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Abstract. Bullen-type inequalities for h-convex functions using conformable fractional operators are
established in this study on the cone of twice-differentiable functions. This is a novel fractional version
of the existing Bullen-type inequalities with simple procedures using the B-function. Furthermore, new
results on Bullen-type inequalities are presented for several specific cases of convexity, generalizing existing
inequalities known in the literature.

1. Introduction

Explorations in numerical integration and the definition of error bounds are critical in mathematical
literature. Researchers have thoroughly investigated error boundaries for functions with variable differen-
tiability, from once to many times. The Bullen-type inequality is a significant mathematical tool for integral
estimate. The well-known Hermite-Hadamard inequality is defined as follows [10], for the convex function:

f
(

a + b
2

)
≤

1
b − a

∫ b

a
f (t)dt ≤

f (a) + f (b)
2

. (1)

In [4], Bullen improved the right side of (1) by the following inequality, which is known as Bullen’s
inequality:

1
b − a

∫ b

a
f (t)dt ≤

1
2

[
f (a) + f (b)

2
+ f

(
a + b

2

)]
≤

f (a) + f (b)
2

.

The estimation of Bullen-type inequalities for functions whose first derivative absolute values are convex
is as follows. [13, Remark 4.2].∣∣∣∣∣∣12

[
f (a) + f (b)

2
+ f
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2

)]
−

1
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∫ b

a
f (t)dt

∣∣∣∣∣∣ ≤ (b − a)
[∣∣∣ f ′(a)

∣∣∣ + ∣∣∣ f ′(b)
∣∣∣]
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The following is an estimation of Bullen-type inequality for functions whose second derivative absolute
values are convex: [19, Proposition.4] and [9, Corollary 1.].∣∣∣∣∣∣12

[
f (a) + f (b)

2
+ f

(
a + b

2

)]
−

1
b − a

∫ b

a
f (t)dt

∣∣∣∣∣∣ ≤ (b − a)2

96

[∣∣∣ f ′′(a)
∣∣∣ + ∣∣∣ f ′′(b)

∣∣∣] . (2)

Bullen’s inequalities provide an estimate of the average value of a function that is convex on both sides
while simultaneously ensuring that the function is integrable. This inequality has been extensively studied
in the literature, leading to numerous directions for extension and a rich mathematical literature (see [13]-
[9]).

The analysis of fractional calculations is a generalization of classical analysis, and it advanced rapidly
thanks to the exciting concept of convexity. Its extensive applications in functional analysis and optimization
theory have made it a very popular research area. The author of [20] introduces a novel class of functions
called h-convex functions.

Definition 1.1. Let h : J → R be a non-negative function, h , 0. We say that f : I→ R is an h-convex function, if
f is non-negative and for all x, y ∈ I, λ ∈ (0, 1) we have

f (λx + (1 − λ)y) ≤ h(λ) f (x) + h(1 − λ) f (y). (3)

If the inequality (3) is reversed, then f is said to be h-concave.

By setting

• h(λ) = λ , Definition 1.1 reduces to convex function [16].

• h(λ) = 1, Definition 1.1 reduces to P-functions [7, 17].

• h(λ) = λs , Definition 1.1 reduces to s-convex functions [3].

• h(λ) =
1
n

n∑
k=1

λ
1
k , Definition 1.1 reduces to polynomial n-fractional convex functions [14].

In [15], the famous Jensen-Mercer inequality was presented as follows: If f is a convex function on [a, b],
then

f

a + b −
n∑

j=1

λ jz j

 ≤ f (a) + f (b) −
n∑

j=1

λ j f (z j),

for each z j ∈ [a, b] and λ j ∈ [0, 1] ( j = 1; n) with
n∑

j=1
λ j = 1.

In [1], the authors presented the following interesting result (Lemma.4.1).

Lemma 1.2. Let f be an h-convex function. Then for every z ∈ [a, b], there exists λ ∈ [0, 1] such that

f (a + b − z) ≤ [h(λ) + h(1 − λ)]
[

f (a) + f (b)
]
− f (z). (4)

Recently, [2] the authors present a new class of function called B-function defined as:

Definition 1.3. Let a < b and 1 : (a, b) ⊂ R→ R be a non-negative function. The function 1 is a B-function, or that
1 belongs to the class B(a, b), if for all x ∈ (a, b) that 1(x − a), 1(b − x) are defined and

1(x − a) + 1(b − x) ≤ 2 1
(

a + b
2

)
. (5)

If the inequality (5) is reversed, 1 is called A-function, or that 1 belongs to the class A(a, b).
If we have equality in (5), 1 is called AB-function, or that 1 belongs to the class AB(a, b).
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Corollary 1.4. Let h : (0, 1) → R be a non-negative function. The function h is a B-function, if and only if for all
λ ∈ (0, 1), we have

h(λ) + h(1 − λ) ≤ 2 h
(1

2

)
. (6)

• The functions h(λ) = λ and h(λ) = 1 are AB-function, B-function and A-function.

• The function h(λ) = λs, s ∈ (0, 1] is B-function.

• The function h(λ) =
1
n

n∑
k=1

λ
1
k , n, k ∈N is B-function.

The conformable fractional integral operators with orders α > 0 and ρ ∈ (0, 1] are represented as follows.

ρIαa+ f (x) =
1
Γ(α)

∫ x

a

(
(x − a)ρ − (t − a)ρ

ρ

)α−1

(t − a)ρ−1 f (t)dt, x > a,

ρIαb− f (x) =
1
Γ(α)

∫ b

x

(
(b − x)ρ − (b − t)ρ

ρ

)α−1

(b − t)ρ−1 f (t)dt, x < b.

For ρ = 1, the preceding operators are reduced to Riemann-Liouville fractional operators of order α > 0 as
follows:

Iαa+ f (x) =
1
Γ(α)

∫ x

a
(x − t)α−1 f (t)dt, x > a,

Iαb− f (x) =
1
Γ(α)

∫ b

x
(t − x)α−1 f (t)dt, x < b.

