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Fuzzyfication of new open set types
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?Department of Mathematics, Balikesir University, 10145 Balikesir, Turkey

Abstract. In this study, we introduce fuzzy AF-open sets in a fuzzy topological space (X, 7). Some
properties and characterizations of the fuzzy AF-open set are studied. Also we investigate and research
the notions of fuzzy AF-interior and fuzzy AF-cluster points in a fuzzy topological space. Further fuzzy
AF-compactness is defined. Its properties and characterizations are examined.

1. Introduction

The concept of an ordinary set was become general with the emergence of fuzzy sets in Zadeh’s
1965 classical study [35]. In [15], this was further generalized by Goguen’s description of L-fuzzy sets.
Subsequently, Chang [6] led to an increase in the number of different fuzzy topology concepts. Analternative
definition of fuzzy topology was made by Lowen [24]. The algebraic properties of fuzzy sets were studied
by Luca and Termini [26]. The concept of fuzzy set, which is useful, used and has increasing applications
in many different fields including information theory, pattern recognition, probability theory, actually
corresponds to the physical situation where there is no definite criterion for membership value. Studies in
abstract mathematics based on the fuzzy set idea have solid foundations. At the same time the concepts of
fuzzy topological spaces [6], fuzzy groups [28], fuzzy regular spaces [25], fuzzy normed linear spaces ([21],
[22], [29]), fuzzy vector spaces ([18], [13]), fuzzy metric spaces ([1], [20]) and fuzzy proximity spaces [19]
were given by the respective authors. Fuzzy topological spaces have been found to be useful in solving
many problems in different fields. For example; geographic information theory ([8], [9], [10]), quantum
physics ([26], [27]), modeling [32] etc. Many mathematicians generalized many concepts in general topology
by examining them in fuzzy topological spaces. In 1981, Azad [3] studied in fuzzy topology the concept
of semi-open set given by Levine in [23]. This led to the study of weak versions of many concepts in these
spaces ([2], [17]). In this paper, we introduce fuzzy AF-open sets in a fuzzy topological space (X, 7). Some
properties and characterizations of the fuzzy AF-open set are studied. Also we investigate and research
the notions of fuzzy AF-interior and fuzzy AF-cluster points in a fuzzy topological space. Moreover fuzzy
AF-compactness is defined. Its properties and characterizations are examined.
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2. Preliminaries
We recall some well-known definitions.

Definition 2.1. ([35] Let X be a non-empty seta fuzzy set A in X is characterized by its membership function
pa : X — [0,1] and pa(x) is interpreted as the degree of membership of element x in fuzzy set A, for each
x € X. Itis clear that A is completely determined by the tipping set

A ={(x, ua(x)) : x € X}

Definition 2.2. ([35]) Let A = {(x, ua(x)) : x € X} and B = {(x, up(x)) : x € X} be two fuzzy sets in X. Then
their union A V , intersection A A f and complement A° are also fuzzy sets with the membership functions
defined as follows:

(@) pavp(x) = max{ua(x), ug(x)}, every x € X,
(1) panp)(x) = min{pa(x), pp(x)(x)}, every x € X,
(i) p§(x) =1 - pa(x),every x € X.

Definition 2.3. ([6]) Let X be a non-empty set and I the unit interval [0,1]. A fuzzy set in X is an element
of the set I* of all functions from X to I. Ox and Ix denote the fuzzy sets given by 0x(x) = 0, for all x € X
and 1x(x) = 1, for all x € X. Equality of two fuzzy sets A and u on X is determined by the usual equality
condition for mappings, i.e. A = u = (for all x € X) A(x) = p(x). A fuzzy set A on X is said to be a subset of
a fuzzy set u on X written A < y, if A(x) < p(x), for all x € X. The complement of A fuzzy set a on X is given
by 1 - A. As outlined by Bellman and Giertz [2] the elementary operations on fuzzy sets A; on X are given

by
Vier Ai(x) = sup{Ai(x) :i € I}, forall x € X,
Niet Ai(x) = infi{di(x) i e}, forall x € X,

where I denotes an arbitrary index set.

Definition 2.4. ([6]) A fuzzy topology is a family 7 of fuzzy sets in X, which satisfies the following condi-
tions:

(Z) OX/ lX €T,
(@) fA, uert, thenAApuer,
(iii) If A; € T for eachi € I, then \/; A; € 1.

7 is called a fuzzy topology for X, and the pair (X, 7) is a fuzzy topological space. Every member of 7 is
called t-open fuzzy set (or simply fuzzy open set). A fuzzy set is t-closed if and only if its complement is
T-open.

In the sequel, we write a fuzzy topological space X (or (X, 7)) in place of ‘a space X with fuzzy topology 7’.
For a fuzzy set A of X, the closure CIA and the interior InfA of A are defined respectively, as

ClA)=influ:u=2A1-pert),and IntA =sup{u: u < A, u et}

Definition 2.5. ([33]) A fuzzy set which is a fuzzy point with support x € X and the value A € (0, 1] will be
denoted by x, . The value of a fuzzy set  for some x € X will be denoted by S(x). Also, for a fuzzy point x;
and a fuzzy set f we shall write x, € f to mean that A < f(x).

Definition 2.6. ([7]) Let (X, 7) fuzzy topological space and A, two fuzzy sets then A < g if and only if
A(x) < B(x) for all x € X, and A is said to be quasi-coincident with a fuzzy set , denoted by Agp, if there
exists x € X such that A(x) + f(x) > 1.
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Definition 2.7. ([15]) A fuzzy set on X is called a fuzzy singleton if it takes the value zero (0) for all points
x in X except one point. The point at which a fuzzy singleton takes the non-zero value is called the support
and the corresponding element of [0,1] its value. A fuzzy singleton with value 1 is called a crisp singleton.

