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Complete convergence for the weighted sums of random variables
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Abstract. In the present paper, we study the complete convergence of the weighted sums of independent
and identically distributed random variables, which include and improve some known results.

1. Introduction

The concept of complete convergence of a sequence of random variables was introduced by Hsu and
Robbins [9] as follows. A sequence {Un,n ≥ 1} of random variables converges completely to the constant µ
if

∞∑
n=1

P(|Un − µ| > ε) < ∞ for all ε > 0,

which, from the Borel-Cantelli lemma, implies that Un
a.s.
−−→ µ. The converse is true if {Un,n ≥ 1} are

independent random variables.
Let {X,Xn,n ≥ 1} be a sequence of independent and identically distributed random variables and

Sn = X1 + X2 + · · · + Xn. Hsu and Robbins [9] proved that if EX = 0 and EX2 < ∞, then for any ε > 0,
∞∑

n=1

P (|Sn| > εn) < ∞. (1.1)

The converse was proved by Erdös [7]. The result of Hsu-Robbins-Erdös is a fundamental theorem in
probability theory and has been generalized and extended in several directions. Spitzer [16] proved that
for any ε > 0,

∞∑
n=1

1
n
P (|Sn| > εn) < ∞ (1.2)

if and only if EX = 0 and E|X| < ∞. Katz [13] and Baum and Katz [2] generalized the work of Spitzer [16]
and obtained that for 0 < p < 2 and r ≥ p,

∞∑
n=1

n
r
p−2P

(
|Sn| > εn1/p

)
< ∞, for ε > 0 (1.3)
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if and only if E|X|r < ∞ and when r ≥ 1, EX = 0.
Let {an,k, 1 ≤ k ≤ n,n ≥ 1} be an array of constants. The strong convergence results for weighted sums∑n

k=1 an,kXk have been studied by many authors (see, for example, Bai and Cheng [1], Chen and Gan [4],
Cai [3]). Many useful linear statistics, for example, least-squares (LS) estimators, non parametric regression
function estimators and jackknife estimates are of the form of the weighted sums. Chow [5] has established
the following complete convergence result for the weighted sums.

Theorem 1.1. Let {X,Xn,n ≥ 1} be a sequence of independent and identically distributed random variables with
EX = 0 and E|X|p < ∞ for some p ≥ 2. Let {an,k, 1 ≤ k ≤ n,n ≥ 1} be a triangular array of constants. If for each
n ≥ 1 and for some finite constant K not depending on n,

n∑
k=1

a2
n,k ≤ K and n1/p max

1≤k≤n
|an,k| ≤ K,

then for all ε > 0, we have
∞∑

n=1

P


∣∣∣∣∣∣∣ 1
n1/p

n∑
k=1

an,kXk

∣∣∣∣∣∣∣ > ε
 < ∞.

Li et al. [10] improved Theorem 1.1, and obtained

Theorem 1.2. Let {X,Xn,n ≥ 1} be a sequence of independent and identically distributed random variables with
EX = 0, and let {an,k, k ∈ Z,n ≥ 1} be a sequence of real numbers.

(1) If ∑
k∈Z

a2
n,k = O(1) and EX2 log(1 + |X|) < ∞,

then for any ε > 0, we have
∞∑

n=1

P


∣∣∣∣∣∣∣∑k∈Z an,kXk

∣∣∣∣∣∣∣ > εn1/2

 < ∞.
(2) Let p > 2. If E|X|p < ∞ and for some 0 < δ < 2/p, 2 ≤ q < p, let∑

k∈Z

a2
n,k = O(nδ) and

∑
k∈Z

|an,k|
q = O(1),

then for any ε > 0, we have
∞∑

n=1

P


∣∣∣∣∣∣∣∑k∈Z an,kXk

∣∣∣∣∣∣∣ > εn1/p

 < ∞.
Theorem 1.2 has been extended and improved by many authors. Wang et al. [21] and Sung [19] further
generalized Theorem 1.2, and in particular, Wang et al. [21] discussed its necessity. Liang and Su [12]
and Liang [11] discussed the complete convergence for weighted sums of negatively associated random
variables, which generalized and extended the results on independent and identically distributed case
of Li et al. [10]. Wang et al. [20] generalized and improved the corresponding ones of Li et al. [10]
for independent sequences to the case of negatively superadditive dependent sequences. Miao et al.
[15] considered a sequence of independent identically distributed random variables with mild moment
condition and general dependence conditions, and established strong law of large numbers and complete
convergence for the partial sums. Du and Miao [6] and Miao and Shao [14] separately studied the strong
laws for weighted sums of some dependent random variables and the complete convergence of the weighted
sums for martingale differences. The aim of this paper is to continue to study the complete convergence
for the weighted sums of independent random variables, which include and improve some known results.
Throughout this paper, let C be a constant not depending on n, which may be different in different places.
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2. A general result

We begin with a general result on the complete convergence.

Theorem 2.1. For each n ≥ 1, let {Xn,k, 1 ≤ k ≤ n,n ≥ 1} be a sequence of independent real random variables.
Assume that the following condition holds:

n∑
k=1

Xn,k
P
−→ 0. (2.1)

Let {bn,n ≥ 1} be a sequence of positive constants. For every ε > 0, assume that there exists a sequence of positive
constants {cn,n ≥ 1}, which may depend on ε, and define Yn,k = Xn,kI{|Xn,k |≤cn} for every 1 ≤ k ≤ n and n ≥ 1, such
that the following conditions are satisfied:

∞∑
n=1

bn inf
t>0

exp

−tε +
t2

2

n∑
k=1

EY2
n,k +

t4

4!

n∑
k=1

EY4
n,k +

t5etcn

5!

n∑
k=1

E|Yn,k|
5

 < ∞ (2.2)

and

∞∑
n=1

bn

n∑
k=1

P
(
|Xn,k| > cn

)
< ∞. (2.3)

