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Abstract. In this paper, we introduce the Hom-color generalization of n-pre-Lie algebras called n-Hom-
pre-Lie color algebras in which, we investigate their representation theory and we give some related results
and structures based on Rota-Baxter operators, Kupershmidt operators and Nijenhuis operators. Moreover,
we show that given (n − 2)-linear form of a Hom-pre-Lie color algebra satisfying certain conditions, one
can construct a structure of n-Hom-pre-Lie color algebra called induced n-Hom-pre-Lie color algebra. The
same procedure is applied for the representation of n-Hom-pre-Lie color algebras.

1. Introduction

The notion of n-Lie algebras was introduced in 1985 by Filippov [31], so it was given a classification of
the (n+1)-dimensional n-Lie algebras over an algebraically closed field of characteristic zero. The structure
of n-Lie algebras is very different from that of Lie algebras due to the n-ary multilinear operations involved.
The n = 3 case, i.e. 3-ary multilinear operation, first appeared in Nambu’s work [47] in the description
of simultaneous classical dynamics of three particles. Hom-(super) generalization of this structures called
n-Hom-Lie (super)algebras was studied in [2, 5, 9, 59] (see also [43], for more details). These algebraic
structures are considered as super-generalization of the structures of Hom-algebras which first appeared in
2003 in the work of Hartwig, Larsson and Silvestrov [35], in their investigation of the extension to general
twisted derivations of q-deformations of the Witt and Virasoro algebras.

Pre-Lie algebras (called also left-symmetric algebras, Vinberg algebras, quasi associative algebras) are
a class of a natural algebraic systems appearing in many fields in mathematics and mathematical physics.
They were first mentioned by Cayley in 1890 [21] as a kind of rooted tree algebra and later arose again from
the study of convex homogeneous cones [57], affine manifold and affine structures on Lie groups [38], and
deformation of associative algebras [32]. They play an important role in the study of symplectic and com-
plex structures on Lie groups and Lie algebras [6, 25, 27, 28, 41], phases spaces of Lie algebras [12, 39], certain
integrable systems [19], classical and quantum Yang–Baxter equations [29], combinatorics [30], quantum
field theory [26] and operads [22]. See [10], and the survey [20] and the references therein for more details.
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Recently, pre-Lie superalgebras, the Z2-graded version of pre-Lie algebras also appeared in many others
fields; see, for example, [1, 22, 32, 56]. Classifications of complexes pre-Lie superalgebras in dimensions
two and three have been given recently, by Zhang and Bai [14]. See [4, 23, 36, 37] about further results. The
notion of Hom-pre-Lie algebras is a twisted analog of pre-Lie algebras, where the pre-Lie algebra identity
is twisted by a self linear map, called the structure map. This notion was introduced in [44]. There is a
close relationship between Hom-pre- Lie algebras and Hom-Lie algebras: a Hom-pre-Lie algebra (N , ◦, α)
gives rise to a Hom-Lie algebra (N , [·, ·]C, α) via the commutator bracket, which is called the subadjacent
Hom-Lie algebra and denoted byNC. Hom-pre-Lie algebras play several roles, among them and the most
important are the problems related to the representations of Hom-Lie algebras. We can explain this in terms
that the map L : N → gl(N), defined by Lx(y) = x ◦ y for all x, y ∈ N , gives rise to a representation of the
subadjacent Hom-Lie algebra NC on N with respect to α ∈ gl(N). Recently, Hom-pre-Lie algebras were
studied from several aspects: The geometrization of Hom-pre-Lie algebras was studied in [60], universal
α-central extensions of Hom-pre-Lie algebras were studied in [54] and the bialgebra theory of Hom-pre-Lie
algebras was studied in [55]. Some generalizations of pre-lie algebra have been studied, among which are
given in [45], as the authors introduce the notion of n-pre-Lie algebra, which gives a n-Lie algebra naturally
and its left multiplication operator gives rise to a representation of this n-Lie algebra. An n-pre-Lie algebra
can also be obtained through the action of a relative Rota-Baxter operator on an n-Lie algebra. For (n = 3),
see [13, 24] for more details. In [33], the authors describe the symplectic structures and phase spaces of
3-Hom–Lie algebras from the structures of 3-Hom–pre-Lie algebras. The same work has been introduced
in the general case of n-pre-Lie algebras[34].

Lie color algebra is a generalization of Lie algebra introduced by Ree [49]. This class plays an important
role in theoretical physics (see [53, 53] for more details). In [46], the author proved that Simple Lie color
algebra can be obtained from associative graded algebra, while the Ado theorem and the PBW theorem of
Lie color algebra were proven by Scheunert [51]. Lie color algebras have developed in the last twenty years
as an interesting topic in Mathematics and Physics (see [7, 8, 15, 18, 40] for more details).

Representations theory of different algebraic structures is an important subject of study in algebra and
diverse areas. They appear in many fields of mathematics and physics. In particular, they appear in
deformation and cohomology theory among other areas. In this paper, we have to talk about the represen-
tation of algebraic structures of Lie and Hom-Lie type which are introduced in several works. The notion
of representation introduced for Hom–Lie algebras in [52] (see also [16]). The extension of this work to
the n-ary and n-ary-Hom-super cases has been given in [2, 5]. Some other extensions are given in several
works such as the representation of Hom-Lie superalgebras, BiHom-Lie superalgebras, (Hom)-Lie Rinehart
(super)algebras, (n)-(Hom)-Poisson (super)algebras... (see [17, 42, 48, 58], for more details). In this paper
we base on the representation theory of Hom-pre-Lie color algebras. This notion was introduced in [55] in
the study of Hom-pre-Lie bialgebras (Hom-left-symmetric bialgebras). In [50], the authors gave the natural
formula of a dual representation, which is nontrivial and showed that there is well defined tensor product
of two representations of a Hom-pre-Lie algebra. A generalization of the representation theory of pre-Lie
algebras was introduced in [34], in which the authors defined the representation of n-pre-Lie algebras and
gave some other associated results. In this paper, we generalize this notion in the Hom-color case and we
give some related results.

This paper is organized as follows. In Section 2, we recall some definitions and known results about
n-Lie color algebras and n-Hom-Lie color algebras. We also recall some examples for these structures.
In Section 3, we introduce the notion of n-Hom-pre-Lie color algebras and their representations and we
give some important results and related structures. In Section 4, we provide a construction procedure of
n-Hom-pre-Lie color algebras starting from a Hom-pre-Lie color algebra and an (n− 2)-linear form satisfies
specific conditions. Moreover, we applied same procedure for the representations of n-Hom-pre-Lie color
algebras.

Throughout this paper, we will for simplicity of exposition assume that K is an algebraically closed
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field of characteristic zero, even though for most of the general definitions and results in the paper this
assumption is not essential.

2. Preliminaries and Basics

In this section, we give some preliminaries and basic results on n-(Hom)-Lie color algebras and to give
some examples, also we give some results using representations, Kupershmidt operators and Nijenhuis
operators.

Definition 2.1. Let Γ be an abelian group.

1. A linear spaceN is said to be Γ-graded if, there exists a family (Na)a∈Γ of linear subspaces ofN such that

N =
⊕
a∈Γ

Na.

2. An element x ∈ N is said to be homogeneous of degree a ∈ Γ if x ∈ Na. We denote H(N) the set of all
homogeneous elements inN .

3. Let N =
⊕
a∈Γ
Na and N ′ =

⊕
a∈Γ
N
′
a be two Γ-graded linear spaces. A linear mapping f : N → N ′ is said to be

homogeneous of degree b if
f (Na) ⊆ N ′a+b, for all a ∈ Γ.

4. LetM andN be two Γ-graded vector spaces. A structure of Γ-graded vector space onM⊕N can be introduced
canonically:

(M⊕N)γ∈Γ =Mγ ⊕Nγ.

Remark 2.1. If the base field is considered as a graded vector space, it is understood that the graduation ofK is given
byK0 = K andKa = {0}, if a ∈ Γ \ {0}.

Definition 2.2. 1. An algebra (N , ·) is said to be Γ-graded if its underlying linear space is Γ-graded i.e. N =⊕
a∈Γ
Na, and if furthermore

Na · Nb ⊆ Na+b, for all a, b ∈ Γ.

2. A morphism f : N → N ′ of Γ-graded algebrasN andN ′ is by definition an algebra morphism fromN toN ′

which is, in addition an even mapping (i.e. f of degree zero).

Definition 2.3. Let Γ be an abelian group. A map ϵ : Γ×Γ→ K∗ is called commutation factor (or a skew-symmetric
bicharacter) on Γ if the following identities hold for all a, a′, a′′ ∈ Γ,

ϵ(a, a′)ϵ(a′, a) = 1, (1)
ϵ(a, a′ + a′′) = ϵ(a, a′)ϵ(a, a′′), (2)
ϵ(a + a′, a′′) = ϵ(a, a′′)ϵ(a′, a′′), (3)

In particular, the definition above implies the following relations

ϵ(a, 0) = ϵ(0, a) = 1 and ϵ(a, a) = ±1 for all a ∈ Γ.

If x and y are two homogeneous elements of degree a and b respectively and ϵ is a bicharacter, then we
shorten the notation by writing ϵ(x, y) instead of ϵ(a, b).

Notations: For any X = (x1, . . . , xn) ∈ Nn, we need the following notations

Xi, j =

j∑
k=i

xk, ∀1 ≤ i ≤ j ≤ n, Xi =

i∑
k=1

xk and X0 = 0.
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Example 2.1. Let Γ = Z. We define the bicharacter ϵ : Γ × Γ→ K∗ by

ϵ(m,n) = cos(mnπ).

Example 2.2 ([11]). Some standard examples of bicharacters are:

1. Γ = Z2, ϵ(i, j) = (−1)i j, or more generally

Γ = Zn
2 = {(α1, . . . , αn) | αi ∈ Z2},

ϵ((α1, . . . , αn), (β1, . . . , βn)) := (−1)α1β1+···+αnβn .

2. Γ = Z2 ×Z2, ϵ((i1, i2), ( j1, j2) = (−1)i1 j2−i2 j1 ,
3. Γ = Z ×Z, ϵ((i1, i2), ( j1, j2)) = (−1)(i1+i2)( j1+ j2),
4. Γ = {−1,+1}, ϵ(i, j) = (−1)(i−1)( j−1)/4.

Definition 2.4. An n-Lie color algebra is a triple (N , [·, . . . , ·], ϵ) consisting of a Γ-graded vector spaceN =
⊕
γ∈Γ

Nγ,

an n-linear map [·, . . . , ·] : N ×N × · · · × N → N of degree zero and a bicharacter ϵ : Γ × Γ→ K∗ satisfying

[x1, . . . , xi, xi+1, . . . , xn] = −ϵ(xi, xi+1)[x1, . . . , xi+1, xi, . . . , xn], (4)[
x1, . . . , xn−1, [y1, . . . , yn]

]
=

n∑
i=1

ϵ(Xn−1,Yi−1)
[
y1, . . . , yi−1, [x1, . . . , xn−1, yi], yi+1, . . . , yn

]
, (5)

for any xi, y j ∈ H(N), 1 ≤ i, j ≤ n.

Remark 2.2. The condition (4) is equivalent to[
x1, . . . , xi, . . . , x j, . . . , xn

]
= −ϵ(Xi+1, j−1, xi + x j)ϵ(xi, x j)

[
x1, . . . , x j, . . . , xi, . . . , xn

]
, ∀ 1 ≤ i < j ≤ n. (6)

Example 2.3. Let Γ = Z2, ϵ(i, j) = (−1)i j and N = N0 ⊕ N1 =< e1, . . . , en > ⊕ < en+1 >. Define the n-linear map
[·, . . . , ·] : ∧n

N → N of degree zero by

[e1, . . . , êi, . . . , en, en+1] = en+1, ∀1 ≤ i ≤ n,

where êi means that the element ei is omitted. Then (N , [·, . . . , ·], ϵ) is an n-Lie color algebra.

Definition 2.5. An n-Hom-Lie color algebra is a graded vector space N =
⊕
γ∈ΓNγ with an homogeneous n-

linear map [·, . . . , ·] : N×· · ·×N −→ N of degree zero, a bicharacter ϵ : Γ×Γ→ K\ {0} and a linear map α : g −→ g
of degree zero, such that the condition (4) is satisfied and for all X = (x1, . . . , xn−1),Y = (y1, . . . , yn) ∈ H(N), we
have [

α1(x1), . . . , αn−1(xn−1), [y1, . . . , yn]
]
=

n∑
i=1

ϵ(Xn−1,Yi−1)
[
α1(y1), . . . , αi−1(yi−1), [x1, . . . , xn−1, yi], αi+1(yi+1), . . . , αn−1(yn)

]
. (7)

Remarks 2.1.

