − λρ

)
2

∣∣∣Υ′(zρ2)∣∣∣)}dλ

+

∫ 1

0
λραλρ−1

{∣∣∣Υ′(aρ)∣∣∣ + ∣∣∣Υ′(bρ)∣∣∣ − ( (1 − λρ)
2

∣∣∣Υ′(zρ1)∣∣∣ + 1 + λρ

2

∣∣∣Υ′(zρ2)∣∣∣)}dλ
]

Evaluating the integrals leads to inequality (3.16).

Remark 3.17. For ρ = 1, α = 1, z1 = a and z2 = b in Theorem 3.16, we will get Theorem 2.2 proved in [21].

Remark 3.18. For ρ = 1 in Theorem 3.16, we will get Theorem 2.2 proved in [20].

Lemma 3.19. Suppose thatΥ : [aρ, bρ]→ R is a differentiable mapping on (aρ, bρ) with 0 ≤ a < b andΥ ∈ L [aρ, bρ],
then the following equality for Katugampola-fractional integrals holds:

Υ
(
aρ + bρ −

zρ1 + zρ2
2

)
−

2α−1ραΓ
(
α + 1

)
(
zρ2 − zρ1

)α [(ρ
Iα(

aρ+bρ−
z
ρ
1+z
ρ
2

2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−
z
ρ
1+z
ρ
2

2

)− )
Υ
(
aρ + bρ − zρ2

)]
=
ρ(zρ2 − zρ1)

4

[ ∫ 1

0
λραλρ−1 Υ

′

(
aρ + bρ −

(
λρ

2
zρ1 +

2 − λρ

2
zρ2

))
dλ
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−

∫ 1

0
λραλρ−1 Υ

′

(
aρ + bρ −

(2 − λρ

2
zρ1 +

λρ

2
zρ2

))
dλ

]
. (25)

Proof. The technique to prove this Lemma is similar to that of Lemma 3.14.

Remark 3.20. For z1 = a and z2 = b in Lemma 4.1, we will get Lemma 1 proved in [12].

Remark 3.21. For ρ = 1 in Lemma 4.1, we will get Lemma 2 proved in [10].

Remark 3.22. For ρ = 1, z1 = a and z2 = b in this Lemma 4.1, we will get Lemma 3 proved in [17].

Theorem 3.23. Suppose that Υ : [aρ, bρ] → R is a differentiable mapping on (aρ, bρ) with 0 ≤ a < b . If |Υ′ | is
convex on [aρ, bρ], then one has the following statement:∣∣∣∣∣∣Υ(aρ + bρ −

zρ1 + zρ2
2

)
−

2α−1ραΓ
(
α + 1

)
(
zρ2 − zρ1

)α [(ρ
Iα(

aρ+bρ−
z
ρ
1+z
ρ
2

2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−
z
ρ
1+z
ρ
2

2

)− )
Υ
(
aρ + bρ − zρ2

)]∣∣∣∣∣∣
≤

zρ2 − zρ1
2
(
α + 1

){∣∣∣Υ′(aρ)∣∣∣ + ∣∣∣Υ′(bρ)∣∣∣ − ( ∣∣∣Υ′(zρ1)∣∣∣ + ∣∣∣Υ′(zρ2)∣∣∣
2

)}
(26)

for all zρ1 , z
ρ
2 ∈ [aρ, bρ] , α > 0 , λ ∈ [0, 1] .

Proof. From Lemma 4.1 and Jensen-Mercer’s inequality, we have∣∣∣∣∣∣Υ(aρ + bρ −
zρ1 + zρ2

2

)
−

2α−1ραΓ
(
α + 1

)
(
zρ2 − zρ1

)α [(ρ
Iα(

aρ+bρ−
z
ρ
1+z
ρ
2

2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−
z
ρ
1+z
ρ
2

2

)− )
Υ
(
aρ + bρ − zρ2

)]∣∣∣∣∣∣
≤
ρ(zρ2 − zρ1)

