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Abstract. Let (K, ∗α) be the Laguerre hypergroup where K = [0,+∞) × R and ∗α a convolution product
on K coming from the product formula satisfied by the Laguerre functions. In this work, we give new
estimates for the Laguerre kernel. We obtain new inequalities for the Fourier-Laguerre transform in the
space L2

α(K), by using a generalized translation operator to prove these estimates in certain classes of
functions characterized by a generalized continuity modulus.

1. Introduction and Preliminaries

Let f : R→ C be a square-integrable function in Lebesgue’s sense over R ( f ∈ L2(R)). Let us introduce
the finite differences of the higher orders k ∈N by

∆k
h( f ; x) = (Fh − E)k f (x) =

k∑
i=0

(−1)k−i
(
k
i

)
Fi

h f (x), x ∈ R,

where Fh is the operator defined by

Fh f (x) =
1

2h

∫ x+h

x−h
f (t)dt, h > 0, (1)

and E is the unit operator in L2(R).
For a given positive real number δ, the kth-order generalized continuity modulus is defined for f by

Ωk( f , δ) = sup
0<h≤δ

∥∆k
h( f ; x)∥L2(R).

Let Wr,k
2,Φ(D), (r = 0, 1, . . . , k = 1, 2, . . .) denote the class of functions f ∈ L2(R) having the generalized

partial derivatives

∂ f
∂x
,
∂2 f
∂x2 , . . . ,

∂r f
∂xr
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in the sense of Levi (see [15, p. 172]) that belong to L2(R). They are estimated by

Ωk(Dr f , δ) = O(Φ(δk)) as δ→ 0,

where D =
∂
∂x

,

D0 f = f , Di f = D(Di−1 f ), i = 1, 2, . . . , r,

and Φ is a steadily increasing continuous function on [0,+∞) with Φ(0) = 0.
The following theorem is an analogue of Jackson’s direct theorem in the classical theory of approximation

of function (see [15, Ch. 5]).

Theorem 1.1. [1] It holds that

sup
f∈Wr,k

2,Φ(D)

√∫
|λ|≥N
| f̂ (λ)|2dλ = O

(
N−rΦ

[( 2
N

)k])
,

as N→ +∞, where r = 0, 1, . . ., k = 1, 2, . . . , and f̂ stands for the Fourier transform of f .

In the case where Φ(t) = tν, ν > 0, Abilov and al. characterized the functions f ∈ L2(R) by the following
equivalence:

Theorem 1.2. [1] Let Φ(t) = tν(ν > 0). Then,√∫
|λ|≥N
| f̂ (λ)|2dλ = O(N−r−kν) as N→ +∞⇔ f ∈Wr,k

2,tν (D),

where r = 0, 1, . . ., k = 1, 2, . . . , and 0 < ν < 2.

Considerable attention has been devoted to discovering generalizations to new contexts for Theorem
1.1 and Theorem 1.2. In [2], the authors proved these estimates for the classical Fourier transform in
the space of multivariate square integrable functions on certain classes of functions characterized by the
generalized continuity modulus. We emphasize that these estimates have been generalized in [5] to the
multidimensional case for the Fourier-transform in the space L2(Rn), using the spherical mean operator
instead of the operator defined by (1). Recently, it has also been extended in the case of noncompact rank
1 Riemannian symmetric spaces for the Helgason Fourier transform [6]. An extension of these estimates
using different differential operators has been given, where considering generalized Fourier transforms:
Fourier-Bessel transform [3], Cherednik-Opdam transform [8], q-Dunkl transform [7, 20] and Clifford-
Fourier transform [17], Jacobi–Dunkl Expansions [18, 19], etc.

In the following, we denote N, R and C, the sets of non-negative integers, real numbers and complex
numbers respectively andK = [0,+∞[×R.

In our current research, we are interested in the Laguerre hypergroup K = [0,+∞) × R which can be
seen as a deformation of the hypergroup of radial functions on the Heisenberg group [9]. The aim is to
generalize these estimates in the framework of the Laguerre hypergroup, and establish some new results
by means of the Fourier-Laguerre analysis for some classes of functions characterized by a generalized
modulus of continuity, using the basic properties of Fourier-Laguerre transform.