Definition 2.8. ([7]) A fuzzy set V in (X, 7) is called a q — neighborhood (q — nbd, for short) of a fuzzy point x;
if and only if there exists a fuzzy open set U such that x,qU < V. We will denote the set of all g-nbd of x;
in (X, 7) by Ng(xy).

Definition 2.9. ([6]) Let f be a function from X to Y. Let B be a fuzzy set in Y with membership function
1g(y). Then the inverse of B, written as f7(B), is a fuzzy set in X whose membership function is defined by

tpip)(x) = p(f(x)) for all x in X.

Conversely, let A be a fuzzy set in X with membership function p4(x). The image of A, written as f(A), is a
fuzzy set in Y whose membership function is given by

= SO0 s
for all y in Y, where f~1(y) = {x: f(x) = y}.
Theorem 2.10. ([6]) Let f be a function from X toY. Then,

(1) FUAY=(FT () for any fuzzy set Ain Y,

2) f(A9) = (f(A),

(3) A1 < A= (M) < F7Y(N2), where Ay and Ay are fuzzy sets in Y,

4) w1 < p2 = f(u) < f(u2), where g and po are fuzzy sets in X,

(5) A > f(fY(A)) for any fuzzy set A in Y,

(6) 1< fH(F() for any fuzzy set  in X,

(7) Let f be a function from X to Y and g be a function from Y to Z.Then (gof)"X(B) = =Yg~ (B)) for any fuzzy
set B in Z, where gof is the composition of g and f.

Definition 2.11. A subset A of a fuzzy topological space (X, 7) is said to be

(i) Fuzzy a — open([5]) A < Int(CIl(Int(A))),

(if) Fuzzy pre — open([5]) A < Int(CI(A)),
(ii) Fuzzy semi — open([3]) A < Cl(Int(A)),
(iv) Fuzzy f — open([25]) A < Cl(Int(CI(A)]).

By Definition 2.11, the following diagram is obtained:
fuzzy —open — fuzzy a —open — fuzzy pre — open
fuzzy semi — open — fuzzy p — open

Diagram I

The fuzzy a-interior [31] falnt(A), of A is defined as follows:
falnt(A) = V{u : p < A, pis fuzzy a — open}. The fuzzy pre-interior [30], fpInt(A), fuzzy semi-interior [34]
fsInt(A), fuzzy B interior [16] fpInt(A) are similarly defined.
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3. AF-open sets with fuzzification

Definition 3.1. Let (X, 7) be a fuzzy topological space. A subset A of X is said to be fuzzy AF-open set if
A < Int(AV p) for every p is fuzzy open set such that Ox # u # 1x. The complement of the fuzzy AF-open set
is called fuzzy AF-closed. We denote the family of all fuzzy AF-open (resp. fuzzy AF-closed) sets of a fuzzy
topological spece (X, 1) by FAFO(X)(resp. FAFC(X)).

Problem 3.2. Let (X, T) be a fuzzy topological space. In Definition 3.1, for every p € T such that Ox # u # 1x, can
we obtain a new type of fuzzy AF-open sets by taking the fuzzy closure of p instead of u?

Theorem 3.3. Every fuzzy open set in a fuzzy topological space (X, 7) is fuzzy AF-open set.

Proof. Let (X, 7) be any fuzzy topological space and let A < X be any fuzzy open set. Therefore, A = Int(A) <
Int(A Vv u) for every u is fuzzy open set such that Ox # u # 1x. Thus, A is fuzzy AF-open set. Then for the
collection of FAFO(X), T < FAFO(X). O

Remark 3.4. The converse of Theorem 3.3 is not always true as shown by the following example.

Example 3.5. X ={a,b,c},7 = {0x,A,1x}, A, u : X — Ibetwo fuzzy setsin X, defined as: A = {(4,0.5), (b,0.7), (c, 0.9)}
and p = {(a,0.4), (6,0.3), (c,0.9)}. Then u € FAFO(X) and but the set i is not fuzzy open.

Theorem 3.6. Let (X, ) be any fuzzy topological space and A, p be two fuzzy AF-open sets. Then, the following
properties are hold:

(1) A A pis fuzzy AF-open set.
(2) AV uis fuzzy AF-open set.

Proof. (1) Let A and u be two fuzzy AF-open sets. Then from Definition 3.1, A < Int(A V ) and u < Int(u VvV p)
for every B is fuzzy open set and Ox #  # 1x. Then A A u < Int(A vV B) Ant(u Vv B) =Int((AV B) A (u V ) <

Int((A A u) Vv B).
(2) Let A and p be two fuzzy AF-open sets. Then from Definition 3.1, A < Int(AVf) and u < Int(uV ) for every
Bisfuzzy opensetand Ox # f # 1x. Then Avu < Int(AVB)VInt(uVp) =Int(AVB)V(uVP)) < Int(Avu)vp). O

Proposition 3.7. Let (X, 7) be any fuzzy topological space. If for every a € A, Ay € FAFO(X), then \/ 4ep Ao €
FAFO(X).

Proof. Let A, € FAFO(X) for every a € A. Then Ay <V cp Ag, for every a € A. For any § is fuzzy open (0x #
p#1lx)andeach a € A, Ay < Int(Ay V B) < Int[(V gea Aa) V Bl- Hence, we have \/ jep Ao < Int[(V pea Aa) V B
Therefore \/ ,ep Ao € FAFO(X). O

Theorem 3.8. Let (X, 7) be any fuzzy topological space and traro = {A < X/ Aisa fuzzy AF —open set of (X, 7)}.
Then is a Traro a fuzzy topology such that T < Traro.

