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Hyperbolic Ricci solitons on trans-Sasakian manifolds

Shahroud Azamia, Mehdi Jafarib,∗

aDepartment of Pure Mathematics, Faculty of Science, Imam Khomeini International University, Qazvin, Iran
bDepartment of Mathematics, Payame Noor University, PO BOX 19395-4697, Tehran, Iran

Abstract. We investigate hyperbolic Ricci solitons on the trans-Sasakian manifolds. We prove that the
trans-Sasakian manifolds under some conditions admit in hyperbolic Ricci soliton. Also, we provide two
examples of hyperbolic Ricci solitons on the trans-Sasakian manifolds in dimensional 3 to prove our results.

1. Introduction

In 1985, Oubina [38] presented the trans-Sasakian manifold (TSM) as a class of almost contact metric
manifolds (ACMM). Then, Blair and Oubina [6] obtained certain properties of these manifolds. We usually
determine the TSM of (σ, θ)- type as (M, ϕ, ξ, η, 1, σ, θ), such that (ϕ, ξ, η, 1) is an ACMM and both σ and θ
are smooth maps on M. A TSM of kind (0, 0), (0, θ) and (σ, 0) is cosymplectic, θ-Kenmotsu [3, 29, 37, 47] and
σ-Sasakian [31], respectively. In [9, 22, 42, 43, 48], some results on the structure of the TSMs are obtained. In
addition, in [15, 17, 19, 21–23, 28, 35, 36, 48], the authors investigated compact TSMs with certain conditions
on the smooth functions σ, θ as well as the vector field ξ that appears in their definition. Through these
researches, restrictions under which a TSM can be considered homothetic to a Sasakian manifold have been
discovered.
Essentially, a geometric flow is the evolution of these structures under a differential equation that takes into
account a functional on a manifold. By utilizing this concept, we can determine canonical metrics on the
underlying Riemannian manifolds. This is why geometric flows are such significant topics in differential
geometry.
One of essential flows is the Ricci flow. Hamilton presented the notion of the Ricci soliton as an generalization
of Einstein metrics and the particular solution to Ricci flow on a Riemannian structure in 1982 [27]. Assume
that M is a pseudo-Riemannian Manifold (SRM). A triplet (1, χ, λ) is Ricci soliton [7], if

Lχ1 + 2S + 2λ1 = 0, (1)

where λ is a real constant, S is the Ricci tensor, χ is potential vector field andLχ represent the Lie derivative
in order χ.

The Ricci soliton can be classified into three types: expanding, steady, and shrinking, depending on the
sign of a parameter λ. An expanding soliton corresponds to a positive λ, a steady soliton corresponds to a
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zero λ, and a shrinking soliton corresponds to a negative λ. In addition, a gradient Ricci soliton is a specific
type of soliton where the soliton vector field χ is the gradient of some function ψ.

Hyperbolic geometric flow (HGF) is another geometric flow that is a set of nonlinear evolution PDEs of
second order, and is defines by

∂2

∂t2 1 = −2Ric, 1(0) = 10,
∂1

∂t
(0) = k0, (2)

where k0 is a symmetric 2-tensor field on M. The uniqueness and existences of (2) studied in [13] on closed
Riemannian manifolds.
Let (Mn, 1(t)) is a solution for the HGF on (M, 1(0)). The self-similar solution of the HGF [1, 24] is as follows

S(10) + λLX10 + (LX ◦ LX)10 = µ10, (3)

for some constants λ and µ. With these assumptions, we state that 10 is a hyperbolic Ricci soliton (HRS) and,
we show it by (M, 10,X, λ, µ) (briefly (10,X, λ, µ)). A HRS is an Einstein metric when X vanishes identically,
Therefore, Einstein metric is a particular case of HRS. If λ = 1

2 and X is a 2-Killing vector filed (KVF) [12, 34],
i.e., (LX ◦ LX)10 = 0 then a HRS is just a Ricci soliton. We state that (M, 10,∇ f , λ, µ) is a gradient HRS
whenever X = ∇ f for a map f : M→ R.

In the presented paper, we investigate the HRSs on the TSMs. Also, we present two examples of HRSs
on 3-TSMs. In this study, we will follow the outline described below. Firstly, in Section 2, we will review
some important formulas and concepts corresponding to TSMs. Next, in Section 3, we will present the
main findings of the study along with their respective proofs. In the final section, i.e., Section 4, we will
explore two examples of 3-TSMs that are applicable in hyperbolic Ricci soliton.

2. Preliminaries

Assume that M is a (2m + 1)-manifold and ϖ1, ϖ2, ϖ3, and ϖ4 are arbitrary vector fields on M. Also, we
assume that 1 is a compatible Riemannian metric on M, η be a 1-form, ξ is a smooth vector field and ϕ is a
(1, 1)-tensor field so that

ϕ2(ϖ1) = −ϖ1 + η(ϖ1)ξ, η(ξ) = 1, (4)
1(ϕϖ1, ϕϖ2) = 1(ϖ1, ϖ2) − η(ϖ1)η(ϖ2). (5)

With the above assumptions, we call (ϕ, ξ, η, 1) an almost contact structure (ACS) and the manifold
(M, 1) is called an ACMM [4, 5]. In this case, we get 1(ϖ1, ϕϖ2) = −1(ϕϖ1, ϖ2), η ◦ ϕ = 0, ϕξ = 0 and
η(ϖ1) = 1(ϖ1, ξ). The 2-form Φ is specified by

Φ(ϖ1, ϖ2) = 1(ϖ1, ϕϖ2).