In this paper, we consider the following partial differential operators
D =

∂
∂t
,

L =
∂2

∂x2 +
2α + 1

x
∂
∂x
+ x2 ∂

2

∂t2 ,
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with (x, t) ∈ K and α ≥ 0.
For (λ,m) ∈ R ×N, the initial value problem

Du = iλu,

Lu = −4|λ|
(
m +

α + 1
2

)
u,

u(0, 0) = 1,
∂u
∂x

(0, t) = 0 for all t ∈ R,

has a unique solution φλ,m given by

∀(x, t) ∈ K, φλ,m(x, t) = eiλtL
(α)
m (|λ|x2), (2)

where L(α)
m is the Laguerre function defined on R+ by

L
(α)
m (x) = e−

x
2

Lαm(x)
Lαm(0)

, (3)

and Lαm is the Laguerre polynomial of degree m and order α, given by

Lαm(x) =
m∑

k=0

(−1)k Γ(m + α + 1)
Γ(k + α + 1)

1
k!(m − k)!

xk. (4)

Let α ≥ 0 be a fixed number and mα the weighted Lebesgue measure onK, given by

dmα(x, t) =
x2α+1

πΓ(α + 1)
dxdt. (5)

For (x, t) ∈ K, the generalized translation operator T(α)
(x,t) is defined for α = 0 by

T(α)
(x,t)( f )(y, s) =

1
2π

∫ 2π

0
f (

√
x2 + y2 + 2xy cos(θ), t + s + xy sin(θ))dθ,

and for α > 0 by

T(α)
(x,t)( f )(y, s)

=
α
π

∫ 2π

0

∫ 1

0
f (

√
x2 + y2 + 2xyr cos(θ), t + s + xyr sin(θ))r(1 − r2)α−1drdθ.

Let Mb(K) denote the space of bounded Radon measures on K. The convolution on Mb(K) is defined by
(see [14, Definition I.2])

(µ1 ∗α µ2)( f ) =
∫
K×K

T(α)
(x,t)( f )(y, s)dµ1(x, t)dµ2(y, s).

This convolution is commutative. If f , 1 ∈ L1
α(K) and µ1 = f mα, µ2 = 1mα, then µ1 ∗α µ2 = ( f ∗α 1)mα, where

f ∗α 1 is the convolution of functions f and 1, defined by (see [14, Proposition I.2])

( f ∗α 1)(x, t) =
∫
K

T(α)
(x,t)( f )(y, s)1(y,−s)dmα(y, s).

For all (λ,m) ∈ R ×N, the kernel φλ,m verifies the following product formula (see [14, Proposition II.2])

φλ,m(x, t)φλ,m(y, s) = T(α)
x,t (φλ,m)(y, s), (x, t), (y, s) ∈ K,

and has the property

∀(λ,m) ∈ R ×N, sup
(x,t)∈K

|φλ,m(x, t)| = 1. (6)

We use the following notations:
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• |x, t| = |(x, t)|K = (x4 + 4t2)
1
4 is the homogeneous norm on K with respect to the family of dilations

(δr)r>0, δr(x, t) = (rx, r2t) (cf. [16, Formula 1.17]).

• |λ,m| = |(λ,m)|R×N = 4|λ|(m + α+1
2 ) is the quasinorm on R ×N (cf. [16]).

• Br is the ball centered on 0 and of radius r, defined by

Br = {(λ,m) ∈ R ×N; |λ,m| < r} and Bc
r = (R ×N)\Br.

• Lp
α(K) = Lp(K, dmα), p ∈ [1,+∞], the space of measurable functions f : K→ C, such that ∥ f ∥p,α < +∞,

where

∥ f ∥p,α =
(∫
K

| f (x, t)|pdmα(x, t)
)1/p

if p ∈ [1,+∞[,

∥ f ∥∞,α = ess sup
(x,t)∈K

| f (x, t)|.

• Lp
α(R×N), p ∈ [1,+∞], the space of measurable functions 1 : R×N→ C, such that ∥1∥Lp

α
< +∞, where

∥1∥Lp
α
=

(∫
R×N

|1(λ,m)|pdγα(λ,m)
)1/p

if p ∈ [1,+∞[,

∥1∥L∞α = ess sup
(λ,m)∈R×N

|1(λ,m)|,

where dγα is the positive measure defined on R ×N by (see [14])∫
R×N

1(λ,m)dγα(λ,m) =
+∞∑
m=0

Lαm(0)
∫
R

1(λ,m)|λ|α+1dλ.

