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Abstract. In this paper, we will analyze the relationship of some asymptotic equivalence relations for
functions in terms of compositions of functions, and in terms of translationally regularly varying functions
in the sense of Karamata.

1. Introduction

Jovan Karamata (1902-1967), a famous mathematician from Belgrade, in the 30s of the 20th century, in his
papers [14] and [15] gave the basis of a very well-known theory in asymptotic analysis and its applications,
which we call the classic Karamata theory of regular variation (see for example the monography [2]). Since
its origin, this theory has had a very rapid, interesting and diverse development in fundamentals and
applications. It is noticeable that its application part is more intensive than the development of theory in
the basics. The application of this theory can be found for example in theories of summability, difference
and differential equations. Let us especially emphasize in this paper the application of one modification of
this theory in asymptotic analysis of divergent processes. Regarding the previous one, see e.g monographs
[2, 8, 18, 21] and papers [16, 17, 20, 23]. It should be noted that this theory also has a place outside of
mathematics, for example electrical engineering [13] and cosmology [19]. Karamata’s theory of regular
variation has a functional and sequence aspect (see e.g [4, 7, 9, 12]) and a large number of modifications (e.g
[2, 3, 10, 11]). The direct connection between functional and sequence aspect has been made for example in
the papers [2] and [9].

Definition 1.1 (Regularly varying function). A function f : [a,∞) → (0,∞) is a regularly varying function
in the sense of Karamata if it is measurable and

lim
x→∞

f (λx)
f (x)

= r f (λ) < ∞, (1)

holds for some a > 0 and each λ > 0. The class of regularly varying function is denoted by RVφ.

2020 Mathematics Subject Classification. Primary 26A12.
Keywords. asymptotic equivalence relation, translational regular variation.
Received: 09 September 2024; Revised; 10 December 2024; Accepted: 13 December 2024
Communicated by Ljubša D. R. Kočinac
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Translationally regularly varying functions and translationally regularly varying sequences were dis-
cussed in the paper [22]. Translationally regularly varying sequences are important objects in the theory of
selection principles and the theory of infinite topological games (see, for example [6]).

Definition 1.2 (Translationally regularly varying function). A function f : [a,∞)→ (0,∞) is a translation-
ally regularly varying function in the sense of Karamata, if it is measurable and

lim
x→∞

f (λ + x)
f (x)

= rT
f (λ) < ∞, (2)

holds for some a > 0 and each λ ∈ R. The class of translationally regularly varying functions is denoted by
Tr(RVφ).

The following results come from the paper [22].

Lemma 1.3. Let a function f ∈ Tr(RVφ).

(a) rT
f (λ) > 0 holds for each λ ∈ R.

(b) rT
f (λ) = eλρ holds for each λ ∈ R and some ρ ∈ R.

(c) lim
x→∞

(
sup
λ∈T

{
f (λ+x)

f (x) − rT
f (λ)

})
= 0 holds for each compact set T ⫋ R.

(d) f (x) = eρx
· c(x) · exp

(∫ x

a

ε(log u)
u log u

du
)

for some a > 0, for each x ⩾ a, some ρ ∈ R and measurable functions c

and ε for which c(x)→ c ∈ (0,∞), as x→∞, and ε(u)→ 0, as u→∞ holds.

Definition 1.4 (Strongly asymptotic equivalent functions). LetF = {x(t) | t ⩾ a, a > 0, x(t)→∞ as t→∞}
be the class of positive functions. We say that two functions x ∈ F and y ∈ F are multiplicatively strongly
asymptotic equivalent (equal), if asymptotic relation

ρ1 : lim
t→∞

x(t)
y(t)
= 1 (3)

holds, we write x(t)ρ1y(t), and additively strongly asymptotic equivalent (equal), if asymptotic relation

ρ2 : lim
t→∞

(x(t) − y(t)) = 0 (4)

holds, we write x(t)ρ2y(t).