Let J be the ACS on M ×R that express by

J(ϖ1, h
d
dt

) = (ϕϖ1 − hξ, η(ϖ1)
d
dt

),

for any smooth map h on M ×R and vector field ϖ1. Let (M, ϕ, ξ, η, 1) be an ACMM. Also, we set on M ×R
the product metric G. According to [26], if (M × R, J,G) belong to the type W4, then M is called the TSM
[38]. This can be represented by the equation [6]

(∇ϖ1ϕ)ϖ2 = σ
(
1(ϖ1, ϖ2)ξ − η(ϖ2)ϖ1

)
+ θ
(
1(ϕϖ1, ϖ2)ξ − η(ϖ2)ϕϖ1

)
, (6)

where σ and θ are smooth functions. Also, the TSM is said to be of type (σ, θ). By virtue of (6), we conclude

∇ϖ1ξ = −σϕϖ1 + θ(ϖ1 − η(ϖ1)ξ), (7)
(∇ϖ1η)ϖ2 = −σ1(ϕϖ1, ϖ2) + θ1(ϕϖ1, ϕϖ2). (8)
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Using (6) and (7), we deduce

2σθ + ξ(σ) = 0. (9)

Let R be the tensor of Riemannian curvature of M. Further, we get the following relations [18]

R(ϖ1, ϖ2)ξ = (σ2
− θ2)(η(ϖ2)ϖ1 − η(ϖ1)ϖ2) + 2σθ(η(ϖ2)ϕϖ1 (10)
−η(ϖ1)ϕϖ2)(ϖ2(σ))ϕϖ1 − (ϖ1(σ))ϕϖ2 + (ϖ2(θ))ϕ2ϖ1

−(ϖ1(θ))ϕ2ϖ2,

R(ϖ1, ξ)ξ = (σ2
− θ2

− ξ(θ)){ϖ1 − η(ϖ1)ξ}, (11)
R(ξ,ϖ1)ϖ2 = (σ2

− θ2){1(ϖ1, ϖ2)ξ − η(ϖ2)ϖ1} + (ϖ2(σ))ϕϖ1 (12)
+2σθ{1(ϕϖ2, ϖ1)ξ + η(ϖ2)ϕϖ1} + (ϖ2(θ)){ϖ1 − η(ϖ1)ξ}
+1(ϕϖ2, ϖ1)∇σ − 1(ϕϖ1, ϕϖ2)∇θ.

Also, the Ricci tensor S of a TSM (Mn, 1) is determined by S(ϖ1, ϖ2) =
∑n

i=1 1(R(ei, ϖ1)ϖ2, ei). Using (10), we
arrive at

S(ϖ1, ξ) =
(
(σ2
− θ2)(n − 1) − ξ(θ)

)
η(ϖ1) + ϖ1(θ)(2 − n) − (ϕϖ1)σ, (13)

where the orthogonal basis {ei}
n
i=1 is a frame at any point of the manifold for the tangent space.

Suppose that 1 is a pseudo-Riemannian metric on manifold M and S is the associated Ricci tensor. Also,
let χ be a smooth vector field on M such that

S + λLχ1 + (Lχ ◦ Lχ)1 = µ1, (14)

for some real constants µ and λ. We say that 4-tuple (1, χ, λ, µ) is a HRS.

3. Main results and their proofs

We consider the manifold M satisfies the HRS (14) and χ = fξ for some smooth function f on M.
Applying (7) we obtain

L fξ1(ϖ1, ϖ2) = 1(∇ϖ1 fξ,ϖ2) + 1(∇ϖ2 fξ,ϖ1)
= (ϖ1 f )η(ϖ2) + f1(−σϕ(ϖ1) + θ(ϖ1 − η(ϖ1)ξ), ϖ2) + (ϖ2 f )η(ϖ1) (15)
+ f1(ϖ1,−σϕ(ϖ2) + θ(ϖ2 − η(ϖ2)ξ))

= (ϖ1 f )η(ϖ2) + (ϖ2 f )η(ϖ1) + 2θ f (1(ϖ1, ϖ2) − η(ϖ1)η(ϖ2)),

thus

(L fξ(L fξ1))(ϖ1, ϖ2)
= ξ(L fξ1(ϖ1, ϖ2)) − L fξ1(L fξϖ1, ϖ2) − L fξ1(ϖ1,L fξϖ2)
= ξ
(
(ϖ1 f )η(ϖ2) + (ϖ2 f )η(ϖ1) + 2θ f (1(ϖ1, ϖ2) − η(ϖ1)η(ϖ2))

)
−

(
((L fξϖ1) f )η(ϖ2) + (ϖ2 f )η(L fξϖ1) + 2θ f (1(L fξϖ1, ϖ2) − η(L fξϖ1)η(ϖ2))

)
−

(
(ϖ1 f )η(L fξϖ2) + ((L fξϖ2) f )η(ϖ1) + 2θ f (1(ϖ1,L fξϖ2) − η(ϖ1)η(L fξϖ2))

)
.

Applying χ = fξ and the above equation in (14) we conclude

S(ϖ1, ϖ2) + λ
(
(ϖ1 f )η(ϖ2) + (ϖ2 f )η(ϖ1) + 2θ f (1(ϖ1, ϖ2) − η(ϖ1)η(ϖ2))

)
+ξ
(
(ϖ1 f )η(ϖ2) + (ϖ2 f )η(ϖ1) + 2θ f (1(ϖ1, ϖ2) − η(ϖ1)η(ϖ2))

)
−

(
((L fξϖ1) f )η(ϖ2) + (ϖ2 f )η(L fξϖ1) + 2θ f (1(L fξϖ1, ϖ2) − η(L fξϖ1)η(ϖ2))

)
−

(
(ϖ1 f )η(L fξϖ2) + ((L fξϖ2) f )η(ϖ1) + 2θ f (1(ϖ1,L fξϖ2) − η(ϖ1)η(L fξϖ2))

)
(16)

−µ1(ϖ1, ϖ2) = 0,
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We plug ϖ1 = ϖ2 = ξ in the relation (16) and using (4) and (13) to obtain

(n − 1)(σ2
− θ2) − (n − 1)ξ(θ) + 2λξ( f ) + 2ξ(ξ( f )) + 4(ξ( f ))2

− µ = 0. (17)

Thus, we get the following result:

Theorem 3.1. Assume that (Mn, 1, ϕ, ξ, η) is a TSM. If M satisfies in a HRS (1, χ, λ, µ) such that χ = fξ then
equation (17) holds.