Proof. According to Theorem 3.3, we have 7 < 1rarpo. We show that traro is a fuzzy topology:
(1) It is clear that Oy, 1x € Traro-
(2) and (3) are seen that from Theorem 3.6 and Proposition 3.7. [
4. Generalizations of fuzzy AF-open sets
Definition 4.1. A subset A of a fuzzy topological space (X, ) is said to be
(i) Fuzzy AFa —open if A < falnt(A V u) for every f is fuzzy open and Ox # u # 1x,
(it) Fuzzy AFpre —open if A < fpInt(A V u) for every B is fuzzy open and Ox # u # 1x,
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(iif) Fuzzy AFsemi —open if A < fsInt(A V p) for every B is fuzzy open and Ox # u # 1x,
(iv) Fuzzy AFB —open if A < fBInt(A V u) for every B is fuzzy open and Ox # u # 1x.

The complement of a fuzzy AFa — open (resp. fuzzy AFp — open, fuzzy AFs — open, fuzzy AFB — open) set is
said to be fuzzy AFa — closed (resp. fuzzy AFp—closed, fuzzy AFs — closed, fuzzy AFp — closed). The family of
all fuzzy AFa-open (fuzzy AFa-closed) (resp. fuzzy AFp-open (fuzzy AFp-closed), fuzzy AFs-open (fuzzy
AFs-closed), fuzzy AFB-open (fuzzy AFB-closed)) sets in a fuzzy topological space (X, 7) is denoted by
FAFaO(X) (FAFaC(X)) (resp. FAFPO(X) (FAFPC(X)), FAFSO(X) (FAFSC(X)), FAFBO(X) (FAFBC(X))).

From Definition 4.1, we have the following diagram:
fuzzy — open — fuzzy AF — open — fuzzy AFa — open — fuzzy AFp — open
fuzzy A#s —open — fuzzy ziF‘B — open
Diagram II

Problem 4.2. In the above definition, for every u € T such that Ox # p # lx, can a new types of fuzzy AF-open set
be given by taking the fuzzy closure of p instead of u?

Remark 4.3. The inverses of the requirements in the diagram above may not always be true.
Example 4.4. It can be seen from Example 3.5 that not every fuzzy AF-open set is a fuzzy open set.

Example 4.5. X ={a,b,c},7={0,4,1}, A, u : X — Ibetwofuzzy setsin X, defined as: A = {(4,0.2), (b,0.7), (c, 0.4)}
and p = {(a,0.7),(b,0.9), (c,0.1)}. Then u € FAFa(X) and but the set u is not fuzzy AF-open.

Example 4.6. X ={a,b,c},7={0,u,1}, A, u : X — Ibetwo fuzzy setsin X, defined as: A = {(,0.2), (b,0.3), (c,0.7)}
and y = {(a,0.1),(b,0.2),(c,0.2)}. Then A € FAFSO(X) and but the set A is neither fuzzy AFa-open nor fuzzy
AFp-open.

Example 4.7. X ={a,b,c},7={0, 4,1}, A, u : X — Ibetwo fuzzy setsin X, defined as: A = {(,0.3), (b,0.8), (c,0.7)}
and u = {(a,0.1),(b,0.3),(c,0.4)}. Then A € FAFPO(X) and but the set A is neither fuzzy AFa-open nor fuzzy
AFs-open.

Remark 4.8. From Example 4.6 and Example 4.7, fuzzy AFp-open sets and fuzzy AFs-open sets are inde-
pendent of each other.

Example 4.9. X ={a,b,c},7={0,4,1}, A, p : X — Ibetwo fuzzy setsin X, defined as: A = {(a,0.1), (b,0.3), (c,0.1)}
and p = {(a,0.3),(b,0.5),(c,0.7)}. Then u € FhO(X) and but the set i is not fuzzy hp-open.

Example 4.10. X ={a,b,c},7 ={0,A,1},A, u : X — Ibetwo fuzzy setsin X, defined as: A = {(a,0.2), (b, 0.8), (c, 0.5)}
and p = {(a,0.6), (b,0.5), (c,0.4)}. Then p € FhO(X) and but the set i is not fuzzy hs-open.
5. Fuzzy AF-interior and fuzzy AF-closure operators

Definition 5.1. Let (X, 7) be a fuzzy topological space and a fuzzy subset A of X. The fuzzy AF-interior,
Intarp(A), is defined as follows :

Intap(A) = V{p : u € FAFO(X), u < A} = sup{u : u € FAFO(X), u < A}

Theorem 5.2. Let (X, 7) be a fuzzy topological space and A, u fuzzy subsets of X. Then the following statements are
hold:
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(1) Intap(A)is fuzzy AF-open set,
(2) Intar(A) < A,
(3) Intap(A) is the largest fuzzy AF-open subset contained in the set A,
(4) Intap(Intap(A)) = Intap(A),
(5) If A < p, Intap(A) < Intap(p),
(6) Intap(A) V Intap(u) < Intap(A V ),
(7) Intap(A) A Intap(u) = Intap(A A ).

Proof. (1) Intap(A) is fuzzy AF-open set. Indeed, the union of fuzzy AF-open sets belonging to the fuzzy
topological space 7 is fuzzy AF-open from the Proposition 3.7.

(2) It is clear from Definition 5.1.

(3) Let’s assume the opposite, that is, a fuzzy AF-open set f that is larger than the set Int4r(A) that the set A
contains. That is, Int4r(A) < f < A. On the other hand, for every u < A fuzzy AF-open set from Definition
5.1, u < Intap(A). If we take p = f specifically, we find § < Intar(A). Then p = Intar(A) is obtained. Thus,
the fuzzy set Intar(A) is the largest fuzzy AF-open subset contained in the set A.

(4) Let B = Intap(A). By (2) and Definition 5.1, = Intap(B). Then Intap(A) = Intap(Intap(A)).

(5) Since A < p and Intar(A) < A, Intap(A) < u. By (2), Intar(u) < p. From (3), since Intar(u) is the largest
fuzzy open set contained in p fuzzy sets, Intsr(A) < Intap(u) < p. In that case Intar(A) < Intap(u).