4

[ ∫ 1

0
λραλρ−1

∣∣∣∣∣Υ′ (aρ + bρ −
(
λρ

2
zρ1 +

2 − λρ

2
zρ2

))∣∣∣∣∣ dλ
+

∫ 1

0
λραλρ−1

∣∣∣∣∣Υ′ (aρ + bρ −
(2 − λρ

2
zρ1 +

λρ

2
zρ2

))∣∣∣∣∣ dλ]
≤
ρ(zρ2 − zρ1)

4

[ ∫ 1

0
λραλρ−1

{∣∣∣Υ′(aρ)∣∣∣ + ∣∣∣Υ′(bρ)∣∣∣ − (
λρ

2

∣∣∣Υ′(zρ1)∣∣∣ +
(
2 − λρ

)
2

∣∣∣Υ′(zρ2)∣∣∣)}dλ

+

∫ 1

0
λραλρ−1

{∣∣∣Υ′(aρ)∣∣∣ + ∣∣∣Υ′(bρ)∣∣∣ − ( (2 − λρ)
2

∣∣∣Υ′(zρ1)∣∣∣ + λρ2 ∣∣∣Υ′(zρ2)∣∣∣)}dλ
]
.

Now simplifying the integrals gives (27).

Remark 3.24. For ρ = 1 in Theorem 3.26, we will get Theorem 5 proved in [10].

Remark 3.25. For z1 = a and z2 = b and ρ = 1 in Theorem 3.26, we will get following inequality proved by Sarikaya
and Yildrim in [18].∣∣∣∣∣2α−1Γ

(
α + 1

)
(
b − a

)α [
Iα(

a+b
2

)+Υ(b) + Iα(
a+b

2

)−Υ(a)∣∣∣∣∣ ≤ b − a

2
(
α + 1

){ ∣∣∣Υ′(a)∣∣∣ + ∣∣∣Υ′(b)∣∣∣
2

}
.



S.I. Butt et al. / Filomat 38:29 (2024), 10463–10483 10476

Now, we will state following result of our paper for function |Υ
′

|
q to be convex as:

Theorem 3.26. Suppose that Υ : [aρ, bρ] → R is a differentiable mapping on (aρ, bρ) with 0 ≤ a < b . If |Υ′ |q is
convex on [aρ, bρ], q > 1, then one has the following statement:∣∣∣∣∣∣Υ(aρ + bρ −

zρ1 + zρ2
2

)
−

2α−1ραΓ
(
α + 1

)
(
zρ2 − zρ1

)α [(ρ
Iα(

aρ+bρ−
z
ρ
1+z
ρ
2

2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−
z
ρ
1+z
ρ
2

2

)− )
Υ
(
aρ + bρ − zρ2

)]∣∣∣∣∣∣ ≤ zρ2 − zρ1
16

(
4

αp + 1

) 1
p

×

[
4

1
q .2

(∣∣∣Υ′ (aρ)
∣∣∣ + ∣∣∣Υ′ (bρ)

∣∣∣) − (
3

1
q + 1

) (∣∣∣∣Υ′ (zρ1)∣∣∣∣ + ∣∣∣∣Υ′ (zρ2)∣∣∣∣) ] (27)

for all zρ1 , z
ρ
2 ∈ [aρ, bρ] , α > 0 , λ ∈ [0, 1] .

Proof. By Lemma 3.6 and if we use Hölder’s integral inequality along with Jensen-Mercer’s inequality for
the convex function |Υ

′

|
q, we have∣∣∣∣∣∣Υ(aρ + bρ −

zρ1 + zρ2
2

)
−

2α−1ραΓ
(
α + 1

)
(
zρ2 − zρ1

)α [(ρ
Iα(

aρ+bρ−
z
ρ
1+z
ρ
2

2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−
z
ρ
1+z
ρ
2

2

)− )
Υ
(
aρ + bρ − zρ2

)]∣∣∣∣∣∣
≤
ρ(zρ2 − zρ1)

4

[( ∫ 1

0
λραλρ−1 dλ

)( ∫ 1

0

∣∣∣∣∣Υ′(aρ + bρ −
(
λp

2
zρ1 +

2 − λρ

2
zρ2

))∣∣∣∣∣ dλ
)

+
( ∫ 1

0
λραλρ−1 dλ

)( ∫ 1

0

∣∣∣∣∣Υ′(aρ + bρ −
(2 − λρ

2
zρ1 +

λρ

2
zρ2

))∣∣∣∣∣dλ)]
≤

(zρ2 − zρ1)