Suppose that M is a TSM and a, b are smooth maps on it. If we can write the Ricci tensor S as

S = a1 + bη ⊗ η,

then M is called η-Einstein. If M is an η-Einstein TS, then for some a and b we get S = a1 + bη ⊗ η. Equation
(15) implies that

Lξ1(ϖ1, ϖ2) = 2θ(1(ϖ1, ϖ2) − η(ϖ1)η(ϖ2)), (18)

and

(Lξ(Lξ1))(ϖ1, ϖ2) = 2θ
(
ξ(1(ϖ1, ϖ2) − η(ϖ1)η(ϖ2))

)
+2ξ(θ)

(
1(ϖ1, ϖ2) − η(ϖ1)η(ϖ2)

)
−2θ
(
1(Lξϖ1, ϖ2) − η(Lξϖ1)η(ϖ2)

)
−2θ
(
1(ϖ1,Lξϖ2) − η(ϖ1)η(Lξϖ2)

)
. (19)

We have

1(Lξϖ1, ϖ2) = 1([ξ,ϖ1], ϖ2)
= 1(∇ξϖ1 − ∇ϖ1ξ,ϖ2)
= 1(∇ξϖ1 + σϕ(ϖ1) − θ(ϖ1 − η(ϖ1)ξ), ϖ2)
= 1(∇ξϖ1, ϖ2) + σ1(ϕ(ϖ1), ϖ2) − θ1(ϖ1, ϖ2) + θη(ϖ1)η(ϖ2). (20)

Similarly

1(ϖ1,Lξϖ2) = 1(ϖ1,∇ξϖ2) + σ1(ϖ1, ϕ(ϖ2)) − θ1(ϖ1, ϖ2) + θ(ϖ1)η(ϖ2).

Then

1(Lξϖ1, ϖ2) + 1(ϖ1,Lξϖ2) = ξ(1(ϖ1, ϖ2)) − 2θ(1(ϖ1, ϖ2) − η(ϖ1)η(ϖ2)). (21)

Since ∇ξξ = −σϕ(ξ) + θ(ξ − η(ξ)ξ) = 0, using (20) we have

η(Lξϖ1) = 1(Lξϖ1, ξ) = 1(∇ξϖ1, ξ) = ξ(1(ϖ1, ξ)) = ξ(η(ϖ1)),

similarly

η(Lξϖ2) = ξ(η(ϖ2)).

Thus

η(Lξϖ1)η(ϖ2) + η(ϖ1)η(Lξϖ2) = ξ(η(ϖ1))η(ϖ2) + η(ϖ1)ξ(η(ϖ2)) = ξ(η(ϖ1)η(ϖ2)). (22)

Therefore, applying (21) and (22) in (19) we conclude

(Lξ(Lξ1))(ϖ1, ϖ2) = (4θ2 + 2ξ(θ))(1(ϖ1, ϖ2) − η(ϖ1)η(ϖ2)). (23)

Using (18) and (23) we infer

S + λLξ1 + (Lξ ◦ Lξ)1 − µ1
= a1 + bη ⊗ η + 2λθ1 − 2λθη ⊗ η + (4θ2 + 2ξ(θ))1 − (4θ2 + 2ξ(θ))η ⊗ η − µ1
= (a + 2λθ + 4θ2 + 2ξ(θ) − µ)1 + (b − 2λθ − 4θ2

− 2ξ(θ))η ⊗ η.

From the above equation M accepts a HRS (1, ξ, λ, µ) if θλ = b−4θ2
−2ξ(θ)
2 and µ = a + b.

Hence, the next theorem is the result:
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Theorem 3.2. Suppose that M is an η-Einstein TSM of kind (σ, θ), that is, for some maps a and b on M, S = a1+bη⊗η.
Let b−4θ2

−2ξ(θ)
2θ and a + b be two constants. Then manifold M satisfies a HRS (1, ξ, b−4θ2

−2ξ(θ)
2θ , a + b) provided θ , 0.

Also, if b = 0 then M accepts a HRS (1, ξ,−2θ, a).

Let T and A be (0, k) and symmetric (0, 2) tensors, respectively, where k ≥ 1. we define endomorphism
ϖ1 ∧A ϖ2 by

(ϖ1 ∧A ϖ2)χ = A(ϖ2, χ)ϖ1 − A(ϖ1, χ)ϖ2,

and

((ϖ1 ∧A ϖ2).T) (ζ1, · · · , ζk) = −T((ϖ1 ∧A ϖ2)ζ1, ζ2, · · · , ζk)
−T(ζ1, (ϖ1 ∧A ϖ2)ζ2, · · · , ζk) − · · ·
−T(ζ1, ζ2, · · · , (ϖ1 ∧A ϖ2)ζk),

where χ, ζ1, · · · , ζk are vector fields on M. Also, we express R.T and Γ(A,T) as follow

(R(ϖ1, ϖ2).T)(ζ1, · · · , ζk) = −T(R(ϖ1, ϖ2)ζ1, ζ2, · · · , ζk)
−T(ζ1,R(ϖ1, ϖ2)ζ2, · · · , ζk) − · · ·
−T(ζ1, ζ2, · · · ,R(ϖ1, ϖ2)ζk),

and

Γ(A,T)(ζ1, · · · , ζk;ϖ1, ϖ2) = ((ϖ1 ∧A ϖ2).T) (ζ1, · · · , ζk).

Now assume that (Mn, 1) is a (σ, θ)-type TSM justifying R.S = f (q)Γ(1,S), where f ∈ C∞(M), q ∈ {x ∈M :
Γ(1,S) , 0 at x} and f (q) , σ2

− θ2, that is manifold M is partially Ricci pseudosymmetric. Then from [39]
we have

S(ϖ1, ϖ2) = (1 − n)(θ2
− σ2)1(ϖ1, ϖ2).

Thus, Theorem 3.2 implies that:

Corollary 3.3. Suppose that M is a TSM of type (σ, θ) satisfy the condition R.S = f (q)Γ(1,S) for some map f such
that f (q) , σ2

−θ2 for some q ∈ {x ∈M : Γ(1,S) , 0 at x}. Let 2θ2+ξ(θ)
θ and σ2

−θ2 be two constants. Then manifold

M satisfies a HRS (1, ξ,− 2θ2+ξ(θ)
θ , (n − 1)(σ2

− θ2)).