The Fourier-Laguerre transform of a function in L1
α(K) is given by

FL( f )(λ,m) =
∫
K

f (x, t)φ−λ,m(x, t)dmα(x, t), (λ,m) ∈ R ×N.

It is well known that the Fourier-Laguerre transform FL satisfies the following properties (see [14]).

• We have the following Plancherel formula:

∥ f ∥2,α = ∥FL( f )∥L2
α

for f ∈ L1
α(K) ∩ L2

α(K).

• We also have the inverse formula of the Fourier-Laguerre transform:

f (x, t) =
∫
R×N

FL( f )(λ,m)φλ,m(x, t)dγα(λ,m), (x, t) ∈ K,

provided FL( f ) ∈ L1
α(R ×N).

• For all f ∈ L1
α(K) and (x, t) ∈ K, we have

FL(T(α)
(x,t) f )(λ,m) = φλ,m(x, t)FL( f )(λ,m), (λ,m) ∈ R ×N. (7)

• For f ∈ Lp
α(K), p ∈ [1,+∞], we have T(α)

(x,t)( f ) ∈ Lp
α(K) and

∥T(α)
(x,t)( f )∥p,α ≤ ∥ f ∥p,α.
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Now, we define the finite differences of order k ∈N and step (x, t) ∈ K by

∆k
(x,t) f (y, s) = (T(α)

(x,t) − I)k f (y, s), (8)

where I denotes the unit operator onK and (x, t) , (0, 0).

Remark 1.3. For all k ∈N, we have

∆k
(x,t) f (y, s) =

∑
0≤i≤k

(−1)k−i
(
k
i

)
(T(α)

(x,t))
i f (y, s). (9)

Lemma 1.4. For a fixed (x, t) ∈ K with (x, t) , (0, 0), we have

FL(∆k
(x,t) f )(λ,m) = (φλ,m(x, t) − 1)k

FL( f )(λ,m), (10)

for all k ∈N.

Proof. The proof follows immediately from (7) and an iteration for k

The kth order generalized modulus of continuity of the function f ∈ L2
α(K) is defined as

Ωk( f , δ) = sup
0<|x,t|≤δ

∥∆k
(x,t) f ∥2,α. (11)

Let Wr,k
2,ϕ(L) denote the class of functions f ∈ L2

α(K) that have generalized derivatives satisfying the estimate

Ωk
(
L

r f , δ
)
= O

(
ϕ

(
δk

))
, δ→ 0,

i.e:

Wr,k
2,ϕ(L)

= { f ∈ L2
α(K)/ Lr f ∈ L2

α(K) and Ωk
(
L

r f , δ
)
= O

(
ϕ

(
δk

))
, δ→ 0}, (12)

where ϕ is any continuous nonnegative function given on [0,∞). For the Laguerre operator L, we have
L

0 f = f , Lr f = L
(
L

r−1 f
)
, r = 1, 2, . . .

From ([? , Remark 1]), we obtain

∥∆k
(x,t)(L

r f )∥22,α =
∫
R×N

|φλ,m(x, t) − 1|2k
|λ,m|2r

|FL( f )(λ,m)|2dγα(λ,m), (13)

where r = 0, 1, . . . , k.

2. Main results

In this Section, taking into account what has been presented in the previous Section, for some classes
of functions characterized by the generalized modulus of continuity, we can prove two estimates for the
integral:∫

Bc
N

|FL( f )(λ,m)|2dγα(λ,m),

which are useful in applications.
In the remainder of this paper, we refer to c1, c2, c3, ..., as positive constants which are generally different

in different places and which may depend on k, r, α and other inessential parameters.
To prove the main results, we need to rely on some preliminary results.
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Lemma 2.1. For all x > 0 and t ∈ R, we have

lim
|λ,m|→+∞

φλ,m(x, t) = 0. (14)

Proof. See [12, Lemma 4.3].