In the section Main results, we will prove within the analysis of divergent processes that asymptotic
relation (4) implies the asymptotic relation

ρ f
1 : lim

t→∞

f (x(t))
f (y(t))

= 1 (5)

(we will write f (x(t))ρ f
1 f (y(t))), if f ∈ Tr(RVφ), see [5], where a similar problem was analyzed and solved.

Also, we will prove that the previous implication satisfy only those functions f which belong to the
modified class of the class Tr(RVφ) (whose proper subclass is the class Tr(RVφ)).

Definition 1.5 (O-regularly varying function). A function f : [a,∞)→ (0,∞) is O-regularly varying function
in the sense of Karamata, if it is measurable and

lim
t→∞

(
sup
x⩾t

f (λx)
f (x)

)
= k f (λ) < ∞, (6)

holds for some a > 0 and each λ ∈ R. This class of functions is denoted with ORVφ. For f ∈ ORVφ the
function k f (λ), λ > 0, is called main index function.
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Definition 1.6 (Translationally O-regularly varying function). A function f : [a,∞)→ (0,∞) is translation-
ally O-regularly varying function in the sense of Karamata, if it is measurable and

lim
t→∞

(
sup
x⩾t

f (λ + x)
f (x)

)
= kT

f (λ) < ∞, (7)

holds for some a > 0 and each λ ∈ R. This class of functions is denoted with Tr(ORVφ). For f ∈ Tr(ORVφ)
the function kT

f (λ), λ ∈ R is called the main index function.

Remark 1.7. The main index function kT
f (λ) can be continuous or discontinuous for λ = 0. Related to the

class ORVφ and Tr(ORVφ) see [2] and [22].

2. Main results

In the following claim we will prove some properties of functions from the class Tr(RVφ).

Lemma 2.1. Let f ∈ Tr(RVφ). Then

lim
x→∞,λ→0

f (λ + x)
f (x)

= 1. (8)

Proposition 2.2. Let f ∈ Tr(RVφ). If

x(t)ρ2y(t), (9)

then

f (x(t))ρ f
1 f (y(t)) (10)

for each x ∈ F and y ∈ F .

Problem 2.3. If for each x ∈ F and y ∈ F equations (9) and (10) hold, does it imply f ∈ Tr(RVφ)?

Example 2.4. Let us observe a > 0 and the function

f (x) = exp
(∫ x

a

2 + sin(log(log u))
u log u

du
)
, for x ⩾ a. (11)

Then f < Tr(RVφ), and function f satisfies Proposition 2.2.

Remark 2.5. 1. If f ∈ Tr(RVφ) then f ∈ Tr(ORVφ) and then kT
f (λ), λ ∈ R is continuous for λ = 0.

2. For the function f from the previous example ( f < Tr(RVφ)) it holds that kT
f (λ), λ ∈ R is continuous

for λ = 0.
3. For the function f (x) = 2 + sin(ex), x ⩾ 1, it holds f ∈ Tr(ORVφ) and kT

f (λ), λ ∈ R is discontinuous for
λ = 0.

Lemma 2.6. Let f ∈ Tr(ORVφ) and let kT
f (λ), λ ∈ R be its main index function, then kT

f (λ), λ ∈ R is continuous
function for λ = 0 if and only if kT

f (λ), λ ∈ R is continuous function for each λ ∈ R.

Let us denote with Tr(IRVφ) the class of functions from Tr(ORVφ) for which the main index function is
continuous. It holds

Tr(RVφ) ⫋ Tr(IRVφ) ⫋ Tr(ORVφ). (12)

In the next proposition we will answer the question from the previous discussion.

Proposition 2.7. Let x ∈ F and y ∈ F . Also, let f (x), x ⩾ a be positive and measurable.

(a) If x(t)ρ2y(t) and if f ∈ Tr(IRVφ), then f (x(t))ρ f
1 f (y(t)).