1. When Γ = {0}, the trivial group, this is the ordinary n-Hom-Lie algebra (see [9] for more details).
2. When Γ = Z2, ϵ(x, y) = (−1)|x||y|, we recover Hom-Lie superalgebra introduced in [2].
3. If α = idN , thenN is just an n-Lie color algebra.

Let (N , [·, . . . , ·], ϵ, α) and (N
′

, [·, . . . , ·]
′

, ϵ, α
′

) be two n-Hom-Lie color algebras. A linear map of degree
zero f : N → N

′

is an n-Hom-Lie color algebras morphism if its satisfies

f ◦ α = α
′

◦ f ,
f ([x1, . . . , xn]) = [ f (x1), . . . , f (xn)]

′

.
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Definition 2.6.
1. An n-Hom-Lie color algebra (N , [·, . . . , ·], ϵ, α) is said to be multiplicative if α is an algebra endomorphism, (i.e.

a linear map onN which is also a homomorphism with respect to the multiplication [·, . . . , ·]).
2. An n-Hom-Lie color algebra (N , [·, . . . , ·], ϵ, α) is said to be regular if α is an automorphism.
3. An n-Hom-Lie color algebra (N , [·, . . . , ·], ϵ, α) is said to be involutive if α2 = id.

Example 2.4. Let Γ = Z2, ϵ(i, j) = (−1)i j and N = N0 ⊕ N1 =< e1, . . . , en > ⊕ < en+1 >. Define the super-skew-
symmetric n-linear map [·, . . . , ·] : ∧n

N → N of degree zero by

[e1, . . . , êi, . . . , en, en+1] = (−1)i+1en+1, ∀1 ≤ i ≤ n,

where êi means that the element ei is omitted and the linear map α : N → N defines on the basis ofN by

α(ei) = ei, 1 ≤ i ≤ n and α(en+1) = 0.

Then (N , [·, . . . , ·], ϵ, α) is a multiplicative n-Hom-Lie color algebra.

Theorem 2.5. (Twist Theorem) Let (N , [·, . . . , ·], ϵ) be an n-Lie color algebra and α : N → N be an algebra
endomorphism of degree zero. Then, the multilinear map [·, . . . , ·]α = α ◦ [·, . . . , ·] defines on N a multiplicative
n-Hom-Lie color algebra structure.

Example 2.6. ([11]) LetN be a graded linear space

N = N(0,0) ⊕N(0,1) ⊕N(1,0) ⊕N(1,1)

with N(0,0) =< e1, e2 >, N(0,1) =< e3 >, N(1,0) =< e4 >, N(1,1) =< e5 > . The 4-linear multiplication
[·, ·, ·, ·] : N ×N ×N ×N → N defined for basis {ei | i = 1, . . . , 5} by

[e2, e3, e4, e5] = e1, [e1, e3, e4, e5] = e2, [e1, e2, e4, e5] = e3,

[e1, e2, e3, e4] = 0 and [e1, e2, e3, e5] = 0,

makesN into the five dimensional 4-Lie color algebra.
Now define on (N , [·, ·, ·, ·], ϵ) the endomorphism α : N → N by

α(e1) = e2, α(e2) = e1, α(ei) = ei, i = 3, 4, 5.

ThenNα = (N , [·, ·, ·, ·]α, ϵ, α) is a 4-Hom-Lie color algebra. Observe that α is involutive (hence bijective).

Definition 2.7. Let (N , [·, . . . , ·], ϵ, α) be an n-Hom-Lie color algebras. Then
1. A Γ-graded subspace h ofN is a color subalgebra ofN , if for all γ1, γ2, . . . , γn ∈ Γ :

α(hγi ) ⊆ hγi , ∀1 ≤ i ≤ n and [hγ1 , hγ2 , . . . , hγn ] ⊆ hγ1+...+γn .

2. A Γ-graded subspace I ofN is a color ideal ofN if it satisfies:

α(Iγi ) ⊆ Iγi , ∀1 ≤ i ≤ n and [Iγ1 , gγ2 , . . . , gγn ] ⊆ Iγ1+...+γn , ∀γ1, γ2, . . . , γn ∈ Γ

Definition 2.8. ([3]) A representation of an n-Hom-Lie color algebra (N , [·, . . . , ·], ϵ, α) is a triple (V, ρ, β) consisting
of a Γ-graded vector space V, an ϵ-skew-symmetric multilinear map ρ : Nn−1

→ End(V) of degree zero and a linear
map β : V → V of degree zero such that for all x1, . . . , xn−1, y1, . . . , yn ∈ H(N), we have

ρ(α(x1), . . . , α(xn−1))ρ(y1, . . . , yn−1) − ϵ(Xn−1,Yn−1)ρ(α(y1), . . . , α(yn−1))ρ(x1, . . . , xn−1)

=

n−1∑
i=1

ϵ(Xn−1,Yi−1)ρ(α(y1), . . . , α(yi−1), [x1, . . . , xn−1, yi], α(yi+1), . . . α(yn−1))β, (8)

ρ(α(x1), . . . , ρ(xn−2), [y1, . . . , yn])β

=

n∑
i=1

(−1)n−iϵ(Xn−2,Y + yi)ϵ(yi,Yi+1,n)ρ(α(y1), . . . , ŷi, . . . , α(yn))ρ(x1, . . . , xn−2, yi). (9)
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Remark 2.3. If (V, ρ, β) is a representation of a multiplicative n-Hom-Lie color algebra (N , [·, . . . , ·], ϵ, α), then ρ
satisfies the following condition

ρ(α(x1), . . . , α(xn−1))β = βρ(x1, . . . , xn−1). (10)

Example 2.7. Defining for any integer s ≥ 0 theαs-adjoint representation of an n-Hom-Lie color algebra (N , [·, . . . , ·], ϵ, α)
onN⊗n−1 as follows

ads
x1,...,xn−1

(x) = [αs(x1), . . . , αs(xn−1), x] for all xi, x ∈ H(N), 1 ≤ i ≤ n − 1.

Let us denote the αs-adjoint representation of the n-Hom-Lie color algebra (N , [·, . . . , ·], ϵ, α) by the triple (N , ads, α).
We also denote ad0

x1,...,xn−1
simply by adx1,...,xn−1 for any x1, . . . , xn−1 ∈ H(N).

Example 2.8. (Dual representation) Let (N , [·, . . . , ·], ϵ, α) be a regular n-Hom-Lie color algebra and (V, ρ, β) be an
n-Hom-Lie color algebra representation with β being an invertible linear map. Define ρ∗ : Nn−1

→ End(V∗) as usual
by

< ρ∗(x1, . . . , xn−1)(ξ),u >= − < ξ, ρ(x1, . . . , xn−1)(u) >, ∀xi ∈ H(N), 1 ≤ i ≤ n − 1, u ∈ H(V), ξ ∈ V∗.

However, in general ρ∗ is not a representation ofN anymore. Let us define the map ρ⋆ : Nn−1
→ End(V∗) by

< ρ⋆(x1, . . . , xn−1)(ξ), v >: =< ρ∗(α(x1), . . . , α(xn−1))((β−2)∗(ξ)), v > (11)

= − < ξ, ρ(α−1(x1), . . . , α−1(xn−1))(β−2(v)) >,

for all ξ ∈ V∗, x1, . . . , xn−1 ∈ H(N) and v ∈ V. Then, the triple (V∗, ρ⋆, (β−1)∗) is a representation of the n-Hom-Lie
color algebra (N , [·, . . . , ·], ϵ, α) on the dual vector space V∗ with respect to the map (β−1)∗. This is also known as the
“dual representation” associated to (V, ρ, β).
In particular, let us also recall that the “coadjoint representation” of a regular n-Hom-Lie color algebra (N , [·, . . . , ·], ϵ, α)
onN ∗ with respect to (α−1)∗ is given by the triple (N ∗, ad⋆, (α−1)∗), where

< ad⋆(x1, . . . , xn−1)(ξ), x > = − < ξ, ad(α−1(x1), . . . , α−1(xn−1))(α−2(x)) > (12)

= − < ξ, [α−1(x1), . . . , α−1(xn−1), α−2(x)] >, (13)

for all xi, x ∈ H(N), 1 ≤ i ≤ n − 1, ξ ∈ N ∗.

Proposition 2.9. ([3]) Let (N , [·, . . . , ·], ϵ, α) be an n-Hom-Lie color algebra, ρ : Λn−1
N → 1l(V) and β : V → V

are two linear maps of degree zero. Then (N ⊕ V, [·, . . . , ·]N⊕V, ϵ, α + β) is an n-Hom-Lie color algebra if and only if
(V, ρ, β) is a representation of (N , [·, . . . , ·], ϵ, α), where

[x1 + a1, . . . , xn + an]N⊕V = [x1, . . . , xn] +
n∑

k=1

ϵ(xk,Xk+1,n)ρ(x1, . . . , x̂k, . . . , xn)ak, (14)

for all x1, . . . , xn ∈ H(N) and a1, . . . , an ∈ H(V).

Definition 2.9. Let (N , [·, . . . , ·], ϵ, α) be an n-Hom-Lie color algebra and s be a non-negative integer. Then, a
linear operator R : N → N of degree zero is called an s-Rota–Baxter operator of weight λ on (N , [·, . . . , ·], ϵ, α) if
R ◦ α = α ◦ R and the following identity is satisfied:

[R(x1), . . . ,R(xn)] = R
( ∑
∅,I⊆[n]

λ|I|−1[R̂(x1), . . . , R̂(xi), . . . , R̂(xn)]
)
, (15)

where R̂(xi) := R̂I(xi) :=
{

xi, i ∈ I,
αsR(xi), i < I for all x1, . . . , xn ∈ N .

For α = Id, then we recover the notion of Rota–Baxter operators on an n-Lie color algebra.
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Definition 2.10. Let (N , [·, . . . , ·], ϵ, α) be an n-Hom-Lie color algebra and (V, ρ, β) a representation of N . A linear
map T : V → N of degree zero is called Kupershmidt operator (also called O-operator) associated to (V, ρ, β) if T
satisfies

α ◦ T = T ◦ β, (16)

[T(u1), . . . ,T(un)] = T
( n∑

i=1

(−1)n−iϵ(ui,Ui+1,n)ρ(T(u1), . . . , T̂(ui), . . . ,T(un))(ui)
)
, (17)

for all ui ∈ H(V), 1 ≤ i ≤ n. A Kupershmidt operator associated to the adjoint representation (A, ad, α) is called
Rota-Baxter operator of weight λ = 0.

Remark 2.4. Recall the αs-adjoint representation (N , ads, α) of an n-Hom-Lie color algebra (N , [·, . . . , ·], ϵ, α) for
any integer s ≥ 0 given in Example 2.7. Then, an s-Rota–Baxter operator of weight 0 on the n-Hom-Lie color algebra
(N , [·, . . . , ·], ϵ, α) is an Kupershmidt operator on (N , [·, . . . , ·], ϵ, α) with respect to the representation (N , ads, α).
Thus, the notion of Kupershmidt operators is a generalization of Rota–Baxter operators and therefore also known as
relative or generalized Rota–Baxter operators.

Example 2.10. Let (V, ρ) be a representation of an n-Lie color algebra (N , [·, . . . , ·], ϵ) and T : V → N be a
Kupershmidt operator associated to (V, ρ). A pair (ϕN , ϕV) is an endomorphism of the Kupershmidt operator T if

T ◦ ϕV = ϕN ◦ T and
ρ(ϕN (x1), . . . , ϕN (xn−1)))(ϕV(v)) = ϕV(ρ(x1, . . . , xn−1)(v)), for all xi ∈ N , 1 ≤ i ≤ n − 1, v ∈ V.

Let us consider the n-Hom-Lie color algebra (N , [·, . . . , ·, ]ϕN , ϵ, ϕN ) obtained by composition, where the n-Hom-Lie
bracket is given by

[·, . . . , ·, ]ϕN := ϕN ◦ [·, . . . , ·].

If we consider the composition ρϕV := ϕV ◦ρ, then the triple (V, ρϕV , ϕV) is an n-Hom-Lie color algebra representation
of (N , [·, . . . , ·]ϕN , ϵ, ϕN ). Moreover,

[T(u1), . . . ,T(un)]ϕN = ϕN ([T(u1), . . . ,T(un)])

= ϕN
(
T
( n∑

i=1

(−1)n−iϵ(ui,Ui+1,n)ρ(T(u1), . . . , T̂(ui), . . . ,T(un))(ui)
))

= T
( n∑

i=1

(−1)n−iϵ(ui,Ui+1,n)ρϕV (T(u1), . . . , T̂(ui), . . . ,T(un))(ui)
)
,

for all ui ∈ V, 1 ≤ i ≤ n. Clearly, it follows that the map T : V →N is a Kupershmidt operator on the n-Hom-Lie
color algebra (N , [·, . . . , ·]ϕN , ϵ, ϕN ) with respect to the n-Hom-Lie color algebra representation (V, ρϕV , ϕV).