4

[( ∫ 1

0
λ
ρ

(
αp
)
ρλρ−1 dλ

) 1
p
( ∫ 1

0

∣∣∣∣∣Υ′(aρ + bρ −
(
λp

2
zρ1 +

2 − λρ

2
zρ2

))∣∣∣∣∣qρλρ−1 dλ
) 1

q

+
( ∫ 1

0
λ
ρ

(
αp
)
ρλρ−1 dλ

) 1
p
( ∫ 1

0

∣∣∣∣∣Υ′(aρ + bρ −
(2 − λρ

2
zρ1 +

λρ

2
zρ2

))∣∣∣∣∣qρλρ−1 dλ
) 1

q
]

≤
(zρ2 − zρ1)

4

( 1
αp + 1

) 1
p

×

[{ ∫ 1

0

(∣∣∣∣∣Υ′(aρ)∣∣∣∣∣q + ∣∣∣∣∣Υ′(bρ)∣∣∣∣∣q − (
λρ

2

∣∣∣∣∣Υ′(zρ1)∣∣∣q + 2 − λρ

2

∣∣∣∣∣Υ′(zρ2)∣∣∣∣∣q))ρλρ−1dλ
} 1

q

+
{∫ 1

0

(∣∣∣∣∣Υ′(aρ)∣∣∣∣∣q + ∣∣∣∣∣Υ′(bρ)∣∣∣∣∣q − (2 − λρ

2

∣∣∣∣∣Υ′(zρ1)∣∣∣∣∣q + λρ2
∣∣∣∣∣Υ′(zρ2)∣∣∣∣∣q))ρλρ−1dλ

} 1
q
]

≤
zρ2 − zρ1

4

( 1
αp + 1

) 1
p
[(∣∣∣Υ′(aρ)∣∣∣q + ∣∣∣Υ′(bρ)∣∣∣q − ( ∣∣∣Υ′(zρ1)∣∣∣q + 3

∣∣∣Υ′(zρ2)∣∣∣q
4

)) 1
q

+
(∣∣∣Υ′(aρ)∣∣∣q + ∣∣∣Υ′(bρ)∣∣∣q − (3

∣∣∣Υ′(zρ1)∣∣∣q + ∣∣∣Υ′(zρ2)∣∣∣q
4

)) 1
q
]
.

After simplification we will get inequality 27.

Remark 3.27. For ρ = 1 in Theorem 3.26, we will get Theorem 6 proved in [10].

Remark 3.28. For ρ = 1, z1 = a and z2 = b in Theorem 3.26, we will get Theorem 6 proved in [17].
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4. New Identities and Related Results for Differentiable Function λ′′

Now, we will state the final result of our paper for function |Υ
′′

|
q to be convex by using previous results:

Lemma 4.1. Suppose thatΥ : [aρ, bρ]→ℜ is a differentiable mapping on (aρ, bρ) with 0 ≤ a < b, then the following
equality for Katugampola-fractional integrals holds:

Υ
(
aρ + bρ − zρ1

)
+ Υ

(
aρ + bρ − zρ2

)
αρ

−

ρα−1Γ
(
α
)

(
zρ2 − zρ1

)α ((ρIα(
aρ+bρ−zρ2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−zρ1

)− )
Υ
(
aρbρ − zρ2

))
=

(zρ2 − zρ1)2

α
(
α + 1

) [ ∫ 1

0

[
1 − λρ(α+1)

]
λρ−1Υ

′′
(
aρ + bρ −

(
(1 − λρ)zρ1 + λ

ρzρ2
) )

dλ

−

∫ 1

0
λρ(α+2)−1Υ

′′
(
aρ + bρ −

(
λρzρ1 + (1 − λρ) zρ2

) )
dλ

]
(28)

for all zρ1 , z
ρ
2 ∈ [aρ, bρ] , α > 0 , λ ∈ [0, 1] and Γ (.) is the Gamma f unction.

