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Abilov’s inequalities in the Laguerre hypergroup
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Abstract. Let (K, #,) be the Laguerre hypergroup where K = [0, +c0) X R and *, a convolution product
on K coming from the product formula satisfied by the Laguerre functions. In this work, we give new
estimates for the Laguerre kernel. We obtain new inequalities for the Fourier-Laguerre transform in the
space L2(K), by using a generalized translation operator to prove these estimates in certain classes of
functions characterized by a generalized continuity modulus.

1. Introduction and Preliminaries

Let f : R — C be a square-integrable function in Lebesgue’s sense over R (f € L%(R)). Let us introduce
the finite differences of the higher orders k € IN by

k
AK(F;x) = (Fy - EYf(x) = Z(—1)k-1’(’lf)1?; f(x), x€R,

i=0

where Fj, is the operator defined by

x+h
RS = [ G 1)

and E is the unit operator in L*(R).

For a given positive real number 6, the k-order generalized continuity modulus is defined for f by

Qi(f,06) = sup ||AZ(f;x)“L2(]R)'
0<h<d

Let WZED(D), (r=0,1,...,k =1,2,...) denote the class of functions f € L*(R) having the generalized
partial derivatives

of *f df

ox’ a2’ oxr
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in the sense of Levi (see [15, p. 172]) that belong to L?(R). They are estimated by

QD' f,8) = O(@(SF)) as 6—0,

0
here D = —
where I

D°%f=f, Df=D(D"f), i=12,..1

and @ is a steadily increasing continuous function on [0, +o0) with ®(0) = 0.
The following theorem is an analogue of Jackson’s direct theorem in the classical theory of approximation
of function (see [15, Ch. 5]).

Theorem 1.1. [1] It holds that

su ,/ f IﬁA)IZdA = O(N—fqn [(E)k])
fEWZ{)(D) |A|I=N N ’

as N — +oo, wherer=0,1,...,k=1,2,...,and fstandsfor the Fourier transform of f.

In the case where ®(t) = t',v > 0, Abilov and al. characterized the functions f € L*(R) by the following
equivalence:

Theorem 1.2. [1] Let ®(t) = t'(v > 0). Then,

1 /f Iﬂ/\)lzd/\ = O(N‘r‘kv) as N> +0 & f e W;";,(D),
[A|=N ’

wherer=0,1,...,k=1,2,...,and 0 <v < 2.

Considerable attention has been devoted to discovering generalizations to new contexts for Theorem
1.1 and Theorem 1.2. In [2], the authors proved these estimates for the classical Fourier transform in
the space of multivariate square integrable functions on certain classes of functions characterized by the
generalized continuity modulus. We emphasize that these estimates have been generalized in [5] to the
multidimensional case for the Fourier-transform in the space L*(R"), using the spherical mean operator
instead of the operator defined by (1). Recently, it has also been extended in the case of noncompact rank
1 Riemannian symmetric spaces for the Helgason Fourier transform [6]. An extension of these estimates
using different differential operators has been given, where considering generalized Fourier transforms:
Fourier-Bessel transform [3], Cherednik-Opdam transform [8], g-Dunkl transform [7, 20] and Clifford-
Fourier transform [17], Jacobi-Dunkl Expansions [18, 19], etc.

In the following, we denote IN, R and C, the sets of non-negative integers, real numbers and complex
numbers respectively and K = [0, +oo[XIR.

In our current research, we are interested in the Laguerre hypergroup K = [0, +00) X R which can be
seen as a deformation of the hypergroup of radial functions on the Heisenberg group [9]. The aim is to
generalize these estimates in the framework of the Laguerre hypergroup, and establish some new results
by means of the Fourier-Laguerre analysis for some classes of functions characterized by a generalized
modulus of continuity, using the basic properties of Fourier-Laguerre transform.

In this paper, we consider the following partial differential operators

-2,

t
? 2a+19

LGt xt¥om
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with (x,t) € Kand a > 0.
For (A, m) € R X N, the initial value problem

Du =iAu,
Lu = —4|A| (m + azi)u,
Ju
u(0,0) =1, 5(0, f)=0 forall teRR,

has a unique solution ¢, ,, given by

Vx, B € K, @umlx,t) = eMeW(AR), (2)
where ¢4 is the Laguerre function defined on R by
W@y — % (x)
and L, is the Laguerre polynomial of degree m and order «, given by
m
I'm+a+1) 1
a — k k
En(®) = ;;( VtkrasD amm=n" @
Let a > 0 be a fixed number and m, the weighted Lebesgue measure on K, given by
x2a+1
dma(x, t) = md?(dt (5)

For (x,t) € KK, the generalized translation operator T()‘ ) 18 defined for a = 0 by

:r“*)t)( Ny, s) = L f F({Jx2 + y2 + 2xy cos(0), t + s + xy sin(6))d6,
and for a > 0 by
xt)(f )

27
== f f F(/x2 + 12 + 2xyrcos(0), t + s + xyrsin(0))r(1 — r*)*~drdo.
0 Jo

Let M,;(K) denote the space of bounded Radon measures on K. The convolution on M;(K) is defined by
(see [14, Definition 1.2])

o)) = [ T, M Dt ).