In the following, we give a characterization of a Kupershmidt operator T in terms of an n-Hom-Lie
subalgebra structure on the graph of T defined by

Gr(T) = {(T(u),u)/ u ∈ V}.

Proposition 2.11. A linear map T : N → V of degree zero is a Kupershmidt operator on the n-Hom-Lie color algebra
(N , [·, . . . , ·], ϵ, α) with respect to the representation (V, ρ, β) if and only if Gr(T) is a color subalgebra of the semi-direct
product n-Hom-Lie color algebra (N ⊕ V, [·, . . . , ·]N⊕V, ϵ, α + β), defined in Proposition 2.9.

Proof. Let (Tu,u) ∈ Gr(T)γ, γ ∈ Γ. By using (16) and the fact that α, β are of degree zero, we have
(α + β)(Tu,u) = (α(Tu), β(u)) = (T(β(u)), β(u)) ∈ Gr(T)γ.
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Let (Tuk,uk) ∈ Gr(T)γk , γk ∈ Γ, 1 ≤ k ≤ n. Then, if T is a Kupershmidt operator on (N , [·, . . . , ·], ϵ, α), we
have

[(Tu1,u1), . . . , (Tun,un)]N⊕V = [Tu1, . . . ,Tun],
n∑

k=1

ϵ(uk,Uk+1,n)ρ(Tu1, . . . , T̂uk, . . . ,Tun)uk

= T
( n∑

k=1

(−1)n−kϵ(uk,Uk+1,n)ρ(Tu1, . . . , T̂uk, . . . ,Tun)uk

)
,

n∑
k=1

ϵ(uk,Uk+1,n)ρ(Tu1, . . . , T̂uk, . . . ,Tun)uk ∈ Gr(T)γ1+···+γn ,

which implies that Gr(T) is a color subalgebra of the semi-direct product n-Hom-Lie color algebra (N ⊕
V, [·, . . . , ·]N⊕V, ϵ, α + β).

Conversely, if Gr(T) is a subalgebra of the semi-direct product n-Hom-Lie color algebra (N⊕V, [·, . . . , ·]N⊕V, ϵ, α+
β), then we have

[(Tu1,u1), . . . , (Tun,un)]N⊕V = [Tu1, . . . ,Tun],
n∑

k=1

ϵ(uk,Uk+1,n)ρ(Tu1, . . . , T̂uk, . . . ,Tun)uk ∈ Gr(T),

which gives that [Tu1, . . . ,Tun] = T
( n∑

k=1

ϵ(uk,Uk+1,n)ρ(Tu1, . . . , T̂uk, . . . ,Tun)uk

)
. Therefore T is a Kupersh-

midt operator on (N , [·, . . . , ·], ϵ, α).

It is of course that there are some other characterizations of the Kupershmidt operators on an n-Hom-Lie
color algebras, among them and this most interesting the characterization in term of a Nijenhuis operators.
In the following Proposition, we characterize Kupershmidt operators on n-Hom-Lie color algebras in terms
of the Nijenhuis operators. In which, we need to define the Nijenhuis operator on an n-Hom-Lie color
algebra (N , [·, . . . , ·], ϵ, α), as a linear map N : N → N of degree zero which satisfies the following identity

[N(x1), . . . ,N(xn)] = N
( ∑
∅,I⊆[n]

N|I|−1[N̂(x1), . . . , N̂(xi), . . . , N̂(xn)]
)
, (18)

where N̂(xi) := N̂I(xi) :=
{

xi, i ∈ I,
N(xi), i < I for all x1, . . . , xn ∈ H(N).

Proposition 2.12. Let (V, ρ, β) be a representation of an n-Hom-Lie color algebra (N , [·, . . . , ·], ϵ, α) and T : V →N
a linear map of degree zero. Then T is a Kupershmidt operator on (N , [·, . . . , ·], ϵ, α) with respect to (V, ρ, β) if and
only if the operator

NT =

[
0 T
0 0

]
: N ⊕ V →N ⊕ V

is a Nijenhuis operator on the semi-direct product n-Hom-Lie color algebra (N ⊕ V, [·, . . . , ·]N⊕V, ϵ, α + β).

Proof. By using the Definition of the map NT and the bracket [·, . . . , ·]N⊕V, we have

[NT(x1 + u1), . . . ,NT(xn + un)]N⊕V = [T(u1) + 0, . . . ,T(un) + 0]
= [T(u1), . . . ,T(un)],

and by the obvious result Nk
T = 0, ∀k ≥ 2, we have

NT

( ∑
∅,I⊆[n]

N|I|−1
T [N̂T(x1 + u1), . . . , N̂T(xi + ui), . . . , N̂T(xn + un)]N⊕V

)
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= NT

( n∑
i=1

[NT(x1 + u1), . . . , xi + ui, . . . ,NT(xn + un)]N⊕V

)
= NT

( n∑
i=1

[T(u1), . . . , xi + ui, . . . ,T(un)]N⊕V

)
= NT

( n∑
i=1

[T(u1), . . . , xi, . . . ,T(un)] +
n∑

i=1

ϵ(ui,Ui+1,n)ρ(T(u1), . . . , ˆT(ui), . . . ,T(un))(ui)
)

= T
( n∑

i=1

ϵ(ui,Ui+1,n)ρ(T(u1), . . . , ˆT(ui), . . . ,T(un))(ui)
)
,

for all xi ∈ H(N), ui ∈ H(V). By a direct computation, we conclude that

NT

( ∑
∅,I⊆[n]

N|I|−1
T [N̂T(x1 + u1), . . . , N̂T(xi + ui), . . . , N̂T(xn + un)]N⊕V

)
= NT

( ∑
∅,I⊆[n]

N|I|−1
T [N̂T(x1 + u1), . . . , N̂T(xi + ui), . . . , N̂T(xn + un)]N⊕V

)
if and only if

[T(u1), . . . ,T(un)] = T
( n∑

i=1

ϵ(ui,Ui+1,n)ρ(T(u1), . . . , ˆT(ui), . . . ,T(un))(ui)
)
,

for all xi ∈ H(N), ui ∈ H(V), which gives the result.

3. n-Hom-pre-Lie color algebras and their representations

In [20], the authors introduced the notion of pre-Lie algebras and given their representation, some other
practical results are also studied, among those which are most interesting the cohomology and deformations
of pre-Lie algebras. This notion has been extended in more general cases (for more details see [34]). In this
section we introduce the notion of n-Hom-pre-Lie color algebras and define their representation also we
give some algebraic structures and results concerning this notion.

3.1. n-Hom-pre-Lie color algebras
Definition 3.1. An n-Hom-pre-Lie color algebra is a quadruple (N , {·, . . . , ·}, ϵ, α) consisting of a Γ-graded vector
space N , a bicharacter ϵ : Γ × Γ → K∗, an n-linear map {·, . . . , ·} : ∧n

N → N of degree zero, ϵ-skew-symmetric on
the first (n − 1) terms and a linear map α : N → N of degree zero such that for all xi, yi ∈ H(N), 1 ≤ i ≤ n, the
following identities are satisfied:

{α(x1), . . . , α(xn−1), {y1, . . . , yn}} =

n−1∑
i=1

ϵ(Xn−1,Yi−1){α(y1), . . . , α(yi−1), [x1, . . . , xn−1, yi]C, α(yi+1), . . . , α(yn)}

+ϵ(Xn−1,Yn−1){α(y1), . . . , α(yn−1), {x1, . . . , xn−1, yn}}, (19)

{[x1, . . . , xn]C, α(y1), . . . , α(yn−1)} =
n∑

i=1

(−1)n−iϵ(xi,Xi+1,n){α(x1), . . . , x̂i, . . . , α(xn), {xi, y1, . . . , yn−1}}, (20)

where [·, . . . , ·]C is defined by

[x1, . . . , xn]C =

n∑
i=1

(−1)n−iϵ(xi,Xi+1,n){x1, . . . , x̂i, . . . , xn, xi}, ∀xi ∈ H(N), 1 ≤ i ≤ n. (21)

An n-Hom-pre-Lie color algebra (N , {·, . . . , ·}, ϵ, α) is said to be multiplicative if α is an algebra endomorphism,
(i.e. a linear map onN which is also a homomorphism with respect to multiplication {·, . . . , ·}).
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Proposition-Definition 3.1. Let (N , {·, . . . , ·}, ϵ, α) be an n-Hom-pre-Lie color algebra. Then, the quadruple
(N , [·, . . . , ·]C, ϵ, α), where [·, . . . , ·]C is given by Eq. (21), is an n-Hom-Lie color algebra called the sub-adjacent
n-Hom-Lie color algebra of (N , {·, . . . , ·}, ϵ, α) denoted by N c and (N , {·, . . . , ·}, ϵ, α) is called compatible n-Hom-pre-
Lie color algebra of the n-Hom-Lie color algebraN c.

Proof. Let xi, yi ∈ H(N), 1 ≤ i ≤ n. For all 1 ≤ k ≤ n − 1, then by using the definition of [·, . . . , ·]C, we have:

[x1, . . . , xk, xk+1, . . . , xn−1, xn]C =

n∑
i=1

(−1)n−iϵ(xi,Xi+1,n){x1, . . . , x̂i . . . , xk, xk+1, . . . , xn, xi}

+

n∑
i=1

(−1)n−iϵ(xi,Xi+1,n){x1, . . . , xk, xk+1, . . . , x̂i . . . , xn, xi}

+ (−1)n−kϵ(xk,Xk+1,n){x1, . . . , xk−1, xk+1, . . . , xn, xk}

+ (−1)n−k−1ϵ(xk+1,Xk+2,n){x1, . . . , xk, xk+2, . . . , xn, xk+1}

= −ϵ(xk, xk+1)
( n∑

i=1

(−1)n−iϵ(xi,Xi+1,n){x1, . . . , x̂i . . . , xk+1, xk, . . . , xn, xi}

+

n∑
i=1

(−1)n−iϵ(xi,Xi+1,n){x1, . . . , xk+1, xk, . . . , x̂i . . . , xn, xi}

+ (−1)n−k−1ϵ(xk,Xk+2,n){x1, . . . , xk−1, xk+1, . . . , xn, xk}

+ (−1)n−kϵ(xk+1,Xk+2,n + xk){x1, . . . , xk, xk+2, . . . , xn, xk+1}
)

= −ϵ(xk, xk+1)[x1, . . . , xk+1, xk, . . . , xn−1, xn]C,

which implies that [·, . . . , ·]C is ϵ-skew-symmetric. It remains to show that [·, . . . , ·]C satisfies condition (7).
On the one hand, we have

M = [α(x1), . . . , α(xn−1), [y1, . . . , yn]C]C

=

n−1∑
i=1

(−1)n−iϵ(xi,Xi+1,n−1 + Y){α(x1), . . . , ˆα(xi), . . . , α(xn−1), [y1, . . . , yn]C, α(xi)}

+ {α(x1), . . . , α(xn−1), [y1, . . . , yn]C
}

=

n−1∑
i=1

n−1∑
j=1

(−1)i+ jϵ(xi,Xi+1,n−1 + Y)ϵ(y j,Y j+1,n){α(x1), . . . , ˆα(xi), . . . , α(xn−1), {y1, . . . , ŷ j, . . . , yn, y j}, α(xi)}

+

n−1∑
i=1

(−1)n−iϵ(xi,Xi+1,n−1 + Y){α(x1), . . . , ˆα(xi), . . . , α(xn−1), {y1, . . . , . . . , yn}, α(xi)}

+

n−1∑
j=1

(−1)n− jϵ(y j,Y j+1,n){α(x1), . . . , α(xn−1), {y1, . . . , ŷ j, . . . , yn, y j}} + {α(x1), . . . , α(xn−1), {y1, . . . , . . . , yn}}.