For p, q > 0, the beta function β(., .) is defined as follows:

β(q, p) =

1∫
0

(
1 − y

)q−1 yp−1 dy.

In 2024, the authors established a new Bullen’s inequality for twice-differentiable function involving the
conformable fractional integral operators with orders α > 0 and ρ ∈ (0, 1] as follows [12, Theorem 1].

Theorem 1.5. If | f ′′| is a convex mapping on [a, b], then∣∣∣∣∣∣12
[

f (a) + f (b)
2

+ f
(

a + b
2

)]
−

2ρα−1 ραΓ(α + 1)
(b − a)ρα

[
ρIαa+ f

(
a + b

2

)
+ ρIαb− f

(
a + b

2

)]∣∣∣∣∣∣
≤

(b − a)2

8

[∣∣∣ f ′′(a)
∣∣∣ + ∣∣∣ f ′′(b)

∣∣∣] ∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣ dt.

(7)

Based on previous research, our current study employs an exploratory approach to discovering Bullen-type
inequality for h-convex functions by characterizing twice differentiable functions using Riemann-Liouville
integral operators.
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2. Bullen-Mercer type inequalities

First, we introduce the main Lemma, which is an essential resource for our results.

Lemma 2.1. Let α > 0, ρ ∈ (0, 1] and x, y ∈ [a, b] where x < y. If f : [x, y] → R is a twice differentiable mapping
such that f ′′ ∈ L1

(
[x, y]

)
,then the following identity holds.

1
2

[
f (a + b − y) + f (a + b − x)

2
+ f

(
a + b −

x + y
2

)]

−
2ρα−1 ραΓ(α + 1)

(y − x)ρα

[
ρIα(a+b−y)+ f

(
a + b −

x + y
2

)
+ ρIα(a+b−x)− f

(
a + b −

x + y
2

)]
=

(y − x)2

8

∫ 1

0

[∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

]

×

[
f ′′

((1 − t
2

)
(a + b − y) +

(1 + t
2

)
(a + b − x)

)
+ f ′′

((1 + t
2

)
(a + b − y) +

(1 − t
2

)
(a + b − x)

)]
dt.

(8)

Proof. Let x, y ∈ [a, b] with x < y and taking τ = 1−t
2 (a + b − y) + 1+t

2 (a + b − x), we get

∫ 1

0
(1 − (1 − t)ρ)α−1 (1 − t)ρ−1 f

((1 − t
2

)
(a + b − y) +

(1 + t
2

)
(a + b − x)

)
dt

=

(
2

y − x

)ρα ∫ a+b−x

a+b− x+y
2

[(
(a + b − x) −

(
a + b −

x + y
2

))ρ
− ((a + b − x) − τ)ρ

]α−1

× ((a + b − x) − τ)ρ−1 f (τ)dτ

=

(
2

y − x

)ρα
ρα−1Γ(α) ρIα(a+b−x)− f

(
a + b −

x + y
2

)
,

and ∫ 1

0
(1 − (1 − t)ρ)α dt =

∫ 1

0
(1 − sρ)α ds =

1
ρ

∫ 1

0
(1 − s)α s

1
ρ−1 ds =

1
ρ
β

(
α + 1,

1
ρ

)
.

By utilizing the integration by parts method, we can obtain the following expression:

J1 =

∫ 1

0

[∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

]
f ′′

((1 − t
2

)
(a + b − y) +

(1 + t
2

)
(a + b − x)

)
dt

=

(
2

y − x

) [∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

]
f ′

((1 − t
2

)
(a + b − y) +

(1 + t
2

)
(a + b − x)

) ∣∣∣∣1
0

+

(
2

y − x

) ∫ 1

0

(
(1 − (1 − t)ρ)α −

1
2

)
f ′

((1 − t
2

)
(a + b − y) +

(1 + t
2

)
(a + b − x)

)
dt
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= −

(
2

y − x

) [∫ 1

0

(
(1 − (1 − z)ρ)α −

1
2

)
dz

]
f ′

(
a + b −

x + y
2

)
+

(
2

y − x

)2

×

{(
(1 − (1 − t)ρ)α −

1
2

)
f
((1 − t

2

)
(a + b − y) +

(1 + t
2

)
(a + b − x)

) ∣∣∣∣1
0

− αρ

∫ 1

0
(1 − (1 − t)ρ)α−1 (1 − t)ρ−1 f

((1 − t
2

)
(a + b − y) +

(1 + t
2

)
(a + b − x)

)
dt

}

= −

(
2

y − x

) [
1
ρ
β

(
α + 1,

1
ρ

)
−

1
2

]
f ′

(
a + b −

x + y
2

)
+

(
2

y − x

)2

×

{
1
2

f (a + b − x) +
1
2

f
(
a + b −

x + y
2

)
−

(
2

y − x

)ρα
ραΓ(α + 1) ρIα(a+b−x)− f

(
a + b −

x + y
2

)}
.

Similarly, putting τ = 1+t
2 (a + b − y) + 1−t

2 (a + b − x), we get

∫ 1

0
(1 − (1 − t)ρ)α−1 (1 − t)ρ−1 f

(1 + t
2

(a + b − y) +
1 − t

2
(a + b − x)

)
dt

=

(
2

y − x

)ρα ∫ a+b− x+y
2

a+b−y

[((
a + b −

x + y
2

)
− (a + b − y)

)ρ
−

(
τ − (a + b − y)

)ρ]α−1

×
(
τ − (a + b − y)

)ρ−1 f (τ)dτ

=

(
2

y − x

)ρα
ρα−1Γ(α) ρIα(a+b−y)+ f

(
a + b −

x + y
2

)
.