Then for any ε > 0, we have

∞∑
n=1

bnP


∣∣∣∣∣∣∣

n∑
k=1

Xn,k

∣∣∣∣∣∣∣ > ε
 < ∞. (2.4)

Remark 2.1. Let {X,Xn,n ≥ 1} be a sequence of independent and identically distributed random variables with
EX = 0 and EX2 < ∞. For any ε > 0, each n ≥ 1 and 1 ≤ k ≤ n, let Xn,k = n−1Xk, bn ≡ 1 and cn ≡ ε/4, then
Yn,k = n−1XkI{|Xk |≤nε/4}. Hence it is easy to check that

n∑
k=1

Xn,k
P
−→ 0

and for any ε > 0, we have

∞∑
n=1

inf
t>0

exp

−tε +
t2

2

n∑
k=1

EY2
n,k +

t4

4!

n∑
k=1

EY4
n,k +

t5etcn

5!

n∑
k=1

E|Yn,k|
5


≤

∞∑
n=1

inf
t>0

exp
(
−tε +

t2

2n
EX2 +

t4ε2

4!42n
EX2 +

t5ε3etε/4

5!43n
EX2

)

≤

∞∑
n=1

exp

−2 log n +

2 log2 n
ε2n

+
log4 n
4!ε2n

+
log5 n

5!4ε2n1/2

EX2


< ∞,

where we take t = (2/ε) log n. Furthermore, we have

∞∑
n=1

n∑
k=1

P
(
|Xn,k| > cn

)
=

∞∑
n=1

n∑
k=1

P
(
|Xk| >

εn
4

)
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≤

∞∑
n=1

nP
(
|X| >

εn
4

)
≤ CEX2 < ∞.

Hence the following Robbins-Hsu theorem holds: for any ε > 0,

∞∑
n=1

P


∣∣∣∣∣∣∣

n∑
k=1

Xk

∣∣∣∣∣∣∣ > εn
 < ∞.

Remark 2.2. Let {X,Xn,n ≥ 1} be a sequence of independent and identically distributed random variables with
EX = 0 and E(|X| log+ |X|) < ∞. For any ε > 0, each n ≥ 1 and 1 ≤ k ≤ n, let Xn,k = n−1Xk, bn = n−1 log n and
cn ≡ ε/8, then Yn,k = n−1XkI{|Xk |≤nε/8}. Hence it is easy to check that

n∑
k=1

Xn,k
P
−→ 0

and for any ε > 0, we have

∞∑
n=1

log n
n

inf
t>0

exp

−tε +
t2

2

n∑
k=1

EY2
n,k +

t4

4!

n∑
k=1

EY4
n,k +

t5etcn

5!

n∑
k=1

E|Yn,k|
5


≤

∞∑
n=1

log n
n

inf
t>0

exp
(
−tε +

t2

2n
Cncn

log(ncn)
E(|X| log+ |X|) +

t4

4!n3

C(ncn)3

log(ncn)
E(|X| log+ |X|)

+
t5etcn

5!n4

C(ncn)4

log(ncn)
E(|X| log+ |X|)

)
≤

∞∑
n=1

log n
n

exp
(
−4 log log n +

C(4/ε)2(ε/8)
2 log(nε/8)

(log log n)2E(|X| log+ |X|)

+
C(4/ε)4(ε/8)3

4! log(nε/8)
(log log n)4E(|X| log+ |X|)

+
C(4/ε)5(ε/8)4(log n)1/2

5! log(nε/8)
(log log n)5E(|X| log+ |X|)

)
<∞,

where we take t = (4/ε) log log n. Furthermore, we have
∞∑

n=1

log n
n

n∑
k=1

P
(
|Xn,k| > cn

)
=

∞∑
n=1

log n
n

n∑
k=1

P
(
|Xk| >

εn
8

)
≤

∞∑
n=1

log nP
(
|X| >

εn
8

)
≤ CE(|X| log+ |X|) < ∞.

Hence the following Baum-Katz theorem holds: for any ε > 0,

∞∑
n=1

log n
n
P


∣∣∣∣∣∣∣

n∑
k=1

Xk

∣∣∣∣∣∣∣ > εn
 < ∞.

Remark 2.3. Let r > 1, p ∈ (0, 2) and {X,Xn,n ≥ 1} be a sequence of independent and identically distributed random
variables with E|X|pr < ∞ (let EX = 0 for pr ≥ 1). For each n ≥ 1 and 1 ≤ k ≤ n, let Xn,k = n−1/pXk. From
cr-inequality for 0 < pr ≤ 1, von Bahr-Esseen inequality for 1 ≤ pr ≤ 2 and Rosenthal inequality for pr ≥ 2, we get

E

∣∣∣∣∣∣∣
n∑

k=1

Xn,k

∣∣∣∣∣∣∣
pr

=
1
nrE

∣∣∣∣∣∣∣
n∑

k=1

Xk

∣∣∣∣∣∣∣
pr
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≤


1
nr

∑n
k=1E |Xk|

pr = 1
nr−1E|X|pr, for 0 < pr ≤ 1

C
nr

∑n
k=1E |Xk|

pr = C
nr−1E|X|pr, for 1 ≤ pr ≤ 2

C
nr

((∑n
k=1EX2

k

)pr/2
+

∑n
k=1E|Xk|

pr
)
≤

C
nr(1−p/2)E|X|pr, for pr ≥ 2

,

which implies that
n∑

k=1

Xn,k
P
−→ 0.