This convolution is commutative. If f, g € L1(K) and p1 = fmy, Up = gmg, then uy 4 o = (f *4 g)m,, where
f *o g is the convolution of functions f and g, defined by (see [14, Proposition 1.2])

(0 950 = [ T, 009900~y

For all (A, m) € R x N, the kernel ¢, ,, verifies the following product formula (see [14, Proposition II.2])

P DPAn(Y,5) = T @am)y,5), (1), (1,5) €K,
and has the property

Y(A,m) e RxIN, sup |pim(x,t)=1. (6)
(HeK

We use the following notations:
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o vt = |(x, )k = (x* + 4t2)i is the homogeneous norm on K with respect to the family of dilations
(6,)r>0, O,(x, 1) = (rx, 7%t) (cf. [16, Formula 1.17]).

o A, m| =|(A, m)rxn = 4|A|(m + “T*l) is the quasinorm on R X IN (cf. [16]).
e B, is the ball centered on 0 and of radius , defined by

B, ={(A,m) e RxIN; |A,m| <r} and Bf = (R x N)\B,.

o [N(K) = IP(K, dm,),p € [1,+00], the space of measurable functions f : K — C, such that ||f||, . < +c0,
where

1/p
£ llpe = ([K f Cx, )P dma(x, t)) if p e[l +oo],
I flloo, = esssupl|f(x,t)l.

(xHeK

e LL(RxNN), p € [1, +0c0], the space of measurable functions g : RXIN — C, such that ||!7||L§; < 400, where

1/p
lglly = ( f 19, m)Pdya(A, m)) if p e [1, +ool,
RxIN

llglls = esssup |g(A, m)|,

(A,m)eRxXIN

where dy, is the positive measure defined on R X IN by (see [14])
+00
[ o manm=Y 50 [ go,miaran
RxIN — R

The Fourier-Laguerre transform of a function in L}(K) is given by

Fr(f)A,m) = f]Kf(x, Bo_ym(x, Hydma(x,t), (A, m) e RxN.

It is well known that the Fourier-Laguerre transform ¥} satisfies the following properties (see [14]).

e We have the following Plancherel formula:

Ifllza = IFL(All2 for f € LLIK) N LA(K).

e We also have the inverse formula of the Fourier-Laguerre transform:

flx,t) = N Nﬂ(f)(A,m)%,m(x,t)dya(/\,m), (x, ) eK,

provided F1.(f) € LL(R x IN).
e Forall f € L}(K) and (x, ) € K, we have

FLTE, P, m) = ol OFLFA,m), (A,m) € Rx N. )

x,t)

e For f € LL(K),p € [1,+o], we have Tg:)t)(f) e L} (K) and

IS (Allpa < Mf 1l
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Now, we define the finite differences of order k € IN and step (x, ) € K by
(@) k
(x t)f(y/ s) = T(xt D' f(y,9), 8)

where I denotes the unit operator on K and (x, ) # (0,0).
Remark 1.3. Forall k € IN, we have

Al ) = ) (1) ( ) (T (Y, 9). )
O<i<k
Lemma 1.4. For a fixed (x,t) € K with (x,t) # (0,0), we have
FLAE ) A, m) = @am(x,t) = DFL(FA, m), (10)
forallk € N.

Proof. The proof follows immediately from (7) and an iteration for k [

The k' order generalized modulus of continuity of the function f € L2(K) is defined as

u(f,6) = sup (A5, Fllza- (11)

0<|x,t|<d

Let W;’EP (£) denote the class of functions f € L2(KK) that have generalized derivatives satisfying the estimate

% (Lf,0)=0(¢(e), 50,

ie:
W3O
= {f € LA(K)/ L'f € L2(K) and O (L7f,6) = O(¢(5)), 5 — 0}, (12)

where ¢ is any continuous nonnegative function given on [0, o). For the Laguerre operator £, we have
Lf=f Lf=L(L7f), r=12,...

From ([? , Remark 1]), we obtain

A (L NI, = f l@am(x, ) = 1P9A, mP|FL(F)A, m)Pdya(A, m), (13)

RXIN

wherer =0,1,...,k.

2. Main results

In this Section, taking into account what has been presented in the previous Section, for some classes
of functions characterized by the generalized modulus of continuity, we can prove two estimates for the
integral:

IFLHQA, m)Pdya(A,m),
By
which are useful in applications.

