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On A,, Laplace and ABC energies of Dendrimer and Bethe trees

Mengqi Huang?, Metrose Metsidik®*

“College of Mathematical Sciences, Xinjiang Normal University, Urumgi, 830054, P. R., China

Abstract. In this paper, we obtain almost all A,, Laplace and ABC eigenvalues of Dendrimer trees and

three reduction calculation formulae for the three corresponding energies. And we calculate all A,, Laplace
and ABC eigenvalues and energies of Bethe trees.

1. Introduction

Dendrimers are widely used in sensing, catalysis, molecular electronics, photonics, nanomedicine and
other fields [1, 7]. The energy of a graph is also an important topological index that can be used to
approximate the total energy of m-electrons in conjugated hydrocarbons [4, 5].

A Dendrimer tree D, [2] is an  + 1 layer tree with the root u such that deg(v) = k for 0 < d(u,v) < n and
deg(v) = 1 for d(u,v) = n, see Figure 1 for an example. A Bethe tree B, x [10] is obtained from a Dendrimer

DO,k Dl,k

D2,k

Figure 1: The Dendrimer trees Dy, D1 x and D x

tree D, by deleting a child of the root # and all descendants of the child, see Figure 2 for an example.

Due to widespread application of these two types of trees in multiple disciplines and fields, their
topological properties have attracted the attention of many scholars. In 2007, Rojo [10] derived an explicit
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Figure 2: The Bethe trees By, By x and By

formula for the eigenvalues of B, x. In 2017, Nikiforov [9] obtained the A,-characteristic polynomial and its
spectrum of the generalized Bethe tree By, which is a rooted tree of layer k + 1 and vertices of the same level
have the same degree. In 2021, Bokhary and Tabassum [2] gave the energy of D, and D3 and compared
the energies for distinct values of n and k. In 2022, Xu and Yan [11] obtained the characteristic polynomial
and almost all eigenvalues of D,,x and computed the energy of D3 and Dy.

The graph energy of a simple graph G is defined by Gutman in [4],

EG) =) I(G),
i=1

where A1(G), A2(G), - - - , A4(G) are the eigenvalues of the adjacency matrix of G. The A,-energy [12], Laplace
energy [6], and ABC energy [3] of a graph are defined similar to the graph energy such that the sum of the
absolute values of the eigenvalues of A,, Laplace and ABC matrices of the graph.

In this paper, we determine A,, Laplace and ABC characteristic polynomials and their eigenvalues for
Dn,k and Bn,k-

2. Elementary

Let A(G), D(G) and Q(G) represent the adjacency matrix, diagonal matrix and signless Laplacian matrix of
agraph G, respectively. For any real number «a € [0, 1], Nikiforov [8] defined A,-matrix and A,-characteristic
polynomial as follows:

Au(G)
P(Aa(G), 1)

aD(G) + (1 - a)A(G),
det(AL, — An(G),

where I, is the identity matrix of order n. Obviously, Ao(G) = A(G), A1(G) = D(G) and ZA% (G) = Q(G).

For any integer 0 < j < n, let N,,_j(T) be the number of vertices at layer j of a rooted tree T and
ms(T) = Ns(T)/Ns+1(T). It is easy to calculate that
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Nn_]‘ = Nn—j(Dn,k) = {k(k B 1)j—1,

k-1,
Nn—j - Nn—j+1 =

ms = 1mg(Dny) = {k _q

N,_; = Nu-j(Byj) = (k= 1) for j=0,1,--

N . —-N

n—j n—j+1

j=0;

j=1,2,"',1’1,

=%

k, s=n-1;
s=0,1,---,n-2,

'/n/

ms i=ms(Bug) =k—1forj=0,1,--- ,n—1.

k(k—1)y72(k-2), j=2,3,--,n,

=(k-1/"Yk-2) forj=1,2,--- ,n,

In the rest of the paper, weseta € [0,1]and f =1 —a.

Lemma 2.1. Let P,, n > 0, k > 2 be a polynomial such that

PO = /\—a;
P = (A= ak)(A - a) - B*(k - 1);

P, = (A — ak)P,_1 — *(k = 1)P,—5 forn > 2.