Let bn = nr−2. For the case pr ≤ 2 and for any ε > 0, let cn ≡ ε/2, r−1 < α < 2(r−1), and Yn,k = n−1/pXkI{|Xk |≤n1/pε/2}
for each n ≥ 1 and 1 ≤ k ≤ n. Then we have

∞∑
n=1

nr−2 inf
t>0

exp

−tε +
t2

2

n∑
k=1

EY2
n,k +

t4

4!

n∑
k=1

EY4
n,k +

t5etcn

5!

n∑
k=1

E|Yn,k|
5


≤

∞∑
n=1

nr−2 inf
t>0

exp
(
−tε +

t2(ε/2)2−pr

2nr−1 E|X|pr +
t4(ε/2)4−pr

4!nr−1 E|X|pr +
t5(ε/2)5−pretε/2

5!nr−1 E|X|pr
)

≤

∞∑
n=1

nr−2 exp

−α log n +

 (α/ε)2(ε/2)2−pr log2 n
2nr−1 +

(α/ε)4(ε/2)4−pr(log n)4

4!nr−1

+
(α/ε)5(ε/2)5−pr(log n)5nα/2

5!nr−1

)
E|X|pr

)
< ∞,

where we take t = (α/ε) log n. For the case pr > 2, let cn =
ε

2α

(
2
p
− 1

)
for some α > r − 1, and Yn,k =

n−1/pXkI{|Xk |≤n1/pε/pα} for each n ≥ 1 and 1 ≤ k ≤ n. Then we have

∞∑
n=1

nr−2 inf
t>0

exp

−tε +
t2

2

n∑
k=1

EY2
n,k +

t4

4!

n∑
k=1

EY4
n,k +

t5etcn

5!

n∑
k=1

E|Yn,k|
5


≤

∞∑
n=1

nr−2 inf
t>0

exp
(
−tε +

t2

2n2/p−1
E|X|2 +

t4c2
n

4!n2/p−1
E|X|2 +

t5c3
netcn

5!n2/p−1
E|X|2

)
≤

∞∑
n=1

nr−2 exp

−α log n +

 (α/ε)2 log2 n
2n2/p−1

+
(α/ε)4c2

n(log n)4

4!n2/p−1

+
(α/ε)5c3

n(log n)5n2−1(2p−1
−1)

5!n2/p−1

E|X|2
<∞,

where we take t = (α/ε) log n. Furthermore, we have
∞∑

n=1

nr−2
n∑

k=1

P
(
|Xn,k| > cn

)
=

∞∑
n=1

nr−2
n∑

k=1

P

(
|Xk| >

ε
2α

(
2
p
− 1

)
n1/p

)

≤

∞∑
n=1

nr−1P

(
|X| >

ε
2α

(
2
p
− 1

)
n1/p

)
≤ CE|X|pr < ∞.

Hence we can obtain the following Baum-Katz result: for any ε > 0,
∞∑

n=1

nr−2P


∣∣∣∣∣∣∣

n∑
k=1

Xk

∣∣∣∣∣∣∣ > εn1/p

 < ∞.
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In order to prove Theorem 2.1, we need to recall the following lemma.

Lemma 2.1. [8] If {Yn,n ≥ 1} is a sequence of random variables with Yn
P
−→ 0 as n → ∞, then for all t > 0 and

sufficiently large n,
P (|Yn| > t) ≤ 2P

(
|Ys

n| > t/2
)
,

where Ys
n = Yn − Ỹn and Ỹn is an independent copy of Yn.

Proof. [Proof of Theorem 2.1] Applying Lemma 2.1, we can assume that for each n ≥ 1, {Xn,k, 1 ≤ k ≤ n} is
a sequence of symmetric random variables. From the condition (2.3), it is enough to check that

∞∑
n=1

bnP


∣∣∣∣∣∣∣

n∑
k=1

Yn,k

∣∣∣∣∣∣∣ > ε
 < ∞. (2.5)

First we note that for x > 0,

ex =1 + x +
1
2!

x2 +
1
3!

x3 +
1
4!

x4 + x5
∞∑

k=5

1
k!

xk−5

≤1 + x +
1
2!

x2 +
1
3!

x3 +
1
4!

x4 +
1
5!

x5ex.

For every 1 ≤ k ≤ n and n ≥ 1, since Yn,k is a symmetric random variable, then for any t > 0, we have

EetYn,k ≤1 + 0 +
t2

2
EY2

n,k + 0 +
t4

4!
EY4

n,k +
t5

5!
E

(
|Yn,k|

5et|Yn,k |
)

≤ exp
(

t2

2
EY2

n,k +
t4

4!
EY4

n,k +
t5

5!
etcnE|Yn,k|

5

)
.

Hence the following upper exponential inequality holds:

P


∣∣∣∣∣∣∣

n∑
k=1

Yn,k

∣∣∣∣∣∣∣ > ε
 ≤ 2 inf

t>0
exp

−tε +
t2

2

n∑
k=1

EY2
n,k +

t4

4!

n∑
k=1

EY4
n,k +

t5etcn

5!

n∑
k=1

E|Yn,k|
5

 ,
which, by the condition (2.2), implies the claim (2.5).

3. Complete convergence of weighted sums

3.1. Weighted sums

In the subsection, we state some results on complete convergence for weighted sums of independent
and identically distributed random variables.