6) A < AVwpand p < AV ualways hold. From (5), Intap(A) < Intap(A Vv p) and Intar(u) < Intap(A V p),
respectively. Therefore Intar(A) V Intar(u) < Intap(A V p).

(7) It is always hold that A Ay < A and A A u < u. From (5), we obtain Intar(A A u) < Intap(A) and
Intar(AAp) < Intap(u), respectively. Hence Int4p(A A u) < Intap(A) Alntap(u). On the other hand Infap(A) < A
and Intar(u) < p. From here Intap(A) AIntap(u) < A A p. Since Intap(A) AInt 4p(u) are fuzzy AF-open sets and
Int4r(A A p) is the largest fuzzy AF-open set contained in the A A i fuzzy set, we have Intar(A) A Intap(u) <
Intar(A A p) < A A p . Thus Intap(A) A Intap(u) = Intap(A A p). O

Theorem 5.3. Let (X, 7) be a fuzzy topological space and and a fuzzy subset A of X. Then, A fuzzy set to be AF-open
set if and only if Intap(A) = A.

Proof. = Let A be a fuzzy AF-open set. From Theorem 5.2 (2), Intar(A) < A. On the other hand, since A is a
fuzzy AF-open set, A < A and by Definition 5.1, A < Intsr(A). In that case A = Intsp(A).

& According to the hypothesis, let’s take A = Intsr(A). Since Intsp(A) is a fuzzy AF-opensetand Intar(A) = A,
so A is a fuzzy AF-open set. []

Lemma 5.4. For 1x and Ox fuzzy AF-open sets, then Intar(1x) = 1x and Intsr(Ox) = Ox.

Definition 5.5. Let (X, 7) be a fuzzy topological space and a fuzzy subset A of X. The fuzzy AF-closure of
A, Clap(A), is defined as follows:

Clar(1) = \B : B € FAFC(X), A < B} = inflB : (1x — ) € FAFO(X), A < B).
It is obvious that Clar(A) is fuzzy AF-closed set for any A < X.
Theorem 5.6. Let (X, 1) be a fuzzy topological space and A, i fuzzy subsets of X. Then the following properties hold:
(1) Clap(A) is fuzzy AF-closed set,
(2) A < Clap(A),

(3) Clar(A) is the smallest fuzzy closed set containing A,
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(4) ClLap(Clar(Y) = Clap(2),
(5) If A <, Clag(A) < Clar(u),
(6) Clar(A A ) < Clag(A) A Clap(u),
(7) Clap(A vV p) = Clar(A) V Clar(u),

(8) CZAF(lX)zlx and CZAF(OX)=0X.

Theorem 5.7. Let A be any fuzzy set in a fuzzy topological space (X, t). Then Clap(l — A) =1 — Intap(A) and
Intap(l — A) =1 = Clyp(A).

Proof. We see that a fuzzy AF-openset < A is precisely the complement of a fuzzy AF-closed setv =1-8 >
1 - A. Thus
Intar(A) = V{I=v:vis fuzzy AF — closed and v > 1 — A}
=1- Alv:vis fuzzy AF —closed and v > 1 — A}
=1-Clae(I-A)
whence
CZAF(Z - /\) =1- ITltAp(/\).
Next let § be any fuzzy AF-open set. Then for a fuzzy AF-closed set p > A, f=1-p <1-A.
Clar(A) = N1 =B : Bis fuzzy AF —openand f <1 - A}
=1-V{B:Bis fuzzy AF —openand f <1 - A}
=1- ITlpr(l — /\)
As a result
Intap(l— A) =1 =Clap(A). O

Definition 5.8. Let  be a fuzzy set in a fuzzy topological space (X, 7) and x, is a fuzzy point of X. f§ is
called:

(i) AF — neighbourhood of x, if there exists a fuzzy set p € FAFO(X) such that x, € u < g.

(if) AF — Q — neighbourhood of x, if there exists a fuzzy set u € FAFO(X) such that x,qu < p.
Theorem 5.9. A fuzzy set p € FAFO(X) if and only if B is a AF-neighbourhood of x,, for every fuzzy point x, € p.
Proof. Straightforward. [

Definition 5.10. Let (X, 7) be the fuzzy topological space, A < 1x and x, the fuzzy point. If every AF-Q-
neighborhood of x, fuzzy point is quasi-coincident with A, the x, fuzzy point is called a AF-cluster point
of the fuzzy set A. The notation vqu (vju) will sense that it is quasi-coincident (not quasi-coincident) with v
and p.

Theorem 5.11. Let B be a fuzzy set of a fuzzy topological space X. Then a fuzzy point x, € Clap(B) if and only if
every AF-Q-neighbourhood of x, is quasi-coincident with p.

Proof. = Suppose x, € Clar(B) and if possible let there exist a AF-Q-neighbourhood u of x, such that pugp.
Then there exists a fuzzy set 1y € FAFO(X) such that x,qu; < p which shows that y;4 and hence g < (u;)°.
As () € FAFC(X), Clap(B) < (w1)°. Since xo € (41)¢, Xofp. From this contradiction, pgp.

& Suppose every AF-Q-neighbourhood of x, is quasi-coincident with . If x, ¢ Clar(f) then there exists a
fuzzy AF-closed set i >  such that x, ¢ . So u° € FAFO(X) such that x,qu° and (u°Gp) a contradiction. [
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6. Fuzzy AF-continous functions

Definition 6.1. A function f : (X,7) — (Y, 0) is said to be fuzzy AF-continuous if for each A € g, f71(A) is
fuzzy AF-open in (X, 7).