On the other hand, we have

N =
n∑

i=1

ϵ(Xn−1,Yi−1)[α(y1), . . . , α(yi−1), [x1, . . . , xn−1, yi]C, α(yi+1), . . . , α(yn)]C

=

n∑
i=1

i−1∑
j=1

(−1)n− jϵ(Xn−1,Yi−1)ϵ(y j,Xn−1 + Y j+1,n){α(y1), . . . , ˆα(y j), . . . , [x1, . . . , xn−1, yi]C, . . . , α(yn), α(y j)}
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+

n∑
i=1

n−1∑
j=i+1

(−1)n− jϵ(Xn−1,Yi−1)ϵ(y j,Y j+1,n){α(y1), . . . , [x1, . . . , xn−1, yi]C, . . . , ˆα(y j), . . . , α(yn), α(y j)}

+

n∑
i=1

(−1)n−iϵ(Xn−1,Yi−1)ϵ(Yi+1,n,Xn−1 + yi){α(y1), . . . , α(yi−1), α(yi+1), . . . , α(yn), [x1, . . . , xn−1, yi]C
}

+

n∑
i=1

ϵ(Xn−1,Yi−1){α(y1), . . . , α(yi−1), [x1, . . . , xn−1, yi]C, α(yi+1), . . . , α(yn)}

=

n∑
i=1

i−1∑
j=1

(−1)n− jϵ(Xn−1,Yi−1)ϵ(y j,Xn−1 + Y j+1,n){α(y1), . . . , ˆα(y j), . . . , [x1, . . . , xn−1, yi]C, . . . , α(yn), α(y j)}

+

n∑
i=1

n−1∑
j=i+1

(−1)n− jϵ(Xn−1,Yi−1)ϵ(y j,Y j+1,n){α(y1), . . . , [x1, . . . , xn−1, yi]C, . . . , ˆα(y j), . . . , α(yn), α(y j)}

+

n−1∑
i=1

(−1)n−iϵ(Xn−1,Yi−1)ϵ(Yi+1,n,Xn−1 + yi){α(y1), . . . , α(yi−1), α(yi+1), . . . , α(yn), [x1, . . . , xn−1, yi]C
}

+

n−1∑
i=1

(−1)n−iϵ(Xn−1,Yi−1)ϵ(Yi+1,n,Xn−1 + yi){α(y1), . . . , α(yn−1), {x1, . . . , x̂i . . . , xn−1, yn, xi}}

+ {α(y1), . . . , α(yn−1), {x1, . . . , xn−1, yn}}

+

n∑
i=1

ϵ(yi,Yi−1){[x1, . . . , xn−1, yi]C, α(y1), . . . , α(yi−1), α(yi+1), . . . , α(yn)}.

Using the identities (19)-(20) and by a direct computation, we find M −N = 0, which implies that [·, . . . , ·]C

gives an n-Hom-Lie color algebra structure onN .

Let (N , {·, . . . , ·}, ϵ, α) be an n-Hom-pre-Lie color algebra. Defining the two multiplications L,R : ∧n−1
N →

End(N) by

L(x1, . . . , xn−1)xn = {x1, . . . , xn−1, xn}, (22)

and

R(x1, . . . , xn−1)xn = {xn, x1, . . . , xn−1}, (23)

for all xi ∈ H(N), 1 ≤ i ≤ n.

L is called left multiplication and R is called right multiplication. If there is an n-Hom-pre-Lie color
algebra structure on its dual spaceN ∗, we denote the left multiplication and right multiplication by L and
R respectively.

By the definitions of n-Hom-pre-Lie color algebra and representation of an n-Hom-Lie color algebra, we
immediately obtain the following results:

Proposition 3.2. With the above notations, (A,L, α) is a representation of the n-Hom-Lie color algebra (N , [·, . . . , ·]C, ϵ, α).
On the other hand, let N be a Γ-graded vector space with an n-linear map {·, . . . , ·} : (∧n−1

N) ⊗ N → N of degree
zero . Then (N , {·, . . . , ·}, ϵ, α) is an n-Hom-pre-Lie color algebra if NC = (N , [·, . . . , ·]C, ϵ, α) is an n-Hom-Lie color
algebra and the left multiplication L defined by Eq. (22) gives a representation ofNC.

Proof. We skip the straightforward proof.



O. Ncib / Filomat 39:3 (2025), 819–845 830

Proposition 3.3. Let T : V → N be an Kupershmidht operator on an n-Hom-Lie color algebra (N , [·, . . . , ·], ϵ, α)
with respect to the representation (V, ρ, β) . Then there exists an n-Hom-pre-Lie color algebra structure on V given by

{u1, . . . ,un}T = ρ(Tu1, . . . ,Tun−1)un, ∀ ui ∈ H(V), 1 ≤ i ≤ n. (24)

In particular; If V = N and P : N → N be a Rota-Baxter operator of weight zero associated to (N , ad, α). Then the
compatible n-Hom-pre-Lie color algebra onN is given by

{x1, . . . , xn}P = [P(x1), . . . ,P(xn−1), xn], (25)

for any x1, . . . , xn ∈ H(N).

Proof. Let ui, vi ∈ H(V), 1 ≤ i ≤ n, then by using (8), (17) and (24), we have:

{β(u1), . . . , β(un−1), {v1, . . . , vn}T}T − ϵ(Un−1,Vn−1){β(v1), . . . , β(vn−1), {u1, . . . ,un}T}T

= {β(u1), . . . , β(un−1), ρ(Tv1, . . . ,Tvn−1)(vn)}T − ϵ(Un−1,Vn−1){β(v1), . . . , β(vn−1), ρ(Tu1, . . . ,Tun−1)(un)}T

= ρ
(
T(β(u1)), . . . ,T(β(un−1))

)
ρ
(
Tv1, . . . ,Tvn−1

)
(vn)

− ϵ(Un−1,Vn−1)ρ
(
T(β(v1)), . . . ,T(β(vn−1))

)
ρ
(
Tu1, . . . ,Tun−1

)
(un)

= ρ
(
α(Tu1), . . . , α(Tun−1)

)
ρ
(
Tv1, . . . ,Tvn−1

)
(vn) − ϵ(Un−1,Vn−1)ρ

(
α(Tv1), . . . , α(Tvn−1)

)
ρ
(
Tu1, . . . ,Tun−1

)
(un)

=

n−1∑
i=1

ϵ(Un−1,Vi−1)ρ
(
α(Tv1), . . . , α(Tvi−1), [Tu1, . . . ,Tun−1,Tvi], . . . , α(Tvn−1)

)
β

=

n−1∑
i=1

ϵ(Un−1,Vi−1)ρ
(
α(Tv1), . . . , α(Tvi−1),T

( n−1∑
j=1

(−1)n−iϵ(u j,U j+1,n−1 + vi)ρ(Tu1, . . . , ˆTu j, . . .Tun−1,Tvi)u j

)
,

. . . , α(Tvn−1)
)
β +

n−1∑
i=1

ϵ(Un−1,Vi−1)ρ
(
α(Tv1), . . . , α(Tvi−1),T(ρ(Tu1, . . . ,Tun−1)vi), . . . , α(Tvn−1)

)
β

=

n−1∑
i=1

ϵ(Un−1,Vi−1)ρ
(
T(β(v1)), . . . ,T(β(vi−1)),T([u1, . . . ,un−1, vi]C

V), . . . ,T(β(vn−1))
)
β

=

n−1∑
i=1

ϵ(Un−1,Vi−1){β(v1), . . . , β(vi−1), [u1, . . . ,un−1, vi]C
V , . . . , β(vn−1)}T,

which gives that the identity (19) is satisfied on V. By the same way we show that the identity (20) is
satisfied. Then (V, ρ, β) is an n-Hom-pre-Lie color algebra.
If V = N , the result is obvious.

Corollary 3.4. With the above conditions, (V, [·, . . . , ·]C
T , ϵ, β) is an n-Hom-Lie color algebra as the sub-adjacent n-

Hom-Lie color algebra of the n-Hom-pre-Lie color algebra given in Proposition 3.3, and T is an n-Hom-Lie color
algebra morphism from (V, [·, . . . , ·]C, ϵ, β) to (N , [·, . . . , ·], ϵ, α). Furthermore, T(V) = {Tv | v ∈ V} ⊂ A is an
n-Hom-Lie color subalgebra ofN and there is an induced n-Hom-pre-Lie color algebra structure {·, . . . , ·}T(V) on T(V)
given by

{Tu1, . . . ,Tun}T(V) := T{u1, . . . ,un}, ∀ui ∈ H(V), 1 ≤ i ≤ n. (26)

Proposition 3.5. Let (N , [·, . . . , ·], α) be an n-Hom-Lie color algebra. Then there exists a compatible n-Hom-pre-Lie
color algebra if and only if there exists an invertible Kupershmidht operator T : V →N with respect to a representation
(V, ρ, β). Furthermore, the compatible n-Hom-pre-Lie color algebra structure onN is given by

{x1, . . . , xn}A = Tρ(x1, . . . , xn−1)T−1(xn), ∀xi ∈ H(N), 1 ≤ i ≤ n. (27)

Proof. This is a direct computation, we apply Proposition 3.3 and Corollary 3.4 for T(V) = N .
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3.2. Representations of n-Hom-pre-Lie color algebras

In [34], the authors introduce the notion of representation of n-pre-Lie algebras. In this subsection, we
generalize this notion in the color case of Hom-type, so we give the construction of the corresponding
semi-direct product n-Hom-pre-Lie color algebra and we give some other results related this notion.

Definition 3.2. Let (N , {·, . . . , ·}, ϵ, α) be an n-Hom-pre-Lie color algebra. A representation of (N , {·, . . . , ·}, ϵ, α) on a
Γ-graded vector space V is the given of a triple (l, r, β), where l : ∧n−1

N → End(V) is a representation of the n-Hom-Lie
color algebra N c on V, r : N × · · · × N → 1l(V) is an (n − 1)-linear map of degree zero, ϵ-skew-symmetric on the
first (n − 2) terms and β : V → V is an linear maps of degree zero such that, for all x1, . . . , xn, y1, . . . , yn ∈ H(N),
the following identities holds:

• l(α(x1), . . . , α(xn−1))r(y1, . . . , yn−1) = ϵ(Xn−1,Yn−1)r(α(y1), . . . , α(yn−1))µ(x1, . . . , xn−1)

+

n−2∑
i=1

ϵ(Xn−1,Yi−1)r(α(y1), . . . , α(yi−1), [x1, . . . , xn−1, yi]C, α(yi+1), . . . , α(yn−1))β (28)

+ ϵ(Xn−1,Yn−2)r(α(y1), . . . , α(yn−2), {x1, . . . , xn−1, yn−1})β,

• r([x1, . . . , xn]C, α(y1), . . . , α(yn−2))β = (29)
n∑

i=1

(−1)n−iϵ(xi,Xi+1,n)l(α(x1), . . . , α̂(xi), . . . , α(xn))r(xi, y1, . . . , yn−2),

• r(α(x1), . . . , α(xn−2), {y1, . . . , yn})β = ϵ(Xn−2,Yn−1)l(α(y1), . . . , α(yn−1))r(x1, . . . , xn−2, yn)

+

n−1∑
i=1

(−1)i+1ϵ(Xn−2 + yi,Yi+1,n−1)ϵ(Xn−2,Yi−1)r(α(y1), . . . , α̂(yi), . . . , α(yn))µ(x1, . . . , xn−2, yi), (30)

• r(α(y1), . . . , α(yn−1))µ(x1, . . . , xn−1) = ϵ(Xn−1,Yn−1)l(α(x1), . . . , α(xn−1))r(y1, . . . , yn−1)

+

n−1∑
i=1

(−1)iϵ(xi,Xi+1,n−1)r(α(x1), . . . , α̂(xi), . . . , α(xn−1), {xi, y1, . . . , yn−1})β, (31)

where µ(x1, . . . , xn−1) = l(x1, . . . , xn−1) +
n−1∑
i=1

(−1)iϵ(xi,Xi+1,n−1)r(x1, . . . , x̂i, . . . , xn−1, xi).

Remark 3.1. If (V, l, r, β) is a representation of a multiplicative n-Hom-pre-Lie color algebra (N , {·, . . . , ·}, ϵ, α), then
r satisfies the following condition

βr(x1, . . . , xn−1) = r(α(x1), . . . , α(xn−1))β. (32)

Let (N , {·, . . . , ·}, ϵ, α) be an n-Hom-pre-Lie color algebra and (l, β) a representation of the sub-adjacent
n-Hom-Lie color algebra N c on V . Then (l, 0, β) is a representation of the n-Hom-pre-Lie color algebra
(N , {·, . . . , ·}, ϵ, α) on the Γ-graded vector space V. It is obvious that (N ,L,R, α) is a representation of an
n-Hom-pre-Lie color algebra on itself, which is called the adjoint representation.

Theorem 3.6. Let (V, l, r) be a representation of an n-pre-Lie color algebra (N , {·, . . . , ·}, ϵ), α : N → N be a linear
map of degree zero and β ∈ End(V) be an endomorphism of degree zero such that

βl(x1, . . . , xn−1) = l(α(x1), . . . , α(xn−1))β, βr(x1, . . . , xn−1) = r(α(x1), . . . , α(xn−1))β,

for all xi ∈ H(N), 1 ≤ i ≤ n − 1. Then (V, l̃, r̃, β) is a representation of the multiplicative n-Hom-pre-Lie color
algebras (N , {·, . . . , ·}Cα , ϵ, α), where l̃ = β ◦ l, r̃ = β ◦ r and {·, . . . , ·}Cα = α ◦ {·, . . . , ·}C.
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Proof. Let xi, yi ∈ H(N), 1 ≤ i ≤ n, then by condition (32), we have

β̃r(x1, . . . , xn−1) = β2r(x1, . . . , xn−1) = βr(α(x1), . . . , α(xn−1))β
= r̃(α(x1), . . . , α(xn−1))β.