Let M be an ACMM in dimension n and r is the scalar curvature. The Weyl conformal curvature tensorW
is defined by

W(ϖ1, ϖ2)ϖ3 =

R(ϖ1, ϖ2)ϖ3 −
1

n − 2
{S(ϖ2, ϖ3)ϖ1 − S(ϖ1, ϖ3)ϖ2 + 1(ϖ2, ϖ3)Qϖ1

−1(ϖ1, ϖ3)Qϖ2} +
r

(n − 1)(n − 2)
{1(ϖ2, ϖ3)ϖ1 − 1(ϖ1, ϖ3)ϖ2},

where Q is Ricci operator.
For a TSM, if condition R.W = 0 is satisfied, we say that this manifold is Weyl-semisymmetric. Now,
suppose that (Mn, 1) is a TSM, that is, (R(ϖ1, ϖ2).W)(ϖ3, ϖ4)ϖ5 = 0. From [39] we have

S(ϖ1, ϖ2) = (
r

n − 1
− σ2 + θ2)1(ϖ1, ϖ2) − (

r
n − 1

− n(σ2
− θ2))η(ϖ1)η(ϖ2).

Also, ifW = 0 then the above equation is true [2]. Therefore Theorem 3.2 yields the next result.
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Corollary 3.4. Let (Mn, 1) be a Weyl-semisymmetric (or Weyl-conformally flat) TSM of type (σ, θ). Then manifold
M satisfies a HRS (1, ξ, b−4θ2

−2ξ(θ)
2θ , a+ b) if θ , 0, b−4θ2

−2ξ(θ)
2θ and σ2

−θ2 are two constants, where a = r
n−1 −σ

2 +θ2

and b = −( r
n−1 − n(σ2

− θ2)).

Now, suppose that (Mn, 1) be a TSM (σ, θ)-type and also be Einstein-semisymmetric, that is, satisfying the
condition R.ϖ = 0, or equivalently,

(R(ϖ1, ϖ2).ϖ)(ϖ3, ϖ4) = 0,

where ϖ = S − r
n1 is Einstein tensor. Then from [39] we have

S(ϖ1, ϖ2) = (1 − n)(θ2
− σ2)1(ϖ1, ϖ2).

Therefore, applying Theorem 3.2 we deduce,

Corollary 3.5. Assume that M is an Einstein-semisymmetric TSM of type (σ, θ) and σ2
−θ2 is an nonzero constant.

Then manifold M satisfies a HRS (1, ξ,− 2θ2+ξ(θ)
θ , (n − 1)(σ2

− θ2)) if 2θ2+ξ(θ)
θ is a constant.

Definition 3.6. A Weyl-pseudosymmetric TSM is a TSM M provided that

R.W = fWΓ(1,W),

where fW is a function on {x ∈M :W , 0 at x} [22, 23].

Assume that M is a Weyl-pseudosymmetric (σ, θ)-type TSM, θ , 0, and fW , σ2
− θ2. Then from [39] we

obtain

S(ϖ1, ϖ2) = (
r

n − 1
− σ2 + θ2)1(ϖ1, ϖ2) − (

r
n − 1

− n(σ2
− θ2))η(ϖ1)η(ϖ2).

Hence from Theorem 3.2 we deduce,

Corollary 3.7. Suppose that M is a Weyl-pseudosymmetric (σ, θ)-type TSM with fW , σ2
− θ2. Then manifold M

satisfies a HRS (1, ξ, b−4θ2
−2ξ(θ)

2θ , a+b) providedθ , 0, b−4θ2
−2ξ(θ)

2θ andσ2
−θ2 are two constants, where a = r

n−1−σ
2+θ2

and b = −( r
n−1 − n(σ2

− θ2)).

Definition 3.8. A Weyl Ricci pseudosymmetric TSM is a TSM M provided that

W.S = fSΓ(1,S),

where fS is a function on {x ∈M :W , 0 at x} [22, 23].

Assume that M is a Weyl Ricci pseudosymmetric (σ, θ)-type TSM and θ , 0. Then from [39] we have

S(ϖ1, ϖ2) = (
r

n − 1
− σ2 + θ2)1(ϖ1, ϖ2) − (

r
n − 1

− n(σ2
− θ2))η(ϖ1)η(ϖ2).

Hence from Theorem 3.2 we deduce,

Corollary 3.9. Suppose that M is a Weyl-pseudosymmetric TSM of type (σ, θ). Then manifold M satisfies a HRS
(1, ξ, b−4θ2

−2ξ(θ)
2θ , a + b) provided θ , 0, b−4θ2

−2ξ(θ)
2θ and σ2

− θ2 are two constants, where a = r
n−1 − σ

2 + θ2 and
b = −( r

n−1 − n(σ2
− θ2)).

Definition 3.10. A partially Ricci pseudosymmetric TSM is a TSM M provided that

R.S = f (q)Γ(1,S),

for f ∈ C∞(M) and q ∈ {x ∈M : Γ(1,S) , 0 at x} [3].
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Suppose that M is a partially Ricci pseudosymmetric (σ, θ)-type TSM and θ , 0. Then from [39] we have

S(ϖ1, ϖ2) = (n − 1)(σ2
− θ2)1(ϖ1, ϖ2).

Hence from Theorem 3.2 we deduce,

Corollary 3.11. Suppose that M is a Weyl Ricci pseudosymmetric TSM of type (σ, θ), f (q) , σ2
− θ2, and θ , 0.

Let 2θ2+ξ(θ)
θ and σ2

− θ2 be two constants. Then manifold M satisfies a HRS (1, ξ,− 2θ2+ξ(θ)
θ , (n − 1)(σ2

− θ2)).

Definition 3.12. A connected TSM (Mn, 1) is anointed projectively flat if the limitation

P(ϖ1, ϖ2)ϖ3 = 0,

be maintained, where projectively tensor P is represented by

P(ϖ1, ϖ2)ϖ3 = R(ϖ1, ϖ2)ϖ3 −
1

n − 1
{S(ϖ2, ϖ3)ϖ1 − S(ϖ1, ϖ3)ϖ2}.

Let (Mn, 1) be a projectively flat TSM (σ, θ)-type. So, from [2] we have

S(ϖ1, ϖ2) = (n − 1)(σ2
− θ2)1(ϖ1, ϖ2).