Then

2

1 [( (A= ak) + A —ak? — 4f2(k - 1)

Py =
VA —ak)? —482(k - 1)

Lemma 2.2. The roots of P, are as follows:

A=ak+28Vk—Tleos——, i=1,2,-+ ,n
n+2

3. A,-Eigenvalues of D, x and B, x

+ 1.

) — VA —ak)? - 482(k — 1)

n+2 (A - ak
N 2

Theorem 3.1. The A,-characteristic polynomial of the Dendrimer tree D, . is

n-2
1\ =2 (f—
G(Aa(Dyi), A) = (Pn—ﬂZPn_aP’,;jHP’;(k Ve,
]:

Proof. By the definitions of the adjacency and degree matrices, we have

[ 0 ]m() O
;{10 9 Iﬂ’l]
]Wq
A(Dn,k) =
. J i
My—2 T
| 0 0 o

0

]mn—l
0

In,
kI,

kINn 1

kI,

1

11703
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where J,,. is the column m; vector of ones, and ],Tns denotes the transposition of J,,,.. Then

cpAa(Dn,k)(A) :l AI - ADC(D‘Vl,k) |:

(A — o)y, ~BJm 0 0
~Blny A —ka)ly, B,
Bl (A=ka)ly,
(A - ka)INn—Z _ﬁlmn—z
Bl A=k —Blm,,
0 0 Bln.  (A-kaly,
Since J\ Jm, = mgly, and
Frmg _ (A-ab(A-a)-Pk-1) _ P,
(A = ka) A—a A—a TPy
T
multiplying the first row by i]Tm; and adding it to the second row, we have
POINO _,B]mg 0 0
By, —Blm
_‘B ;1;11 (A - ka)INz _,BIMZ
Pa,p,0(A) = - .
_ﬁ];@,{; (A - ka)INn—Z _:Bjmn—z
_ﬁ];ﬂy,_z (A - ka)Ier—l _ﬁ]mn—l
0 0 “Bln,  (A—ka)y,
Multiplying the second row by Plﬁl{% and adding it to the third row, we obtain
POINU ;ﬁ]mu 0 0
p_(l)INl ;ﬁ]ml
nive  —Plm
P40, (A) = -
_ﬁ]g‘ln,3 (/\ - ka)INn—Z _ﬁ]mn—Z
_ﬁ 3‘1”,2 (/\ - ka)INn—] _ﬁ]mn—l
0 0 B,  (A—ka)ly,
After continuing the above operation, we have
Poln, ;‘B T 0 0
P_;INl ;ﬁ]ml
i, —Plm
Pa,0,0(A) = -
g::z IN”—Z _ﬁ]mn—z
P::; INn—l _ﬁ]mn—l
0 ~Blm, (A —ka)ly,
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Since
(A _ k)OC _ ﬁzmn—lpn—z _ (A - ak)Pn_l — ‘B2kPn_2 3 Pn _ ﬁzpn—z
Pn—l Pn_l Pn—l ’
POINO 16]1110 0 0
IN1 _[P’]nn
I
P, N2
PAD,(A) =
%INIHZ _ﬁ]mn—z
II;Z:; IN"’T _ﬁ]m,,,]
_R2
0 0 Df e pﬁljz Iy,
Therefore

No [ P1 Pya\N=2 (Py_y \Not (P = B2Py 2 N
Paun) = Fo” (P ) (P ) (P ) P
0 n-3 n-2 n-1

_ P](;(k_l)n—2(k—2)P]I(k—1)n—3(k_2) . Pk(k Z)Pk 1(P ﬁzpn 2)
n-2 s
= (Pu = BPuo)Pi [ [ PV,

Corollary 3.2. The A,-eigenvalues of D, are the roots of P, — f*P,_p and
ak + 28 Vk - 1cos,li,
j+2

moreover its multiplicity is

k(k—1"72(k~-2), j=0,1,---,n—-2andl=1,2,---,j+1;
k-1, j=n-1landl=1,2,--- ,n

Corollary 3.3. The An-energy of D, is

j+1 n=2 n
Es,(Dyi) = ke =2)(k =12+ ) (k= 1)
I=1 j=0 =1
j+1 n=2
+28Vk—1|k(k - 2) (k- 1)“12cos 5+ (k- 1)2 cos-- ']
I=1 j=0
+&(Py — P*Pyo2).
where e(P, — B?Py—2) is the sum of the absolute values of the eigenvalues of P, — B*Py—.