Then, the condition (32) is satisfied by r̃. By the same way, we show that the conditions (28)-(31) hold. The
theorem is proved.

Proposition 3.7. Let (N , {·, . . . , ·}, ϵ, α) be an n-Hom-pre-Lie color algebra, V be a Γ-graded vector space and l, r :
⊗

n−1
N → End(V) two linear maps of degree zero. Then (V, l, r, β) is a representation of N if and only if there is an

n-Hom-pre-Lie color algebra structure (called semi-direct product) on the direct sumN ⊕ V of vector spaces, defined
by

(α ⊕ β)(x + u) =α(x) + β(u), (33)
{x1 + u1, . . . , xn + un}N⊕V ={x1, . . . , xn} + l(x1, . . . , xn−1)(un)

+

n−1∑
i=1

(−1)i+1ϵ(xi,Xi+1,n)r(x1, . . . , x̂i, . . . , xn)(ui), (34)

for x, xi ∈ H(N),u,ui ∈ H(V), 1 ≤ i ≤ n. We denote this semi-direct product n-Hom-pre-Lie color algebra by
N ⋉

α,β
l,r V.

Proof. Let xi ∈ H(N), ui ∈ H(V), 1 ≤ i ≤ n, then, for all 1 ≤ j ≤ n − 2, we have

{x1 + u1, . . . , x j + u j, x j+1 + u j+1, . . . , xn + un}N⊕V

={x1, . . . , x j, x j+1, . . . , xn} + l(x1, . . . , x j, x j+1, . . . , xn−1)(un)

+

j−1∑
i=1

(−1)i+1ϵ(xi,Xi+1,n−1)r(x1, . . . , x̂i, . . . , x j, x j+1, . . . , xn)(ui)

+

n−1∑
i= j+2

(−1)i+1ϵ(xi,Xi+1,n−1)r(x1, . . . , x j, x j+1, x̂i, . . . , . . . , xn)(ui)

+ (−1) j+1ϵ(x j,X j+1,n−1)r(x1, . . . , x j−1, x j+1, . . . , xn)(u j)

+ (−1) jϵ(x j+1,X j+2,n−1)r(x1, . . . , x j, x j+2, . . . , xn)(u j+1)

= − ϵ(x j, x j+1)
(
{x1, . . . , x j+1, x j, . . . , xn} + l(x1, . . . , x j+1, x j, . . . , xn−1)(un)

+

j−1∑
i=1

(−1)i+1ϵ(xi,Xi+1,n−1)r(x1, . . . , x̂i, . . . , x j+1, x j, . . . , xn)(ui)

+

n−1∑
i= j+2

(−1)i+1ϵ(xi,Xi+1,n−1)r(x1, . . . , x j+1, x j, x̂i, . . . , . . . , xn)(ui)

+ (−1) jϵ(x j,X j+2,n−1)r(x1, . . . , x j−1, x j+1, . . . , xn)(u j)

+ (−1) j+1ϵ(x j+1, x j + X j+1,n−1)r(x1, . . . , x j, x j+2, . . . , xn)(u j+1)
)

=ϵ(x j + u j, x j+1 + u j+1){x1 + u1, . . . , x j+1 + u j+1, x j + u j, . . . , xn + un}N⊕V ,

which implies that {·, . . . , ·}N⊕V is ϵ-skew-symmetric on the first (n − 1) terms.

For any xi, y j ∈ H(N), ui, v j ∈ H(V), 1 ≤ i ≤ n − 1, 1 ≤ j ≤ n and by using Eq. (34), we have

{(α ⊕ β)(x1 + u1), . . . , (α ⊕ β)(xn−1 + un−1), {y1 + v1, . . . , yn + vn}N⊕V}N⊕V

={α(x1), . . . , α(xn−1), {y1, . . . , yn}} + l(α(x1), . . . , α(xn−1)l(y1, . . . , yn−1)vn
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+

n−1∑
j=1

(−1) j+1ϵ(y j,Y j+1,n)l(x1, . . . , xn−1)r(y1, . . . , ŷ j, . . . , yn)v j

+

n−1∑
i=1

(−1)i+1ϵ(xi,Xi+1,n−1 + Y)r(α(x1), . . . , α̂(xi), . . . , α(xn−1), {y1, . . . , yn})α(ui)

and

n−1∑
i=1

ϵ(Xn−1,Yi−1){(α ⊕ β)(y1 + v1), . . . , [x1 + u1, . . . , xn−1 + un−1, yi + vi]C
N⊕V, . . . , (α ⊕ β)(yn + vn)}N⊕V

+ ϵ(Xn−1,Yn−1){(α ⊕ β)(y1 + v1), . . . , (α ⊕ β)(yn−1 + vn−1), {x1 + u1, . . . , xn−1 + un−1, yn + vn}N⊕V}N⊕V

=

n−1∑
i=1

ϵ(Xn−1,Yi−1){α(y1), . . . , [x1, . . . , xn−1, yi]C, . . . , α(yn)}

+

n−1∑
i=1

ϵ(Xn−1,Yi−1)l(α(y1), . . . , [x1, . . . , xn−1, yi]C, . . . , α(yn−1))β(vn)

+

n−1∑
i=1

i−1∑
j=1

(−1) j+1ϵ(Xn−1,Yi−1)ϵ(y j,Xn−1 + Y j+1,n)r(α(y1), . . . , α̂(y j), . . . , [x1, . . . , xn−1, yi]C, . . . , α(yn))β(v j)

+

n−1∑
i,k=1

(−1)i+1γi, j,kr(α(y1), . . . , α̂(yi), . . . , α(yn))l(x1, . . . , (̂xk), . . . , xn−1, yi)uk

+

n−1∑
i=1

n−1∑
j=i+1

(−1) j+1ϵ(Xn−1,Yi−1)ϵ(y j,Xn−1 + Y j+1,n)r(α(y1), . . . , [x1, . . . , xn−1, yi]C, . . . , α̂(y j), . . . , α(yn))β(v j)

+

n−1∑
i=1

ϵ(Xn−1,Yi−1)ϵ(yi,Xn−1 + Yi+1,n)r(α(y1), . . . , α̂(yi), . . . , α(yn))l(x1, . . . , xn−1)vi

+

n−1∑
i=1

n−1∑
k=1

n−1∑
j=1, j,k

(−1)n+ j−k+1θi, j,kr(α(y1), . . . , α̂(yi), . . . , α(yn))r(x1, . . . , x̂ j, . . . , x̂k, . . . , xn−1, yi, xk)u j

+

n−1∑
i=1

n−1∑
k=1

(−1)kϵ(Xn−1,Yi−1)ϵ(xk,Xk+1,n−1 + yi)r(α(y1), . . . , α̂(yi), . . . , α(yn))r(x1, . . . , x̂k, . . . , xn−1, xk)vi

+ ϵ(Xn−1,Yn−1){α(y1), . . . , {x1, . . . , xn−1, yn}} + ϵ(Xn−1,Yn−1)l(α(y1), . . . , α(yn−1))l(x1, . . . , xn−1)vn

+

n−1∑
i=1

(−1)i+1ϵ(Xn−1,Yn−1)ϵ(yi,Xn−1 + Yi+1,n)r(α(y1), . . . , α̂(yi), . . . , α(yn−1), {x1, . . . , xn−1, yn})β(vi)

where
γi, j,k = ϵ(Xn−1,Yi−1)ϵ(yi + Xn−1,Yi+1,n−1)ϵ(xk,Xk+1,n−1 + yi),

and
θi, j,k = ϵ(Xn−1,Yi−1)ϵ(xk,Xk+1,n−1 + yi)ϵ(x j,X j+1,n−1 + yi).

Then, by using the fact that (N , {·, . . . , ·}, α) is an n-Hom-pre-Lie color algebra, a direct computation gives
that, the n-product {·, . . . , ·}N⊕V satisfying condition (19) onN ⊕V, if and only if l satisfying condition (8) on
N

C and conditions (28)-(30) hold. By the same way, we can show that, the n-product {·, . . . , ·}N⊕V satisfying
condition (20) onN ⊕V if and only if, l satisfying condition (9) onNC and conditions (29)-(31) hold Which
ends the proof.
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Let V be a Γ-graded vector space and (V, l, r, β) be a representation of the n-Hom-pre-Lie color algebra
(N , {·, . . . , ·}, ϵ, α) on V. Define ρ̃ : ∧n−1

N → End(V) by

ρ̃(x1, . . . , xn−1) = l(x1, . . . , xn−1) +
n−1∑
i=1

(−1)iϵ(xi,Xi+1,n−1)r(x1, . . . , x̂i, . . . , xn−1, xi), (35)

for all x1, . . . , xn−1 ∈ H(N).

Proposition 3.8. With the above notations, (V, ρ̃, β) is a representation of the sub-adjacent n-Hom-Lie color algebra
(N c, [·, . . . , ·]C, ϵ, α) on the Γ-graded vector space V.

Proof. By Proposition 3.7, we have the semi-direct product n-Hom-pre-Lie color algebraN ⋉α,βl,r V. Consider
its sub-adjacent n-Hom-Lie color algebra structure [·, . . . , ·]C, then for any xi ∈ H(N), ui ∈ H(V), we have

[x1 + u1, . . . , xn + un]C
N⊕V =

n∑
i=1

(−1)n−iϵ(xi,Xi+1,n){x1 + u1, . . . , x̂i + ui, . . . , xn + un, xi + ui}N⊕V

=

n∑
i=1

(−1)n−iϵ(xi,Xi+1,n){x1, . . . , x̂i, . . . , xn, xi} +

n∑
i=1

(−1)n−iϵ(xi,Xi+1,n)l(x1, . . . , x̂i, . . . , xn)(ui)

+

n∑
i=1

(−1)n−i
( ∑

1≤i< j≤n

(−1) jϵ(X j+1,n, xi + x j)ϵ(xi, x j + Xi+1, j−1)r(x1, . . . , x̂i, . . . , x̂ j, . . . , xn, xi)(u j)

+
∑

1≤ j<i≤n

(−1) j+1ϵ(X j+1,n, xi + x j)ϵ(x j, xi + X j+1,i−1)r(x1, . . . , x̂ j, . . . , x̂i, . . . , xn, xi)(u j)
)

= [x1, . . . , xn]C +

n∑
i=1

(−1)n−iϵ(xi,Xi+1,n)
(
l(x1, . . . , x̂i, . . . , xn)(ui) (36)

+
∑

1≤i< j≤n

(−1) j(−1) jϵ(X j+1,n, xi + x j)ϵ(xi, x j + Xi+1, j−1)r(x1, . . . , x̂i, . . . , x̂ j, . . . , xn, xi)(u j)

+
∑

1≤ j<i≤n

(−1) j+1ϵ(X j+1,n, xi + x j)ϵ(x j, xi + X j+1,i−1)r(x1, . . . , x̂ j, . . . , x̂i, . . . , xn, xi)(u j)

= [x1, . . . , xn]C +

n∑
k=1

(−1)n−kϵ(xk,Xk+1,n) ρ̃(x1, . . . , x̂k, . . . , xn)(uk). (37)

By Proposition 2.9, (V, ρ̃, β) is a representation of the sub-adjacent n-Hom-Lie color algebra (N c, [·, . . . , ·]C, ϵ, α)
on the Γ-vector space V. The proof is finished.

If (l, r, β) = (L,R, β) is a representation of an n-Hom-pre-Lie color algebra (N , {·, . . . , ·}, ϵ, α), then ρ̃ = ad is
the adjoint representation of the sub-adjacent n-Hom-Lie color algebra (N c, [·, . . . , ·]C, ϵ, α) on itself.

Corollary 3.9. Let (V, l, r, β) be a representation of an n-Hom-pre-Lie color algebra (N , {·, . . . , ·}, ϵ, α) on V. Then,
the semi-product n-Hom-pre-Lie color algebras N ⋉α,βl,r V and N ⋉α,β

ρ̃
V given by the representations (V, l, r, β) and

(V, ρ̃, 0, β) respectively have the same sub-adjacent n-Hom-Lie color algebraN c ⋉
α,β

ρ̃
V given by (37).

Let (V, l, r, β) be a representation of an n-Hom-pre-Lie color algebra (N , {·, . . . , ·}, ϵ, α). In the sequel,
we always assume that β is invertible to study the dual representation. For all x1, . . . , xn−1 ∈ H(N), u ∈
H(V), ξ ∈ V∗, define ρ̃∗, r∗ : ⊗n−1

N → 1l(V∗) by

< ρ̃∗(x1, . . . , xn−1)(ξ),u >= − < ξ, ρ̃(x1, . . . , xn−1)(u) >,
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and
< r∗(x1, . . . , xn−1)(ξ),u >= − < ξ, r(x1, . . . , xn−1)(u) > .