Theorem 6.2. Every fuzzy continuous function is fuzzy AF-continuous.
Proof. By Theorem 3.3, every fuzzy open set is fuzzy AF-open and the proof is obvious. [

Example 6.3. X = {a,b}, Y ={0.1,04}, A, : X — I be two fuzzy sets in X and § : Y — I be fuzzy setin Y
defined as follows: A = {(a,0.2), (b,0.2)}, u = {(a,0.3),(b,0.7)} and = {(0.1,0.2), (0.4,0.2)}. Let T = {Ox, u, 1x},
o = {0y, B, 1y}. Then the function f : X — Y defined by f(a)=0.1, f(b)=0.4 is a fuzzy AF-continuous, but not
fuzzy continuous.

Definition 6.4. A function f : (X,7) — (Y,0) is said to be fuzzy AFa — continuous (resp. fuzzy AFp —
continuous, fuzzy AFs— continuous, fuzzy AFB — continuous) if for each A € g, f~1(A) is fuzzy AFa-open (resp.
fuzzy AFp-open, fuzzy AFs-open, fuzzy AFf-open) in (X, 7).

By Definitions 6.1 and 6.4, the following implications hold:
fuzzy — cont — fuzzy AF — cont — fuzzy AFa — cont — fuzzy AFp — cont

l
fuzzy AFs — cont — fuzzyAFf — cont

Diagram IIT
Remark 6.5. None of the implications in DIAGRAM Il is reversible as shown by examples stated below.

Example 6.6. It can be seen from Example 6.3 that not every fuzzy AF-continuous function is a fuzzy
continuous.

Example 6.7. X = {a,b}, Y = {0.2,0.5}, A, : X — [ be two fuzzy setsin X and  : Y — I be fuzzy setin Y
defined as follows: A = {(a,0.7),(b,0.4)}, u = {(a,0.9), (b,0.1)} and B = {(0.2,0.9),(0.5,0.1)}. Let T = {Ox, A, 1x},
o = {0y, B, 1y}. Then the function f : X — Y defined by f(a)=0.2, f(b)=0.5 is a fuzzy AFa-continuous, but
not fuzzy AF-continuous.

Example 6.8. X = {a,b}, Y ={0.1,04}, A, : X — [ be two fuzzy setsin X and  : Y — I be fuzzy setin Y
defined as follows: A = {(a,0.3),(,0.7)}, u = {(a,0.2),(b,0.2)} and g = {(0.1,0.3),(0.4,0.7)}. Let T = {Ox, u, 1x},
o = {0y, B, 1y}. Then the function f : X — Y defined by f(a)=0.1, f(b)=0.4 is a fuzzy AFs-continuous, but
neither fuzzy AFa-continuous nor fuzzy AFp-continuous.

Example 6.9. X = {a,b,c}, Y = {0.1,0.3,0.5}, A,u : X — I be two fuzzy sets in X and f : Y — I be
fuzzy set in Y defined as follows: A = {(a,0.4),(b,09),(c,0.8)}, u = {(@0.2),(,04),(c,05)} and g =
{(0.1,0.4),(0.3,0.9),(0.5,0.8)}. Let T = {Ox,,1x}, 0 = {Oy,B,1y}. Then the function f : X — Y defined
by f(a)=0.1, f(b)=0.3, f(c)=0.5is a fuzzy AFp-continuous, neither fuzzy AFa-continuous nor fuzzy AFs-
continuous.

Example 6.10. X = {a,b,c}, Y = {02,05,0.6}, A,u : X — I be two fuzzy setsin X and g : ¥ — I
be fuzzy set in Y defined as follows: A = {(s,0.1),(b,0.4),(c,0.1)}, u = {(a,0.4),(b,0.5),(c,0.8)} and p =
{(0.2,0.3),(0.5,0.5),(0.6,0.8)}. Let T = {0x,A,1x}, 0 = {Oy,B, 1y}. Then the function f : X — Y defined by
f(@)=0.2, f(b)=0.5, f(c)=0.6 is a fuzzy AFp-continuous, but not fuzzy AFp-continuous.

Example 6.11. X = {a,b,c}, Y = {0.3,05,0.7}, A,u : X — I be two fuzzy setsin X and  : ¥ — I
be fuzzy set in Y defined as follows: A = {(a,0.2),(b,0.8),(c,0.5)}, u = {(a,0.6),(b,0.5),(c,0.4)} and g =
{(0.3,0.6),(0.5,0.5),(0.7,0.4)}. Let 7 = Ox,A,1x, 0 = Oy,B,1y. Then the function f : X — Y defined by
f(a@)=0.3, f(b)=0.5, f(c)=0.7 is a fuzzy AFB-continuous, but not fuzzy AFs-continuous.
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Corollary 6.12. A function f : (X,7) — (Y, 0) is fuzzy AF-continuous if and only if f : (X, 1) —= (Y, 0) is fuzzy
continuous.

Proof. This is an immediate consequence of Theorem 3.8. [

Theorem 6.13. A function f : (X,7) —= (Y,0) is fuzzy AF-continuous and g : (Y,0) — (R, n) is fuzzy continuous,
then gof : (X, 7) = (R, 1) is fuzzy AF-continuous.

Proof. Itis clear. [J

By using fuzzy AF-neighborhood, fuzzy AF-open sets, fuzzy AF-closed sets, fuzzy AF-interior and fuzzy
AF-closure, we obtain characterizations of fuzzy AF-continuous functions.

Lemma 6.14. Let (X, 7) be a fuzzy topological space. A fuzzy subset i is fuzzy AF-closed if and only if CI(u AB) < u
for every fuzzy closed set B of X such that Ox # f # 1x.

Proof. uisfuzzy AF-closed if and only if 1x — i is fuzzy AF-open. By Definition 3.1, (1x—u) < Int[(1x—u)Va]
for every a € 7 such that Ox # o # 1x.