Applying integration by parts yields

J2 =

∫ 1

0

[∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

]
f ′′

((1 + t
2

)
(a + b − y) +

(1 − t
2

)
(a + b − x)

)
dt

= −

(
2

y − x

) [∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

]
f ′

((1 + t
2

)
(a + b − y) +

(1 − t
2

)
(a + b − x)

) ∣∣∣∣1
0

−

(
2

y − x

) ∫ 1

0

(
(1 − (1 − t)ρ)α −

1
2

)
f ′

((1 + t
2

)
(a + b − y) +

(1 − t
2

)
(a + b − x)

)
dt

=

(
2

y − x

) [∫ 1

0

(
(1 − (1 − z)ρ)α −

1
2

)
dz

]
f ′

(
a + b −

x + y
2

)
+

(
2

y − x

)2

×

{(
(1 − (1 − t)ρ)α −

1
2

)
f
((1 + t

2

)
(a + b − y) +

(1 − t
2

)
(a + b − x)

) ∣∣∣∣1
0

−αρ

∫ 1

0
(1 − (1 − t)ρ)α−1 (1 − t)ρ−1 f

((1 + t
2

)
(a + b − y) +

(1 − t
2

)
(a + b − x)

)
dt

}
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=

(
2

y − x

) [
1
ρ
β

(
α + 1,

1
ρ

)
−

1
2

]
f ′

(
a + b −

x + y
2

)
+

(
2

y − x

)2

×

{
1
2

f (a + b − y) +
1
2

f
(
a + b −

x + y
2

)
−

(
2

y − x

)ρα
ραΓ(α + 1) ρIα(a+b−y)+ f

(
a + b −

x + y
2

)}
.

Consequently, the following equality is valid:

(y − x)2

8
(J1 + J2) =

1
2

[
f (a + b − y) + f (a + b − x)

2
+ f

(
a + b −

x + y
2

)]

−
2ρα−1 ραΓ(α + 1)

(y − x)ρα

[
ρIα(a+b−y)+ f

(
a + b −

x + y
2

)
+ ρIα(a+b−x)− f

(
a + b −

x + y
2

)]
.

This concludes the proof.

The first result for Bullen-Mercer inequality with conformable fractional integral operators is given below.

Theorem 2.2. Assume that the assumptions of Lemma 8 hold and h is B-function. If | f ′′| is a h-convex mapping on
[a, b], then the following Bullen-Mercer type inequality holds.∣∣∣∣∣∣12

[
f (a + b − y) + f (a + b − x)

2
+ f

(
a + b −

x + y
2

)]

−
2ρα−1 ραΓ(α + 1)

(y − x)ρα

[
ρIα(a+b−y)+ f

(
a + b −

x + y
2

)
+ ρIα(a+b−x)− f

(
a + b −

x + y
2

)]∣∣∣∣∣∣
≤

(y − x)2

4
h
(1

2

) [∣∣∣ f ′′(a + b − y)
∣∣∣ + ∣∣∣ f ′′(a + b − x)

∣∣∣] ∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣ dt

≤
(y − x)2

4
h
(1

2

) {
4 h

(1
2

)
[
∣∣∣ f ′′(a)

∣∣∣ + ∣∣∣ f ′′(b)
∣∣∣] − [∣∣∣ f ′′(x)

∣∣∣ + ∣∣∣ f ′′(y)
∣∣∣]} ∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣ dt.

(9)

Proof. Let h be a B-function. Using the h-convexity of the function | f ′′| and the absolute value of identity (8)
to deduce∣∣∣∣∣∣12

[
f (a + b − y) + f (a + b − x)

2
+ f

(
a + b −

x + y
2

)]

−
2ρα−1 ραΓ(α + 1)

(y − x)ρα

[
ρIα(a+b−y)+ f

(
a + b −

x + y
2

)
+ ρIα(a+b−x)− f

(
a + b −

x + y
2

)]∣∣∣∣∣∣
≤

(y − x)2

8

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣
×

[∣∣∣∣∣ f ′′ ((1 − t
2

)
(a + b − y) +

(1 + t
2

)
(a + b − x)

)∣∣∣∣∣ + ∣∣∣∣∣ f ′′ ((1 + t
2

)
(a + b − y) +

(1 − t
2

)
(a + b − x)

)∣∣∣∣∣] dt

≤
(y − x)2

8

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣
×

(
h
(1 − t

2

)
+ h

(1 + t
2

)) [∣∣∣ f ′′(a + b − y)
∣∣∣ + ∣∣∣ f ′′(a + b − x)

∣∣∣] dt.
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By applying inequality (6) for λ = 1−t
2 , we result∣∣∣∣∣∣12

[
f (a + b − y) + f (a + b − x)

2
+ f

(
a + b −

x + y
2

)]

−
2ρα−1 ραΓ(α + 1)

(y − x)ρα

[
ρIα(a+b−y)+ f

(
a + b −

x + y
2

)
+ ρIα(a+b−x)− f

(
a + b −

x + y
2

)]∣∣∣∣∣∣
≤

(y − x)2

8

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣ (2 h
(1

2

)) [∣∣∣ f ′′(a + b − y)
∣∣∣ + ∣∣∣ f ′′(a + b − x)

∣∣∣] dt.

This accomplishes the first inequality in (9). Applying (4) and (6) yields to the second inequality in (9).

By taking x = a and y = b, we establish the following Bullen inequality.

Corollary 2.3. Assume that the assumptions of Lemma 8 hold. If | f ′′| is a h-convex mapping on [a, b], then∣∣∣∣∣∣12
[

f (a) + f (b)
2

+ f
(

a + b
2

)]
−

2ρα−1 ραΓ(α + 1)
(b − a)ρα

[
ρIαa+ f

(
a + b

2

)
+ ρIαb− f

(
a + b

2

)]∣∣∣∣∣∣
≤

(b − a)2

4
h
(1

2

) [∣∣∣ f ′′(a)
∣∣∣ + ∣∣∣ f ′′(b)

∣∣∣] ∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣ dt.

(10)

Remark 2.4. Corollary 2.3 is a generalization of Theorem 1 in [12]. One can easily see it assuming h(λ) = λ.