Proof. Let

K1 =

∫ 1

0

[
1 − λρ(α+1)

]
λρ−1Υ

′′
(
aρ + bρ −

(
(1 − λρ)zρ1 + λ

ρzρ2
) )

dλ

and

K2 =

∫ 1

0
λρ(α+2)−1Υ

′′
(
aρ + bρ −

(
λρzρ1 + (1 − λρ) zρ2

) )
dλ

By using integration by parts, we have

K1 =

∫ 1

0

[
1 − λρ(α+1)

]
λρ−1Υ

′′
(
aρ + bρ −

(
(1 − λρ)zρ1 + λ

ρzρ2
) )

dλ

=
Υ

(
aρ + bρ − zρ1

)
ρ(zρ2 − zρ1)

−
α + 1

zρ2 − zρ1

∫ 1

0
λρ(α+1)−1 Υ

′
(
aρ + bρ −

(
(1 − λρ)zρ1 + λ

ρzρ2
) )

dλ (29)

and

K2 =

∫ 1

0
λρ(α+2)−1Υ

′′
(
aρ + bρ −

(
λρzρ1 + (1 − λρ) zρ2

) )
dλ

=
Υ

(
aρ + bρ − zρ1

)
ρ(zρ2 − zρ1)

−
α + 1

zρ2 − zρ1

∫ 1

0
λρ(α+1)−1 Υ

′
(
aρ + bρ −

(
λρzρ1 + (1 − λρ)zρ2

) )
dλ (30)

Using (29) and (30), we have

K1 − K2 =
α + 1

(zρ2 − zρ1)

∫ 1

0
λρ(α+1)−1

×

[
Υ
′
(
aρ + bρ −

(
λρzρ1 + (1 − λρ) zρ2

) )
− Υ

′
(
aρ + bρ −

(
(1 − λρ)zρ1 + λ

ρzρ2
) )]

dλ (31)

The desired identity in (28) follows from (31) by using (14) and rearranging the terms.
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Remark 4.2. For z1 = a and z2 = b in Lemma 4.1, we will get Lemma 3 proved in [22].

Theorem 4.3. Suppose that Υ : [aρ, bρ] → R is twice differentiable mapping on (aρ, bρ) with 0 ≤ a < b . If |Υ′′ |q is
convex on [aρ, bρ], q > 1, then one has the following statement:∣∣∣∣∣∣Υ

(
aρ + bρ − zρ1

)
+ Υ

(
aρ + bρ − zρ2

)
2

−

ραΓ
(
α + 1

)
2
(
zρ2 − zρ1

)α [(ρIα(
aρ+bρ−zρ2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−zρ1

)− )
Υ
(
aρbρ − zρ2

)]∣∣∣∣∣∣ ≤ ρ(zρ2 − zρ1)2

2(α + 1)

[( s(α + 1)

ρ
(
s(α + 1) + 1

) ) 1
s
( 1
ρ

∣∣∣Υ′′(aρ)∣∣∣q
+

1
ρ

∣∣∣Υ′′(bρ)∣∣∣q − 1
2ρ

∣∣∣Υ′′(xρ)∣∣∣q − 1
2ρ

∣∣∣Υ′′(yρ
)∣∣∣q) 1

q

+
( 1

sρ(α + 2) − s + 1

) 1
s
(∣∣∣Υ′′(aρ)∣∣∣q

+
∣∣∣Υ′′(bρ)∣∣∣q − 1

(ρ + 1)

∣∣∣Υ′′(xρ)∣∣∣q − ρ

(ρ + 1)

∣∣∣Υ′′(yρ
)∣∣∣q) 1

q
]

(32)

for all zρ1 , z
ρ
2 ∈ [aρ, bρ] , α > 0 , λ ∈ [0, 1] , where 1

s +
1
q = 1.