Theorem 3.1. Let {X,Xn,n ≥ 1} be a sequence of independent and identically distributed random variables with
EX = 0 and {an,k, 1 ≤ k ≤ n,n ≥ 1} be a triangular array of real numbers. Let p ≥ 2, r ≥ 1, λ > 0 and assume that
there exist two finite constants C > 0 and 0 < δ < 2/p not depending on n such that for all n ≥ 1,

n∑
k=1

a2
n,k ≤ Cnδ (3.1)

and

nλ max
1≤k≤n

|an,k| ≤ C. (3.2)



Y. Miao, Z. Li / Filomat 39:4 (2025), 1355–1372 1361

If one of the following conditions holds:
(1) Let 0 < λ ≤ (pr + p − 2)/2p and E|X|p(r+1)/(1+pλ) < ∞,
(2) E|X|p(r+δ+2λ)/(1+pλ) < ∞,

then for any ε > 0, we have

∞∑
n=1

nr−1P


∣∣∣∣∣∣∣

n∑
k=1

an,kXk

∣∣∣∣∣∣∣ > εn1/p

 < ∞. (3.3)

Remark 3.1. In the proof of Theorem 3.1, we need the condition E|X|2 < ∞. The condition 0 < λ ≤ (pr + p − 2)/2p
in (1) is to guarantee p(r + 1)/(1 + pλ) ≥ 2. For the condition (2), by the condition r ≥ 1, it is easy to check
p(r + δ + 2λ)/(1 + pλ) ≥ 2 for all λ > 0. Furthermore, under the condition 0 < λ ≤ (pr + p − 2)/2p, if E|X|β < ∞,
where

β = max
{
p(r + 1)/(1 + pλ), p(r + δ + 2λ)/(1 + pλ)

}
,

then (3.3) holds.
In fact, the condition r ≥ 1 is only used for the case (2). If (r + δ)p ≥ 2, then p(r + δ + 2λ)/(1 + pλ) ≥ 2 for all

λ > 0. So we can weaken the restriction on the condition r ≥ 1.

Remark 3.2. Theorem 3.1 is an interesting supplement to Theorem 1.2 by comparing their conditions. Let r = 1. For
the case p > 2 (p = 2), if the parameters δ and λ satisfy δ < (p − 2)λ (for any 0 < δ < 1), then from (2) in Theorem
3.1, the moment condition in Theorem 3.1 is weaker than Theorem 1.2.

Theorem 3.2. Let {X,Xn,n ≥ 1} be a sequence of independent and identically distributed random variables with
EX = 0 and {an,k, 1 ≤ k ≤ n,n ≥ 1} be a triangular array of real numbers. Let 1 ≤ p < 2, r ≥ 1, λ > 0 and assume
that there exist two finite constants C > 0 and 0 < δ < 1 not depending on n such that for all n ≥ 1,

n∑
k=1

|an,k|
p
≤ Cnδ (3.4)

and

nλ max
1≤k≤n

|an,k| ≤ C. (3.5)

If one of the following conditions holds:
(1) Let 0 < λ ≤ r/p and E|X|p(r+1)/(1+pλ) < ∞,
(2) E|X|p(r+δ+pλ)/(1+pλ) < ∞,

then for any ε > 0, we have

∞∑
n=1

nr−1P


∣∣∣∣∣∣∣

n∑
k=1

an,kXk

∣∣∣∣∣∣∣ > εn1/p

 < ∞. (3.6)

Remark 3.3. In the proof of Theorem 3.2, we need the condition E|X|p < ∞. The condition 0 < λ ≤ r/p in (1)
is to guarantee p(r + 1)/(1 + pλ) ≥ p. For the condition (2), since r ≥ 1 and 0 < δ < 1, it is easy to check
p(r + δ + pλ)/(1 + pλ) ≥ p for all λ > 0. Furthermore, under the condition 0 < λ ≤ r/p, if E|X|β < ∞, where

β = max
{
p(r + 1)/(1 + pλ), p(r + δ + pλ)/(1 + pλ)

}
,

then (3.6) holds.

Theorem 3.3. Let {X,Xn,n ≥ 1} be a sequence of independent and identically distributed random variables with
EX = 0, EX2 = 1 and {an,k, 1 ≤ k ≤ n,n ≥ 1} be a triangular array of real numbers. Let p ≥ 2, r > 0, λ > 0 and
assume that there exist two finite constants C > 0 and ρ ≥ 0 not depending on n such that for all n ≥ 1,

lim
n→∞

log n
n∑

k=1

a2
n,k = ρ (3.7)
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and

nλ max
1≤k≤n

|an,k| ≤ C. (3.8)

If one of the following conditions holds:
(1) Let 0 < λ ≤ (r + 1)/2 and E[|X| log+ |X|](r+1)/λ < ∞,
(2) E

[
|X|2+(r/λ)(log+ |X|)1+(r/λ)

]
< ∞,

then for any ε >
√

2r (1 + 12−1 + e · 60−1)ρ, we have

∞∑
n=1

nr−1P


∣∣∣∣∣∣∣

n∑
k=1

an,kXk

∣∣∣∣∣∣∣ > ε
 < ∞.

Remark 3.4. In [18, Theorem 4.1.3] and [17, p. 1556], Stout proved the following result. Let {X,Xn,n ≥ 1} be
a sequence of independent and identically distributed random variables with EX = 0 and E|X|2/α < ∞ for some
0 < α ≤ 1. Suppose that {an,k, 1 ≤ k ≤ n,n ≥ 1} is a sequence of constants with

max
1≤k≤n

|an,k| ≤ Cn−α

for some C > 0 and

lim
n→∞

log n
n∑

k=1

a2
n,k = 0.

Then for any ε > 0, we have
∞∑

n=1

P


∣∣∣∣∣∣∣

n∑
k=1

an,kXk

∣∣∣∣∣∣∣ > ε
 < ∞.

For the case λ ∈ (0, 2−1), it is easy to check that

2 +
r
λ
<

r + 1
λ
,

then, from Theorem 3.3, the moment condition in (2) is weaker than (1). When r = 1 and ρ = 0, for the case
λ ∈ (0, 2−1), the moment condition in Theorem 3.3 is weaker than the above Stout’s result.

Remark 3.5. By the Borel-Cantelli lemma, Theorem 3.3 (for the case r = 1) implies

lim sup
n→∞

∣∣∣∣∣∣∣
n∑

k=1

an,kXk

∣∣∣∣∣∣∣ ≤
√

2 (1 + 12−1 + e · 60−1)ρ a.s.