Then, define ρ̃⋆, r⋆ : ⊗n−1
N → 1l(V∗) by

ρ̃⋆(x1, . . . , xn−1)(ξ) := ρ̃∗(α(x1), . . . , α(xn−1))((β−2)∗(ξ)), (38)

r⋆(x1, . . . , xn−1)(ξ) := r∗(α(x1), . . . , α(xn−1))((β−2)∗(ξ)). (39)

Theorem 3.10. Let (V, l, r, β) be a representation of an n-Hom-pre-Lie color algebra (N , {·, . . . , ·}, ϵ, α) on V where β
is invertible. Then (V∗, ρ̃⋆,−r⋆, (β−1)∗) is a representation of the n-Hom-pre-Lie color algebra (N , {·, . . . , ·}, ϵ, α) on
V∗, which is called the dual representation of (V, l, r, β).

Proof. By Proposition 3.8, (V, ρ̃, β) is a representation of the sub-adjacent n-Hom-Lie color algebra (N c, [·, . . . , ·]C, ϵ, α)
on V. By Example 11, (V∗, ρ̃⋆, (β−1)∗) is a representation of (N c, [·, . . . , ·]C, ϵ, α) on the dual vector space V∗. It is
straightforward to deduce that other conditions of Definition 3.2 also holds. We leave details to readers.

The tensor product of two representations of an n-Hom-pre-Lie color algebra is still a representation.

Theorem 3.11. Let (V1, lV1 , rV1 , βV1 ) and (V2, lV2 , rV2 , βV2 ) be two representations of an n-Hom-pre-Lie color alge-
bra (N , {·, . . . , ·}, ϵ, α). Then (V1 ⊗ V2, lV1 ⊗ βV2 + βV1 ⊗ (lV2 − rV2 ), rV1 ⊗ βV2 , βV1 ⊗ βV2 ) is a representation of
(N , {·, . . . , ·}, ϵ, α).

Proof. By using the fact that (V1, lV1 , rV1 , βV1 ) and (V2, lV2 , rV2 , βV2 ) are representations of (N , {·, . . . , ·}, ϵ, α),
then for all x1, . . . , xn, y1, . . . , yn−1 ∈ H(N), we have:

•(βV1 ⊗ βV2 ) ◦ (rV1 ⊗ βV2 )(x1, . . . , xn−1) − (rV1 ⊗ βV2 ) ◦ (βV1 ⊗ βV2 )(α(x1), . . . , α(xn−1))
= (βV1 ◦ rV1 (x1, . . . , xn)) ⊗ (βV2 ⊗ βV2 ) − (rV1 (α(x1), . . . , α(xn−1)) ◦ βV1 ) ⊗ (βV2 ◦ βV2 )
= 0
•(lV1 ⊗ βV2 + βV1 ⊗ (lV2 − rV2 ))(α(x1), . . . , α(xn−1)) ◦ (rV1 ⊗ βV2 )(y1, . . . , yn−1)
− ϵ(Xn−1,Yn−1)(rV1 ⊗ βV2 )(α(y1), . . . , α(yn−1)) ◦ µV1⊗V2 (x1, . . . , xn−1)

+

n−2∑
i=1

ϵ(Xn−1,Yi−1)(rV1 ⊗ βV2 )(α(y1), . . . , α(yi−1), [x1, . . . , xn−1, yi]C, α(yi+1), . . . , α(yn−1)) ◦ (βV1 ⊗ βV2 )

+ ϵ(Xn−1,Yn−2)(rV1 ⊗ βV2 )(α(y1), . . . , α(yn−2), {x1, . . . , xn−1, yn−1}) ◦ (βV1 ⊗ βV2 )
= (lV1 (α(x1), . . . , α(xn−1)) ◦ rV1 (y1, . . . , yn−1)) ⊗ (βV2 ◦ βV2 )
+ ((βV1 ◦ rV1 )(y1, . . . , yn−1)) ⊗ (lV2 (α(x1), . . . , α(xn−1)) ◦ αV2

− ((βV1 ◦ rV1 )(y1, . . . , yn−1)) ⊗ (rV2 (α(x1), . . . , α(xn−1)) ◦ αV2

− ϵ(Xn−1,Yn−1)(rV1 ⊗ βV2 )(α(y1), . . . , α(yn−1) ◦ ((lV1 ⊗ βV2 + βV1 ⊗ (lV2 − rV2 ))(x1, . . . , xn−1)

+

n−1∑
i=1

(−1)iϵ(xi,Xi+1,n−1)(rV1 ⊗ βV2 )(x1, . . . , x̂i, . . . , xn−1, xi))

+

n−2∑
i=1

ϵ(Xn−1,Yi−1)(rV1 (α(y1), . . . , α(yi−1), [x1, . . . , xn−1, yi]C, α(yi+1), . . . , α(yn−1)) ◦ βV1 ) ⊗ (βV2 ◦ βV2 )

+ ϵ(Xn−1,Yn−2)(rV1 (α(y1), . . . , α(yn−2), {x1, . . . , xn−1, yn−1}) ◦ βV1 ) ⊗ (βV2 ◦ βV2 )
= (lV1 (α(x1), . . . , α(xn−1)) ◦ rV1 (y1, . . . , yn−1)) ⊗ (βV2 ◦ βV2 )
+ ((βV1 ◦ rV1 )(y1, . . . , yn−1)) ⊗ (lV2 (α(x1), . . . , α(xn−1)) ◦ αV2

− ((βV1 ◦ rV1 )(y1, . . . , yn−1)) ⊗ (rV2 (α(x1), . . . , α(xn−1)) ◦ αV2

− ϵ(Xn−1,Yn−1)(rV1 (α(y1), . . . , α(yn−1) ◦ (lV1 (x1, . . . , xn−1)) ⊗ (βV2 ◦ βV2 )
− ϵ(Xn−1,Yn−1)(rV1 (α(y1), . . . , α(yn−1) ◦ βV1 )) ⊗ (βV2 ◦ lV2 (x1, . . . , xn−1)
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+ ϵ(Xn−1,Yn−1)(rV1 (α(y1), . . . , α(yn−1) ◦ βV1 )) ⊗ (βV2 ◦ rV2 (x1, . . . , xn−1)

− ϵ(Xn−1,Yn−1)
n−1∑
i=1

(−1)iϵ(xi,Xi+1,n−1)(rV1 (α(y1), . . . , α(yn−1) ◦ rV1 (x1, . . . , x̂i, . . . , xn−1, xi)) ⊗ (βV2 ◦ βV2 )

+

n−2∑
i=1

ϵ(Xn−1,Yi−1)(rV1 (α(y1), . . . , α(yi−1), [x1, . . . , xn−1, yi]C, α(yi+1), . . . , α(yn−1)) ◦ βV1 ) ⊗ (βV2 ◦ βV2 )

+ ϵ(Xn−1,Yn−2)(rV1 (α(y1), . . . , α(yn−2), {x1, . . . , xn−1, yn−1}) ◦ βV1 ) ⊗ (βV2 ◦ βV2 )
= 0

• (rV1 ⊗ βV2 )([x1, . . . , xn]C, α(y1), . . . , α(yn−2)) ◦ (βV1 ⊗ βV2 )

−

n∑
i=1

(−1)n−iϵ(xi,Xi+1,n)(lV1 ⊗ βV2 + βV1 ⊗ (lV2 − rV2 ))(α(x1), . . . , α̂(xi)), . . . , α(xn)) ◦ (rV1 ⊗ βV2 )(xi, y1, . . . , yn−2)

= (rV1 ([x1, . . . , xn]C, α(y1), . . . , α(yn−2)) ◦ βV1 ) ⊗ (βV2 ◦ βV2 )

−

n∑
i=1

(−1)n−iϵ(xi,Xi+1,n)(lV1 (α(x1), . . . , α̂(xi), . . . , α(xn)) ◦ (rV1 (xi, y1, . . . , yn−2)) ⊗ (βV2 ◦ βV2 )

−

n∑
i=1

(−1)n−iϵ(xi,Xi+1,n)(βV1 ◦ rV1 (xi, y1, . . . , yn−2)) ⊗ (lV2 (α(x1), . . . , α̂(xi), . . . , α(xn)) ◦ βV2 )

+

n∑
i=1

(−1)n−iϵ(xi,Xi+1,n)(βV1 ◦ rV1 (xi, y1, . . . , yn−2)) ⊗ (rV2 (α(x1), . . . , α̂(xi), . . . , α(xn)) ◦ βV2 )

= 0.

By the same way, we show that the conditions (30) and (31) hold. The proposition is proved.

Lemma 3.12. Let (V, l, r, β) be a representation of an n-Hom-pre-Lie color algebra (N , {·, . . . , ·}, ϵ, α). Then we have

(ρ̃⋆)⋆ = ρ̃ and (r⋆)⋆ = r,

where ρ̃⋆ and r⋆ defined by (38) and (39) respectively.

Proof. Let xi ∈ H(N), 1 ≤ i ≤ n − 1, ξ ∈ V∗ and u ∈ V, then we have

< (ρ̃⋆)⋆(x1, . . . , xn−1)(u), ξ > =< (ρ̃⋆)∗(α(x1), . . . , α(xn−1))(β2(u)), ξ >

= − < β2(u), ρ̃⋆(α(x1), . . . , α(xn−1))(ξ) >

= − < β2(u), ρ̃∗(α2(x1), . . . , α2(xn−1))((β−2)∗(ξ)) >

=< ρ̃(α2(x1), . . . , α2(xn−1))(β2(u)), ((β−2)∗(ξ)) >
=< ρ̃(x1, . . . , xn−1)(u), ξ >,

Then (ρ̃⋆)⋆ = ρ̃. Similarly, we have (r⋆)⋆ = r.

Proposition 3.13. Let (V, l, r, β) be a representation of an n-Hom-pre-Lie color algebra (N , {·, . . . , ·}, ϵ, α), where β is
invertible. Then the dual representation of (V∗, ρ̃⋆,−r⋆, (β−1)∗) is (V, ρ̃,−r, β).

Proof. It is obviously that (V∗)∗ = V and (((β−1)∗)−1)∗ = β. Using also Lemma 3.12, we obtain the result.

Proposition 3.14. Let (V, l, r, β) be a representation of an n-Hom-pre-Lie color algebra (N , {·, . . . , ·}, ϵ, α), where β is
invertible. Then the following conditions are equivalent:

1. The quadruple (V, ρ̃,−r, β) is a representation of the n-Hom-pre-Lie color algebra (N , {·, . . . , ·}, ϵ, α).
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2. The quadruple (V∗, ρ̃⋆+ r⋆, r⋆, (β−1)∗) is a representation of the n-Hom-pre-Lie color algebra (N , {·, . . . , ·}, ϵ, α).
3. r(α(x1), . . . , α(xn−1))r(y1, . . . , yn−1) = −ϵ(Xn−1,Yn−1)r(α(y1), . . . , α(yn−1))r(x1, . . . , xn−1), for all xi, yi ∈ H(N),

1 ≤ i ≤ n − 1.

Proof. The equivalence of conditions 1 and 2 is deduced directly from the Theorem 3.10 and Proposition
3.13. By using the fact that (V, l, r, β) is a representation of an n-Hom-pre-Lie color algebra (N , {·, . . . , ·}, ϵ, α),
we deduce that conditions 1 and 3 are equivalent.

Corollary 3.15. Let (N , {·, . . . , ·}, ϵ, α) be a regular n-Hom-pre-Lie color algebra. Then (N ∗, ad⋆,−R⋆, (β−1)∗) is a
representation of (N , {·, . . . , ·}, ϵ, α).

Definition 3.3. Let (N , {·, . . . , ·}, ϵ, α) be an n-Hom-pre-Lie color algebra and (V, l, r, β) be a representation of N . A
linear map T : V →N of degree zero is called Kupershmidht operator (called also O-operator) associated to (V, l, r, β)
if it satisfies

α ◦ T = T ◦ β, (40)

{Tu1, . . . ,Tun} = T
(
l(Tu1, . . . ,Tun−1)(un) +

n−1∑
i=1

(−1)i+1ϵ(ui,Ui+1,n)r(Tu1, . . . , T̂ui, . . . ,Tun)(ui)
)
, (41)

∀ui ∈ H(V), 1 ≤ i ≤ n. If (V, l, r, β) = (N ,L,R, α), then T is called a Rota-Baxter operator on N of weight zero
denoted by P.