(b) If f (x(t))ρ f
1 f (y(t)) whenever x(t)ρ2y(t), then f ∈ Tr(IRVφ).
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3. Proofs

3.1. Proof of Lemma 2.1
Let f ∈ Tr(RVφ). According to (b) from Lemma 1.3 follows

rT
f (λ) = eλρ = lim

x→∞

f (λ + x)
f (x)

for some ρ ∈ R and each λ ∈ R. According to (c) from Lemma 1.3, for ε > 1, and for ε1 > 0 follows

−ε1 +
1
ε
⩽

f (λ + x)
f (x)

⩽ ε + ε1,

for some x0 > 0 and each x ⩾ x0 and each λ for which m ⩽ λ ⩽ M, where m = min{− log ε
ρ ,

log ε
ρ } and

M = max{− log ε
ρ ,

log ε
ρ }. Thus,

lim
x→∞, λ→0

f (λ + x)
f (x)

= 1.

3.2. Proof of Proposition 2.2
Let f ∈ Tr(RVφ) and let x ∈ F and y ∈ F . Also, let x(t)ρ2y(t). Then, according to Lemma 1.3 follows

lim
t→∞

f (x(t))
f (y(t))

= lim
t→∞

f (x(t) − y(t)) + y(t))
f (y(t))

= 1.

3.3. Proof of Lemma 2.6
Let the main index function kT(λ), λ ∈ R be continuous for every λ ∈ R. Then it is continuous for λ = 0.

Let us prove the opposite direction. Let λ ∈ R \ {0} and △λ ∈ R \ {0}. Then it holds that

kT
f (λ + △λ) = lim

t→∞

(
sup
x≥t

f (λ + △λ + x)
f (x)

)
≤

≤ lim
t→∞

(
sup
x≥t

f (λ + △λ + x)
f (△λ + x)

)
· lim

t→∞

(
sup
x≥t

f (△λ + x)
f (x)

)
= kT

f (λ) · kT
f (△λ),

for observed λ and △λ.
Therefore, we have that

lim
p→0

sup
△λ≥p

kT
f (λ + △λ)

 ≤ kT
f (λ) · lim

p→0

sup
△λ≥p

kT
f (△λ)


= kT

f (λ) · 1 = kT
f (λ),

for observed λ.
Also, holds that

kT
f (λ) = lim

t→∞

(
sup
x≥t

f (λ + x)
f (x)

)
≤

≤ lim
t→∞

(
sup
x≥t

f (λ + △λ + x)
f (x)

)
· lim

t→∞

(
sup
x≥t

f (λ + x)
f (λ + △λ + x)

)
= kT

f (λ + △λ) · kT
f (−△λ),
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for observed λ and △λ.
Therefore, it is valid that

lim
p→0

(
inf
△λ≥p

kT
f (λ)

)
≤ lim

p→0

(
inf
△λ≥p

kT
f (λ + △λ)

)
· lim

p→0

sup
△λ≥p

kT
f (−λ)


= lim

p→0

(
inf
△λ≥p

kT
f (λ + △λ)

)
· 1 =

= lim
p→0

(
inf
△λ≥p

kT
f (λ + △λ)

)
.

Hence, limp→0

(
inf△λ≥p kT

f (λ + △λ)
)
≥ kT

f (λ), for observed λ ∈ R \ {0}.

Wherefore, holds that lim△λ→0 kT
f (λ + △λ) = kT

f (λ), for observed λ, so the function kT
f (λ), λ ∈ R, is

continuous for every λ ∈ R.

3.4. Proof of the Proposition 2.7
(a) Let x ∈ F and y ∈ F . Also, let f ∈ Tr(IRVφ) and x(t)ρ2y(t). Then the function

kT
f (λ) = lim

t→∞

(
sup
x⩾t

f (λ + x)
f (x)

)
is finite and continuous for each λ ∈ R. Therefore,

kT
f (logα) = lim

t→∞

sup
p⩾t

h(αp)
h(p)

 = lim
t→∞

 sup
log p⩾t

h(αp)
h(p)

 = lim
t→∞

(
sup
x⩾t

h(eλ · ex)
h(ex)

)
= lim

t→∞

(
sup
x⩾t

f (λ + x)
f (x)

)
= kT

f (λ),

where h(eu) = f (u), u ⩾ a (for some a), for each λ = lnα, α > 0, λ ∈ R, also finite and continuous
function for α > 0.