Proof. From Lemma 4.1 and if we use Hölder’s integral inequality along with Jensen-Mercer’s inequality
for the convex function |Υ

′′

|
q, we have∣∣∣∣∣∣Υ

(
aρ + bρ − zρ1

)
+ Υ

(
aρ + bρ − zρ2

)
2

−

ραΓ
(
α + 1

)
2
(
zρ2 − zρ1

)α [(ρIα(
aρ+bρ−zρ2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−zρ1

)− )
Υ
(
aρbρ − zρ2

)]∣∣∣∣∣∣
≤
ρ(zρ2 − zρ1)2

2(α + 1)

[( ∫ 1

0

∣∣∣∣∣1 − λρ(α+1)
∣∣∣∣∣sλρ−1dλ

) 1
s
( ∫ 1

0
λρ−1

∣∣∣∣∣Υ′′(aρ + bρ

−

(
(1 − λρ)zρ1 + λ

ρzρ2

)∣∣∣∣∣q dλ
) 1

q

+
( ∫ 1

0
λsρ(α+2)−sdλ

) 1
s

×

( ∫ 1

0

∣∣∣∣∣Υ′′(aρ + bρ −
(
λρzρ1 + (1 − λρ)zρ2

)∣∣∣∣∣q dλ
) 1

q
]

≤
ρ(zρ2 − zρ1)2

2(α + 1)

[( ∫ 1

0

∣∣∣∣∣1 − λρ(α+1)
∣∣∣∣∣sλρ−1dλ

) 1
s
{∣∣∣∣∣Υ′′(aρ)∣∣∣∣∣q ∫ 1

0
λρ−1dλ

+

∣∣∣∣∣Υ′′(bρ)∣∣∣∣∣q ∫ 1

0
λρ−1dλ −

∣∣∣∣∣Υ′′(zρ1)∣∣∣q ∫ 1

0
λρ−1(1 − λρ)dλ −

∣∣∣∣∣Υ′′(zρ2)∣∣∣∣∣q ∫ 1

0
λρ−1λρdλ

} 1
q

+
( ∫ 1

0
λsρ(α+2)−sdλ

) 1
s
{∣∣∣∣∣Υ′′(aρ)∣∣∣∣∣q + ∣∣∣∣∣Υ′′(bρ)∣∣∣∣∣q

−

∣∣∣∣∣Υ′′(zρ1)∣∣∣∣∣q ∫ 1

0
λρdλ −

∣∣∣∣∣Υ′′(zρ2)∣∣∣∣∣q ∫ 1

0
(1 − λρ)dλ

} 1
q
]

After simplification we will get inequality 32.

Remark 4.4. For z1 = a and z2 = b in Theorem 4.3, we will get Corollary 2 proved in [22].
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Theorem 4.5. Suppose that Υ : [aρ, bρ] → R is twice differentiable mapping on (aρ, bρ) with 0 ≤ a < b . If |Υ′′ |q is
convex on [aρ, bρ], q > 1, then one has the following statement:∣∣∣∣∣∣Υ

(
aρ + bρ − zρ1

)
+ Υ

(
aρ + bρ − zρ2

)
2

−

ραΓ
(
α + 1

)
2
(
zρ2 − zρ1

)α [(ρIα(
aρ+bρ−zρ2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−zρ1

)− )
Υ
(
aρbρ − zρ2

)]∣∣∣∣∣∣ ≤ (zρ2 − zρ1)2

2(α + 1)

[( (α + 1)
(α + 1)

)1− 1
q
(
α + 1
α + 2

∣∣∣Υ′′(aρ)∣∣∣q
+
α + 1
α + 2

∣∣∣Υ′′(bρ)∣∣∣q − ( (α + 1)(α + 4)
2(α + 3)(α + 2)

)∣∣∣Υ′′(xρ)∣∣∣q − ( (α + 1)
2(α + 3)

)∣∣∣Υ′′(yρ
)∣∣∣q) 1

q

+
( 1

(α + 2)

)1− 1
q
( 1
α + 2

∣∣∣Υ′′(aρ)∣∣∣q
+

1
α + 2

∣∣∣Υ′′(bρ)∣∣∣q − 1
(α + 3)

∣∣∣Υ′′(xρ)∣∣∣q − 1
(α + 2)(α + 3)

∣∣∣∣∣∣Υ′′(yρ
)∣∣∣q) 1

q
]

(33)

for all zρ1 , z
ρ
2 ∈ [aρ, bρ] , α > 0 , λ ∈ [0, 1] , where 1

s +
1
q = 1

Proof. From Lemma 4.1 and if we use Power mean inequality along with Jensen-Mercer’s inequality for the
convex function |Υ