Lemma 2.2. The following assertions are verified:

(1) There exist c1 > 0 such that for all (λ,m) ∈ R ×N and (x, t) ∈ K,

|φλ,m(x, t) − 1| ≤ c1|λ,m||x, t|. (15)

(2) There exist c2 > 0 such that for all (λ,m) ∈ Bc
N and (x, t) ∈ K,

|φλ,m(x, t)| ≤ c2(|λ,m|x2)−
α
2 −

1
4 . (16)

Proof. (1) From [9, Proposition 7], we deduce that for every (λ,m) ∈ R ×N and (x, t) ∈ K, we have

φλ,m(x, t) = 1 + iλt −
|λ,m|

4(α + 1)
x2 +

|λ,m|2

16
R
α
λ,m(x, t), (17)

with

|R
α
λ,m(x, t)| ≤ (4 + |λ,m|)

(
1 + (x2 + |t|)2 + t2(x2 + |t|)

)
. (18)

Therefore, we obtain

|φλ,m(x, t) − 1|2

= |λt|2 +
|λ,m|2x4

16(α + 1)2 +
|λ,m|4

256
(Rαλ,m(x, t))2

−
|λ,m|3x2

32(α + 1)
R
α
λ,m(x, t).

Consequently, we deduce the behavior in 0 of the characters φλ,m(x, t) by the following relation

|φλ,m(x, t) − 1|2 = |λt|2 +
|λ,m|2x4

16(α + 1)2 + o(|λ|2|x, t|4).

In consequence, there exist C > 0 and η > 0 such that for all (x, t) ∈ K,

|λ,m||x, t|2 < η⇒ |φλ,m(x, t) − 1|2 ≤ C|λ,m|2|x, t|2. (19)

Then, we have

|λ,m||x, t|2 < η⇒ |φλ,m(x, t) − 1| ≤
√

C|λ,m||x, t|.

On the other hand, it follows from Lemma 2.1 that

|φλ,m(x, t) − 1|2

|λ,m|2|x, t|2
→ 0 as |λ,m| → +∞.

Hence, there exist c > 0 and A > 0, such that

|λ,m| > A⇒ |φλ,m(x, t) − 1|2 ≤ c|λ,m|2|x, t|2. (20)

If η
|x,t|2 < A. Take

M = max
η

|x,t|2
≤|λ,m|≤A

|φλ,m(x, t) − 1|2

|λ,m|2|x, t|2
.
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Therefore for all (λ,m) ∈ Bc
η

|x,t|2
, we have

|φλ,m(x, t) − 1| ≤ k|λ,m||x, t|,

where k = min(
√

c,
√

M). Hence we have the result where c1 = max(
√

C, k).

(2) From [10, Page 87], we have the asymptotic formula

Lαm(x) ≈
Γ(m + α + 1)

m!
ex/2

((
m +

α + 1
2

)
x
)− α2

Jα

2

√(
m +

α + 1
2

)
x

 , (21)

as m→ +∞. On the other hand, it was shown in [3] and also in [21, p. 355], the following estimate
√

xJp(x) = O(1), x ≥ 0; (22)

where Jp(x) is the Bessel function of the first kind (see [4]). Therefore, it follows from (3), (21) and (22) that

Lαm(|λ|x2) = O
(
(|λ,m|x2)−

α
2 −

1
4

)
.

Thus the proof is completed.

Theorem 2.3. Given ϕ, r, k and f ∈Wr,k
2,ϕ (L). Then there exists a constant c3 > 0 such that the following inequality

holds, for all N > 0∫
Bc

N

|FL( f )(λ,m)|2dγα(λ,m) = O
(
N−2r

(
ϕ

(
c3N−k

))2
)
, (23)

as N→ +∞, where the constant in the O-symbol depends only on r, k, α.

Proof. For a given f ∈Wr,k
2,ϕ (L) and N > 0, we have∫

Bc
N

|FL( f )(λ,m)|2dγα(λ,m) ≤ I1 + I2, (24)

where

I1 =

∫
Bc

N

|φλ,m(x, t)||FL( f )(λ,m)|2dγα(λ,m),

and

I2 =

∫
Bc

N

|φλ,m(x, t) − 1||FL( f )(λ,m)|2dγα(λ,m).