Theorem 3.4. Let {X,Xn,n ≥ 1} be a sequence of independent and identically distributed random variables with
EX = 0 and {an,k, 1 ≤ k ≤ n,n ≥ 1} be a triangular array of real numbers. Let 1 < p < 2, r ≥ 1, λ > 0 and assume
that there exist two finite constants C > 0 and ρ ≥ 0 not depending on n such that for all n ≥ 1,

lim
n→∞

(log n)p−1
n∑

k=1

|an,k|
p = ρ (3.9)

and

nλ max
1≤k≤n

|an,k| ≤ C. (3.10)

If one of the following conditions holds:
(1) Let 0 < λ ≤ (r + 1)/p and E[|X| log+ |X|](r+1)/λ < ∞,
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(2) E
[
|X|p+(r/λ)(log+ |X|)1+(r/λ)

]
< ∞,

then for any ε > ε0, we have
∞∑

n=1

nr−1P


∣∣∣∣∣∣∣

n∑
k=1

an,kXk

∣∣∣∣∣∣∣ > ε
 < ∞,

where ε0 is the minimum value satisfying the following inequality

r −
ε2

∆
+
εp∆1−p

2
< 0 (3.11)

and
∆ =

(
1 + 12−1 + e · 60−1

)
ρE|X|p.

Remark 3.6. From the proof of Theorem 3.4, for the case ρ = 0, we can take ε0 = 0.

Next we consider a special weighted sum, which was studied in Li et al. [10]. Let β > −1 and
{an,k, 1 ≤ k ≤ n,n ≥ 1} be a triangular array of real numbers such that

n∑
k=1

an,k = 1 for all n ≥ 1 (3.12)

and we can write

an,k = cn,k(k/n)β(1/n) (3.13)

with 0 < c ≤ cn,k ≤ C < ∞ for every 1 ≤ k ≤ n for some constants c and C.

Theorem 3.5. Let {X,Xn,n ≥ 1} be a sequence of independent and identically distributed random variables with
EX = 0 and {an,k, 1 ≤ k ≤ n,n ≥ 1} be a triangular array of real numbers satisfying (3.12) and (3.13). Let E|X|p < ∞
for some 1 < p ≤ 2 and let 0 < r < p − 1, then for any ε > 0, we have

∞∑
n=1

nr−1P


∣∣∣∣∣∣∣

n∑
k=1

an,kXk

∣∣∣∣∣∣∣ > ε
 < ∞. (3.14)

Theorem 3.6. Let {X,Xn,n ≥ 1} be a sequence of independent and identically distributed random variables with
EX = 0 and {an,k, 1 ≤ k ≤ n,n ≥ 1} be a triangular array of real numbers satisfying (3.12) and (3.13). Let r > 0 and

E|X|
r

1+β log+ |X| < ∞ for
rβ

1 + β
= −1,

E|X|
r

1+β < ∞ for
rβ

1 + β
< −1,

E|X|r+1 < ∞ for
rβ

1 + β
> −1.

Then for any ε > 0, we have

∞∑
n=1

nr−1P


∣∣∣∣∣∣∣

n∑
k=1

an,kXk

∣∣∣∣∣∣∣ > ε
 < ∞. (3.15)

Remark 3.7. Li et al. [10] proved the following result. Let {X,Xn,n ≥ 1} be a sequence of independent and identically
distributed random variables withEX = 0 and {an,k, 1 ≤ k ≤ n,n ≥ 1} be a triangular array of real numbers satisfying
(3.12) and (3.13). If

E|X|1/(1+β) < ∞ for β ∈ (−1,−1/2)
EX2 log(1 + |X|) < ∞ for β = −1/2
E|X|2 < ∞ for β > −1/2

,
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then for any ε > 0, we have

∞∑
n=1

P


∣∣∣∣∣∣∣

n∑
k=1

an,kXk

∣∣∣∣∣∣∣ > ε
 < ∞. (3.16)

Theorem 3.5 gives the convergent rate of the complete convergence, which shows that the moment conditions are
independent on the parameter β in the weight {an,k, 1 ≤ k ≤ n,n ≥ 1}. Theorem 3.6 is a meaningful supplement of the
work in Li et al. [10]. When r = 1, Theorem 3.6 deduces (3.16).

3.2. Proofs
In this subsection, we shall give the proofs of those theorems in the subsection 3.1.

Proof. [Proof of Theorem 3.1] For any ε > 0, each n ≥ 1 and 1 ≤ k ≤ n, let

Xn,k =
an,k

n1/p Xk, bn = nr−1, cn ≡
ε
4r

(
2
p
− δ

)
and Yn,k = Xn,kI{|Xn,k |≤cn}.

From the condition (3.1), we get

E

∣∣∣∣∣∣∣ 1
n1/p

n∑
k=1

an,kXk

∣∣∣∣∣∣∣
2

≤
C

n2/p

n∑
k=1

a2
n,kEX2

k = o(1)

which implies

n∑
k=1

Xn,k
P
−→ 0.

Moreover, we have

∞∑
n=1

nr−1 inf
t>0

exp

−tε +
t2

2

n∑
k=1

EY2
n,k +

t4

4!

n∑
k=1

EY4
n,k +

t5etcn

5!

n∑
k=1

E|Yn,k|
5


≤

∞∑
n=1

nr−1 inf
t>0

exp

−tε +
t2EX2

2n2/p

n∑
k=1

a2
n,k +

t4c2
nEX2

4!n2/p

n∑
k=1

a2
n,k +

t5c3
nEX2etcn

5!n2/p

n∑
k=1

a2
n,k


≤

∞∑
n=1

n−r−1 exp


 (2r/ε)2 log2 n

2n2/p +
(2r/ε)4c2

n log4 n
4!n2/p +

(2r/ε)5c3
n(log n)5n

1
2

(
2
p−δ

)
5!n2/p

EX2
n∑

k=1

a2
n,k


<∞,

where we take t = (2r/ε) log n. Furthermore, from the condition (3.2), we have

∞∑
n=1

nr−1
n∑

k=1

P
(
|Xn,k| > cn

)
=

∞∑
n=1

nr−1
n∑

k=1

P

(
1

n1/p |an,kXk| >
ε
4r

(
2
p
− δ

))