′′

|
q, we have∣∣∣∣∣∣Υ

(
aρ + bρ − zρ1

)
+ Υ

(
aρ + bρ − zρ2

)
αρ

−

ρα−1Γ
(
α
)

2
(
zρ2 − zρ1

)α [(ρIα(
aρ+bρ−zρ2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−zρ1

)− )
Υ
(
aρbρ − zρ2

)]∣∣∣∣∣∣
≤

(zρ2 − zρ1)2

α(α + 1)

[( ∫ 1

0

[
1 − λρ(α+1)

]
λρ−1dλ

)1− 1
q
( ∫ 1

0

[
1 − λρ(α+1)

]
λρ−1

∣∣∣∣∣Υ′′(aρ + bρ

−

(
(1 − λρ)zρ1 + λ

ρzρ2

)∣∣∣∣∣q dλ
) 1

q

+
( ∫ 1

0
λρ(α+2)−1dλ

)1− 1
q

×

( ∫ 1

0
λρ(α+2)−1

∣∣∣∣∣Υ′′(aρ + bρ −
(
λρzρ1 + (1 − λρ)zρ2

)∣∣∣∣∣q dλ
) 1

q
]

≤
(zρ2 − zρ1)2

α(α + 1)

[( ∫ 1

0

[
1 − λρ(α+1)

]
λρ−1dλ

)1− 1
q
{∣∣∣∣∣Υ′′(aρ)∣∣∣∣∣q ∫ 1

0

[
1 − λρ(α+1)

]
λρ−1dλ

+

∣∣∣∣∣Υ′′(bρ)∣∣∣∣∣q ∫ 1

0

[
1 − λρ(α+1)

]
λρ−1dλ −

∣∣∣∣∣Υ′′(zρ1)∣∣∣q ∫ 1

0

[
1 − λρ(α+1)

]
λρ−1(1 − λρ)dλ

−

∣∣∣∣∣Υ′′(zρ2)∣∣∣∣∣q ∫ 1

0

[
1 − λρ(α+1)

]
λρ−1λρdλ

} 1
q

+
( ∫ 1

0
λρ(α+2)−1dλ

)1− 1
q
{∣∣∣∣∣Υ′′(aρ)∣∣∣∣∣q ∫ 1

0
λρ(α+2)−1dλ +

∣∣∣∣∣Υ′′(bρ)∣∣∣∣∣q ∫ 1

0
λρ(α+2)−1dλ

−

∣∣∣∣∣Υ′′(zρ1)∣∣∣∣∣q ∫ 1

0
λρ(α+2)−1λρdλ −

∣∣∣∣∣Υ′′(zρ2)∣∣∣∣∣q ∫ 1

0
λρ(α+2)−1(1 − λρ)dλ

} 1
q
]

After simplification we will get inequality 33.
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Remark 4.6. For z1 = a and z2 = b in Theorem 4.5, we will get Corollary 1 proved in [22].

Lemma 4.7. Suppose that Υ : [aρ, bρ] → ℜ is twice differentiable mapping on (aρ, bρ) with 0 ≤ a < b, then the
following equality for Katugampola-fractional integrals holds:

Υ
(
aρ + bρ − zρ1

)
+ Υ

(
aρ + bρ − zρ2

)
2

−

ραΓ
(
α + 1

)
(
zρ2 − zρ1

)α ((ρ
Iα(

aρ+bρ−zρ2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−zρ1

)− )
Υ
(
aρbρ − zρ2

))
=

(zρ2 − zρ1)2

α
(
α + 1

) ∫ 1

0

[
1 − (1 − λρ)α+1

− λρ(α+1)
]
λρ−1Υ

′′
(
aρ + bρ −

(
λρzρ1 + (1 − λρ)zρ2

) )
dλ (34)

for all zρ1 , z
ρ
2 ∈ [aρ, bρ] , α > 0 , λ ∈ [0, 1] and Γ (.) is the Gamma f unction.

Proof. We start by considering the following computation which is a direct application of integration by
parts.