This is equivalent to 1x — Inf[(1x — u) V a] < u. Now, we have 1x — Int[(1x — u) Va] = Cl(1x — [(1x — ) V a])
= Cl( A (1x - a)).

Therefore, we obtain CI(u A f) < u for every fuzzy closed set § of X such thatOx # f # 1x. O

Theorem 6.15. For a function f : (X, t) — (Y, 0), the following properties are equivalent:
(1) f is fuzzy AF-continuous,

(2) For each point x € X and each fuzzy open u <Y containing f(x), there exists & € FAFO(X) such that x € a,
fl@) <y,

(3) For each point x € X and each fuzzy open set i of Y containing f(x), there exists a fuzzy AF-neighorhood A of
x such that f(A) < u,

(4) The inverse image of each fuzzy closed set in Y is fuzzy AF-closed,
(5) For each fuzzy closed set i of Y, CI(f () A B) < f~1(u) for every closed set in X such that Ox # B # 1x,

(6) For each fuzzy subset p of Y, CI(f"H(Cl(u)) A B) < f~NCl(w)) for every fuzzy closed set B in X such that
Ox #p # 1x,

(7) For each fuzzy subset A of X, f(CI[A A B]) < CI(f(A)) for every fuzzy closed set B in X such that Ox # p # 1x,
(8) For each fuzzy subset p of Y, Clap(f (1)) < f1(Cl(w)),
(9) For each fuzzy subset p of Y, f~1(Int(u)) < Intap(f~(w)).

Proof. (1) = (2): Let x € X and p be any fuzzy open set of Y containing f(x). Set @ = f~(u), then by
Definition 6.1, « is a fuzzy AF-open set containing x and f(a) < .

(2) = (3): Every fuzzy AF-open set containing x is a fuzzy AF-neighborhood of x and the proof is obvious.
(3) = (1): Let u be any fuzzy open set in Y. For each x € f1(u), f(x) € u € 0. By (3) there exists a
fuzzy AF-neighborhood v of x such that f(v) < p; hence x € v < f~!(u). There exists a, € FAFO(X) such
that x € oy < v < f'(u). Hence f'(u) = V{ax : x € f1(u)} € FAFO(X). This shows that f is fuzzy
AF-continuous.

(1) = (4) = (5) = (1): By Lemma 6.14, the proof is obvious.

(5) = (6): For each fuzzy subset u of Y, Cl(u) is fuzzy closed in Y and the proof is obvious.

(6) = (7): Let A be any fuzzy subset of X. Set u = f(A), then by (6) CI[A A B] < CI[f"HCI(f(A))) A B] <
FYCI(f(A))) for every fuzzy closed set B in X such that Ox # B # 1x. Therefore, we obtain for each fuzzy
subset A of X, f(CI[A A B]) < CI(f(A)) for every fuzzy closed set f in X such that Ox # 8 # 1x.
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(7) = (1): Let u be any open set of Y. Then 1y — u is fuzzy closed in Y. Set a = f~!(1y — p), then by (7)
FCIF Ay — ) ABD < CUF(F Y (1y — ) = 1y — p for every fuzzy closed set § in X such that Ox # 8 # 1x.
Therefore, we have

CILf 'y — ) A B]

< U Ay = ) ABD

<fHy-p) =1x - f ().

Therefore, f~'(u) < 1x — CI[f*(1y — p) A f]

=Int[1x - f'(1y — ) A B]

= Int{f (@) v (1x ~ B)]

=Int[f Y (u) Vv al

for every fuzzy open set @ of X such that Ox #  # 1x .

(4) = (8): Let u be any fuzzy subset of Y. By (4) f~1(Cl(u)) is fuzzy AF-closed in X and

FHw) < F7Y(CI(w)). Therefore, CLap(f~"(w)) < f~1(CI(w)).

(8) = (9): Let u be any fuzzy subset of Y. Then,

FAInt (@) = F(1y ~ C(Ly - )

=1y f1(CIy - ) < Tx - Clar(f1(1y — )

=1x - Clar(1x — f71(w))

= Intap(F ().

(9) = (1): Let u be any fuzzy open set of Y. By (9), f~ (1) < Intar(f (1)) < f~(p). Therefore, we have
Intap(f~1(w)) = f~}(u) and hence f is fuzzy AF-continuous. [J

Definition 6.16. A function f : (X, 1) — (Y, 0) is said to be fuzzy AF-irresolute if for each fuzzy AF-open set
pinY, f~1(u) is fuzzy AF-open in X.

Theorem 6.17. If a function f : (X, t) — (Y, 0) is fuzzy AF-irresolute, then f is fuzzy AF-continuous.
The converse of Theorem 6.17 is not always true as shown by the following example.

Example 6.18. X = {a,b,c}, Y = {0.1,0.7,05}, A : X — I be two fuzzy sets in X and p,f : ¥ — I be
fuzzy set in Y defined as follows: A = {(4,0.3),(b,0.2),(c,0.5)}, u = {(0.1,0.4),(0.7,0.5),(0.5,0.7)} and B =
{(0.1,0.3),(0.7,0.2),(0.5,0.5)}. Lett = {0x,1x,A}, 0 = {Oy, 1y, B}. Then the function f : X — Y defined by
f(@)=0.1, f(b)=0.7, f(c)=0.5is a fuzzy AF-continuous, but not fuzzy AF-irresolute.

Definition 6.19. A function f : (X,7) — (Y,0) is said to be fuzzy AF — open (resp. fuzzy AFa — open,
fuzzy AFp — open, fuzzy AFs — open, fuzzy AFB — open), if f(A) is fuzzy AF — open (resp. fuzzy AFa —
open, fuzzy AFp — open, fuzzy AFs — open, fuzzy AFB — open) in Y for every fuzzy open set A in X.