Hence from Theorem 3.2 we deduce,

Corollary 3.13. Suppose that (Mn, 1) is a projectively flat TSM of type (σ, θ). Let 2θ2+ξ(θ)
θ and σ2

− θ2 be two

constants. Then manifold M satisfies a HRS (1, ξ,− 2θ2+ξ(θ)
θ , (n − 1)(σ2

− θ2)).

Let M be a TSM (σ, θ)-type satisfies the condition R.P = 0. Then from [2] we have

S(ϖ1, ϖ2) = (n − 1)(σ2
− θ2)1(ϖ1, ϖ2) + (

r
1 − n

+ n(σ2
− θ2))η(ϖ1)η(ϖ2).

Hence from Theorem 3.2 the following result is obtained.

Corollary 3.14. Suppose that (Mn, 1) is a TSM (σ, θ)-type which satisfies R.P = 0 andθ , 0. Then M satisfies a HRS
(1, ξ, b−4θ2

−2ξ(θ)
2θ , a+ b) if b−4θ2

−2ξ(θ)
2θ and a+ b are two constant where a = (n− 1)(σ2

−θ2) and b = ( r
1−n +n(σ2

−θ2)).

Definition 3.15. A ϕ-projectively flat TSM is a TSM which

ϕ2P(ϕϖ1, ϕϖ2)ϕϖ3 = 0.

Assume that M is a 3-dimensional ϕ-projectively TSM. Then from Proposition 4.2 of [14] we have

S(ϖ1, ϖ2) =
r
3
1(ϖ1, ϖ2).

Then, applying Theorem 3.2 we deduce,

Corollary 3.16. Let M be a ϕ-projectively 3-TSM of type (σ, θ). Then manifold M satisfies a HRS (1, ξ,− 2θ2+ξ(θ)
θ , r

3 )

if 2θ2+ξ(θ)
θ and r are two constants.

Definition 3.17. Suppose that (Mn, 1) is a TSM. The concircular curvature tensor C on M is specified by

C(ϖ1, ϖ2)ϖ3 = R(ϖ1, ϖ2)ϖ3 −
r

n(n − 1)
(
1(ϖ2, ϖ3)ϖ1 − 1(ϖ1, ϖ3)ϖ2

)
. (24)
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Now, suppose that a TSM (σ, θ)-type Mn is concircularly flat, that means,

C(ϖ1, ϖ2)ϖ3 = 0.

Therefore, we can conclude from [2] that:

S(ϖ1, ϖ2) = (n − 1)(σ2
− θ2)1(ϖ1, ϖ2) − (

r
n − 1

− (σ2
− θ2))η(ϖ1)η(ϖ2).

Hence from Theorem 3.2 we deduce,

Corollary 3.18. Suppose that (Mn, 1) is a concircularly flat TSM (σ, θ)-type. Then manifold M satisfies a HRS
(1, ξ, b−4θ2

−2ξ(θ)
2θ , a+b) if b−4θ2

−2ξ(θ)
2θ and a+b are two constants where a = (n−1)(σ2

−θ2) and b = −( r
n−1 − (σ2

−θ2)).

The contact holomorphic Riemannian curvature tensor or briefly (CHR)3-curvature tensor [32, 33] in an AC
Riemannain manifold is defined by

16(CHR)3(ϖ1, ϖ2, ϖ3, ϖ4)
= 3{R(ϖ1, ϖ2, ϖ3, ϖ4) + R(ϕϖ1, ϕϖ2, ϖ3, ϖ4) + R(ϖ1, ϖ2, ϕϖ3, ϕϖ4)
+R(ϕϖ1, ϕϖ2, ϕϖ3, ϕϖ4)} − R(ϖ1, ϖ3, ϕϖ4, ϕϖ2) − R(ϕϖ1, ϕϖ3, ϖ4, ϖ2)
−R(ϖ1, ϖ4, ϕϖ2, ϕϖ3) − R(ϕϖ1, ϕϖ4, ϖ2, ϖ3) + R(ϕϖ1, ϖ3, ϕϖ4, ϖ2)
+R(ϖ1, ϕϖ3, ϖ4, ϕϖ2) + R(ϕϖ1, ϖ4, ϖ2, ϕϖ3) + R(ϖ1, ϕϖ4, ϕϖ2, ϖ3)
+η(ϖ1)P(ϖ3, ϖ4, ϖ2) − η(ϖ2)P(ϖ3, ϖ4, ϖ1) + η(ϖ3)P(ϖ1, ϖ2, ϖ4)
−η(ϖ4)P(ϖ1, ϖ2, ϖ3) + η(ϖ1)η(ϖ4)Q(ϖ2, ϖ3) − η(ϖ1)η(ϖ3)Q(ϖ2, ϖ4)
+η(ϖ2)η(ϖ3)Q(ϖ4, ϖ1) − η(ϖ2)η(ϖ4)Q(ϖ3, ϖ1),

where

P(ϖ1, ϖ2, ϖ3) = 3{R(ϖ1, ϖ2, ϖ3, ξ) + R(ϕϖ1, ϕϖ2, ϖ3, ξ)} + R(ϕϖ1, ϕϖ3, ϖ2, ξ)
+R(ϕϖ3, ϕϖ2, ϖ1, ξ) − R(ϖ1, ϕϖ3, ϕϖ2, ξ) − R(ϕϖ3, ϖ2, ϕϖ1, ξ),

and

Q(ϖ1, ϖ2) = 3R(ξ,ϖ1, ϖ2, ξ) − R(ξ, ϕϖ1, ϕϖ2, ξ).

Now assume that a TSM (σ, θ)-type (Mn, 1) is (CHR)3-flat andθ is constant, that is, (CHR)3(ϖ1, ϖ2, ϖ3, ϖ2) = 0.
Then from [32] we have

S(ϖ1, ϖ2) =
3n − 5

4
(σ2
− θ2)1(ϖ1, ϖ2) +

n + 1
4

(σ2
− θ2)η(ϖ1)η(ϖ2).

Hence from Theorem 3.2 we deduce,

Corollary 3.19. Suppose that (Mn, 1) is a (CHR)3-flat TSM (σ, θ)-type and σ, θ be two constants. Then manifold
M satisfies a HRS (1, ξ, b−4θ2

2θ , (n − 1)(σ2
− θ2)) if θ , 0 where b = n+1

4 (σ2
− θ2).