Hence, the function h is O-regularly varying function in the sense of Karamata with continuous main
index (see e.g. [5]), according to [1] for each compact set T ⫋ (0,∞), the following asymptotic relation
holds:

lim
t→∞

{
sup
α∈T

(
sup
u⩾t

h(αu)
h(u)

− kT
f (logα)

)}
= 0.

Therefore, for each ε > 0 and each ρ > 1, there is p0 > 0, so that for each u ⩾ u0 and each α ∈ [ 1
p , p], it

holds

h(αu)
h(u)

⩽ kT
f (logα) + ε.

Hence, for the previous it holds

lim sup
u→∞, α→1

h(αu)
h(u)

⩽ 1 + ε,

similar, it holds that

lim inf
u→∞, α→1

h(αu)
h(u)

⩾
1

1 + ε
.

Hence,

lim
u→∞, α→1

h(αu)
h(u)

= 1.
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Therefore,

lim
t→∞

f (x(t))
f (y(t))

= lim
t→∞

((x(t) − y(t)) + y(t))
f (y(t))

= lim
t→∞

h(e(x(t)−y(t))
· ey(t))

h(ey(t))
= 1.

Hence f (x(t))ρ f
1 f (y(t)).

(b) Let f (x(t))ρ f
1 f (y(t)) whenever x(t)ρ2y(t), where x ∈ F , y ∈ F and let f : [a,∞)→ (0,∞) be a measurable

function. Let

x(t) = an, for [a] + n ⩽ t < [a] + n + 1

and

x(t) = bn, for [a] + n ⩽ t < [a] + n + 1

and let x(t)ρ2y(t). Therefore,

lim
n→∞

f (an)
f (bn)

= lim
t→∞

f (x([t]))
f (y([t]))

= 1.

Let (xn), xn ∈ [a,∞), for n ∈ N be arbitrary sequence, which tends to infinity, as n → ∞ and let (λn),
λn ∈ R, n ∈N, such that λn → 0 as n→∞. Let us assume that

an = λn + xn, for n ∈N,

and

bn = xn, for n ∈N.

We see that

lim
n→∞

f (λn + xn)
f (xn)

= 1,

so that

lim
t→∞,λ→0

f (λ + t)
f (t)

= 1.

For ε > 0 there exist t0 and λ0 > 0, such that

1
1 + ε

⩽
f (λ + t)

f (x)
⩽ 1 + ε,

whenever t ⩾ t0 and n − λ0 ⩽ λ ⩽ λ0. Therefore f ∈ Tr(ORVφ). Since kT
f (λ), λ ∈ R is continuous

function for λ = 0, according to Lemma 2.6 it follows that the function kT
f (λ), λ ∈ R is continuous

function on R. Hence, f ∈ Tr(IRVφ).
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[8] D. Djurčić, Lj. D. R Kočinac, J. V. Manojlović, Regular and rapid variations and some applications, In: M. Ruzhansky, H. Dutta, R. P.

Agarwal (eds.;), Mathematical Analysis and Applications; Selected Topics, John Wihley & Sons, Inc:Hoboken, NJ, USA (2018),
414–474.
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[7] D. Djurčić, A. Torgašev, A theorem of Galambos-Bojanić-Seneta type, Abstr. Appl. Anal. 20090, Art. ID 360794, 6 pages.
[10] L. de Haan, On Regular Variation and its Application to the Weak Convergence of Sample Extremes, Mathematical Centre tracts 32,

Amsterdam, The Netherlands, 1970.
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