In the remainder of this paper, we refer to cy, ¢, ¢, ..., as positive constants which are generally different
in different places and which may depend on k, 7, « and other inessential parameters.

To prove the main results, we need to rely on some preliminary results.
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Lemma 2.1. Forall x > 0and t € R, we have

lim (p/\,m(x, t) =0.

[A,m|—+
Proof. See [12, Lemma 4.3]. O
Lemma 2.2. The following assertions are verified:

(1) There exist c; > 0 such that for all (A,m) € R x N and (x,t) € K,

lpam(x, t) = 1| < c1lA, mlx, t.

(2) There exist co > 0 such that for all (A, m) € B, and (x,t) € K,

1

loam(x, DI < ca(IA, mix®) 274

Proof. (1) From [9, Proposition 7], we deduce that for every (A,m) € R x IN and (x,t) € K, we have

|/\/ ml 2 |/\/ le
X+
Aa+1) 16

Pam(x,t) =1 +idt - R (1),

with
RS, (6 < (4 + 1A, ml) (1+ (2 + [H)? + 22 + 1)
Therefore, we obtain

|(PA,m(xr t) - 1|2
A, mPxt A, m)t
16(a+1)2 ' 256

3,2
P oo (e py

= |At?
AL+ D(a+1) A

(RS, (x, 1)) =
Consequently, we deduce the behavior in 0 of the characters ¢, ,,(x, t) by the following relation

A, m|Pxt
,t—12:)\t2+|’—+ AP, #4).
lpam(x, t) = 1|° = |At] 6@+ 17 o(|AI%|x, £%)

In consequence, there exist C > 0 and n > 0 such that for all (x, t) € K,
A, mllx, t? < 1 = loam(x, £) — 12 < CIA, m|x, t.

Then, we have
A, millx, 1P < 1 = l@am(x,B) =11 < VCIA, mllx, £,

On the other hand, it follows from Lemma 2.1 that

lpam(x, t) = 1]

—0 as |A,m| — +oo.
A, mPlx, ¢ 4,

Hence, there exist ¢ > 0 and A > 0, such that
A, ml > A= |pimx,t) = 1P < clA, mPlx, t.

If L

[t

< A. Take

|(P/\,m(x/ t) - 1|2

Lcdm<a A, mPlx,
[ac A

M=

318

(14)

(15)

(16)

(17)

(18)

(19)

(20)
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Therefore for all (A, m) € B, , we have

12

lpam(x, t) = 1| < kA, mllx, #,
where k = min(+c, VM). Hence we have the result where ¢; = max(VC, k).

(2) From [10, Page 87], we have the asymptotic formula

taw = Do (s o) 2o S5 )] @

m! 2
as m — +o0. On the other hand, it was shown in [3] and also in [21, p. 355], the following estimate
VaJ,(x) = O(1), x>0; (22)
where J,(x) is the Bessel function of the first kind (see [4]). Therefore, it follows from (3), (21) and (22) that
AR?) = O (A, mi?)37%).
Thus the proof is completed. [

Theorem 2.3. Given ¢,r,kand f € W;’;} (L). Then there exists a constant c3 > 0 such that the following inequality
holds, for all N > 0

| o mbana,m = o N (o (N ), 23)

as N — +oo, where the constant in the O-symbol depends only on 1, k, .

Proof. For agiven f € W;];) (L) and N > 0, we have

| oo mbanam <hen 9

where

= [ o DI, Py, m)

and

12 = fIVBC |(p/\,m(x,t) - 1”ﬁ(f)(/\rm)|2d)/a(/\,m)

From (16) of Lemma 2.2, we have

a0y [T Ry, 25)

=

—a_
2

By combining the relations (24) and (25) and by choosing a constant ¢4 such that the number cs = 1—-cac,

is positive. Setting |x, t| = & in the inequality (24), we have

s fm FLA,mPdyad, m) < I (26)
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By Holder inequality, the second term in (26) satisfies
%
L < ( lpam(x, £) = IPIFLAA, m)|2d)/a()\,m)]
By

14
x ( f FLAA, m)lzdyam,m)]
B,

- ( A, e, )~ P mPIFLCE)A, mPdyda, m)}
By
1-%
x ( | o, m)|2dyau,m>]
<N ( P, ) = 1A, mPIFLHQ, m>|2dya(A,m))
By

1-%
x( f m(f)(A,m)dea(A,m)] .
By,
We have seen that
f P, ) = 112, mPIFLHA, m)Pdya(d, m) < 1AL (L PIB.,.
By,

Therefore

1
1-%

I < N7F(IAL (L Plloa)" ( fB IFLH@, m)Pdya(d,m)
N
For f € W;IEP (L), there exist a constant ¢ > 0 such that

IAK o (L PIB, < cs(@(E) as &0,

by virtue of (11) and (12). For 6 = %, we obtain

cs [ TP Py, m)

KT\
o2 o[ ] (1, oo

1
1-5%

Then,

1
k

% k
([ rmsstson] ]

kT\2
f}B DA mfdym) = O[N‘” (‘P [(%) D ]

for all N > 0. Thus this theorem is proved withc; = ¢f. O

Therefore,
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Theorem 2.4. Let ¢(t) = t°. Then

\/ IFLAA, m)Pdya(A,m) = OINT™) as N — +oo & f € WQ’Z, L),
By

wherer=0,1,...,k=1,2,...,and 0 <v < 1.