≤

∞∑
n=1

nrP

(
C|X| >

ε
4r

(
2
p
− δ

)
n(1/p)+λ

)
≤CE|X|p(r+1)/(1+pλ) < ∞
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and

∞∑
n=1

nr−1
n∑

k=1

P
(
|Xn,k| > cn

)
=

∞∑
n=1

nr−1
n∑

k=1

P

(
1

n1/p |an,kXk| >
ε
4r

(
2
p
− δ

))

≤C
∞∑

n=1

nr−1−2/p
n∑

k=1

a2
n,kEX2I{|X|>Cn(1/p)+λ}

≤C
∞∑

n=1

nr−1+δ−2/p
∞∑

k=n

EX2I{Ck(1/p)+λ<|X|≤C(k+1)(1/p)+λ}

≤C
∞∑

k=1

kr+δ−2/pEX2I{Ck(1/p)+λ<|X|≤C(k+1)(1/p)+λ}

≤CE|X|p(r+δ+2λ)/(1+pλ) < ∞.

Hence from Theorem 2.1, the desired results can be obtained.

Proof. [Proof of Theorem 3.2] For any ε > 0, each n ≥ 1 and 1 ≤ k ≤ n, let

Xn,k =
an,k

n1/p Xk, bn = nr−1, cn ≡
ε
4r

(1 − δ) and Yn,k = Xn,kI{|Xn,k |≤cn}.

From the von Bahr-Esseen inequality and the condition (3.4), we get

E

∣∣∣∣∣∣∣ 1
n1/p

n∑
k=1

an,kXk

∣∣∣∣∣∣∣
p

≤
C
n

n∑
k=1

|an,k|
p = o(1),

which implies

n∑
k=1

Xn,k
P
−→ 0.

Moreover, we have

∞∑
n=1

nr−1 inf
t>0

exp

−tε +
t2

2

n∑
k=1

EY2
n,k +

t4

4!

n∑
k=1

EY4
n,k +

t5etcn

5!

n∑
k=1

E|Yn,k|
5


≤

∞∑
n=1

nr−1 inf
t>0

exp

−tε +
t2c2−p

n E|X|p

2n

n∑
k=1

|an,k|
p

+
t4c4−p

n E|X|p

4!n

n∑
k=1

|an,k|
p +

t5c5−p
n E|X|petcn

5!n

n∑
k=1

|an,k|
p


≤

∞∑
n=1

n−r−1 exp

 (2r/ε)2c2−p
n log2 n
2n

+
(2r/ε)4c4−p

n log4 n
4!n

+
(2r/ε)5c5−p

n (log n)5n
1
2 (1−δ)

5!n

E|X|p n∑
k=1

|an,k|
p


<∞,
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where we take t = (2r/ε) log n. Furthermore, from the condition (3.5), we have

∞∑
n=1

nr−1
n∑

k=1

P
(
|Xn,k| > cn

)
=

∞∑
n=1

nr−1
n∑

k=1

P
( 1

n1/p |an,kXk| >
ε
4r

(1 − δ)
)

≤

∞∑
n=1

nrP
(
C|X| >

ε
4

(1 − δ) n(1/p)+λ
)

≤CE|X|p(r+1)/(1+pλ) < ∞

and
∞∑

n=1

nr−1
n∑

k=1

P
(
|Xn,k| > cn

)
=

∞∑
n=1

nr−1
n∑

k=1

P
( 1

n1/p |an,kXk| >
ε
4r

(1 − δ)
)

≤

∞∑
n=1

nr−2
n∑

k=1

|an,k|
pE|X|pI{|X|>Cn(1/p)+λ}

≤

∞∑
n=1

nr+δ−2
∞∑

k=n

E|X|pI{k(1/p)+λ<|X|≤C(k+1)(1/p)+λ}

≤

∞∑
k=1

kr+δ−1E|X|pI{k(1/p)+λ<|X|≤C(k+1)(1/p)+λ}

≤CE|X|p(r+δ+pλ)/(1+pλ) < ∞.

Hence from Theorem 2.1, the desired results can be obtained.

Proof. [Proof of Theorem 3.3] For any ε >
√

2r (1 + 12−1 + e · 60−1)ρ, each n ≥ 1 and 1 ≤ k ≤ n, let

Xn,k = an,kXk, bn = nr−1, cn =
ε

b log n
and Yn,k = Xn,kI{|Xn,k |≤cn},

where

b =
ε2

(1 + 12−1 + e · 60−1)ρ
.

From the condition (3.7), we get

E

∣∣∣∣∣∣∣
n∑

k=1

an,kXk

∣∣∣∣∣∣∣
2

=

n∑
k=1

a2
n,k = o(1)

which implies

n∑
k=1

Xn,k
P
−→ 0.

Since ε >
√

2r (1 + 12−1 + e · 60−1)ρ, there exists a positive constant 0 < ε1 < 1 such that

ε >

√
2r (1 + 12−1 + e · 60−1)ρ

1 − ε1
,
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which yields

r − 1 − b +
(b/ε)2

2

(
1 +

1
12
+

e
60

)
ρ(1 + ε1) < −1.

