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Abstract. This paper presents a novel class of λ-Bernstein operators, wherein the parameter λ ∈ [−1, 1].
An approximation theorem of the Korovkin type is explored, a local approximation theorem is established
and an asymptotic formula of the Voronovskaja type is derived. In addition, the bivariate tensor product
operators are built, some approximation properties are discussed, including an asymptotic theorem of
the Voronovskaja type and the order of convergence in relation to Peetre’s K-functional. Finally, for
certain continuous functions, numerical examples and plots to demonstrate our newly defined operators’
convergence behavior are provided and there are also provided in comparison with the classical Kantorovich
operators in terms of the approximation error.

1. Introduction

Bernstein polynomials and various structures derived from them are used in fields such as computer
graphics, numerical analysis and approximation theory. Considering approximation theory, the first knowl-
edge that comes to mind is that a new function approximating a continuous function ζ defined on [0, 1]
can be obtained by using Bernstein polynomials, and one of the most important results of this obtaining
process is that the reconstructed function uniformly converges to this function ζ. Due to the widespread
use, simplicity, and useful properties of Bernstein polynomials, they have attracted a lot of attention from re-
searchers, as a result, it has contributed to the emergence of many studies and continues to do so. Inspired
by Bernstein polynomials, numerous operators have been introduced and their convergence properties
have been examined, you may refer to studies [3, 4, 12, 13, 18, 21, 24, 26, 28, 31–33, 36, 37, 42, 44]. Besides,
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these numerous operators’ generalizations also have been developed and studied, sometimes by using
the parameter λ (see [2, 6, 8–10, 14, 16, 19, 30, 34, 45]) and other times by creating of their q-analogues
(see [20, 25, 38, 40]). Additionally, the following papers that define and analyze operators on two-variable
function spaces are also worth reviewing:[1, 5, 7, 17, 22, 35, 39, 43]. Let us give brief information about
some of them in particular. In [5], the authors have introduced the univariate and bivariate Bernstein-
Schurer-type operators. They have presented the degree of convergence, Korovkin-type approximation
theorem, and Voronovskaja-type asymptotic theorem for the univariate Bernstein-Schurer-Type operators;
then they have given the order of convergence and the Voronovskaja-type asymptotic theorem for the
bivariate of it. In [1], the bivariate extension of the Bernstein-Chlodovsky operators has been introduced.
Weighted approximation properties for continuous functions in the weighted space have been explored by
the researchers.

Now, let us explain the definition of famous Bernstein operators [11]. It is commonly known that the
definition of Bernstein operators for ζ ∈ C[0, 1] and n ∈N is as follows:

Bn(ζ; y) =
n∑

l=0

bn,l(y)ζ
(

l
n

)
, y ∈ [0, 1], (1)

where

bn,l(y) =
(

n
l

)
yl(1 − y)n−l, l = 0, 1, ...,n. (2)

A type of λ-Bernstein operators was proposed by Cai et al. [16] in 2018. It was constructed using the
following λ-Bézier basis:

b̃λn,0(y) = bn,0(y) − λ
n+1 bn+1,1(y),

b̃λn,l(y) = bn,l(y) + λ
(

n−2l+1
n2−1 bn+1,l(y) − n−2l−1

n2−1 bn+1,l+1(y)
)
, (1 ≤ l ≤ n − 1),

b̃λn,n(y) = bn,n(y) − λ
n+1 bn+1,n(y),

(3)

where λ ∈ [−1, 1] and bn,l(y) are defined in (2).
Very recently, Zhou et al. [45] discovered a novel class of λ-Bernstein operators, which are as follows:

Bλn(ζ; y) =
n∑

l=0

bλn,l(y) ζ
(

l
n

)
, y ∈ [0, 1], (4)

where the new λ-Bézier basis functions bλn,l(y) are provided by
bλn,0(y) = bn,0(y) − λ

n+1 bn+1,1(y),
bλn,l(y) = bn,l(y) + λ

n+1
(
bn+1,l(y) − bn+1,l+1(y)

)
, (1 ≤ l ≤ n − 1, λ ∈ [−1, 1]),

bλn,n(y) = bn,n(y) + λ
n+1 bn+1,n(y).

(5)

Obviously, this new λ-Bézier basis function is formally simpler than the original λ-Bézier basis function.
They obtained that for some values of λ, the convergence effect of new operators (4) is better than that of
the original λ-Bernstein operators defined in [16], including the classical Bernstein operators (1).