Next, consider some particular cases of Theorem 2.2 with h-convexity involving conformable fractional
integral operators.

1. Given h(t) = ts with s ∈ (0, 1] in Theorem 2.2, we obtain the following Corollary.

Corollary 2.5. Assume α, ρ and f are defined according to Theorem 2.2. If | f ′′| is a s-convex function on
[x, y], then

∣∣∣∣∣∣12
[

f (a + b − y) + f (a + b − x)
2

+ f
(
a + b −

x + y
2

)]

−
2ρα−1 ραΓ(α + 1)

(y − x)ρα

[
ρIα(a+b−y)+ f

(
a + b −

x + y
2

)
+ ρIα(a+b−x)− f

(
a + b −

x + y
2

)]∣∣∣∣∣∣
≤

(y − x)2

4

(1
2

)s [∣∣∣ f ′′(a + b − y)
∣∣∣ + ∣∣∣ f ′′(a + b − x)

∣∣∣] ∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣ dt

≤
(y − x)2

4

(1
2

)s {
4

(1
2

)s

[
∣∣∣ f ′′(a)

∣∣∣ + ∣∣∣ f ′′(b)
∣∣∣] − [∣∣∣ f ′′(x)

∣∣∣ + ∣∣∣ f ′′(y)
∣∣∣]}∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣ dt.

(11)

Remark 2.6. • Taking ρ = 1 in inequality (11), we get Bullen-Mercer inequality via Riemann-Liouville
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operators for s-convex function.∣∣∣∣∣∣12
[

f (a + b − y) + f (a + b − x)
2

+ f
(
a + b −

x + y
2

)]

−
2α−1 Γ(α + 1)

(y − x)α

[
Iα(a+b−y)+ f

(
a + b −

x + y
2

)
+ Iα(a+b−x)− f

(
a + b −

x + y
2

)]∣∣∣∣∣∣
≤

(y − x)2

4

(1
2

)s [∣∣∣ f ′′(a + b − y)
∣∣∣ + ∣∣∣ f ′′(a + b − x)

∣∣∣] ∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
zα −

1
2

)
dz

∣∣∣∣∣∣ dt

≤
(y − x)2

4

(1
2

)s {
4

(1
2

)s

[
∣∣∣ f ′′(a)

∣∣∣ + ∣∣∣ f ′′(b)
∣∣∣] − [∣∣∣ f ′′(x)

∣∣∣ + ∣∣∣ f ′′(y)
∣∣∣]}∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
zα −

1
2

)
dz

∣∣∣∣∣∣ dt.

(12)

The above inequality (12) is a generalization of Corollary 1 in [12], simply by setting s = 1, x = a and
y = b.

• Usingα = 1 in inequality (12) yields Bullen-Mercer inequality via Riemann integral for s-convex function.∣∣∣∣∣∣12
[

f (a + b − y) + f (a + b − x)
2

+ f
(
a + b −

x + y
2

)]
−

1
y − x

∫ a+b−x

a+b−y
f (t)dt

∣∣∣∣∣∣
≤

(y − x)2

48

(1
2

)s [∣∣∣ f ′′(a + b − y)
∣∣∣ + ∣∣∣ f ′′(a + b − x)

∣∣∣]
≤

(y − x)2

48

(1
2

)s {
4
(1

2

)s

[
∣∣∣ f ′′(a)

∣∣∣ + ∣∣∣ f ′′(b)
∣∣∣] − [∣∣∣ f ′′(x)

∣∣∣ + ∣∣∣ f ′′(y)
∣∣∣]} .

(13)

The above inequality (13) is a generalization of [19, Propesition 4]. It suffices to set s = 1, x = a, and
y = b.

2. Setting h(λ) = 1 in Theorem 2.2 yields the following new result for the class P-function. Take into
account s→ 0+ in the inequalities (11), (12), and (13).

Corollary 2.7. Assume α, ρ and f are defined according to Theorem 2.2. If | f ′′| is a P-function on [a, b], then∣∣∣∣∣∣12
[

f (a + b − y) + f (a + b − x)
2

+ f
(
a + b −

x + y
2

)]

−
2ρα−1 ραΓ(α + 1)

(y − x)ρα

[
ρIα(a+b−y)+ f

(
a + b −

x + y
2

)
+ ρIα(a+b−x)− f

(
a + b −

x + y
2

)]∣∣∣∣∣∣
≤

(y − x)2

4

[∣∣∣ f ′′(a + b − y)
∣∣∣ + ∣∣∣ f ′′(a + b − x)

∣∣∣] ∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣ dt

≤
(y − x)2

4

{
4 [

∣∣∣ f ′′(a)
∣∣∣ + ∣∣∣ f ′′(b)

∣∣∣] − [∣∣∣ f ′′(x)
∣∣∣ + ∣∣∣ f ′′(y)

∣∣∣]} ∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣ dt.

(14)

Remark 2.8. Using ρ = 1 in (14), we can produce the following Bullen-Mercer inequality using Riemann-
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Liouville operators, where | f ′′| is a P-function.∣∣∣∣∣∣12
[

f (a + b − y) + f (a + b − x)
2

+ f
(
a + b −

x + y
2

)]

−
2α−1 Γ(α + 1)

(y − x)α

[
Iα(a+b−y)+ f

(
a + b −

x + y
2

)
+ Iα(a+b−x)− f

(
a + b −

x + y
2

)]∣∣∣∣∣∣
≤

(y − x)2

4

[∣∣∣ f ′′(a + b − y)
∣∣∣ + ∣∣∣ f ′′(a + b − x)

∣∣∣] ∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
zα −

1
2

)
dz

∣∣∣∣∣∣ dt

≤
(y − x)2

4

{
4 [

∣∣∣ f ′′(a)
∣∣∣ + ∣∣∣ f ′′(b)

∣∣∣] − [∣∣∣ f ′′(x)
∣∣∣ + ∣∣∣ f ′′(y)

∣∣∣]} ∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
zα −

1
2

)
dz

∣∣∣∣∣∣ dt.