Proposition 3.16. Let P be a Rota-Baxter operator of weight zero on an n-Hom-pre-Lie color algebra (N , {·, . . . , ·}, ϵ, α).
Then (N , {·, . . . , ·}P, ϵ, α) is an n-Hom-pre-Lie color algebra where {·, . . . , ·}P is defined by

{x1, . . . , xn}P =

n∑
i=1

{P(x1), . . . ,P(xi−1), xi,P(xi+1), . . . ,P(xn)},

for all xi ∈ H(N), 1 ≤ i ≤ n.

To show this proposition we need the following lemma.

Lemma 3.17. Let P be a Rota-Baxter operator of weight zero on an n-Hom-pre-Lie color algebra (N , {·, . . . , ·}, ϵ, α).
Then P is a Rota-Baxter operator of weight zero on the sub-adjacent n-Hom-Lie color algebraNC.

Proof. It is obvious that α ◦ P = P ◦ α.
Let xi ∈ H(N), 1 ≤ i ≤ n, we have

[P(x1), . . . ,P(xn)]C =

n∑
i=1

(−1)n−iϵ(xi,Xi+1,n){P(x1), . . . , ˆP(xi), . . . ,P(xn),P(xi)}

=

n∑
i=1

(−1)n−iϵ(xi,Xi+1,n)P
( n∑

j=1

{P(x1), . . . , x j, . . . , ˆP(xi), . . . ,P(xn),P(xi)}
)

= P
( n∑

j=1

n∑
i=1

(−1)n−iϵ(xi,Xi+1,n){P(x1), . . . , x j, . . . , ˆP(xi), . . . ,P(xn),P(xi)}
)

= P
( n∑

j=1

[P(x1), . . . , x j, . . . ,P(xn)]C
)
.

Then P is a Rota-Baxter operator of weight zero on (NC, [·, . . . , ·]C, ϵ, α)

Remark 3.2. P({x1, . . . , xn}p) = {P(x1), . . . ,P(xn)}, ∀xi ∈ H(N), 1 ≤ i ≤ n.



O. Ncib / Filomat 39:3 (2025), 819–845 838

Proof. Proof of Proposition 3.16 Let xi, yi ∈ H(N), 1 ≤ i ≤ n − 1. By using Remark 3.2 and condition (19),
we have

{α(x1), . . . , α(xn−1), {y1, . . . , yn}P}P =

n−1∑
i=1

{P(α(x1)), . . . , α(xi), . . . ,P(α(xn−1)),P({y1, . . . , yn}P)}

+ {P(α(x1)), . . . ,P(α(xn−1)), {y1, . . . , yn}P}

=

n−1∑
i=1

{P(α(x1)), . . . , α(xi), . . . ,P(α(xn−1)), {P(y1), . . . ,P(yn)}}

+

n∑
i=1

{P(α(x1)), . . . ,P(α(xn−1)), {P(y1), . . . , yi, . . . ,P(yn)}}

=

n−1∑
i=1

n−1∑
j=1

ϵ(Xn−1,Y j−1){α(P(y1)), . . . , [P(x1), . . . , xi, . . . ,P(xn−1),P(y j)]C, . . . , α(P(yn))}

+ ϵ(Xn−1,Yn−1){α(P(y1)), . . . , α(P(yn−1)), {P(x1), . . . , xi, . . . ,P(xi),P(yn)}}

+

n∑
i=1

i−1∑
j=1

ϵ(Xn−1,Y j−1){α(P(y1)), . . . , [P(x1), . . . ,P(xn−1),P(y j)]C, . . . , α(yi), . . . , α(P(yn))}

+

n∑
i=1

n−1∑
j=i+1

ϵ(Xn−1,Y j−1){α(P(y1)), . . . , α(yi), . . . , [P(x1), . . . ,P(xn−1),P(y j)]C, . . . , α(P(yn))}

+

n∑
i=1

ϵ(Xn−1,Yi−1){α(P(y1)), . . . , [P(x1), . . . ,P(xn−1), yi]C, . . . , α(P(yn))}

+ ϵ(Xn−1,Yn−1){α(P(y1)), . . . , α(yi), . . . , α(P(yn−1)), {P(x1), . . . ,P(xn−1),P(yn)}}.

By using (19), a direct computation gives that

{α(x1), . . . , α(xn−1), {y1, . . . , yn}P}P =

n−1∑
i=1

ϵ(Xn−1,Yi−1){α(y1), . . . , α(yi−1), {x1, . . . , xn−1, yi}P, α(yi+1), . . . , α(yn)}P

+ ϵ(Xn−1,Yn−1){α(y1), . . . , α(yn−1), {x1, . . . , xn−1, yn}P}P,

which implies that {·, . . . , ·}P satisfies the condition (19). By the same way, we show that the condition (20) satisfies by
{·, . . . , ·}P. Then {·, . . . , ·}P gives an n-Hom-pre-Lie color algebra structure onN .

Proposition 3.18. Let (P1,P2) be a pair of commuting Rota-Baxter operators (of weight zero) on an n-Hom-Lie color
algebra (N , [·, . . . , ·], ϵ, α). Then P2 is a Rota-Baxter operator (of weight zero) on the associated n-Hom-pre-Lie color
algebra defined by

{x1, . . . , xn} = [P1(x1), . . . ,P1(xn−1), xn], ∀xi ∈ H(N), 1 ≤ i ≤ n.

Proof. For any xi ∈ H(N), 1 ≤ i ≤ n, we have

α ◦ P2 = P2 ◦ α

{P2(x1), . . . ,P2(xn)} = [P1(P2(x1)), . . . ,P1(P2(xn−1)),P2(xn)]
= [P2(P1(x1)), . . . ,P2(P1(xn−1)),P2(xn)]

= P2

(
[P2(P1(x1)), . . . ,P2(P1(xn−1)), xn]

+

n−1∑
i=1

(−1)n−iϵ(xi,Xi+1,n)[P2(P1(x1)), . . . , ̂P2(P1(xi)), . . . ,P2(P1(xn−1)),P1(xi)]
)

= P2

(
{P2(x1), . . . ,P2(xn−1), xn}

+

n−1∑
i=1

(−1)i+1ϵ(xi,Xi+1,n){xi,P2(x1), . . . , P̂2(xi), . . . ,P2(xn−1),P2(xn)}
)
.
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Then P2 is a Rota-Baxter operator (of weight zero) on the n-Hom-pre-Lie color algebra (A, {·, . . . , ·}, ϵ, α).

4. n-Hom-pre-Lie color algebras induced by Hom-pre-Lie color algebras

In [34], the authors introduced the construction of an (n + 1)-pre-Lie algebra from an n-pre-Lie algebra
using the trace map. In this section we generalize this construction to the color case of Hom-type by
a new approach which is the construction of an n-Hom-pre-Lie color algebra from a Hom-pre-Lie color
algebra, the same work has been studied in the Hom-Lie super case ( see [43]). We start with the data
of an homogeneous ϵ-skew-symmetric (n − 2)-linear form Φ : N × · · · × N → K of degree zero (i.e.
Φ(x1, . . . , xn−2) = 0, ∀xi ∈ H(N), 1 ≤ i ≤ n − 2, where |x1| + · · · + |xn−2| , 0) and we define from this form an
n-linear map ϵ-skew-symmetric on the first (n − 1) variables. A Hom-pre-Lie color algebra is a quadruple
(N , ◦, ϵ, α) consisting of a Γ-graded vector spaceN , an homogeneous bilinear map ◦ : N×N → N of degree
zero and an homogeneous linear map α : N → N of degree zero such that, the following condition hold:

ass(x, y, z) − ϵ(x, y)ass(y, x, z) = 0, ∀x, y, z ∈ H(N), (42)

where, ass(x, y, z) = α(x) ◦ (y ◦ z) − (x ◦ y) ◦ α(z).

Let (N , ◦, ϵ, α) be a Hom-pre-Lie color algebra. Define the n-ary product as follows:

{x1, . . . , xn−1, xn}Φ =

n−1∑
k=1

(−1)k+1ϵ(xk,Xk+1,n−1)Φ(x1, . . . , x̂k, . . . , xn−1)(xk ◦ xn), (43)

for all xk ∈ H(N), 1 ≤ k ≤ n.

It is clear that {·, . . . , ·}Φ is an homogeneous n-linear map of degree zero.

Proposition 4.1. The n-ary product {·, . . . , ·}Φ is ϵ-skew-symmetric on the first (n − 1) variables.

Proof. Let x1, . . . , xn ∈ H(N), then for all i ∈ {1, . . . ,n − 2}, we have

{x1, . . . , xi, xi+1, . . . , xn−1, xn}Φ

=
∑

1≤k,i,i+1<n−1

(−1)k+1ϵ(xk,Xk+1,n−1)Φ(x1, . . . , xi, xi+1, . . . , x̂k, . . . , xn−1)(xk ◦ xn)

+ (−1)i+1ϵ(xi,Xi+1,n−1)Φ(x1, . . . , x̂i, xi+1, . . . , xn−1)(xi ◦ xn)

+ (−1)iϵ(xi+1,Xi+2,n−1)Φ(x1, . . . , xi, x̂i+1, . . . , xn−1)(xi ◦ xn)

= − ϵ(xi, xi+1)
( ∑

1≤k,i,i+1<n−1

(−1)k+1ϵ(xk,Xk+1,n−1)Φ(x1, . . . , xi+1, xi, . . . , x̂k, . . . , xn−1)(xk ◦ xn)

+ (−1)iϵ(xi,Xi+2,n−1)Φ(x1, . . . , x̂i, xi+1, . . . , xn−1)(i+1◦xn)

+ (−1)i+1ϵ(xi,Xi+1,n−1)Φ(x1, . . . , xi, x̂i+1, . . . , xn−1)i+1 ◦ xn)
)

= − ϵ(xi, xi+1){x1, . . . , xi+1, xi, . . . , xn−1, xn}Φ,

which gives that {·, . . . , ·}Φ is ϵ-skew-symmetric on the first (n − 1) terms.

Theorem 4.2. Let (N , ◦, α) be a Hom-pre-Lie color algebra and Φ : N × · · · × N → K be an (n − 2)-linear
ϵ-skew-symmetric form of degree zero. Then (N , {·, . . . , ·}Φ, ϵ, α) is an n-Hom-pre-Lie color algebra if and only if:

Φ(x1 . . . , xi, y ◦ z, xi+1, . . . , xn−3) = 0, ∀xi, y, z ∈ H(N), 1 ≤ i ≤ n − 3, (44)
Φ ◦ (α ⊗ Id ⊗ · · · ⊗ Id) = Φ, (45)

Φ ∧ δΦX = 0, ∀X = (x1, . . . , xn−3) ∈ ∧n−3
H(N), (46)
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where

Φ ∧ δΦX(Y) =
n−1∑
k=1

(−1)k+1ϵ(yk,Yk+1,n−1)Φ(y1, . . . , ŷk, . . . , yn−1)Φ(X, yk), ∀Y = (y1, . . . , yn−1) ∈ ∧n−1
H(N),

and {·, . . . , ·}Φ is defined by Eq.(43). We shall say that (N , {·, . . . , ·}Φ, ϵ, α) is induced by (N , ◦, ϵ, α).

Lemma 4.3. If an ϵ-skew-symmetric (n−2)-linear formΦ : N ×· · ·×N → K of degree zero satisfies condition (44),
then it satisfies the following condition

Φ(x1, . . . , xi, {y1, . . . , yn}Φ, xi+1, . . . , xn−3) = 0, (47)

for all xi, y j ∈ H(N), (i, j) ∈ {1, . . . ,n − 3} × {1, . . . ,n}.

Proof. This is a direct computation, by using the expression of {·, . . . , ·}Φ.

Proof. [Proof of Theorem 4.2]
Let xi, yi ∈ H(N), 1 ≤ i ≤ n.

On the one hand, we have:

M = {α(x1), . . . , α(xn−1), {y1, . . . , yn}Φ}Φ

=

n−1∑
i=1

(−1)i+1ϵ(xi,Xi+1,n−1)Φ(α(x1), . . . , α̂(xi), . . . , α(xn−1))(α(xi) ◦ {y1, . . . , yn}Φ)

=

n−1∑
i=1

n−1∑
j=1

(−1)i+ jϵ(xi,Xi+1,n−1)ϵ(y j,Y j+1,n−1)Φ(α(x1), . . . , α̂(xi), . . . , α(xn−1))Φ(y1, . . . , ŷ j, . . . , yn−1)(α(xi) ◦ (y j ◦ yn)).