Now, motivated by the studies mentioned above, for ζ ∈ C[0, 1], y ∈ [0, 1], we define a new kind of
λ-Bernstein-Kantorovich operators as follows,

Kλn (ζ; y) = (n + 1)
n∑

l=0

bλn,l(y)
∫ l+1

n+1

l
n+1

ζ(t)dt, λ ∈ [−1, 1], (6)

where bλn,l(y) is defined in (4). Apparently, when λ = 0, the operators given by (6) reduce to the classical
form proposed by Kantorovich [27]. The structure of this document is as follows: In section 2, moments
and central moments are determined for the operators in (6); in section 3, we create a Korovkin type
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theorem, a local approximation theorem, and a Voronovkaja type asymptotic formula by first providing
some essential definitions; in section 4, we define bivariate tensor product operators, we present the
moments and central moments, we examine convergence properties via the Volkov theorem, obtain the
Voronovkaja type asymptotic theorem, and compute the rate of convergence by using Peetre’s K-functional
for these operators. To enhance the significance of the research for our paper, in section 5, we will compare
and analyze the approximation error of some continuous functions by the newly defined operators (6) with
the classical Kantorovich operators (the case when λ = 0 for (6)) and the original λ-Bernstein-Kantorovich
operators defined in the following:

K̃λn (ζ; y) = (n + 1)
n∑

l=0

b̃λn,l(y)
∫ l+1

n+1

l
n+1

ζ(t)dt,

where λ ∈ [−1, 1] and b̃λn,l(y) are defined in (3).

2. Auxiliary results

Let ei(t) = ti, i ∈ {0, 1, ..., 4} andΨi(t, y) = (t− y)i, i ∈ {0, 1, 2, 4}. To validate our major findings, we require
the following lemmas.

Lemma 2.1. [45] Let y ∈ [0, 1], λ ∈ [−1, 1], n ∈N.Then, we have the following equalities:

Bλn
(
e0; y

)
= 1,

Bλn
(
e1; y

)
= y + λ

1 − yn+1
− (1 − y)n+1

n(n + 1)
,

Bλn
(
e2; y

)
= y2 +

y(1 − y)
n

+ λ

[
2y

(
1 − yn)
n2 −

1 − yn+1
− (1 − y)n+1

n2(n + 1)

]
,

Bλn
(
e3; y

)
= y3 +

3y2(1 − y)
n

+
y − 3y2 + 2y3

n2 + λ

3y2
(
1 − yn−1

)
n2 +

1 − yn+1
− (1 − y)n+1

n3(n + 1)

 ,
Bλn

(
e4; y

)
= y4 +

6y3(1 − y)
n

+
7y2
− 18y3 + 11y4

n2 +
y − 7y2 + 12y3

− 6y4

n3

+λ

4y3
(
1 − yn−2

)
n2 +

6y2
− 4y3

− 2yn+1

n3 +
2y

(
1 − yn)
n4 −

1 − yn+1
− (1 − y)n+1

n4(n + 1)

 .
Lemma 2.2. For y ∈ [0, 1], λ ∈ [−1, 1], n ∈N, Lemma 2.1 enables us to derive the following equalities:

Kλn
(
e0; y

)
= 1, (7)

Kλn
(
e1; y

)
= y +

1 − 2y
2(n + 1)

+ λ
1 − yn+1

− (1 − y)n+1

(n + 1)2 , (8)

Kλn
(
e2; y

)
= y2 +

2y − 3y2

n + 1
+

1 − 6y + 6y2

3(n + 1)2 + λ
2y(1 − yn)

(n + 1)2 , (9)

Kλn
(
e3; y

)
= y3 +

9y2
− 12y3

2(n + 1)
+

7y − 27y2 + 22y3

2(n + 1)2 +
1 − 14y + 36y2

− 24y3

4(n + 1)3

+λ

3y2
(
1 − yn−1

)
(n + 1)2 +

3y(1 − y)
(n + 1)3 +

1 − yn+1
− (1 − y)n+1

2(n + 1)4

 ,
Kλn

(
e4; y

)
= y4 +

8y3
− 10y4

n + 1
+

15y2
− 48y3 + 35y4

(n + 1)2 +
6y − 45y2 + 88y3

− 50y4

(n + 1)3
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+
1 − 30y + 150y2

− 240y3 + 120y4

5(n + 1)4 + λ

4
(
y3
− yn+1

)
(n + 1)2 +

12y2(1 − y)
(n + 1)3

+
6y − 12y2 + 8y3

− 2yn+1

(n + 1)4

]
.

Proof. By the definition of Kλn (ζ) in (6), we have

Kλn
(
e0; y

)
= (n + 1)

n∑
l=0

bλn,l(y)
∫ l+1

n+1

l
n+1

dt =
n∑

l=0

bλn,l(y) = Bλn
(
e0; y

)
= e0(y).

Similarly, we can obtain the following equalities,

Kλn
(
e1; y

)
=

n
n + 1

Bλn
(
e1; y

)
+

1
2(n + 1)

,

Kλn
(
e2; y

)
=

n2

(n + 1)2 Bλn
(
e2; y

)
+

n
(n + 1)2 Bλn

(
e1; y

)
+

1
3(n + 1)2 ,

Kλn
(
e3; y

)
=

n3

(n + 1)3 Bλn
(
e3; y

)
+

3n2

2(n + 1)3 Bλn
(
e2; y

)
+

n
(n + 1)3 Bλn

(
e1; y

)
+

1
4(n + 1)3 ,

Kλn
(
e4; y

)
=

n4

(n + 1)4 Bλn
(
e4; y

)
+

2n3

(n + 1)4 Bλn
(
e3; y

)
+

2n2

(n + 1)4 Bλn
(
e2; y

)
+

n
(n + 1)4 Bλn

(
e1; y

)
+

1
5(n + 1)4 .