=

∫ 1

0

[
1 − (1 − λρ)α+1

− λρ(α+1)
]
λρ−1Υ

′′
(
aρ + bρ −

(
λρzρ1 + (1 − λρ)zρ2

) )
dλ

=
α + 1

(zρ2 − zρ1)

∫ 1

0

[
λρα − (1 − λρ)α

]
λρ−1 Υ

′
(
aρ + bρ −

(
λρzρ1 + (1 − λρ) zρ2

))
dλ (35)

The intended identity in (34) follows from (35) by using (18) and rearranging the terms.

Remark 4.8. For z1 = a and z2 = b in Lemma 4.7, we will get Lemma 4 proved in [22].

Theorem 4.9. Suppose that Υ : [aρ, bρ] → R is twice differentiable mapping on (aρ, bρ) with 0 ≤ a < b . If |Υ′′ |q is
convex on [aρ, bρ], q > 1, then one has the following statement:∣∣∣∣∣∣Υ

(
aρ + bρ − zρ1

)
+ Υ

(
aρ + bρ − zρ2

)
2

−

ραΓ
(
α + 1

)
2
(
zρ2 − zρ1

)α [(ρIα(
aρ+bρ−zρ2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−zρ1

)− )
Υ
(
aρbρ − zρ2

)]∣∣∣∣∣∣ ≤ (zρ2 − zρ1)2

2ρ(α + 1)

[( s(α + 1) − 1
s(α + 1) + 1

) 1
s
(∣∣∣Υ′′(aρ)∣∣∣q

+
∣∣∣Υ′′(bρ)∣∣∣q − 1

2

∣∣∣Υ′′(xρ)∣∣∣q − 1
2

∣∣∣Υ′′(yρ
)∣∣∣q) 1

q
]

(36)

for all zρ1 , z
ρ
2 ∈ [aρ, bρ] , α > 0 , λ ∈ [0, 1] , where 1

s +
1
q = 1.

Proof. From Lemma 4.7 and if we use the Hölder’s integral inequality along with Jensen-Mercer’s inequality
for the convex function |Υ

′′

|
q, we have∣∣∣∣∣∣Υ

(
aρ + bρ − zρ1

)
+ Υ

(
aρ + bρ − zρ2

)
2

−

ραΓ
(
α + 1

)
2
(
zρ2 − zρ1

)α [(ρIα(
aρ+bρ−zρ2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−zρ1

)− )
Υ
(
aρbρ − zρ2

)]∣∣∣∣∣∣
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≤
(zρ2 − zρ1)2

2(α + 1)

( ∫ 1

0

∣∣∣∣∣1 − (1 − λρ)α+1
− λρ(α+1)

∣∣∣∣∣sλρ−1dλ
) 1

s

×

( ∫ 1

0
λρ−1

∣∣∣∣∣Υ′′(aρ + bρ −
(
λρzρ1 + (1 − λρ)zρ2

)∣∣∣∣∣q dλ
) 1

q
)

≤
(zρ2 − zρ1)2

2(α + 1)

( ∫ 1

0

∣∣∣∣∣1 − (1 − λρ)α+1
− λρ(α+1)

∣∣∣∣∣sλρ−1dλ
) 1

s
{∫ 1

0
λρ−1

(∣∣∣∣∣Υ′′(aρ)∣∣∣∣∣q
−

(
λρ

∣∣∣∣∣Υ′′(zρ1)∣∣∣∣∣q + (1 − λρ)
∣∣∣∣∣Υ′′(zρ2)∣∣∣∣∣q))dλ} 1

q
]

≤
(zρ2 − zρ1)2

2(α + 1)

( ∫ 1

0

∣∣∣∣∣1 − (1 − λρ)α+1
− λρ(α+1)

∣∣∣∣∣sλρ−1dλ
) 1

s
{∣∣∣∣∣Υ′′(aρ)∣∣∣∣∣q

+

∣∣∣∣∣Υ′′(bρ)∣∣∣∣∣q − ∣∣∣∣∣Υ′′(zρ1)∣∣∣q − ∫ 1

0
λρ−1λρdλ −

∣∣∣∣∣Υ′′(zρ2)∣∣∣∣∣q ∫ 1

0
(1 − λρ)λρ−1dλ

} 1
q

After simplification we will get inequality 36.

Remark 4.10. For z1 = a and z2 = b in Theorem 4.9, we will get Corollary 4 proved in [22].