Proposition 6.20. Every fuzzy open function is fuzzy AF-open.
Proof. It is obvious. []
Remark 6.21. As can be seen from Example 3.5, the converse of Proposition 6.20 may not always be true.

Theorem 6.22. A function f : (X, 1) — (Y, 0) is fuzzy AF-open if and only if for each fuzzy subset u <'Y each fuzzy
closed set B of X containing f~'(u), there exists a fuzzy AF-closed set v <Y containing p such that f~(v) < B.

Proof. = Letv =1y — f(1x — ). Since f'(u) < B, we have f(1x — ) < 1y — . Since f is fuzzy AF-open, then
vis fuzzy AF-closed and f7'(v) = 1x — f }(f(1x = B)) < 1x — (Ix = B) = B-

& Let a be any fuzzy open set of X and u = 1y — f(a). Then f'(u) = 1x — f1(f(U)) < 1x — @ and
1x — a is fuzzy closed. By the hypothesis, there exists a fuzzy AF- closed set v of Y containing u such that
f7'(v) < 1x — a. Then, we have v < 1y — f(a). Therefore, we obtain 1y — f(@) < v < 1y — f(a) and f(a) is
fuzzy AF-open in Y. This shows that f is fuzzy AF-open. [

Proposition 6.23. A function f : (X,t) — (Y,0) is fuzzy open and g : (Y,0) — (Z,n) is fuzzy AF-open, then
gof : (X, 1) = (Z,n) is fuzzy AF-open.
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7. Fuzzy AF-compact

Definition 7.1. ([14]) A family of fuzzy subsets & of a fuzzy topological space X is called form a fuzzy
filterbases if and only if for every finite family {A;:j=1,2,..,n}, /\]’7=1 Aj # Ox.

Definition 7.2. Let (X, 1) be a fuzzy topological space and x, € X for a €]0,1]. A point x, is called a
AF-cluster point of filterbases p if and only if x, € Clsr(F) such that for every F € f.

Definition 7.3. A family C of fuzzy AF-open sets in a fuzzy topological space X is called a AF-open cover of
a fuzzy set ¢ of X if and only if (\/ e w)(y) = 1x, for each y € X(¢). A fuzzy AF-open cover C of a fuzzy set
¢ in a fuzzy topological space X is called have a finite subcover if and only if there exists a finite subfamily
v ={wj, ..., 0y} of Csuch that (\/;‘:1 w;)(y) = ¢c(y), for every y € X(c) (The notation X(c) stands for the support
of the fuzzy set ¢).

Definition 7.4. ([6]) A fuzzy topological space X is called compact if and only if every open cover of X has
a finite subcover.

Definition 7.5. A fuzzy topological space (X, 7) is called fuzzy AF-compact if and only if for every filter base
p that the finite intersection of its elements to be quasi-coincident with C, (Areg Clar(F)) A C # Ox.

Theorem 7.6. A fuzzy topological space (X, 1) is fuzzy AF-compact if and only if each family A, (« €]0,1])
of AF-open fuzzy sets such that V4, C = 1x there is a finite subfamily u < A, such that V¢, C = 1x.

Proof. Let the AF-open cover of A, be C. Suppose that C does not have a finite subcover. Then there exists
an y € X such that &;(y) < a (j = 1,...,n) for every finite subfamily {¢, ..., £,,} of C. From here cf?(y) >1—-«.
Hence A\ E;(y) # Ox and it includes a fuzzy point y, for any y € X. By the hypothesis, \/ . £(y) = 1x for
every y € X, thus we have A{&°: & € C} = Ox. This is contradiction. Therefore every AF-open cover of A,
has a finite subcover.

On the other hand assume that X is not AF-compact. Then It has a filter base as follows: /\Feﬁ Clar(F) = 0x
and \/Feﬁ(ClAp(F))C(y) = 1x for every y € X. It follows from {(CIAr(F)) : F € p} is a AF-open cover of A, for
every 0 < @ < 1 and it has a finite subcover. Thus, \/'_;(Clar(F)))’(y) = 1x from here \'_;(CLar(F)))(y) = Ox
for every y € X. Hence we obtain that /\']7:1 F; = 0x . This is a contradiction, since members of a filter basis
are B’ s. In that case X is AF-compact. [J

Remark 7.7. Since each open fuzzy set implies AF-open, so every fuzzy AF-compact space implies compact
space. But the converse need not be true.

Theorem 7.8. Every fuzzy AF-closed set in a fuzzy AF-compact space is fuzzy AF-compact.
Proof. Straightforward. [

Theorem 7.9. Let (X, 7) be a fuzzy topological space and let {K;}1<j<, be a collection of AF-closed subsets of X. If K;
is AF-compact for every j=1,...n, then K = \/1<j<, K is AF-compact.

Proof. Itis clear. O

Theorem 7.10. The image of a AF-compact space under a AF-irresolute function is AF-compact.

Proof. It is obvious. [

Definition 7.11. A fuzzy set v in a fuzzy topological space (X, 7) is called fuzzy AF-compact relative to X if

and only if for each family A of AF-open fuzzy sets such that \/;.; C > v(y) there is a finite subfamily y < A
such that V¢, C > v(y) for each y € X(v).
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Theorem 7.12. A fuzzy topological space X is AF-compact if and only if for every family {C; : j € J} of AF-closed
fuzzy sets of X, N\ ey Cj # Ox.

Proof. Let {C; : j € J} be a family of AF-closed fuzzy sets with the finite intersection property. Assume that
Njej €j = Ox. From here \/ie](C)‘]? = 1x. Since {(C); : j € J}is a family of AF-open fuzzy sets cover of X, by the
hypotesis, V¢;(C); = 1x for a finite subset K  J. Then A je Cj = Ox . This a contradiction. Thus we have
Njej Cj # Ox.