Then, by using Lemma 2.1 and some computations, we can get the desired results of Lemma 2.2.

Lemma 2.3. For y ∈ [0, 1], λ ∈ [−1, 1], n ∈N, we can get

Kλn (Ψ1(t, y); y) =
1 − 2y

2(n + 1)
+ λ

1 − yn+1
− (1 − y)n+1

(n + 1)2 := αn(y),

Kλn (Ψ2(t, y); y) =
y(1 − y)

n + 1
+

1 − 6y + 6y2

3(n + 1)2 − λ
2y

(
yn
− yn+1

− (1 − y)n+1
)

(n + 1)2

:= βn(y),

Kλn (Ψ4(t, y); y) =
3y2
− 6y3 + 3y4

(n + 1)2 +
5y − 31y2 + 52y3

− 26y4

(n + 1)3 +
1 − 30y + 150y2

− 240y3 + 120y4

5(n + 1)4

+λ

4y3(1 − y)n+1
− 4yn+1 (

1 − y
)3

(n + 1)2 +
4y − 12y2 + 8y3

− 2y
[
yn + yn+1 + (1 − y)n+1

]
(n + 1)4

 .
Proof. We can readily set up this lemma by using Lemma 2.2 and the linearity of the operators provided by
(6).

Owing to Lemma 2.3, we can easily obtain the following conclusion. Our purpose in presenting this
finding is to facilitate the proof of our theorems.

Corollary 2.4. Let y ∈ [0, 1], λ ∈ [−1, 1], n ∈N, so the following limits are hold.

lim
n→∞

nKλn (Ψ1(t, y); y) =
1 − 2y

2
,

lim
n→∞

nKλn (Ψ2(t, y); y) = y(1 − y),

lim
n→∞

n2Kλn (Ψ4(t, y); y) = 3y2
− 6y3 + 3y4.
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3. Approximation of the newly defined operators for univariate functions

In our consideration, the space of all continuous functions on the closed interval [0, 1] is represented by
the notation C[0, 1]. Also, C[0, 1] is a normed space equipped with the norm

∥ζ∥C[0,1] = sup{|ζ(y)| : y ∈ [0, 1]}.

Moreover, we use the symbol C2[0, 1] to imply the space of functions ζ ∈ C[0, 1] such that ζ′ and ζ′′ also
belong to C[0, 1].

Now, we give other concepts related to our subject. For a function ζ ∈ C[0, 1], the first modulus of
continuity is defined by

ω(ζ, δ) = sup
0<h≤δ, y∈[0,1]

|ζ(y + h) − ζ(y)|

and also the second order modulus of smoothness on the same interval is presented by

ω2(ζ,
√

δ) = sup
0<h≤

√
δ

sup
y∈[0,1]

|ζ(y + 2h) − 2ζ(y + h) + ζ(y)|.

Additionally, the Peetre’s K−functional is given by

K2(ζ, δ) = inf{∥ζ − 1∥C[0,1] + δ∥1
′′
∥C[0,1] : 1, 1′, 1′′ ∈ C[0, 1]}.

Firstly, we present a Korovkin type approximation theorem for the modified λ-Bernstein-Kantorovich
operators Kλn (ζ; y).

Theorem 3.1. Suppose that ζ ∈ C[0, 1] and λ ∈ [−1, 1]. Then, the operators Kλn (ζ; y) converge uniformly to this
function ζ.

Proof. By advantage of Korovkin theorem [29], it is adequate to demonstrate that

lim
n→∞
∥Kλn (ei; y) − yi

∥C[0,1] = 0, for i = 0, 1, 2.

Thanks to the equalities given in (7), (8), and (9) of Lemma 2.2, it is easy to conclude that these conditions
are hold. Hence, the proof is finalized.

Secondly, we present a direct result for the operators Kλn (ζ; y). To do that, at the outset, we define a new

beneficial operator K
λ

n which facilitates our job. It is defined by

K
λ

n(ζ; y) = Kλn (ζ; y) − ζ(Kλn (t; y)) + ζ(y). (10)

We give the following lemma, whose proof is ignored due to its prevalence.

Lemma 3.2. Based on the definition of K
λ

n , the subsequent equalities are obtained:

i) K
λ

n(e0; y) = 1,

ii) K
λ

n(e1; y) = y,

iii) K
λ

n(Ψ1(t, y); y) = 0.

Lemma 3.3. Let ζ ∈ C2[0, 1]. Then, it is obtained that∣∣∣∣Kλn(ζ; y) − ζ(y)
∣∣∣∣ ≤ δn(y)∥ζ′′∥C[0,1],

where δn(y) = 1
2

{
βn(y) + α2

n(y)
}
.
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Proof. Let us take advantage of Taylor expansion given as

ζ(t) = ζ(y) +Ψ1(t, y)ζ′(y) +
∫ t

y
Ψ1(t,u)ζ′′(u)du.