From (16) of Lemma 2.2, we have

I1 ≤ c2(Nx2)−
α
2 −

1
4

∫
Bc

N

|FL( f )(λ,m)|2dγα(λ,m). (25)

By combining the relations (24) and (25) and by choosing a constant c4 such that the number c5 = 1− c2c−
α
2 −

1
4

4
is positive. Setting |x, t| = c4

N in the inequality (24), we have

c5

∫
Bc

N

|FL( f )(λ,m)|2dγα(λ,m) ≤ I2. (26)
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By Hölder inequality, the second term in (26) satisfies

I2 ≤

∫
Bc

N

|φλ,m(x, t) − 1|2k
|FL( f )(λ,m)|2dγα(λ,m)


1
2k

×

∫
Bc

N

|FL( f )(λ,m)|2dγα(λ,m)

1− 1
2k

=

∫
Bc

N

|λ,m|−2r
|φλ,m(x, t) − 1|2k

|λ,m|2r
|FL( f )(λ,m)|2dγα(λ,m)


1
2k

×

∫
Bc

N

|FL( f )(λ,m)|2dγα(λ,m)

1− 1
2k

≤ N−
r
k

∫
Bc

N

|φλ,m(x, t) − 1|2k
|λ,m|2r

|FL( f )(λ,m)|2dγα(λ,m)


1
2k

×

∫
Bc

N

|FL( f )(λ,m)|2dγα(λ,m)

1− 1
2k

.

We have seen that ∫
Bc

N

|φλ,m(x, t) − 1|2k
|λ,m|2r

|FL( f )(λ,m)|2dγα(λ,m) ≤ ∥∆k
(x,t)(L

r f )∥22,α.

Therefore

I2 ≤ N−
r
k

(
∥∆k

(x,t)(L
r f )∥2,α

) 1
k

∫
Bc

N

|FL( f )(λ,m)|2dγα(λ,m)

1− 1
2k

.

For f ∈Wr,k
2,ϕ (L), there exist a constant c6 > 0 such that

∥∆k
(x,t)(L

r f )∥22,α ≤ c6(ϕ(δk))2 as δ→ 0,

by virtue of (11) and (12). For δ = c4
N , we obtain

c5

∫
Bc

N

|FL( f )(λ,m)|2dγα(λ,m)

≤ N−
r
k

(
c6ϕ

[(c4

N

)k
]) 1

k
∫
Bc

N

|FL( f )(λ,m)|2dγα(λ,m)

1− 1
2k

.

Then,

c5

∫
Bc

N

|FL( f )(λ,m)|2dγα(λ,m)


1
2k

≤ N−
r
k

(
c6ϕ

[(c4

N

)k
]) 1

k

.

Therefore, ∫
Bc

N

|FL( f )(λ,m)|2dγα(λ,m) = O

N−2r
(
ϕ

[(c4

N

)k
])2 ,

for all N > 0. Thus this theorem is proved with c3 = ck
4.
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Theorem 2.4. Let ϕ(t) = tv. Then√∫
Bc

N

|FL( f )(λ,m)|2dγα(λ,m) = O(N−r−kv) as N → +∞⇔ f ∈Wr,k
2,ϕ (L) ,

where r = 0, 1, . . ., k = 1, 2, . . ., and 0 < v < 1.

Proof. If f ∈Wr,k
2,ϕ (L), then by using Theorem 2.3, we get√∫

Bc
N

|FL( f )(λ,m)|2dγα(λ,m) = O(N−r−kv). (27)

Now we prove the opposite implication. From relation (13), we obtain

∥∆k
(x,t)(L

r f )∥22,α =
∫
R×N

|φλ,m(x, t) − 1|2k
|λ,m|2r

|FL( f )(λ,m)|2dγα(λ,m)

= J1 + J2,

where

J1 =

∫
BN

|φλ,m(x, t) − 1|2k
|λ,m|2r

|FL( f )(λ,m)|2dγα(λ,m),

J2 =

∫
Bc

N

|φλ,m(x, t) − 1|2k
|λ,m|2r

|FL( f )(λ,m)|2dγα(λ,m),

and N = E
( 1
|x, t|

)
is the integer part of the number

1
|x, t|

.

From (6), we have the estimate

J2 ≤ c7

∫
Bc

N

|λ,m|2r
|FL( f )(λ,m)|2dγα(λ,m)

= c7

+∞∑
l=0

∫
BN+l+1\BN+l

|λ,m|2r
|FL( f )(λ,m)|2dγα(λ,m)

≤ c7

+∞∑
l=0

(N + l + 1)2r
∫
BN+l+1\BN+l

|FL( f )(λ,m)|2dγα(λ,m)

= c7

+∞∑
l=0

al (Jl −Jl+1) .

with al = (N + l + 1)2r and

Jl =

∫
Bc

N+l

|FL( f )(λ,m)|2dγα(λ,m).