Theorem 4.11. Suppose that Υ : [aρ, bρ]→ R is twice differentiable mapping on (aρ, bρ) with 0 ≤ a < b . If |Υ′′ |q is
convex on [aρ, bρ], q > 1, then one has the following statement:∣∣∣∣∣∣Υ

(
aρ + bρ − zρ1

)
+ Υ

(
aρ + bρ − zρ2

)
2

−

ραΓ
(
α + 1

)
2
(
zρ2 − zρ1

)α [(ρIα(
aρ+bρ−zρ2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−zρ1

)− )
Υ
(
aρbρ − zρ2

)]∣∣∣∣∣∣ ≤ (zρ2 − zρ1)2

2ρ(α + 1)

[( (α)
(α + 2)

)1− 1
q
(
α
α + 2

∣∣∣Υ′′(aρ)∣∣∣q
+
α
α + 2

∣∣∣Υ′′(bρ)∣∣∣q − ( (α + 1)
2(α + 3)

− B
(
2, α + 2

))∣∣∣Υ′′(xρ)∣∣∣q
−

( (α2
− 2 + 3α)

2(α + 3)(α + 2)
− B

(
2, α + 2

))∣∣∣Υ′′(yρ
)∣∣∣q) 1

q
]

(37)

for all zρ1 , z
ρ
2 ∈ [aρ, bρ] , α > 0 , λ ∈ [0, 1] and B (., .) is the Beta function.

Proof. From Lemma 4.7 and if we use the Power mean inequality along with Jensen-Mercer’s inequality for
the convex function |Υ

′′

|
q, we have∣∣∣∣∣∣Υ

(
aρ + bρ − zρ1

)
+ Υ

(
aρ + bρ − zρ2

)
2

−

ραΓ
(
α
)

2
(
zρ2 − zρ1

)α [(ρIα(
aρ+bρ−zρ2

)+ )
Υ
(
aρ + bρ − zρ1

)
+

(ρ
Iα(

aρ+bρ−zρ1

)− )
Υ
(
aρbρ − zρ2

)]∣∣∣∣∣∣
≤

(zρ2 − zρ1)2

2(α + 1)

[( ∫ 1

0

[
1 − (1 − λρ)α+1

− λρ(α+1)
]
λρ−1dλ

)1− 1
q

×

( ∫ 1

0

[
1 − (1 − λρ)α+1

− λρ(α+1)
]
λρ−1

∣∣∣∣∣Υ′′(aρ + bρ −
(
λρzρ1 + (1 − λρ)zρ2

)∣∣∣∣∣q dλ
) 1

q
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≤
(zρ2 − zρ1)2

2(α + 1)

[( ∫ 1

0

[
1 − (1 − λρ)α+1

− λρ(α+1)
]
λρ−1dλ

)1− 1
q

×

{∣∣∣∣∣Υ′′(aρ)∣∣∣∣∣q ∫ 1

0

[
1 − (1 − λρ)α+1

− λρ(α+1)
]
λρ−1dλ +

∣∣∣∣∣Υ′′(bρ)∣∣∣∣∣q
×

∫ 1

0

[
1 − (1 − λρ)α+1

− λρ(α+1)
]
λρ−1dλ −

∣∣∣∣∣Υ′′(zρ1)∣∣∣q ∫ 1

0

[
1 − (1 − λρ)α+1

− λρ(α+1)
]
λρdλ

−

∣∣∣∣∣Υ′′(zρ2)∣∣∣∣∣q ∫ 1

0

[
1 − (1 − λρ)α+1

− λρ(α+1)
]
λρ(1 − λρ)dλ

After simplification we will get inequality 37.

Remark 4.12. For z1 = a and z2 = b in Theorem 4.11, we will get Corollary 4 proved in [22].

5. Conclusion

In this paper, we have obtained some new Hermite-Jensen-Mercer type integral inequalities for Katugam-
pola fractional integral operators. The results can be performed for different kinds of convexity and opera-
tors. However it is not easy to give Jensen-Mercer’s inequality for other classes of convex functions. These
results can be applied in convex analysis, optimization and different areas of pure and applied sciences.
The authors hope that these results will serve as a motivation for future work in this fascinating area.
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