Since K
λ

n is linear, we can write

K
λ

n(ζ(t); y) − ζ(y) = K
λ

n

(∫ t

y
Ψ1(t,u)ζ′′(u)du; y

)
thanks to Lemma 3.2. By the Lemma 2.3 and the inequality∣∣∣∣∣∣

∫ t

y
Ψ1(t,u)ζ′′(u)du

∣∣∣∣∣∣ ≤ ∥ζ′′∥C[0,1]
Ψ2(t, y)

2
,

we obtain∣∣∣∣Kλn(ζ; y) − ζ(y)
∣∣∣∣ ≤

∣∣∣∣∣∣∣Kλn
(∫ t

y
Ψ1(t,u)ζ′′(u)du ; y

)
−

∫ Kλn (e1;y)

y

(
Kλn (e1; y) − u

)
ζ′′(u)du

∣∣∣∣∣∣∣
≤
∥ζ′′∥C[0,1]

2

{
Kλn

(
Ψ2(t, y); y

)
+

[
Kλn (Ψ1(t, y); y)

]2
}

=
∥ζ′′∥C[0,1]

2

{
βn(y) + α2

n(y)
}
.

Thus, we deduce the intended outcome.

Theorem 3.4. For y ∈ [0, 1] and ζ ∈ C[0, 1], we have∣∣∣Kλn (ζ; y) − ζ(y)
∣∣∣ ≤ 2Cω2(ζ,

√
δn(y)) + ω

(
ζ, αn(y)

)
, (C is a constant).

Proof. Using the definition of K
λ

n given in (10) , for any 1 ∈ C2[0, 1], we acquire∣∣∣Kλn (ζ; y) − ζ(y)
∣∣∣ ≤ ∣∣∣∣Kλn(ζ − 1; y) − (ζ − 1)(y) + K

λ

n(1; y) − 1(y)
∣∣∣∣ + ∣∣∣ζ(Kλn (e1; y)) − ζ(y)

∣∣∣ .
By using Lemma 3.3 and the modulus of continuity, we get∣∣∣Kλn (ζ; y) − ζ(y)

∣∣∣ ≤ 2∥ζ − 1∥C[0,1] + δn(y)∥1′′∥C[0,1] + ω
(
ζ, (Kλn (e1; y) − y)

)
.

In light of Theorem 2.4 in [23], p.177, if we take the infimum over 1 ∈ C[0, 1], we obtain the result∣∣∣Kλn (ζ; y) − ζ(y)
∣∣∣ ≤ 2Cω2(ζ;

√
δn(y)) + ω(ζ;αn(y)).

Thus, we deduce the intended outcome.

Now, we give the Voronovskaja-type asymptotic theorem.

Theorem 3.5. For any ζ ∈ C2[0, 1], we have

lim
n→∞

n
(
Kλn (ζ; y) − ζ(y)

)
= ζ′(y)

1 − 2y
2
+ ζ′′(y)

y(1 − y)
2

,

uniformly on C[0, 1].
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Proof. Let y ∈ [0, 1] be fixed. According to Taylor formula, we have

ζ(t) = ζ(y) + ζ′(y)Ψ1(t, y) +
1
2
ζ′′(y)Ψ2(t, y) + ϵ(t, y)Ψ2(t, y)

where ϵ(t, y) represents the Peano form of the remainder. Since ϵ(·, y) ∈ C[0, 1], it is guaranteed that
limt→y ϵ(t, y) = 0.

Considering that Kλn is linear, we have

Kλn (ζ(t); y) = ζ(y)Kλn (e0; y) + ζ′(y)Kλn (Ψ1(t, y); y) +
1
2
ζ′′(y)Kλn (Ψ2(t, y); y) + Kλn (ϵ(t, y)Ψ2(t, y); y).

Lemma 2.3 allows us to acquire

Kλn (ζ(t); y) − ζ(y) =ζ′(y)
{

1 − 2y
2(n + 1)

+ λ
1 − yn+1

− (1 − y)n+1

(n + 1)2

}

+
1
2

f ′′(y)

 y(1 − y)
n + 1

+
1 − 6y + 6y2

3(n + 1)2 − λ
2y

(
yn
− yn+1

− (1 − y)n+1
)

(n + 1)2


+ Kλn (ϵ(t, y)Ψ2(t, y); y).

Following the application of Cauchy-Schwarz inequality to the final term of the right side, we obtain

lim
n→∞

n
{
Kλn (ϵ(t, y)Ψ2(t, y); y)

}
≤

√
lim
n→∞

Kλn (ϵ2(t, y); y)
√

lim
n→∞

n2 Kλn (Ψ4(t, y); y).

Since limn→∞ Kλn (ϵ2(t, y); y) = 0 and limn→∞ n2 Kλn (Ψ4(t, y); y) is finite because of Corollary 2.4, we get

lim
n→∞

n
{
Kλn (ϵ(t, y)Ψ2(t, y); y)

}
= 0.

Hence we conclude that

lim
n→∞

n(Kλn (ζ; y) − ζ(y)) = ζ′(y)
1 − 2y

2
+ ζ′′(y)

y(1 − y)
2

and the proof is completed.