On the other hand, let {C; : j € ]} be a family of AF-open fuzzy sets cover of X. Assume that \/ jeK Cj # 1x for
every finite subset K C J. Then A ]-GK(C)§ # 0x . Hence {(C); : j € J} provides the finite intersection property.
Then from the hypothesis A je](c)§ # O it follows from \/ jex Cj # 1x. This is contradiction. Thus {C; : j € J}
is a AF-open cover of X. Therefore, we have X is fuzzy AF-compact. [

Theorem 7.13. A fuzzy topological space X is fuzzy AF-compact if and only if every filterbases B in X, \reg Clar(F) #
Ox.

Proof. Let & be the cover of fuzzy AF-open set X and let & not has a finite subcover. Then for every finite
subcollection {Cy, C1, ..., Cu} of &, there exists y € X such that Cj(y) < 1 for every 1 < j < n. Then (C;)(y) > 0,
from here /\K]S,,(C )°(y) # 0x. Hence {(C;)°(y) : C; € &} forms a filterbases in X. Since ¢ is the cover of fuzzy
AF-open set X, then (\/C,-&E Cj)(y) = 1x for every y € X and AQE& CLar(C))(y) = /\Cjeg(Cj)C(y) = Ox, which
is a contradiction. Then every the cover of fuzzy AF-open set X has a finite subcover and thus X is fuzzy
AF-compact.

On the other hand, assume there exists a filterbases  such that A rep Clar(F) = Ox, from here (V rep(CLar(F)))(y) =
1x for every y € X and thus & = {(Clar(F))°) : F € B} is a cover of fuzzy AF-open set X. Since X is fuzzy
AF-compact, then £ has a finite subcover. In that case (\/Kjg,,(ClAp(Fj))C)(y) = 1x and it is obtained
(Vi<jenF)(y) = 1x. We have A<, Fj(y) = Ox. Since the elements of the  filterbases are F; , this is a
contradiction. In that case A\peg Clap(F) # 0x. O

Theorem 7.14. A fuzzy setv v in a fuzzy topological space X is fuzzy AF-compact relative to X if and only if for
every filterbases B such that every finite of members of B is quasi coincident with v, (Apeg Clap(F)) A v # Ox.

Proof. Suppose that v not be fuzzy AF-compact relative to X, then there exists a AF-open fuzzy set A
cover of v such that A has not finite subcover y. Then (\/C,eu Ci)(y) < v(y) for some y € X(y), hence
(/\C/_EH(Cj)C)(y) > (v)°(y) 2 0 and thus {(C;)° : C; € A} forms a filterbases and /\Cjey(Cj)qu. By hypotesis
(/\C,-Ey Clar(C))°) Av # 0x and so that (Acley(cj)c) Av # 0x . Then for any y € X(v), (/\C]E)\(Cj)c)(y) > Oy, so
that (\/QE 1 C)(y) < 1x. This is a contradiction. Therefore v is fuzzy AF-compact relative to X.

On the other hand, assume that there exists a filterbases § such that every finite of members of g is
quasi coincident with v and (Apeg Clar(F)) A v # Ox . Then for every y € X(v), (Apeg Clar(F))(y) = Ox
and thus (\/Feﬁ(ClAp(F))C)(y) = 1x for every y € X(v) . Hence A = {(Clar(F))° : F € p} is AF-open fuzzy
set cover v. Since v is fuzzy AF-compact relative to X, then there exists a finite subcover, consider
(CLAr(F1))’, (CLap(F), ., (Clap(Fu))), such that (V <, (CLar(F)))(y) = v(y) for every y € X(v). So that
(A1<jen(Clar(E))(y) < v(y) forevery y € X(v), thus /\1<j<,(Clar(Fj))dv . Thisisa contradiction. Therefore for
every filterbases § such that every finite of members of  is quasi coincident with v, (A\peg Clar(F))Av # Ox. [

Theorem 7.15. Every AF-closed fuzzy subset of a fuzzy AF-compact space is fuzzy AF-compact relative to X .

Proof. Let B be a fuzzy filterbases in X and a AF-closed fuzzy set v. For each finite subfamily u of B,
it is provided that vg A {F : F € u} . Suppose that * = {v} UpB. For every finite subfamily pu* of
pg*, if v ¢ u*, then Au* # Ox. If v € y* and since vg A{F : F € uy* — v}, then A y* # Ox. Hence
u* is a fuzzy filterbases in X. Since X is fuzzy AF-compact, then /\Feﬁ* Clap(F) # 0x. It follows from
(/\Feﬁ Clar(F)) Av = (/\Feﬁ Clar(F)) A Clarv # Ox. By Theorem 7.14, v is fuzzy AF-compact relative to X. O

Theorem 7.16. If a function f : X — Y is fuzzy AF-irresolute and v is fuzzy AF-compact relative to X, then f(v) is
fuzzy AF-compact relative to Y.
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Proof. Let the AF-open set cover of X(f(v)) be family {C;};c;. For y € X(v), f(y) € f(X(v)) = X(f(v)). Since
f fuzzy AF-irresolute, then {f~!(C;)}jes is fuzzy AF-open set cover of X(v). Since v is fuzzy AF-compact
relative to X, we have X(v) < Vi, f71(Cj). From here X(v) < f~'(\V/'L; {j) and then X(f(v)) = f(X(v)) <
FFHV71 C)) < Vi Cj. We obtain that f(v) is fuzzy AF-compact relative to Y. [

8. Conclusions

We define fuzzy AF-open sets in a fuzzy topological space (X, 7). We obtain some properties and of fuzzy
AF-open sets. We introduce and investigate fuzzy AF-continuous functions on a fuzzy topological space.
And also, we examine the notion of fuzzy AF-continuous functions and fuzzy AF-irresolute functions.
Further fuzzy AF-compactness is defined. Its properties and characterizations are examined. Moreover, we
offer two open problems in this study.
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