In 2011, Mantica and Molinari [30] stated the concept of generalizedZ tensor on a SRM M as follows

Z = S + f1,

where f is some smooth map on M. A three-dimensional TSM M is anointed weakly Z symmetric [41] if
the nonvanishingZ tensor justified

(∇ϖ1Z)(ϖ2, ϖ3) = A(ϖ1)Z(ϖ2, ϖ3) + B(ϖ2)Z(ϖ1, ϖ3) +D(ϖ3)Z(ϖ1, ϖ2),

where A,B and D are 1-forms on M. From [8], a three-dimensional weakly Z symmetric TSM (σ, θ)-type
with B , D and 1radθ , ϕ1radσ is η-Einstein manifold and

S(ϖ1, ϖ2) = − f1(ϖ1, ϖ2) +
[2(σ2

− θ2) − ξ(θ) + f ]2

f + 2(σ2 − θ2 − ξ(θ))
η(ϖ1)η(ϖ2).

Hence from Theorem 3.2 we deduce,
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Corollary 3.20. Suppose that (Mn, 1) is a weakly Z symmetric three-dimensional TSM (σ, θ)-type with B , D,
θ , 0, and 1radθ , ϕ1radσ. Then manifold M satisfies a HRS (1, ξ, b−4θ2

−2ξ(θ)
2θ ,− f + b) if b−4θ2

−2ξ(θ)
2θ and − f + b are

constants where b = [2(σ2
−θ2)−ξ(θ)+ f ]2

f+2(σ2−θ2−ξ(θ)) .

From [21] we have the following theorem.

Theorem 3.21. Suppose that (M, ϕ, ξ, η, 1, σ, θ) be a compact and connected 3-dimensional TSM (σ, θ)-type. If the
Ricci tensor curvature Ric(ξ, ξ) satisfies 0 < Ric(ξ, ξ) < 2(σ2

− θ2), then M is homothetic to a Sasakian manifold.

Hence from Theorem 3.2 the following result is obtained.

Corollary 3.22. Assume that M is a 3-dimensional connected and compact TSM (σ, θ)-type and admits in HRS
(1, ξ, λ, µ) such that 0 < µ < 2(σ2

− θ2). Then M is homothetic to a Sasakian manifold.

Definition 3.23. A conformal KVF on SRM (M, 1) is a vector field χ that

(Lχ1)(ϖ1, ϖ2) = 2h1(ϖ1, ϖ2), (25)

where h is some function on M. Let χ be a conformal KVF on M. Then, χ reduces to

• proper vector field if h is not constant,

• KVF when h = 0,

• homothetic vector field when h is a constant.

Let χ be a conformal KVF on TSM (σ, θ)-type and satisfies in (25). Then

((Lχ ◦ Lχ)1)(ϖ1, ϖ2) = χ(Lχ1(ϖ1, ϖ2)) − Lχ1(Lχϖ1, ϖ2) − Lχ1(ϖ1,Lχϖ2)
= χ(2h1(ϖ1, ϖ2)) − 2h1(Lχϖ1, ϖ2) − 2h1(ϖ1,Lχϖ2)
= 2χ(h)1(ϖ1, ϖ2) + 2hLχ1(ϖ1, ϖ2)
= (2χ(h) + 4h2)1(ϖ1, ϖ2). (26)

By inserting (26) in the equation (14) we obtain

S(ϖ1, ϖ2) + 2hλ1(ϖ1, ϖ2) + (2χ(h) + 4h2)1(ϖ1, ϖ2) − µ1(ϖ1, ϖ2) = 0. (27)

Replacing ϖ1 and ϖ2 by ξ in the above relation we get

((n − 1)(σ2
− θ2) − (n − 1)ξ(θ) + 2hλ + 2χ(h) + 4h2

− µ)η(ϖ1) = 0. (28)

The following theorem is concluded considering that ϖ1 is arbitrary in the above relation.

Theorem 3.24. If χ is a conformally KVF on M and 1 is a TSM (σ, θ)-type metric on M that satisfies the HRS
(1, χ, λ, µ), that means Lχ1 = 2h1, then M is η-Einstein and

(n − 1)(σ2
− θ2

− ξ(θ)) + 2hλ + 2χ(h) + 4h2
− µ = 0. (29)

Definition 3.25. Assume that (M, 1) is a SRM and χ is a nonzero vector field on it. We call the vector field χ
torse-forming whenever [45],

∇ζχ = hζ + τ(ζ)χ, (30)

where h is a smooth map, τ is a 1-form, ∇ is the Levi-Civita connection (LCC) of metric and ζ is a vector filed on M.
the vector field χ becomes

• concircular [11, 44] whenever the 1-form τ in (30) vanishes identically,
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• concurrent [40, 46] if h = 1 and the 1-form τ in (30) vanishes identically,

• parallel vector field if in equation (30) h = τ = 0,

• torqued vector field [10] if in equation (30) τ(χ) = 0.

Suppose that (1, χ, λ, µ) is a HRS on a TSM (σ, θ)-type where χ is a torse-forming vector filed and fulfilled
the (30). Then

Lχ1(ϖ1, ϖ2) = 2h1(ϖ1, ϖ2) + τ(ϖ1)1(χ,ϖ2) + τ(ϖ2)1(χ,ϖ1) (31)

and

(Lχ(Lχ1))(ϖ1, ϖ2) = χ
(
2h1(ϖ1, ϖ2) + τ(ϖ1)1(χ,ϖ2) + τ(ϖ2)1(χ,ϖ1)

)
−2h1(Lχϖ1, ϖ2) − τ(Lχϖ1)1(χ,ϖ2) − τ(ϖ2)1(χ,Lχϖ1)
−2h1(ϖ1,Lχϖ2) − τ(ϖ1)1(χ,Lχϖ2) − τ(Lχϖ2)1(χ,ϖ1). (32)

On the other hand,

1(Lχϖ1, ϖ2) = 1(∇χϖ1, ϖ2) − h1(ϖ1, ϖ2) − τ(ϖ2)1(χ,ϖ1), (33)

similarly

1(ϖ1,Lχϖ2) = 1(ϖ1,∇χϖ2) − h1(ϖ1, ϖ2) − τ(ϖ1)1(χ,ϖ2). (34)

Thus,

1(Lχϖ1, ϖ2) + 1(ϖ1,Lχϖ2) = χ(1(ϖ1, ϖ2)) − 2h1(ϖ1, ϖ2) − τ(ϖ2)1(χ,ϖ1)
−τ(ϖ1)1(χ,ϖ2). (35)

Also, we have

τ(Lχϖ1) = τ(∇χϖ1 − ∇ϖ1χ) = τ(∇χϖ1 − hϖ1 − τ(ϖ1)χ)
= τ(∇χϖ1) − hτ(ϖ1) − τ(ϖ1)τ(χ),

similarly

τ(Lχϖ2) = τ(∇χϖ2) − hτ(ϖ2) − τ(ϖ2)τ(χ).