4. Approximation of the bivariate tensor product operators

Let D = [0, 1] × [0, 1], we use the symbol C(D) to state the set of all real-valued continuous functions on
D. For ζ ∈ C(D), the usual norm is defined by

∥ζ∥C(D) = sup
(y,z)∈D

|ζ(y, z)|. (11)

Let us assume that

C2(D) =
{
ζ ∈ C(D) :

∂iζ

∂yi ,
∂iζ

∂zi ∈ C(D), i = 1, 2
}
.

For ζ ∈ C2(D), this space is equipped with the norm as follows:

∥ζ∥C2(D) = ∥ζ∥C(D) +

2∑
i=1

∥∥∥∥∥∥∂iζ

∂yi

∥∥∥∥∥∥
C(D)

+

∥∥∥∥∥∥∂iζ

∂zi

∥∥∥∥∥∥
C(D)

 .
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The usual modulus of continuity of ζ ∈ C(D) are given as follows:

ω(ζ, ξ) = sup
{
|ζ(s1, t1) − ζ(s2, t2)| : (s1, t1), (s2, t2) ∈ C(D),

√
(s1 − s2)2 + (t1 − t2)2 ≤ ξ

}
.

In addition, the Peetre’s K-functional of ζ ∈ C2(D) is given as follows:

K(ζ, ξ) = inf
{
∥ζ − 1∥C(D) + ξ∥1∥C2(D) : 1 ∈ C2(D)

}
,

where ξ > 0.
There exists a constant M > 0 such that

K(ζ, ξ) ≤M
{
ω2(ζ,

√
ξ) +min(1, ξ)∥ζ∥C2(D)

}
, (12)

where ω2 denotes the second order modulus of continuity of ζ ∈ C(D) (see [15]). The constant M is
independent of ζ and ξ.

For ζ ∈ C(D), (y, z) ∈ D, m,n ∈N and λ1, λ2 ∈ [−1, 1], we construct the following bivariate tensor product
operators,

Kλ1,λ2
m,n (ζ; y, z) = (m + 1)(n + 1)

m∑
i=0

n∑
j=0

bλ1
m,i(y)bλ2

n, j(z)
∫ i+1

m+1

i
m+1

∫ j+1
n+1

j
n+1

ζ(u, v)dudv, (13)

where bλ1
m,i(y) and bλ2

n, j(z) are defined in (5). We can say that the operators given in (13) are positive and linear.
Let ei j(s, t) = sit j, i, j ∈ {0, 1, ..., 4} andΨi j(s, t; y, z) = (s − y)i(t − z) j, i, j ∈ {0, 1, 2, 4}.

Lemma 4.1. For ζ ∈ C(D), (y, z) ∈ D, m,n ∈N and λ1, λ2 ∈ [−1, 1], the following equations are valid:

Kλ1,λ2
m,n (e00; y, z) = 1,

Kλ1,λ2
m,n (e10; y, z) = y +

1 − 2y
2(m + 1)

+ λ1
1 − ym+1

− (1 − y)m+1

(m + 1)2 ,

Kλ1,λ2
m,n (e01; y, z) = z +

1 − 2z
2(n + 1)

+ λ2
1 − zn+1

− (1 − z)n+1

(n + 1)2 ,

Kλ1,λ2
m,n (e11; y, z) = Kλ1,λ2

m,n (e10; y, z)Kλ1,λ2
m,n (e01; y, z),

Kλ1,λ2
m,n (e20; y, z) = y2 +

2y − 3y2

(m + 1)
+

1 − 6y + 6y2

3(m + 1)2 + λ1
2y(1 − ym)

(m + 1)2 ,

Kλ1,λ2
m,n (e02; y, z) = z2 +

2z − 3z2

(n + 1)
+

1 − 6z + 6z2

3(n + 1)2 + λ2
2z(1 − zn)
(n + 1)2 ,

Kλ1,λ2
m,n (e22; y, z) = Kλ1,λ2

m,n (e20; y, z)Kλ1,λ2
m,n (e02; y, z),

Kλ1,λ2
m,n (e30; y, z) = y3 +

9y2
− 12y3

2(m + 1)
+

7y − 27y2 + 22y3

2(m + 1)2 +
1 − 14y + 36y2

− 24y3

4(m + 1)3

+λ1

3y2
(
1 − ym−1

)
(m + 1)2 +

3y(1 − y)
(m + 1)3 +

1 − ym+1
− (1 − y)m+1

2(m + 1)4

 ,
Kλ1,λ2

m,n (e03; y, z) = z3 +
9z2
− 12z3

2(n + 1)
+

7z − 27z2 + 22z3

2(n + 1)2 +
1 − 14z + 36z2

− 24z3

4(n + 1)3

+λ2

3z2
(
1 − zn−1

)
(n + 1)2 +

3z(1 − z)
(n + 1)3 +

1 − zn+1
− (1 − z)n+1

2(n + 1)4

 ,
Kλ1,λ2

m,n (e40; y, z) = y4 +
8y3
− 10y4

m + 1
+

15y2
− 48y3 + 35y4

(m + 1)2 +
6y − 45y2 + 88y3

− 50y4

(m + 1)3
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+
1 − 30y + 150y2

− 240y3 + 120y4

5(m + 1)4 + λ1

4
(
y3
− ym+1

)
(m + 1)2 +

12y2(1 − y)
(m + 1)3

+
6y − 12y2 + 8y3

− 2ym+1

(m + 1)4

]
,

Kλ1,λ2
m,n (e04; y, z) = z4 +

8z3
− 10z4

n + 1
+

15z2
− 48z3 + 35z4

(n + 1)2 +
6z − 45z2 + 88z3

− 50z4

(n + 1)3

+
1 − 30z + 150z2

− 240z3 + 120z4

5(n + 1)4 + λ2

4
(
z3
− zn+1

)
(n + 1)2 +

12z2(1 − z)
(n + 1)3

+
6z − 12z2 + 8z3

− 2zn+1

(n + 1)4

]
.