Proof. If f € W;}:,) (£), then by using Theorem 2.3, we get

\/ f IFLA, m)Pdya(A, m) = ON). (27)
By
Now we prove the opposite implication. From relation (13), we obtain

IAK o (LI, = fR [0ane ) = 1P, LA, mPdya(h, m)

=N+,
where
= f (e, ) = 1PN, mP I Y, m)Pdy oA, m),
By
o= f i, ) = 1P, mPIF Y, m)Pdy oA, m),
By,
and N =E ( L ) is the integer part of the number .
|x, £ |x, £

From (6), we have the estimate

h<e f A, mPIFL A, m)Pdya(d, m)
BY,

—a ) [ PG, Py m)

=0 v Bw+11\Byw

<o} WAl [ g mPdy.,m
1=0 BB

N+1+1 \Bn+1

+00

=C7Zaz(3'z—ffz+1).

1=0

witha; = (N + [+ 1)> and

i= [ TRy

N+l

For all integers M > 1, the Abel transformation shows

M

M
a (J1— J11) = a0Jo — amIme1 + Z(ﬂl —a1)91
=1

1=0

M
<apJo + Z(ﬂl —a-1)J1,
=1
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because ay S u+1 = 0. Moreover by the finite increments theorem, we have
a —ap_q <2r(N+1+1)7L.
On the other hand, by (27), there exists cg > 0 such that, forall N > 0
Ji < cg(N + )22,
For N > 1, we have

M M
Zﬂz(jz —J11) S agJo + Z(ﬂl —a-1)J
=1

=0

—

M

1 2r 2r-1
<ef14+ L % | 5 (1 ) “1-2kv
_08( +N) N + rcs;‘ +N+l (N+)

M
< g2 N2 4 22pcq Z(N + )12,
1=1

Finally, by the integral comparison test, we have

M +oo +00
Z(N+l)—1—2kv < Z y—l—zkv <f 12k gy _ LN—ZkV'
=1 H=N+1 N Zkv

Letting M — +o0, we see that, for r > 0 and k, v > 0, there exists a constant c¢ such that, forall N > 1,
J» < cogN72,
Consequently, for all |x, {| > 0, we get
Jo < colx, t* as |x,t| — 0. (28)

Now, we estimate J;. From Lemma 2.2 we have
Ji= f lpam(x, £) = 1A, mP*|FLF)A, m)Pdya(A, m)
By

< cplx, 1% A, mP*2\FL(H)A, m)Pdy (A, m)
By
N-1

—ab Y [ AP, Ry
=0 vYBr1\B;

N-1

<ol P Y02 [ @ mPyam)
=0 By1\B;

N-1
= abe, 1 Y b (11— 1),

1=0

with by = (I + 1)**% and

I = N IFLOA, m)Pdya(A, m).
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Using a summation by parts transforms and proceeding as with ], and the fact that 7; < cgl=> 2 by
hypothesis, we obtain

N-1

Ji < et Y b (2= 1)
1=0

N-1
< cplx, [bofo + Z Iy(by - bl—l)]

I=1

N-1
< clx, t* [IO + cg(2r + 2Kk) Z(z + 1)2f+2k—1l—2r—2’w] )
=1

From the inequality [ + 1 < 2], we conclude that
N-1
i < calx, [fo +C10 Z ZZk_ZkV_l] :
1=1
As a consequence of a series comparison, we have the inequality,

N-1
yZl“_l <N¥ for p>0and N>2.
1=1

If y =2k —2kv > 0for 0 < v <1, then we obtain
Ji < cile, t5 (Lo + ecn N*2) < o, 2% (2o + enl, #72%),

since N < 1/|x, t|. If |x, t| is sufficiently small then 7 < c11]x, t{#v=2 Then we have

J1 < cnalx, P (29)
Combining the estimates (28) and (29) for J; and |, gives

1AL (L Pl = O(x, 1Y) as |x, - 0.

Consequently

Qi (L7f,6) = O©™) = O(p(5")) as 6 — 0.

Therefore the necessity is proved and the proof of this theorem is completed. [
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