Therefore, applying the above equations in (32) we obtain

(Lχ(Lχ1))(ϖ1, ϖ2) = (2χ(h) + 4h2)1(ϖ1, ϖ2) + 4hτ(ϖ2)1(χ,ϖ1)
+χ
(
τ(ϖ1)1(χ,ϖ2) + τ(ϖ2)1(χ,ϖ1)

)
+ 4hτ(ϖ1)1(χ,ϖ2)

−τ(∇χϖ1)1(χ,ϖ2) + 2τ(ϖ1)τ(χ)1(χ,ϖ2)
+2τ(ϖ2)τ(χ)1(χ,ϖ1) − τ(∇χϖ2)1(χ,ϖ1)
−τ(ϖ2)1(∇χϖ1, χ) − τ(ϖ1)1(∇χϖ2, χ). (36)

Putting ϖ1 = ϖ2 = ξ in (31) and (36) we infer

Lχ1(ξ, ξ) = 2h + 2τ(ξ)η(χ) (37)

and

(Lχ(Lχ1))(ξ, ξ) = (2χ(h) + 4h2) + χ
(
τ(ξ)η(χ) + τ(ξ)η(χ)

)
+4hτ(ξ)η(χ) + 4hτ(ξ)η(χ)
−2τ(∇χξ)η(χ) + 4τ(ξ)τ(χ)η(χ) − 2τ(ξ)1(∇χξ, χ)

= (2χ(h) + 4h2) + χ
(
τ(ξ)η(χ) + τ(ξ)η(χ)

)
+4hτ(ξ)η(χ) + 4hτ(ξ)η(χ) + 4τ(ξ)τ(χ)η(χ)
+2τ(ξ)η(χ) + 4(η(χ))2τ(ξ) + 2τ(ξ)|χ|2. (38)
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Applying (37) and (38) into (14) we arrive at

(n − 1)(σ2
− θ2) − (n − 1)ξ(θ) − µ + λ(2h + 2τ(ξ)η(χ)) + (2χ(h) + 4h2)

+χ
(
τ(ξ)η(χ) + τ(ξ)η(χ)

)
+ 4hτ(ξ)η(χ) + 4hτ(ξ)η(χ)

+4τ(ξ)τ(χ)η(χ) + 2τ(ξ)η(χ) + 4(η(χ))2τ(ξ) + 2τ(ξ)|χ|2 = 0. (39)

Therefore, the following theorem can be stated.

Theorem 3.26. If χ is a torse-forming vector filed and satisfied in (30) and 1 is a metric of a TSM (σ, θ)-type which
satisfies the HRS (1, χ, λ, µ), then the equation (39) holds.

Corollary 3.27. If χ is concircular vector filed and 1 is the metric of TSM M satisfies the HRS (1, χ, λ, µ), that is,
∇ϖχ = hϖ for all ϖ’s as a vector field, then (n − 1)(σ2

− θ2
− ξ(θ)) − µ + 2hλ + 2χ(h) + 4h2 = 0.

Garcia-Parrado and Senovilla [25] introduced bi-conformal vector fields, then De et al. in [16] utilizing the
the Ricci tensor field S and the metric tensor field 1 specified Ricci bi-conformal vector fields as follows.

Definition 3.28. Let (M, 1) be a Riemannian manifold and χ is a vector field on M. If the following equations hold,
then we say that χ is Ricci bi-conformal vector field.

(Lχ1)(ϖ1, ϖ2) = α1(ϖ1, ϖ2) + βS(ϖ1, ϖ2), (40)

and

(LχS)(ϖ1, ϖ2) = αS(ϖ1, ϖ2) + β1(ϖ1, ϖ2), (41)

for non-zero smooth functions α and β.

Let χ is the Ricci bi-conformal vector field on TSM (σ, θ)-type (Mn, 1), which satisfies the HRS (1, χ, λ, µ) and
satisfies in (40) and (41). We get

Lχ(Lχ1) = (α2 + β2 + χ(α))1 + (2αβ + χ(β))S. (42)

Inserting (40) and (42) in (14) we have

(1 + λβ + 2αβ + χ(β))S(ϖ1, ϖ2) + (λα − µ + α2 + β2 + χ(α))1(ϖ1, ϖ2) = 0. (43)

Substituting ϖ1 = ϖ2 = ξ in the last relation we arrive at

(1 + χ(β) + 2αβ + λβ)(n − 1)(σ2
− θ2

− ξ(θ)) + (λα − µ + α2 + β2 + χ(α)) = 0, (44)

and (
1 + χ(β) + 2αβ + λβ

)(
S(ϖ1, ϖ2) − (n − 1)(σ2

− θ2
− ξ(θ))1(ϖ1, ϖ2)

)
= 0. (45)

Set F = 1 + λβ + 2αβ + χ(β) and G = λα − µ + α2 + β2 + χ(α).
Taking the Lie derivative of both sides of (43) and using (40) and (41), we deduce

(αF + βG + χ(F))S(ϖ1, ϖ2) + (αG + βF + χ(G))1(ϖ1, ϖ2) = 0. (46)

Putting ϖ1 = ϖ2 = ξ in the last relation we conclude

(αF + βG + χ(F))(n − 1)(σ2
− θ2

− ξ(θ)) + αG + βF + χ(G) = 0. (47)

Using (44) and (47) we infer

F
(
β − (n − 1)2β(σ2

− θ2
− ξ(θ)) − (n − 1)χ(σ2

− θ2
− ξ(θ))

)
= 0.