Proof. Using Lemma 2.2 and the description of the bivariate operators in (13), İt is clear that the previously
mentioned equalities hold.

Corollary 4.2. Thanks to Lemma 4.1, the central moments of the operators Kλ1,λ2
m,n are given as follows:

Kλ1,λ2
m,n (Ψ10(s, t; y, z); y, z) =

1 − 2y
2(m + 1)

+ λ1
1 − ym+1

− (1 − y)m+1

(m + 1)2 ,

Kλ1,λ2
m,n (Ψ11(s, t; y, z); y, z) =Kλ1,λ2

m,n (Ψ10(s, t; y, z); y, z)Kλ1,λ2
m,n (Ψ01(s, t; y, z); y, z),

Kλ1,λ2
m,n (Ψ01(s, t; y, z); y, z) =

1 − 2z
2(n + 1)

+ λ2
1 − zn+1

− (1 − z)n+1

(n + 1)2 ,

Kλ1,λ2
m,n (Ψ20(s, t; y, z); y, z) =

y − y2

(m + 1)
+

1 − 6y + 6y2

3(m + 1)2 + λ1

[
2ym+2

− 2ym+1 + 2y(1 − y)m+1

(m + 1)2

]
,

Kλ1,λ2
m,n (Ψ02(s, t; y, z); y, z) =

z − z2

(n + 1)
+

1 − 6z + 6z2

3(n + 1)2 + λ2

[
2zn+2

− 2zn+1 + 2z(1 − z)n+1

(n + 1)2

]
,

Kλ1,λ2
m,n (Ψ40(s, t; y, z); y, z) =

3y2
− 6y3 + 3y4

(m + 1)2 +
5y − 31y2 + 52y3

− 26y4

(m + 1)3

+
1 − 30y + 150y2

− 240y3 + 120y4

5(m + 1)4

+ λ1

[
4y3(1 − y)m+1

− 4ym+1(1 − 3y + 3y2
− y3)

(m + 1)2

+
4y − 12y2 + 8y3

− 2y(ym + ym+1 + (1 − y)m+1)
(m + 1)4

]
,

Kλ1,λ2
m,n (Ψ04(s, t; y, z); y, z) =

3z2
− 6z3 + 3z4

(n + 1)2 +
5z − 31z2 + 52z3

− 26z4

(n + 1)3

+
1 − 30z + 150z2

− 240z3 + 120z4

5(n + 1)4

+ λ2

[
4z3(1 − z)n+1

− 4zn+1(1 − 3z + 3z2
− z3)

(n + 1)2

+
4z − 12z2 + 8z3

− 2z(zn + zn+1 + (1 − z)n+1)
(n + 1)4

]
.

Theorem 4.3. For any ζ ∈ C(D), we have

lim
m,n→∞

∥Kλ1,λ2
m,n (ζ; y, z) − ζ(y, z)∥C(D) = 0.
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Proof. Using Lemma 4.1 and the norm given in (11), for m,n→∞, we get

∥Kλ1,λ2
m,n (e00) − e00∥C(D) → 0;

∥Kλ1,λ2
m,n (e10) − e10∥C(D) → 0;

∥Kλ1,λ2
m,n (e01) − e01∥C(D) → 0;

∥Kλ1,λ2
m,n (e20 + e02) − (e20 + e02)∥C(D) → 0.

From the Volkov theorem [41], proof of the theorem is completed.

Now, we will show following Voronovskaja-type theorem for these operators’ asymptotic approxima-
tion.

Theorem 4.4. If ζ ∈ C2(D), then we get the following limit

lim
m→∞

m
[
Kλ1,λ2

m,m (ζ(s, t); y, z) − ζ(y, z)
]
= ζy(y, z)(

1
2
− y) + ζz(y, z)(

1
2
− z)

+
1
2

{
ζyy(y, z)(y − y2) + ζzz(y, z)(z − z2)

}
.