Following a similar procedure for the Dendrimer tree D,,, it is easier to calculate the A,-eigenvalues of
the Bethe tree B, k.

Theorem 3.4. The A,-characteristic polynomial of the Bethe tree B, . is

n—-1
_1\1—j-1(}_
P(Ax(Bug), A) = Py Hpﬁk D7 (k-2)
=0
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Corollary 3.5. The A,-eigenvalues of B, are
Imt
ak + 2B Vk — lcos—,
j+2

moreover its multiplicity is

k-1)"7"%k-2), j=01,--,n-landl=1,2,---,j+1;
1, j=n,andl1=1,2,--- ,n+1.

Corollary 3.6. The A,-energy of B, i is

n—1 j+1 ' nil
Ea,(Bux) =ak|(k-2) Z(k — 1y Z 1
=0 =0 =
n—1 j+1 | l
+2pVk-1(k-2) (k= 1) |cos — ‘ + ¥ Jeos—— ’
ﬁ [;J‘ ;‘ j+2 +2

4. Adjacency eigenvalues and Laplace eigenvalues of D, x and B, «

Lemma 4.1. Let
Pé) = A
P, =A*—(k-1);
P,=AP,_, —(k-1P,_, forn>2,

then

S /e T )

Setting a = 0 in Theorems 3.1 and 3.4, we have the following two corollaries.

» ! {(Mm)[ m]l

- 2

Corollary 4.2 ([11]). The characteristic polynomial of D, is
qun,k(/\) (P pn 2)p’k 1 Hpk(k 12 (k= 2)

The eigenvalues of Dy, are the roots of P, — P' _, and
l
2 Vk — 1cos .l,
j+2

moreover its multiplicity is
k(k—1"772(k~-2), j=0,1,---,n—-2andl=1,2,---,j+1;
k-1, j=n-1andl=1,2,--- ,n
The energy of D, i is

j+1 n-2
E(D,x) =2k(k —2) Vk -1 (k—1)"i-2

1=1 j=0

COS

cos] '+2(k 1)\/_2

‘+ e(P, -

P, ).

11706
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Corollary 4.3 ([10]). The characteristic polynomial of B, is
n—-1 .
s (e-1)"i (k-2
Pn, (1) = P, [[ P62,
j=0

The eigenvalues of B, i are

2 Vk —Tcos -
j+2

moreover its multiplicity is

{(k—l)“‘f‘l(k—Z), j=0,1,--- ,n—landl=1,2,---,j+1;

1, j=nandl=1,2,--- ,n+1.
The energy of B, i is
j+1 n—-1 n+1
E(Byx) =2(k —2) Vk — Zz(k 1)m-i-t cos +2V Z cos ’
I=1 j=0

Lemma 4.4. Let
Py=A-1;
Pl ==k -1)~(k-1);
Py =(A=0P, = (k=1P,_, forn=2,

then

" Na—ke-ak-1) 2

. 1 [((/\m \/(Ak)24(k1))n+2 ((/\k) \/(/\k)24(k1))n+2]
_ - ‘

Recall that the Laplace matrix of G is L(G) = D(G) — A(G).

Theorem 4.5. The Laplace characteristic polynomial of the Dendrimer tree D, is
" " k(k—1)"1=2 (k—
PLo,N) = (P, = P,_,)P,5! H PR -2

The Laplace eigenvalues of D, . are the roots of P, — P and

k+2Vk—1cos.i,
j+2

1

moreover its multiplicity is

k(k=1"72(k-2), j=0,1,--,n-2andl=1,2,--,j+1;
k-1, j=n—-1andl=1,2,--- ,n
The Laplace energy of Dy, . is

<nakkkmfiﬁ'mﬂ+2¢1]

=1 j=0
+2Vk— [k(k 2)%%@ 1)”]2cos ‘+(k 1)Zcos ”
=1 j=0

+e(P, - P ).
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Theorem 4.6. The Laplace characteristic polynomial of the Bethe tree B,y is
n-1 .
"  (k=1y"=i1 (k=2
PLo,p(A) = Py H p ),
j=0

The Laplace eigenvalues of B,  are

k+2\/k—1cos.l7T ,
j+2

moreover its multiplicity is

k-1)"71k-2), j=0,1,---,n—landl=1,2,---,j+1;
1, j=nandl=1,2,--- ,n+1.