If F , 0 then the equation (45) implies that manifold is a Einstein manifold and r = n(n − 1)(σ2
− θ2

− ξ(θ)),
where σ2

− θ2
− ξ(θ) is constant. If F = 0 then G = 0. Therefore, the following theorem can be stated.

Theorem 3.29. Suppose that χ is the Ricci bi-conformal vector field on a TSM (σ, θ)-type M with metric 1 and
satisfies in (40) and (41). Also, let (M, 1) satisfies the HRS (1, χ, λ, µ), then manifold M is a Einstein manifold,
β(1 − (n − 1)2(σ2

− θ2
− ξ(θ))2) = 0, and r = n(n − 1)(σ2

− θ2
− ξ(θ)) or λ = − 1

β (1 + 2αβ + χ(β)) and µ =
−
α
β (1 + χ(β)) − α2 + β2 + χ(α).
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4. Examples

We give two examples of TSMs admit in HRS in this section.

Example 4.1. Suppose that M = {(e1, e2, e3) ∈ R3
|e3 , 0} where (e1, e2, e3) is the canonic coordinates in R3 and

vector fields

ϖ1 = e−2e3 (
∂
∂e1
+

∂
∂e2

), ϖ2 = −e−2e3 (
∂
∂e1
−

∂
∂e2

), ϖ3 =
∂
∂e3

,

are linearly independent on M. We determine the metric 1 by

1(ϖs, ϖt) =

1, if s = t,
0, otherwise,

where s, t ∈ {1, 2, 3}. We state an ACS (ϕ, ξ, η) for M by

ξ = ϖ3, η(ζ) = 1(ζ, ϖ3), ϕ =

 0 −1 0
1 0 0
0 0 0

 ,
where ζ is a vector field. Note that the relations 1(ϕζ, ϕW) = 1(ζ,W) − η(ζ)η(W), η(ξ) = 1 and ϕ2(ζ) = η(ζ)ξ − ζ
hold. Thus, an AC structure (M, ϕ, ξ, η, 1) defines on M. We get

[, ] ϖ1 ϖ2 ϖ3

ϖ1 0 0 2ϖ1
ϖ2 0 0 2ϖ2
ϖ3 −2ϖ1 −2ϖ2 0

The LCC ∇ of M is presented by

∇ϖiϖ j =

 −2ϖ3 0 2ϖ1
0 −2ϖ3 2ϖ2
0 0 0

 .
The structure (ϕ, ξ, η) confirms the relation (∇ζϕ)W = 1(ϕζ,W)−η(W)ϕζ and ∇ζξ = ζ−η(ζ)ξ, thus (M, ϕ, ξ, η, 1)
becomes a TSM (0, 1)-type. The curvature tensor nonvanishing terms are:

R(ϖ1, ϖ2)ϖ1 = 4ϖ2, R(ϖ1, ϖ2)ϖ2 = −4ϖ1,

R(ϖ1, ϖ3)ϖ1 = 4ϖ3, R(ϖ2, ϖ3)ϖ2 = 4ϖ3,

R(ϖ1, ϖ3)ϖ3 = −4ϖ1, R(ϖ2, ϖ3)ϖ3 = −4ϖ2.

Therefore, we get

S =

 −8 0 0
0 −8 0
0 0 −8

 = −81.

If we consider χ = ξ then Lχ1 = 2(1 − η ⊗ η) and (Lχ ◦ Lχ)1 = −42(1 − η ⊗ η). Hence, (1, ξ, λ = 2, µ = −8) is a
HRS on manifold M.

Example 4.2. Suppose that M = {(e1, e2, e3) ∈ R3
|e3 , 0} where (e1, e2, e3) is the canonic coordinates in R3. Also,

let
ϖ1 = e3

∂
∂e1

, ϖ2 = e3
∂
∂e2

, ϖ3 = e3
∂
∂e3

,

are linearly independent on M. We characterize

1(ϖs, ϖt) =

1, if s = t,
0, otherwise,
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were s, t ∈ {1, 2, 3} as Riemannain metric 1 on M. Assume that an ACS (ϕ, ξ, η) on M given by

ξ = ϖ3, η(ζ) = 1(ζ, ϖ3), ϕ =

 0 1 0
−1 0 0
0 0 0

 ,
for all vector field ζ. Then one can easily show that the relations η(ξ) = 1, 1(ϕζ, ϕW) = 1(ζ,W) − η(ζ)η(W) and
ϕ2(ζ) = −ζ + η(ζ)ξ are true. Thus (M, ϕ, ξ, η, 1) represents an ACS on M. We get

[, ] ϖ1 ϖ2 ϖ3

ϖ1 0 0 −ϖ1
ϖ2 0 0 -ϖ2
ϖ3 ϖ1 ϖ2 0

Applying the Koszul’s formula we see that the LCC ∇ of M is determined by

∇ϖiϖ j =

 ϖ3 0 −ϖ1
0 ϖ3 −ϖ2
0 0 0

 .
Now, we find out that the structure (ϕ, ξ, η) satisfies the formula (∇ζϕ)W = 1(ϕζ,W)−η(W)ϕζ and∇ζξ = ζ−η(ζ)ξ.
Hence (M, ϕ, ξ, η, 1) becomes a TSM (0, 1)-type. The curvature tensor nonvanishing terms are:

R(ϖ1, ϖ2)ϖ1 = ϖ2, R(ϖ1, ϖ2)ϖ2 = −ϖ1,

R(ϖ1, ϖ3)ϖ1 = ϖ3, R(ϖ2, ϖ3)ϖ2 = ϖ3,

R(ϖ1, ϖ3)ϖ3 = −ϖ1, R(ϖ2, ϖ3)ϖ3 = −ϖ2.

Thus, we obtain

S =

 2 0 0
0 2 0
0 0 2

 = 21.

If we assume that χ = ξ thenLχ1 = 2(1− η⊗ η) and (Lχ ◦Lχ)1 = −4(1− η⊗ η). Therefore (1, ξ, λ = 2, µ = 2) is a
HRS on manifold M.
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