On the other hand, we have:

N =
n−1∑
j=1

ϵ(Xn−1,Y j−1){α(y1), . . . , α(y j−1), [x1, . . . , xn−1, y j]C
Φ, α(y j+1), . . . , α(yn)}Φ

+ ϵ(Xn−1,Yn−1){α(y1), . . . , α(yn−1), {x1, . . . , xn−1, yn}Φ}Φ

=

n−1∑
i, j=1

(−1)n−iϵ(Xn−1,Y j−1)ϵ(xi,Xi+1,n−1 + y j){α(y1), . . . , α(y j−1), {x1, . . . , x̂i, . . . , xn−1, y j, xi}Φ, α(y j+1), . . . , α(yn)}Φ

+

n−1∑
j=1

ϵ(Xn−1,Y j−1){α(y1), . . . , α(y j−1), {x1, . . . , xn−1, y j}Φ, α(y j+1), . . . , α(yn)}Φ

+ ϵ(Xn−1,Yn−1){α(y1), . . . , α(yn−1), {x1, . . . , xn−1, yn}Φ}Φ

= N1 +N2 +N3,

where

N1 =

n−1∑
i, j=1

(−1)n−iϵ(Xn−1,Y j−1)ϵ(xi,Xi+1,n−1 + y j){α(y1), . . . , α(y j−1), {x1, . . . , x̂i, . . . , xn−1, y j, xi}Φ, α(y j+1), . . . , α(yn)}Φ

=

n−1∑
i, j=1

j−1∑
k=1

(−1)n−i+k+1γi jΦ(α(y1), . . . , α̂(yk), . . . , α(y j−1), {x1, . . . , x̂i, . . . , xn−1, y j, xi}Φ, . . . , α(yn−1))(α(yk) ◦ α(yn))

+

n−1∑
i, j=1

n−1∑
k= j+1

(−1)n−i+k+1γi jϵ(yk,Xn−1)Φ
(
α(y1), . . . , α(y j−1), {x1, . . . , x̂i, . . . , xn−1, y j, xi}Φ, . . .

. . . , α̂(yk), . . . , α(yn−1)
)
(α(yk) ◦ α(yn))
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+

n−1∑
i, j=1

(−1)n−i+ j+1θi jΦ(α(y1), . . . , α̂(y j), . . . , α(yn−1))({x1, . . . , x̂i, . . . , xn−1, y j, xi}Φ ◦ α(yn))

where
γi j = ϵ(Xn−1,Y j−1)ϵ(xi,Xi+1,n−1 + y j)ϵ(yk,Xn−1 + Yk+1,n−1),

and
θi j = ϵ(Xn−1,Y j−1)ϵ(xi,Xi+1,n−1 + y j)ϵ(Y j+1,n−1,Xn−1 + y j).

Using Eq. (47), we notice that the first two terms of the second equality of N1 are zero, which gives that

N1 =

n−1∑
j=1

n−1∑
i=1

(−1)n−i+ j+1θi jΦ(α(y1), . . . , α̂(y j), . . . , α(yn−1))({x1, . . . , x̂i, . . . , xn−1, y j, xi}Φ ◦ α(yn))

=

n−1∑
j=1

n−1∑
i=1

n−1∑
k=1
k,i

(−1)n−i+ j+1θi jkΦ(α(y1), . . . , α̂(y j), . . . , α(yn−1))Φ(x1, . . . , x̂k, . . . , x̂i, . . . , xn−1, y j)((xk ◦ xi) ◦ α(yn))

+

n−1∑
j=1

n−1∑
i=1

(−1)i+ jθi jΦ((α(y1), . . . , α̂(y j), . . . , α(yn−1))Φ(x1, . . . , x̂i, . . . , xn−1)((y j ◦ xi) ◦ α(yn))

= N′1 +N′2,

where θi jk = θi jϵ(xk,Xk+1,n−1 + xi + y j).

By the same way, we have:

N2 =

n−1∑
j=1

ϵ(Xn−1,Y j−1){α(y1), . . . , α(y j−1), {x1, . . . , xn−1, y j}Φ, α(y j+1), . . . , α(yn)}Φ

=

n−1∑
j=1

(−1) j+1ϵ(Xn−1,Y j−1)ϵ(Y j+1,n−1 + y j)Φ(α(y1), . . . , α̂(y j), . . . , α(yn−1))({x1, . . . , xn−1, y j}Φ ◦ α(yn))

=

n−1∑
j=1

n−1∑
i=1

(−1)i+ jλi jΦ(α(y1), . . . , α̂(y j), . . . , α(yn−1))Φ(x1, . . . , x̂i, . . . , xn−1)((xi ◦ y j) ◦ α(yn)),

where λi j = ϵ(Xn−1Y j−1)ϵ(Y j+1,n−1,Xn−1 + y j)ϵ(xi,Xi+1,n−1) = θi jϵ(xi, y j),

and

N3 = ϵ(Xn−1,Yn−1){α(y1), . . . , α(yn−1), {x1, . . . , xn−1, yn}Φ}Φ

=

n−1∑
j=1

(−1) j+1ϵ(Xn−1,Yn−1)ϵ(y j,Y j+1,n−1)Φ(α(y1), . . . , α̂(y j), . . . , α(yn−1))(α(y j) ◦ {x1, . . . , xn−1, yn}Φ)

=

n−1∑
j=1

n−1∑
i=1

(−1)i+ jνi jΦ(α(y1), . . . , α̂(y j), . . . , α(yn−1))Φ(x1, . . . , x̂i, . . . , xn−1)(α(y j) ◦ (xi ◦ yn)),

where νi j = ϵ(Xn−1,Yn−1)ϵ(y j,Y j+1,n−1)ϵ(xi,Xi+1,n−1) = ϵ(xi, y j)ϵ(y j,Y j+1,n−1)ϵ(xi,Xi+1,n−1), since Φ is of degree zero.

If we fixed i, k in the expression of N′1, then , we get:

N′1 =
n−1∑
j=1

n−1∑
i=1

n−1∑
k=1
k,i

(−1)n−i+ j+1θi jkΦ(α(y1), . . . , ˆα(y j), . . . , α(yn−1))Φ(x1, . . . , x̂k, . . . , x̂i, . . . , xn−1, y j)((xk ◦ xi) ◦ α(yn))
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=

n−1∑
i=1

n−1∑
k=1
k,i

(−1)n−i
( n−1∑

j=1

(−1) j+1θi jkΦ(α(y1), . . . , ˆα(y j), . . . , α(yn−1))Φ(x1, . . . , x̂k, . . . , x̂i, . . . , xn−1, y j)
)
((xk ◦ xi) ◦ α(yn))

= 0,

this from Eq. (46) and the fact that Φ is of degree zero. Moreover, if we apply condition (45), we find

M −N =M −N′2 −N2 −N3

=

n−1∑
i=1

n−1∑
j=1

(−1)i+ jϵ(xi,Xi+1,n−1ϵ(y j,Y j+1,n−1Φ(x1, . . . , α̂(xi), . . . , xn−1)Φ(y1, . . . , ŷ j, . . . , yn−1)

(
α(xi) ◦ (y j ◦ yn) − (xi ◦ y j) ◦ α(yn)) − ϵ(xi, y j)(α(y j) ◦ (xi ◦ yn) − (y j ◦ xi) ◦ α(yn)))

)
=

n−1∑
i=1

n−1∑
j=1

(−1)i+ jϵ(xi,Xi+1,n−1)ϵ(y j,Y j+1,n−1Φ(x1, . . . , α̂(xi), . . . , xn−1)Φ(y1, . . . , ŷ j, . . . , yn−1)

(
ass(xi, y j, yn) − ϵ(xi, y j)ass(y j, xi, yn)

)
= 0,

The last equality follows from the fact that (N , ◦, ϵ, α) is a Hom-pre-Lie color algebra. Then {·, . . . , ·}Φ satisfies condition
(19) onN . Similarly, we show that {·, . . . , ·}Φ satisfies condition (20) onN . The theorem is proved.

Let us given a Hom-pre-Lie color algebra (N , ◦, ϵ, α) and a bilinear form Φ : N × N → K of degree
zero satisfying conditions (44), (45) and (46). Then by Theorem 4.2, the quadruple (N , {·, ·, ·, ·}Φ, ϵ, α) is a
4-Hom-pre-Lie color algebra.

Example 4.4. Let Γ = Z2 and ϵ(i, j) = (−1)i j. LetN = N0 ⊕N1 be a two dimensional Z2-vector space with a basis
{e1, e2}, where N0 =< e1 > and N1 =< e2 >. Define on the basis of N the bilinear map ◦ : N ×N → N of degree
zero by:

e2 ◦ e2 = e1,

and the linear map α : N → N by:
α(e1) = 0, α(e2) = e2.

Then (N , ◦, ϵ, α) is a Hom-pre-Lie color algebra.

Now, we define the ϵ-skew-symmetric bilinear form Φ : N ×N → K by

Φ(e2, e2) = λ, λ ∈ K∗.

It is obvious that Φ satisfies the conditions (44)-(46). Then, by Theorem 4.2, the quadruple (N , {·, ·, ·, ·}Φ, ϵ, α) is a
4-Hom-pre-Lie color algebra, where {·, ·, ·, ·}Φ defined on the basis ofN by

{e2, e2, e2, e2}Φ = λe1.

Quite normal and thanks to the importance of the representation theory, any reader asks the following
question: Can we also extend this work to representation, i.e. is it possible to construct an n-Hom-pre-Lie
color algebra representation from a Hom-pre-Lie color algebra representation? The answer is yes, but the
question requires us to define the representation of a Hom-pre-Lie color algebra (N , ◦, ϵ, α) which is defined
as a quadruple (V, l, r, β) consisting of a Γ-graded vector space V, two linear maps l, r : N → End(V) of
degree zero and a linear map β : V → V of degree zero such that the following conditions hold:

βl(x) = l(α(x))β, ∀x ∈ H(N), (48)
βr(x) = r(α(x))β, ∀x ∈ H(N), (49)

l([x, y]C)β = l(α(x))l(y) − ϵ(x, y)l(α(y))l(x), ∀x, y ∈ H(N), (50)
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r(α(y))r(x) − r(x ◦ y)β = r(α(y))l(x) − ϵ(x, y)r(α(x))l(y), ∀x, y ∈ H(N), (51)

where [x, y]C = x ◦ y − ϵ(x, y)y ◦ x, ∀x, y ∈ H(N), which is defined a Hom-Lie color algebra onN called the
subadjacent Hom-Lie color algebra of (N , ◦, ϵ, α).

Remark 4.1. Conditions (48) and (50) are equivalent to saying that l is a representation of the Hom-Lie color algebra
(N , [·, ·]C, ϵ, α) with respect to β.

In the sequel, we allow to answer the previous question which is summarized by the following propo-
sition.

Proposition 4.5. Let (V, l, r, β) be a representation of a Hom-pre-Lie color algebra (N , ◦, ϵ, α) and Φ be an ϵ-skew-
symmetric (n − 2)-linear form of degree zero satisfying conditions (44)-(46). Then (V, lΦ, rΦ, β) is a representation
of the induced n-Hom-pre-Lie color algebra (N , {·, . . . , ·}Φ, ϵ, α), where lΦ, rΦ : N × · · · × N → End(V) are two
(n − 1)-linear maps of degree zero defined by

lΦ(x1, . . . , xn−1) =
n−1∑
k=1

(−1)k+1ϵ(xk,Xk+1,n−1Φ(x1, . . . , x̂k, . . . , xn−1)l(xk), (52)

rΦ(x1, . . . , xn−2, xn−1) = Φ(x1, . . . , xn−2)r(xn−1), (53)

for al xk ∈ H(N), 1 ≤ k ≤ n − 1.

Proof. Let (V, l, r, β) be a representation of (N , ◦, ϵ, α). Defining the map ΦN⊕V : N ⊕V × · · · ×N ⊕V → K by

ΦN⊕V(x1 + u1, . . . , xn−2 + un−2) = Φ(x1, . . . , xn−2), xi ∈ H(N), ui ∈ H(V), 1 ≤ i ≤ n − 2.

Then ΦN⊕V satisfying the conditions (44)-(46) on the semi-direct product n-Hom-pre-Lie color algebra
N ⋉

α,β
l,r V. Then by (43), we have an n-Hom-pre-Lie color algebra structure onN ⊕ V given by

{x1 + u1, . . . , xn + un}ΦN⊕V

=

n−1∑
k=1

(−1)k+1ϵ(xk,Xk+1,n−1)ΦN⊕V(x1 + u1, . . . , ̂xk + uk, . . . , xn−1 + un−1)
(
(xk + uk) ◦N⊕V (xn + un)

)
=

n−1∑
k=1

(−1)k+1ϵ(xk,Xk+1,n−1)Φ(x1, . . . , x̂k, . . . , xn−1)
(
xk ◦ xn + l(xk)(un) + (−1)|xk ||xn |r(xn)(uk)

)
= {x1, . . . , xn}Φ + lΦ(x1, . . . , xn−1)(un) +

n−1∑
k=1

(−1)k+1ϵ(xk,Xk+1,n−1)rΦ(x1, . . . , x̂k, . . . , xn)(uk).

By applying Proposition 3.7, we deduce that (V, lΦ, rΦ, β) is a representation of (N , {·, . . . , ·}Φ, ϵ, α).
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