Hence for this ε1 and all n large enough, we have

∞∑
n=1

nr−1 inf
t>0

exp

−tε +
t2

2

n∑
k=1

EY2
n,k +

t4

4!

n∑
k=1

EY4
n,k +

t5etcn

5!

n∑
k=1

E|Yn,k|
5


≤

∞∑
n=1

nr−1 inf
t>0

exp

−tε +
t2EX2

2

n∑
k=1

a2
n,k +

t4c2
nEX2

4!

n∑
k=1

a2
n,k +

t5c3
nEX2etcn

5!

n∑
k=1

a2
n,k


≤C

∞∑
n=1

nr−1 exp
(
−b log n +

(b/ε)2

2

(
1 +

1
12
+

e
60

)
ρ(1 + ε1) log n

)
<∞,

where we take t = (b/ε) log n. Furthermore, from the condition (3.8), we have

∞∑
n=1

nr−1
n∑

k=1

P
(
|Xn,k| > cn

)
=

∞∑
n=1

nr−1
n∑

k=1

P

(
|an,kXk| >

ε
b log n

)

≤

∞∑
n=1

nrP

(
|X| >

εnλ

Cb log n

)
≤C

∞∑
k=1

kr+1P

(
εkλ

Cb log k
< |X| ≤

ε(k + 1)λ

Cb log(k + 1)

)
≤CE[|X| log+ |X|](r+1)/λ < ∞

and
∞∑

n=1

nr−1
n∑

k=1

P
(
|Xn,k| > cn

)
=

∞∑
n=1

nr−1
n∑

k=1

P

(
|an,kXk| >

ε
b log n

)

≤C
∞∑

n=1

nr−1 log2 n
n∑

k=1

a2
n,kEX2I

{|X|> εnλ
Cb log n }

≤C
∞∑

n=1

nr−1 log n
∞∑

k=n

EX2I
{
εkλ

Cb log k<|X|≤
ε(k+1)λ

Cb log(k+1) }

≤C
∞∑

k=1

kr log kEX2I
{
εkλ

Cb log k<|X|≤
ε(k+1)λ

Cb log(k+1) }

≤C
∞∑

k=1

kr+2λ

log k
P

(
εkλ

Cb log k
< |X| ≤

ε(k + 1)λ

Cb log(k + 1)

)
≤CE

[
|X|2+(r/λ)(log+ |X|)1+(r/λ)

]
< ∞.

Hence from Theorem 2.1, the desired results can be obtained.
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Proof. [Proof of Theorem 3.4] For any ε > 0, each n ≥ 1 and 1 ≤ k ≤ n, let

Xn,k = an,kXk, bn = nr−1, cn =
ε

b log n
and Yn,k = Xn,kI{|Xn,k |≤cn},

where

b =
ε2

(1 + 12−1 + e · 60−1)ρE|X|p
.

From the von Bahr-Esseen inequality and the condition (3.9), we get

E

∣∣∣∣∣∣∣
n∑

k=1

an,kXk

∣∣∣∣∣∣∣
p

≤ C
n∑

k=1

|an,k|
p = o(1),

which implies

n∑
k=1

Xn,k
P
−→ 0.

From the inequality (3.11), if ε > ε0, then there exists a positive constant ε1 > 0 such that

r −
ε2

∆
+
εp∆1−p

2
(1 + ε1) < 0,

which yields

r − 1 − b +
(b/ε)p

2

(
1 +

1
12
+

e
60

)
ρ(1 + ε1)E|X|p < −1.

Moreover, we have

∞∑
n=1

nr−1 inf
t>0

exp

−tε +
t2

2

n∑
k=1

EY2
n,k +

t4

4!

n∑
k=1

EY4
n,k +

t5etcn

5!

n∑
k=1

E|Yn,k|
5


≤

∞∑
n=1

nr−1 inf
t>0

exp

−tε +
t2c2−p

n E|X|p

2

n∑
k=1

|an,k|
p

+
t4c4−p

n E|X|p

4!

n∑
k=1

|an,k|
p +

t5c5−p
n E|X|petcn

5!

n∑
k=1

|an,k|
p


≤

∞∑
n=1

nr−1 exp
(
−b log n +

(b/ε)p

2

(
1 +

1
12
+

e
60

)
ρ(1 + ε1)E|X|p log n

)
<∞,

where we take t = (b/ε) log n. Furthermore, from the condition (3.10), we have

∞∑
n=1

nr−1
n∑

k=1

P
(
|Xn,k| > cn

)
=

∞∑
n=1

nr−1
n∑

k=1

P

(
|an,kXk| >

ε
b log n

)

≤

∞∑
n=1

nrP

(
|X| >

εnλ

Cb log n

)
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≤C
∞∑

k=1

kr+1P

(
εkλ

Cb log k
< |X| ≤

ε(k + 1)λ

Cb log(k + 1)

)
≤CE[|X| log+ |X|](r+1)/λ < ∞

and

∞∑
n=1

nr−1
n∑

k=1

P
(
|Xn,k| > cn

)
=

∞∑
n=1

nr−1
n∑

k=1

P

(
|an,kXk| >

ε
b log n

)

≤C
∞∑

n=1

nr−1 logp n
n∑

k=1

|an,k|
pE|X|pI

{|X|> εnλ
Cb log n }

≤C
∞∑

n=1

nr−1 log n
∞∑

k=n

E|X|pI
{
εkλ

Cb log k<|X|≤
ε(k+1)λ

Cb log(k+1) }

≤C
∞∑

k=1

kr log kE|X|pI
{
εkλ

Cb log k<|X|≤
ε(k+1)λ

Cb log(k+1) }

≤C
∞∑

k=1

kr+pλ(log k)1−pP

(
εkλ

Cb log k
< |X| ≤

ε(k + 1)λ

Cb log(k + 1)

)
≤CE

[
|X|p+(r/λ)(log+ |X|)1+(r/λ)

]
< ∞.

Hence from Theorem 2.1, the desired results can be obtained.

Proof. [Proof of Theorem 3.5] For any ε > 0, each n ≥ 1 and 1 ≤ k ≤ n, let

Xn,k = an,kXk, bn = nr−1, cn ≡
ε
4r

(
p − 1

)
and Yn,k = Xn,kI{|Xn,k |≤cn}.