(15)

Remark 2.9. By setting α = 1 in (15), we use the Riemann integral to derive the following Bullen-Mercer
inequality for the class P-function.∣∣∣∣∣∣12

[
f (a + b − y) + f (a + b − x)

2
+ f

(
a + b −

x + y
2

)]
−

1
y − x

∫ a+b−x

a+b−y
f (t)dt

∣∣∣∣∣∣
≤

(y − x)2

48

[∣∣∣ f ′′(a + b − y)
∣∣∣ + ∣∣∣ f ′′(a + b − x)

∣∣∣]
≤

(y − x)2

48

{
4[

∣∣∣ f ′′(a)
∣∣∣ + ∣∣∣ f ′′(b)

∣∣∣] − [∣∣∣ f ′′(x)
∣∣∣ + ∣∣∣ f ′′(y)

∣∣∣]} .
(16)

Remark 2.10. Bullen inequalities for the class P-function can also be obtained by setting x = a and y = b in
the preceding inequalities (14), (15), and (16).

3. Putting h(λ) =
1
n

n∑
k=1

λ
1
k in Theorem 2.2, we obtain the following new results for n-fractional polyno-

mial convex functions.

Corollary 2.11. Assume α, ρ and f are defined according to Theorem 2.2. If | f ′′| is a n-fractional polynomial
convex mapping on [a, b], then∣∣∣∣∣∣12

[
f (a + b − y) + f (a + b − x)

2
+ f

(
a + b −

x + y
2

)]

−
2ρα−1 ραΓ(α + 1)

(y − x)ρα

[
ρIα(a+b−y)+ f

(
a + b −

x + y
2

)
+ ρIα(a+b−x)− f

(
a + b −

x + y
2

)]∣∣∣∣∣∣
≤

(y − x)2

4 n

n∑
k=1

(1
2

) 1
k [∣∣∣ f ′′(a + b − y)

∣∣∣ + ∣∣∣ f ′′(a + b − x)
∣∣∣] ∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣ dt

≤
(y − x)2

4 n

n∑
k=1

(1
2

) 1
k

4
n

n∑
k=1

(1
2

) 1
k

[
∣∣∣ f ′′(a)

∣∣∣ + ∣∣∣ f ′′(b)
∣∣∣] − [∣∣∣ f ′′(x)

∣∣∣ + ∣∣∣ f ′′(y)
∣∣∣]

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣ dt.

(17)
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Remark 2.12. • Taking ρ = 1 in inequality (17), we get Bullen-Mercer inequality via Riemann-Liouville
operators for n-fractional polynomial convex function.

∣∣∣∣∣∣12
[

f (a + b − y) + f (a + b − x)
2

+ f
(
a + b −

x + y
2

)]

−
2α−1 Γ(α + 1)

(y − x)α

[
Iα(a+b−y)+ f

(
a + b −

x + y
2

)
+ Iα(a+b−x)− f

(
a + b −

x + y
2

)]∣∣∣∣∣∣
≤

(y − x)2

4 n

n∑
k=1

(1
2

) 1
k [∣∣∣ f ′′(a + b − y)

∣∣∣ + ∣∣∣ f ′′(a + b − x)
∣∣∣] ∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
zα −

1
2

)
dz

∣∣∣∣∣∣ dt

≤
(y − x)2

4 n

n∑
k=1

(1
2

) 1
k

4
n

n∑
k=1

(1
2

) 1
k

[
∣∣∣ f ′′(a)

∣∣∣ + ∣∣∣ f ′′(b)
∣∣∣] − [∣∣∣ f ′′(x)

∣∣∣ + ∣∣∣ f ′′(y)
∣∣∣]

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
zα −

1
2

)
dz

∣∣∣∣∣∣ dt.

(18)

The above inequality (18) is the second generalization of Corollary 1 in [12]. It suffices to set n = 1, x = a,
and y = b.

• Puttingα = 1 in inequality (18), we deduce Bullen-Mercer inequality via Riemann integral for n-fractional
polynomial convex function.

∣∣∣∣∣∣12
[

f (a + b − y) + f (a + b − x)
2

+ f
(
a + b −

x + y
2

)]
−

1
y − x

∫ a+b−x

a+b−y
f (t)dt

∣∣∣∣∣∣
≤

(y − x)2

48 n

n∑
k=1

(1
2

) 1
k [∣∣∣ f ′′(a + b − y)

∣∣∣ + ∣∣∣ f ′′(a + b − x)
∣∣∣]

≤
(y − x)2

48 n

n∑
k=1

(1
2

) 1
k

4
n

n∑
k=1

(1
2

) 1
k

[
∣∣∣ f ′′(a)

∣∣∣ + ∣∣∣ f ′′(b)
∣∣∣] − [∣∣∣ f ′′(x)

∣∣∣ + ∣∣∣ f ′′(y)
∣∣∣] .

(19)

Inequality (19) is a new generalization of [19, Propesition 4]. It suffices to put n = 1, x = a, and y = b.

Theorem 2.13. Let h be a B-function on (0, 1), q > 1, 1
p +

1
q = 1 and assume that α, ρ, f are defined as in Lemma

2.1. If
∣∣∣ f ′′∣∣∣q is a h-convex mapping on [a, b], the following Bullen-Mercer type inequality holds.

∣∣∣∣∣∣12
[

f (a + b − y) + f (a + b − x)
2

+ f
(
a + b −

x + y
2

)]

−
2ρα−1 ραΓ(α + 1)

(y − x)ρα

[
ρIα(a+b−y)+ f

(
a + b −

x + y
2

)
+ ρIα(a+b−x)− f

(
a + b −

x + y
2

)]∣∣∣∣∣∣
(20)
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≤
(y − x)2

4

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣
p

dt


1
p (

h
(1

2

)) 1
q

×

[∣∣∣ f ′′(a + b − y)
∣∣∣q + ∣∣∣ f ′′(a + b − x)

∣∣∣q] 1
q

≤
(y − x)2

4

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣
p

dt


1
p (

h
(1

2

)) 1
q

×

{
4 h

(1
2

)
[
∣∣∣ f ′′(a)

∣∣∣q + ∣∣∣ f ′′(b)
∣∣∣q] −

[∣∣∣ f ′′(x)
∣∣∣q + ∣∣∣ f ′′(y)

∣∣∣q]} 1
q

.