Proof. Using the Taylor formula for any (y, z) ∈ D, we obtain

ζ(s, t) = ζ(y, z) + ζy(y, z)Ψ10(s, t; y, z) + ζz(y, z)Ψ01(s, t; y, z)

+
1
2

[
ζyy(y, z)Ψ20(s, t; y, z) + 2ζyz(y, z)Ψ11(s, t; y, z) + ζzz(y, z)Ψ02(s, t; y, z)

]
+ ϕ(s, t; y, z)

√
Ψ40(s, t; y, z) +Ψ04(s, t; y, z)

(14)

for (s, t) ∈ D, where ϕ(., .; y, z) ∈ C(D) and ϕ(s, t; y, z)→ 0 when (s, t)→ (y, z).
If we apply the Kλ1,λ2

m,m on (14), we yield

Kλ1,λ2
m,m (ζ(s, t); y, z)

= ζ(y, z) + ζy(y, z)Kλ1,λ2
m,m (Ψ10(s, t; y, z) : y, z) + ζz(y, z)Kλ1,λ2

m,m (Ψ01(s, t; y, z); y, z)

+
1
2

[
ζyy(y, z)Kλ1,λ2

m,m (Ψ20(s, t; y, z); y, z) + 2ζyz(y, z)Kλ1,λ2
m,m (Ψ11(s, t; y, z); y, z)

+ζzz(y, z)Kλ1,λ2
m,m (Ψ02(s, t; y, z); y, z)

]
+ Kλ1,λ2

m,m (ϕ(s, t; y, z)
√

(Ψ40(s, t; y, z) +Ψ04(s, t; y, z); y, z).

Upon applying the Cauchy-Schwarz inequality to

Kλ1,λ2
m,m (ϕ(s, t; y, z)

√
(Ψ40(s, t; y, z) +Ψ04(s, t; y, z); y, z),

we have

m
∣∣∣∣Kλ1,λ2

m,m (ϕ(s, t; y, z)
√

(Ψ40(s, t; y, z) +Ψ04(s, t; y, z); y, z)
∣∣∣∣

≤

√
Kλ1,λ2

m,m (ϕ2(s, t; y, z); y, z)
√

m2
{
Kλ1,λ2

m,m (Ψ40(s, t; y, z); y, z) + Kλ1,λ2
m,m (ϕ(Ψ04(s, t; y, z); y, z)

}
.

Taking into account Theorem 4.3 and ϕ(·, ·; y, z) ∈ C(D), we have ϕ(s, t; y, z) → 0 when (s, t) → (y, z). Then,
we yield

lim
m→∞

Kλ1,λ2
m,m (ϕ2(s, t; y, z); y, z) = 0,

uniformly on D.
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Intercalarily, from Corollary 4.2, we obtain that

lim
m→∞

m2Kλ1,λ2
m,m (Ψ40(s, t; y, z); y, z) = 3y2(1 − y)2,

lim
m→∞

m2Kλ1,λ2
m,m (Ψ04(s, t; y, z); y, z) = 3z2(1 − z)2.

Hence,

lim
m→∞

m
{
Kλ1,λ2

m,m

(
ϕ(s, t; y, z)

√
Ψ40(s, t; y, z) +Ψ04(s, t; y, z); y, z

)}
= 0. (15)

By Corollary 4.2, we obtain

lim
m→∞

m
(
Kλ1,λ2

m,m (Ψ11(s, t; y, z); y, z)
)
= 0. (16)

Thanks to (15), (16), and Corollary 4.2, the proof of theorem is made as follows:

lim
m→∞

m
{
Kλ1,λ2

m,m
(
ζ(s, t); y, z

)
− ζ(y, z)

}
=ζy(y, z)(

1
2
− y) + ζz(y, z)(

1
2
− z) +

1
2

{
ζyy(y, z)(y − y2) + ζzz(y, z)(z − z2)

}
.

Theorem 4.4 is proved.

Theorem 4.5. Let ζ ∈ C2(D), then we obtain the following inequality:

∣∣∣Kλ1,λ2
m,n

(
ζ(s, t); y, z

)
− ζ(y, z)

∣∣∣ ≤M

ω2

ζ;
√

Sm,n(y, z)
2

 +min
(
1,

Sm,n(y, z)
4

)
∥ζ∥C2(D)

 + ω(ζ; ξm,n(y, z)),

where M > 0 is a constant, and it is independent of ζ and ξm,n.

Proof. We take advantage of the auxiliary operators defined by

Kλ1,λ2
m,n

(
ζ(s, t); y, z

)
= Kλ1,λ2

m,n
(
ζ(s, t); y, z

)
+ ζ(y, z) − ζ

(
Kλ1,λ2

m,n (e10(s, t); y, z),Kλ1,λ2
m,n (e01(s, t); y, z)

)
.

From Lemma 4.1, we yield

Kλ1,λ2
m,n (e00; y, z) = 1,

Kλ1,λ2
m,n (Ψ10(s, t; y, z); y, z) = 0,

Kλ1,λ2
m,n (Ψ01(s, t; y, z); y, z) = 0.

Now, let ζ ∈ C2(D) and (s, t) ∈ D. By the Taylor formula, we can obtain

ζ(s, t) − ζ(y, z) =
∂ζ(y, z)
∂y

Ψ10(s, t; y, z) +
∫ s

y
Ψ10(s, t; u, z)

∂2ζ(u, z)
∂u2 du

+
∂ζ(y, z)
∂z

Ψ01(s, t; y, z) +
∫ t

z
Ψ01(s, t; y, v)

∂2ζ(y, v)
∂v2 dv.