From the von Bahr-Esseen inequality and the conditions (3.12) and (3.13), we get

E

∣∣∣∣∣∣∣
n∑

k=1

an,kXk

∣∣∣∣∣∣∣
p

≤ C
n∑

k=1

ap
n,kE|Xk|

p
≤

C
np−1

which implies

n∑
k=1

Xn,k
P
−→ 0.

Moreover, we have

∞∑
n=1

nr−1 inf
t>0

exp

−tε +
t2

2

n∑
k=1

EY2
n,k +

t4

4!

n∑
k=1

EY4
n,k +

t5etcn

5!

n∑
k=1

E|Yn,k|
5


≤

∞∑
n=1

nr−1 inf
t>0

exp

−tε +
t2c2−p

n E|X|p

2

n∑
k=1

|an,k|
p

+
t4c4−p

n E|X|p

4!

n∑
k=1

|an,k|
p +

t5c5−p
n E|X|petcn

5!

n∑
k=1

|an,k|
p
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≤

∞∑
n=1

nr−1 inf
t>0

exp

−tε +

 (2r/ε)2c2−p
n log2 n
2

+
(2r/ε)4c4−p

n log4 n
4!

+
(2r/ε)5c5−p

n (log n)5etcn

5!

 E|X|pnp−1


≤

∞∑
n=1

nr−1 exp

−2r log n +

 (2r/ε)2c2−p
n log2 n
2

+
(2r/ε)4c4−p

n log4 n
4!

+
(2r/ε)5c5−p

n (log n)5n
1
2 (p−1)

5!

 E|X|pnp−1


<∞,

where we take t = (2r/ε) log n. Furthermore, from the conditions (3.12) and (3.13), we have

∞∑
n=1

nr−1
n∑

k=1

P
(
|Xn,k| > cn

)
=

∞∑
n=1

nr−1
n∑

k=1

P
(
|an,kXk| >

ε
4r

(
p − 1

))

≤


C
∞∑

n=1

nr−1
n∑

k=1

ap
n,kE|X|

pI{|X|>Cn1+β} for − 1 < β ≤ 0

C
∞∑

n=1

nr−1
n∑

k=1

ap
n,kE|X|

pI{|X|>Cn} for β > 0

≤


C
∞∑

n=1

nr−p
∞∑

k=n

E|X|pI{Ck1+β<|X|≤C(k+1)1+β} for − 1 < β ≤ 0

C
∞∑

n=1

nr−p
∞∑

k=n

E|X|pI{Ck<|X|≤C(k+1)} for β > 0

≤


C
∞∑

k=1

E|X|pI{Ck1+β<|X|≤C(k+1)1+β} for − 1 < β ≤ 0

C
∞∑

k=1

E|X|pI{Ck<|X|≤C(k+1)} for β > 0

≤CE|X|p < ∞.

Hence from Theorem 2.1, the desired results can be obtained.

Proof. [Proof of Theorem 3.6] The proof is as similar as Theorem 3.5. Firstly, it is easy to check that for the
case rβ

1+β ≤ −1, we have r
1+β > 1. Let p = r

1+β for the case rβ
1+β ≤ −1 and p = r + 1 for the case rβ

1+β > −1. For
any ε > 0, each n ≥ 1 and 1 ≤ k ≤ n,

Xn,k = an,kXk, bn = nr−1, cn ≡
ε
4r

(
p − 1

)
and Yn,k = Xn,kI{|Xn,k |≤cn}.

It is easy to check that

n∑
k=1

Xn,k
P
−→ 0.
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and

∞∑
n=1

nr−1 inf
t>0

exp

−tε +
t2

2

n∑
k=1

EY2
n,k +

t4

4!

n∑
k=1

EY4
n,k +

t5etcn

5!

n∑
k=1

E|Yn,k|
5

 < ∞.
Furthermore, from the conditions (3.12) and (3.13), we have

∞∑
n=1

nr−1
n∑

k=1

P
(
|Xn,k| > cn

)
≤C

∞∑
n=1

nr−1
n∑

k=1

P
(
|Xk| > Cn1+βk−β

)
≤C

∫
∞

1

∫ x

1
xr−1P

(
|X| > Cx1+βy−β

)
dydx.

Let u = x1+βy−β and v = y, we have∫
∞

1

∫ x

1
xr−1P

(
|X| > Cx1+βy−β

)
dydx

=
1

1 + β

∫
∞

1

∫ u

1
(uvβ)

r−1
1+βP (|X| > Cu) (vu−1)

β
1+β dvdu

=
1

1 + β

∫
∞

1
u

r−1−β
1+β P (|X| > Cu)

∫ u

1
v

rβ
1+β dvdu.

For the case rβ
1+β = −1, then we have∫

∞

1

∫ x

1
xr−1P

(
|X| > Cx1+βy−β

)
dydx

=
1

1 + β

∫
∞

1
u

r−1−β
1+β log uP (|X| > Cu) du

≤CE|X|
r

1+β log+ |X|.

For the case rβ
1+β < −1, then we have∫

∞

1

∫ x

1
xr−1P

(
|X| > Cx1+βy−β

)
dydx

= −
1

rβ + 1 + β

∫
∞

1
u

r−1−β
1+β

[
1 − u

rβ
1+β+1

]
P (|X| > Cu) du

≤CE|X|
r

1+β .

For the case rβ
1+β > −1, then we have∫

∞

1

∫ x

1
xr−1P

(
|X| > Cx1+βy−β

)
dydx

=
1

rβ + 1 + β

∫
∞

1
u

r−1−β
1+β

[
u

rβ
1+β+1

− 1
]
P (|X| > Cu) du

≤CE|X|r+1.

Hence from Theorem 2.1, the desired results can be obtained.
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