Proof. Using the absolute value of identity (8), we obtain∣∣∣∣∣∣12
[

f (a + b − y) + f (a + b − x)
2

+ f
(
a + b −

x + y
2

)]

−
2ρα−1 ραΓ(α + 1)

(y − x)ρα

[
ρIα(a+b−y)+ f

(
a + b −

x + y
2

)
+ ρIα(a+b−x)− f

(
a + b −

x + y
2

)]∣∣∣∣∣∣
≤

(y − x)2

8

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣
∣∣∣∣∣ f ′′ ((1 − t

2

)
(a + b − y) +

(1 + t
2

)
(a + b − x)

)∣∣∣∣∣ dt

+
(y − x)2

8

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣
∣∣∣∣∣ f ′′ ((1 + t

2

)
(a + b − y) +

(1 − t
2

)
(a + b − x)

)∣∣∣∣∣ dt.

Applying Hölder inequality and A
1
q + B

1
q ≤ 21− 1

q (A + B)
1
q gives∣∣∣∣∣∣12

[
f (a + b − y) + f (a + b − x)

2
+ f

(
a + b −

x + y
2

)]

−
2ρα−1 ραΓ(α + 1)

(y − x)ρα

[
ρIα(a+b−y)+ f

(
a + b −

x + y
2

)
+ ρIα(a+b−x)− f

(
a + b −

x + y
2

)]∣∣∣∣∣∣
≤

(y − x)2

8

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣
p

dt


1
p [(∫ 1

0

∣∣∣∣∣ f ′′ ((1 − t
2

)
(a + b − y)+

(1 + t
2

)
(a + b − x)

)∣∣∣∣∣q dt
) 1

q

+

(∫ 1

0

∣∣∣∣∣ f ′′ ((1 − t
2

)
(a + b − y) +

(1 + t
2

)
(a + b − x)

)∣∣∣∣∣q dt
) 1

q


≤
(y − x)2

8

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣
p

dt


1
p

21− 1
q

[∫ 1

0

∣∣∣∣∣ f ′′ ((1 − t
2

)
(a + b − y)+

(1 + t
2

)
(a + b − x)

)∣∣∣∣∣q dt +
∫ 1

0

∣∣∣∣∣ f ′′ ((1 − t
2

)
(a + b − y) +

(1 + t
2

)
(a + b − x)

)∣∣∣∣∣q dt
] 1

q

.
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Since | f ′′|q is a h-convex function, we conclude∣∣∣∣∣∣12
[

f (a + b − y) + f (a + b − x)
2

+ f
(
a + b −

x + y
2

)]

−
2ρα−1 ραΓ(α + 1)

(y − x)ρα

[
ρIα(a+b−y)+ f

(
a + b −

x + y
2

)
+ ρIα(a+b−x)− f

(
a + b −

x + y
2

)]∣∣∣∣∣∣
≤

(y − x)2

8

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣
p

dt


1
p

2
1
p

[∫ 1

0

(
h
(1 − t

2

) ∣∣∣ f ′′(a + b − y)
∣∣∣q

+h
(1 + t

2

) ∣∣∣ f ′′(a + b − x)
∣∣∣q) dt +

∫ 1

0

(
h
(1 + t

2

) ∣∣∣ f ′′(a + b − y)
∣∣∣q + h

(1 − t
2

) ∣∣∣ f ′′(a + b − x)
∣∣∣q) dt

] 1
q

≤
(y − x)2

8

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣
p

dt


1
p

2
1
p

(∫ 1

0

[
h
(1 − t

2

)
+ h

(1 + t
2

)]
dt

) 1
q [∣∣∣ f ′′(a + b − y)

∣∣∣q + ∣∣∣ f ′′(a + b − x)
∣∣∣q] 1

q .

Applying (6) for λ = 1−t
2 , we result∣∣∣∣∣∣12

[
f (a + b − y) + f (a + b − x)

2
+ f

(
a + b −

x + y
2

)]

−
2ρα−1 ραΓ(α + 1)

(y − x)ρα

[
ρIα(a+b−y)+ f

(
a + b −

x + y
2

)
+ ρIα(a+b−x)− f

(
a + b −

x + y
2

)]∣∣∣∣∣∣
≤

(y − x)2

8

2
∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣
p

dt


1
p

2
1
p

(
2 h

(1
2

)) 1
q

×

[∣∣∣ f ′′(a + b − y)
∣∣∣q + ∣∣∣ f ′′(a + b − x)

∣∣∣q] 1
q .

This results in the first inequality in (20). Applying (4) and (6) yields to the second inequality in (20).

By taking x = a and y = b, we establish the following Bullen inequality.

Corollary 2.14. Assume that the assumptions of Lemma 8 hold. If | f ′′|q is a h-convex mapping on [a, b], then∣∣∣∣∣∣12
[

f (a) + f (b)
2

+ f
(

a + b
2

)]

−
2ρα−1 ραΓ(α + 1)

(b − a)ρα

[
ρIαa+ f

(
a + b

2

)
+ ρIαb− f

(
a + b

2

)]∣∣∣∣∣∣
≤

(b − a)2

4

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣
p

dt


1
p (

h
(1

2

)) 1
q [∣∣∣ f ′′(a)

∣∣∣q + ∣∣∣ f ′′(b)
∣∣∣q] 1

q .

(21)
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Remark 2.15. Corollary 2.14 is a generalization of Theorem 2 in [12]. One can easily see assuming h(λ) = λ.

Next, examine some particular cases of Theorem 2.13 with h-convexity and conformable fractional
integral operators.