For all integers M ≥ 1, the Abel transformation shows

M∑
l=0

al (Jl −Jl+1) = a0J0 − aMJM+1 +

M∑
l=1

(al − al−1)Jl

≤ a0J0 +

M∑
l=1

(al − al−1)Jl,
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because aMJM+1 ≥ 0. Moreover by the finite increments theorem, we have

al − al−1 ≤ 2r(N + l + 1)2r−1.

On the other hand, by (27), there exists c8 > 0 such that, for all N > 0

Jl ≤ c8(N + l)−2r−2kν.

For N ≥ 1, we have

M∑
l=0

al(Jl −Jl+1) ≤ a0J0 +

M∑
l=1

(al − al−1)Jl

≤ c8

(
1 +

1
N

)2r

N−2kν + 2rc8

M∑
l=1

(
1 +

1
N + l

)2r−1

(N + l)−1−2kν

≤ c822rN−2kν + 22rrc8

M∑
l=1

(N + l)−1−2kν.

Finally, by the integral comparison test, we have

M∑
l=1

(N + l)−1−2kν
≤

+∞∑
µ=N+1

µ−1−2kν
≤

∫ +∞

N
t−1−2kνdt =

1
2kν

N−2kν.

Letting M→ +∞, we see that, for r ≥ 0 and k, ν > 0, there exists a constant c9 such that, for all N ≥ 1,

J2 ≤ c9N−2kν.

Consequently, for all |x, t| > 0, we get

J2 ≤ c9|x, t|2kv as |x, t| → 0. (28)

Now, we estimate J1. From Lemma 2.2 we have

J1 =

∫
BN

|φλ,m(x, t) − 1|2k
|λ,m|2r

|FL( f )(λ,m)|2dγα(λ,m)

≤ c1|x, t|2k
∫
BN

|λ,m|2k+2r
|FL( f )(λ,m)|2dγα(λ,m)

= c1|x, t|2k
N−1∑
l=0

∫
Bl+1\Bl

| λ,m|2k+2r
|FL( f )(λ,m)|2dγα(λ,m)

≤ c1|x, t|2k
N−1∑
l=0

(l + 1)2k+2r
∫
Bl+1\Bl

|FL( f )(λ,m)|2dγα(λ,m)

= c1|x, t|2k
N−1∑
l=0

bl (Il − Il+1) ,

with bl = (l + 1)2k+2r and

Il =

∫
Bc

l

|FL( f )(λ,m)|2dγα(λ,m).
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Using a summation by parts transforms and proceeding as with J2 and the fact that Il ≤ c8l−2r−2kν by
hypothesis, we obtain

J1 ≤ c1|x, t|2k
N−1∑
l=0

bl (Il − Il+1)

≤ c1|x, t|2k

b0I0 +

N−1∑
l=1

Il(bl − bl−1)


≤ c1|x, t|2k

I0 + c8(2r + 2k)
N−1∑
l=1

(l + 1)2r+2k−1l−2r−2kν

 .
From the inequality l + 1 ≤ 2l, we conclude that

J1 ≤ c1|x, t|2k

I0 + c10

N−1∑
l=1

l2k−2kν−1

 .
As a consequence of a series comparison, we have the inequality,

µ
N−1∑
l=1

lµ−1
≤ Nµ for µ > 0 and N ≥ 2.

If µ = 2k − 2kν > 0 for 0 < ν < 1, then we obtain

J1 ≤ c1|x, t|2k
(
I0 + c11N2k−2kν

)
≤ c1|x, t|2k

(
I0 + c11|x, t|2kν−2k

)
,

since N ≤ 1/|x, t|. If |x, t| is sufficiently small then I0 ≤ c11|x, t|2kν−2k. Then we have

J1 ≤ c12|x, t|2kν. (29)

Combining the estimates (28) and (29) for J1 and J2 gives

∥∆k
(x,t)(L

r f )∥2,α = O(|x, t|kν) as |x, t| → 0.

Consequently

Ωk
(
L

r f , δ
)
= O(δkν) = O(ϕ(δk)) as δ→ 0.

Therefore the necessity is proved and the proof of this theorem is completed.
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