The Laplace energy of B, is

n-1 j+1 n+1
Er(Byg) =k[(k=2) ) ) (k- W”+Z
j=0 I=1
n-1 j+1 In n+1 -
2Vk-1|(k-2 k— 1)1 .
+ ( )j=O 121( ) cosn+1‘+; cos +2‘

Corollary 4.7.

Ea,B,,) < EL(Buy) = (k +2Vk - 1) [k(k —~ 1)5{(1(_—21)” ) nk+n+ 1] .

Proof. Since

j+1 n-1
k=DIk-1"-1] _ n
il n—-j-1 _ (
L Z(J *hE-D =2 G
=1 j=0
we have
n-1 j+l n+1
Ea,m, =ak|(k=2) (k- 1) +Zl
j=0 1=0
-1 j+l n+l In
sl ool £
— —
n-l jtl n+1
<EL(Bn,k) [(k 2) k 1)” =1y 21]
j=0
-1 g+l Int n+1 In
n—j-1
+2Vk [(k 2); L (k-1) cosn+1’+; cosn+2']
n-l j+l n+1
(k+2V {k(k Z)ZZ(k 1)n j— 1+21]
j=0 I=1

(k+2\/ )[k(k 1)5((1{ 21)n_1]— k+n+1]
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5. ABC energy of D, and B,,

Chen [3] defined the ABC-matrix is ABC(G) = (abc;;) and ABC-characteristic polynomial of graph G as
follows:

di+dj-2 Jincent to i
ABC(©) = w0, ay= |\, Bt o

0, otherwise,

¢ (ABC(G), A) = det (AL, — ABC(G)) .
It is not difficult to determine the ABC matrix of D, x.

[0 Ky O 0 ]
KLO 0 K,
K}h
ABC(D,.x) = ,
K, ,
K?TnH 0 K, 4
[ 0 0 K., 0]

. V2(k-1 _
where K, is the column m;vector of ;c ) and KZ,I,K,”‘. =m; 2(1221).

Lemma 5.1. Let

Py = A;
2(k — 1)
7o 12 .
P =A==
2(k — 1)

7 1244 177
P = AP, P, forn>2,

K2
then

1 A+
- 2 a 2
2 — 8<kk21>2

Then again using a similar method for the calculation of the A,-energy of D, x, we have the following
results.

U1 n+2 U1 n+2
/Az_% A— /Az_%

"o _
P =

Theorem 5.2. The ABC characteristic polynomial of the Dendrimer tree D, is

7 2(k - 1) 17 7r7k—1 i 111(k=1)""172(k-2)
GABC(D), 1) = (P = =P | P ] P :
j=0

The ABC eigenvalues of D,, i are the roots of P}’ — %P;’iz and

k-1 In
2V2 p cos],+—2,

moreover its multiplicity is

(k-1)"T2k-2), j=0,1,---,n—2andl=1,2,--+,j+1;
k-1, j=n—-1landl=1,2,--- ,n.
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The ABC energy of D, . is

n-2 ]+1
k-2 (k=12 ¢ In 2k 1)
— n—j-1 A prr _ 7
Eapc(Dig) =2V2 T L ;zl (k-1) cos ‘+2\/_ lzzl cos——+¢ Py 2 =P,

Theorem 5.3. The ABC characteristic polynomial of the Bethe tree B, is

n—1
77(k—=1)""7"1 (k—
GABC(B,p), A) = Py [ [ P02,
j=0

The ABC eigenvalues of B, i are

k-1 Imt
2VN2——cos——
V2 P cos],+2,

moreover its multiplicity is

{<k_1)”‘f‘1(k—2), j=01,-,n-landl=1,2,---,j+1;

1, j=nandl=1,2,--- ,n+1.
The ABC energy of B, is
k—1|%& -1 j+l n+1
_ - n—j-1
Easc(Byy) = 2V2 - ; lZ(k 2)(k - 1) o ' + Z cos— ‘ .
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