1. By applying Theorem 2.13 to h(t) = ts with s ∈ (0, 1], we get the following result.

Corollary 2.16. Assume α, ρ and f are defined according to Theorem 2.13. If | f ′′|q is a s-convex function on
[a, b], then∣∣∣∣∣∣12

[
f (a + b − y) + f (a + b − x)

2
+ f

(
a + b −

x + y
2

)]

−
2ρα−1 ραΓ(α + 1)

(y − x)ρα

[
ρIα(a+b−y)+ f

(
a + b −

x + y
2

)
+ ρIα(a+b−x)− f

(
a + b −

x + y
2

)]∣∣∣∣∣∣
≤

(y − x)2

4

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣
p

dt


1
p (1

2

) s
q

×

[∣∣∣ f ′′(a + b − y)
∣∣∣q + ∣∣∣ f ′′(a + b − x)

∣∣∣q] 1
q

≤
(y − x)2

4

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣
p

dt


1
p (1

2

) s
q

×

{
4

(1
2

)s

[
∣∣∣ f ′′(a)

∣∣∣q + ∣∣∣ f ′′(b)
∣∣∣q] −

[∣∣∣ f ′′(x)
∣∣∣q + ∣∣∣ f ′′(y)

∣∣∣q]} 1
q

.

(22)

Remark 2.17. •

• Taking ρ = 1 in inequality (22), we establish Bullen-Mercer inequality via Riemann-Liouville operators
for s-convex function.∣∣∣∣∣∣12

[
f (a + b − y) + f (a + b − x)

2
+ f

(
a + b −

x + y
2

)]

−
2α−1 Γ(α + 1)

(y − x)α

[
Iα(a+b−y)+ f

(
a + b −

x + y
2

)
+ Iα(a+b−x)− f

(
a + b −

x + y
2

)]∣∣∣∣∣∣
≤

(y − x)2

4

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
zα −

1
2

)
dz

∣∣∣∣∣∣
p

dt


1
p (1

2

) s
q [∣∣∣ f ′′(a + b − y)

∣∣∣q + ∣∣∣ f ′′(a + b − x)
∣∣∣q] 1

q

≤
(y − x)2

4

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
zα −

1
2

)
dz

∣∣∣∣∣∣
p

dt


1
p (1

2

) s
q

×

{
4

(1
2

)s

[
∣∣∣ f ′′(a)

∣∣∣q + ∣∣∣ f ′′(b)
∣∣∣q] −

[∣∣∣ f ′′(x)
∣∣∣q + ∣∣∣ f ′′(y)

∣∣∣q]} 1
q

.

(23)

The above inequality (23) is a generalization of Corollary 2 in [12], simply by setting s = 1, x = a and
y = b.
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• Putting α = 1 in inequality (23), we get∫ 1

0

∣∣∣∣t − t2
∣∣∣∣p dt =

∫ 1

0
(t − t2)pdt =

∫ 1

0
tp(1 − t)pdt = β(p + 1, p + 1),

where β(. , .) is the beta function. Therefore, we establish the next Bullen-Mercer inequality via Riemann
integral for s-convex function .∣∣∣∣∣∣12

[
f (a + b − y) + f (a + b − x)

2
+ f

(
a + b −

x + y
2

)]
−

1
y − x

∫ a+b−x

a+b−y
f (t)dt

∣∣∣∣∣∣
≤

(y − x)2

8
(
β(p + 1, p + 1)

) 1
p

(1
2

) s
q [∣∣∣ f ′′(a + b − y)

∣∣∣q + ∣∣∣ f ′′(a + b − x)
∣∣∣q] 1

q

≤
(y − x)2

8
(
β(p + 1, p + 1)

) 1
p

(1
2

) s
q
{

4
(1

2

)s

[
∣∣∣ f ′′(a)

∣∣∣q + ∣∣∣ f ′′(b)
∣∣∣q] −

[∣∣∣ f ′′(x)
∣∣∣q + ∣∣∣ f ′′(y)

∣∣∣q]} 1
q

.

(24)

The above inequality (24) is a generalization of of Corollary 3 in [12]. It suffices to set s = 1, x = a, and
y = b.

2. Setting h(λ) = 1 in Theorem 2.13 gives the following new result about the class P-function. Consider
s→ 0+ in the inequalities (22), (23) and (24).

Corollary 2.18. Assume α, ρ and f are defined according to Theorem 2.13. If | f ′′|q is a P-function on [a, b],
then∣∣∣∣∣∣12

[
f (a + b − y) + f (a + b − x)

2
+ f

(
a + b −

x + y
2

)]

−
2ρα−1 ραΓ(α + 1)

(y − x)ρα

[
ρIα(a+b−y)+ f

(
a + b −

x + y
2

)
+ ρIα(a+b−x)− f

(
a + b −

x + y
2

)]∣∣∣∣∣∣
≤

(y − x)2

4

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣
p

dt


1
p [∣∣∣ f ′′(a + b − y)

∣∣∣q + ∣∣∣ f ′′(a + b − x)
∣∣∣q] 1

q

≤
(y − x)2

4

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣
p

dt


1
p {

4 [
∣∣∣ f ′′(a)

∣∣∣q + ∣∣∣ f ′′(b)
∣∣∣q] −

[∣∣∣ f ′′(x)
∣∣∣q + ∣∣∣ f ′′(y)

∣∣∣q]} 1
q .

(25)

Remark 2.19. Taking ρ = 1, we derive the following Bullen-Mercer inequality via Riemann-Liouville opera-
tors, where f is a P-function.∣∣∣∣∣∣12

[
f (a + b − y) + f (a + b − x)

2
+ f

(
a + b −

x + y
2

)]

−
2α−1 Γ(α + 1)

(y − x)α

[
Iα(a+b−y)+ f

(
a + b −

x + y
2

)
+ Iα(a+b−x)− f

(
a + b −

x + y
2

)]∣∣∣∣∣∣
≤

(y − x)2

4

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
zα −

1
2

)
dz

∣∣∣∣∣∣
p

dt


1
p [∣∣∣ f ′′(a + b − y)

∣∣∣q + ∣∣∣ f ′′(a + b − x)
∣∣∣q] 1

q

≤
(y − x)2

4

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
zα −

1
2

)
dz

∣∣∣∣∣∣
p

dt


1
p {

4 [
∣∣∣ f ′′(a)

∣∣∣q + ∣∣∣ f ′′(b)
∣∣∣q] −

[∣∣∣ f ′′(x)
∣∣∣q + ∣∣∣ f ′′(y)

∣∣∣q]} 1
q .

(26)



B. Benaissa et al. / Filomat 38:30 (2024), 10747–10763 10761

Remark 2.20. By putting ρ = 1 and α = 1, we apply the Riemann integral to derive the following Bullen-
Mercer inequality for the class P-function.

∣∣∣∣∣∣12
[

f (a + b − y) + f (a + b − x)
2

+ f
(
a + b −

x + y
2

)]
−

1
y − x

∫ a+b−x

a+b−y
f (t)dt

∣∣∣∣∣∣
≤

(y − x)2

8
(
β(p + 1, p + 1)

) 1
p
[∣∣∣ f ′′(a + b − y)

∣∣∣q + ∣∣∣ f ′′(a + b − x)
∣∣∣q] 1

q

≤
(y − x)2

8
(
β(p + 1, p + 1)

) 1
p
{
4 [

∣∣∣ f ′′(a)
∣∣∣q + ∣∣∣ f ′′(b)

∣∣∣q] −
[∣∣∣ f ′′(x)

∣∣∣q + ∣∣∣ f ′′(y)
∣∣∣q]} 1

q .

(27)

3. Setting h(λ) =
1
n

n∑
k=1

λ
1
k yields the following new result for the class n-fractional polynomial convex

function.

Corollary 2.21. Assume α, ρ and f are defined according to Theorem 2.2. If | f ′′|q is a n-fractional polynomial
convex mapping on [a, b], then

∣∣∣∣∣∣12
[

f (a + b − y) + f (a + b − x)
2

+ f
(
a + b −

x + y
2

)]

−
2ρα−1 ραΓ(α + 1)

(y − x)ρα

[
ρIα(a+b−y)+ f

(
a + b −

x + y
2

)
+ ρIα(a+b−x)− f

(
a + b −

x + y
2

)]∣∣∣∣∣∣
≤

(y − x)2

4

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣
p

dt


1
p
1

n

n∑
k=1

(1
2

) 1
k


1
q

×

[∣∣∣ f ′′(a + b − y)
∣∣∣q + ∣∣∣ f ′′(a + b − x)

∣∣∣q] 1
q

≤
(y − x)2

4

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
(1 − (1 − z)ρ)α −

1
2

)
dz

∣∣∣∣∣∣
p

dt


1
p
1

n

n∑
k=1

(1
2

) 1
k


1
q

×


4

n

n∑
k=1

(1
2

) 1
k

 [
∣∣∣ f ′′(a)

∣∣∣q + ∣∣∣ f ′′(b)
∣∣∣q] −

[∣∣∣ f ′′(x)
∣∣∣q + ∣∣∣ f ′′(y)

∣∣∣q]
1
q

.

(28)

Remark 2.22. •

• Taking ρ = 1 in inequality (28), we get Bullen-Mercer inequality via Riemann-Liouville operators for
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n-fractional polynomial convex function.∣∣∣∣∣∣12
[

f (a + b − y) + f (a + b − x)
2

+ f
(
a + b −

x + y
2

)]

−
2α−1 Γ(α + 1)

(y − x)α

[
Iα(a+b−y)+ f

(
a + b −

x + y
2

)
+ Iα(a+b−x)− f

(
a + b −

x + y
2

)]∣∣∣∣∣∣
≤

(y − x)2

4

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
zα −

1
2

)
dz

∣∣∣∣∣∣
p

dt


1
p
1

n

n∑
k=1

(1
2

) 1
k


1
q [∣∣∣ f ′′(a + b − y)

∣∣∣q + ∣∣∣ f ′′(a + b − x)
∣∣∣q] 1

q

≤
(y − x)2

4

∫ 1

0

∣∣∣∣∣∣
∫ 1

t

(
zα −

1
2

)
dz

∣∣∣∣∣∣
p

dt


1
p
1

n

n∑
k=1

(1
2

) 1
k


1
q

×


4

n

n∑
k=1

(1
2

) 1
k

 [
∣∣∣ f ′′(a)

∣∣∣q + ∣∣∣ f ′′(b)
∣∣∣q] −

[∣∣∣ f ′′(x)
∣∣∣q + ∣∣∣ f ′′(y)

∣∣∣q]
1
q

.

(29)

• Putting ρ = 1 and α = 1 in inequality (28), we get Bullen-Mercer inequality via Riemann integral for
s-convex function.∣∣∣∣∣∣12
[

f (a + b − y) + f (a + b − x)
2

+ f
(
a + b −

x + y
2

)]
−

1
y − x

∫ a+b−x

a+b−y
f (t)dt

∣∣∣∣∣∣
≤

(y − x)2

8
(
β(p + 1, p + 1)

) 1
p

1
n

n∑
k=1

(1
2

) 1
k


1
q [∣∣∣ f ′′(a + b − y)

∣∣∣q + ∣∣∣ f ′′(a + b − x)
∣∣∣q] 1

q

≤
(y − x)2

8
(
β(p + 1, p + 1)

) 1
p

1
n

n∑
k=1

(1
2

) 1
k


1
q

4

n

n∑
k=1

(1
2

) 1
k

 [
∣∣∣ f ′′(a)

∣∣∣q + ∣∣∣ f ′′(b)
∣∣∣q] −

[∣∣∣ f ′′(x)
∣∣∣q + ∣∣∣ f ′′(y)

∣∣∣q]
1
q

.

(30)
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