(17)
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If we operate Kλ1,λ2
m,n on the Taylor formula given in (17), we obtain

Kλ1,λ2
m,n (ζ(s, t); y, z) − ζ(y, z)Kλ1,λ2

m,n (e00(s, t); y, z)

=
∂ζ(y, z)
∂y

Kλ1,λ2
m,n (Ψ10(s, t; y, z); y, z) + Kλ1,λ2

m,n

(∫ s

y
Ψ10(s, t; u, z)

∂2ζ(u, z)
∂u2 du ; y, z

)
+
∂ζ(y, z)
∂z

Kλ1,λ2
m,n (Ψ01(s, t; y, z); y, z) + Kλ1,λ2

m,n

(∫ t

z
Ψ01(s, t; y, v)

∂2ζ(y, v)
∂v2 dv ; y, z

)
= Kλ1,λ2

m,n

(∫ s

y
Ψ10(s, t; u, z)

∂2ζ(u, z)
∂u2 du ; y, z

)
−

∫ Kλ1 ,λ2
m,n (e10(s,t);y,z)

y

(
Kλ1,λ2

m,n (e10(s, t); y, z) − u
) ∂2ζ(u, z)
∂u2 du

+ Kλ1,λ2
m,n

(∫ t

z
Ψ01(s, t; y, v)

∂2ζ(y, v)
∂v2 dv ; y, z

)
−

∫ Kλ1 ,λ2
m,n (e01(s,t);y,z)

z

(
Kλ1,λ2

m,n (e01(s, t); y, z) − v
) ∂2ζ(y, v)
∂v2 dv,

so we get∣∣∣∣Kλ1,λ2
m,n (ζ(s, t); y, z) − ζ(y, z)

∣∣∣∣
≤ Kλ1,λ2

m,n

(∫ s

y
|Ψ10(s, t; u, z)|

∣∣∣∣∣∣∂2ζ(u, z)
∂u2

∣∣∣∣∣∣ du ; y, z
)
+

∫ Kλ1 ,λ2
m,n (e10(s,t);y,z)

y

∣∣∣Kλ1,λ2
m,n (e10(s, t); y, z) − u

∣∣∣ ∣∣∣∣∣∣∂2ζ(u, z)
∂u2

∣∣∣∣∣∣ du

+ Kλ1,λ2
m,n

(∫ t

z
|Ψ01(s, t; y, v)|

∣∣∣∣∣∣∂2ζ(y, v)
∂v2

∣∣∣∣∣∣ dv ; y, z
)
+

∫ Kλ1 ,λ2
m,n (e01(s,t);y,z)

z

∣∣∣Kλ1,λ2
m,n (e01(s, t); y, z) − v

∣∣∣ ∣∣∣∣∣∣∂2ζ(y, v)
∂v2

∣∣∣∣∣∣ dv

≤
∥ζ∥C2(D)

2

{
Kλ1,λ2

m,n (Ψ20(s, t; y, z); y, z) +
[
Kλ1,λ2

m,n (e10(s, t); y, z) − y
]2

+Kλ1,λ2
m,n (Ψ02(s, t; y, z); y, z) +

[
Kλ1,λ2

m,n (e01(s, t); y, z) − z
]2
}
.

Let ξm,n(y, z) =
√[

Kλ1,λ2
m,n (e10(s, t); y, z) − y

]2
+

[
Kλ1,λ2

m,n (e01(s, t); y, z) − z
]2

, γm(y) =
√

Kλ1,λ2
m,n (Ψ20(s, t; y, z); y, z),

and γn(z) =
√

Kλ1,λ2
m,n (Ψ02(s, t; y, z); y, z). If we choose

Sm,n(y, z) = γ2
m(y) + γ2

n(z) + ξ2
m,n(y, z),

then we get∣∣∣∣Kλ1,λ2
m,n (ζ(s, t); y, z) − ζ(y, z)

∣∣∣∣ ≤ ∥ζ∥C2(D)

2
Sm,n(y, z). (18)

By the inequality (18), we reach the following result∣∣∣Kλ1,λ2
m,n (ζ(s, t); y, z) − ζ(y, z)

∣∣∣ = ∣∣∣∣Kλ1,λ2
m,n ((ζ − 1)(s, t); y, z) − (ζ − 1)(y, z)

∣∣∣∣ + ∣∣∣∣Kλ1,λ2
m,n (1(s, t); y, z) − 1(y, z)

∣∣∣∣
+

∣∣∣∣ζ (Kλ1,λ2
m,n (e10(s, t); y, z),Kλ1,λ2

m,n (e01(s, t); y, z)
)
− ζ(y, z)

∣∣∣∣
≤ 2∥ζ − 1∥C(D) +

∥ζ∥C2(D)

2
Sm,n(y, z) + ω(ζ; ξm,n(y, z)).

Firstly, if we take over infimum on 1 ∈ C2(D) and secondly use the inequality given in (12), we obtain∣∣∣Kλ1,λ2
m,n (ζ(s, t); y, z) − ζ(y, z)

∣∣∣ ≤ 2K
(
ζ;

Sm,n(y, z)
4

)
+ ω(ζ; ξm,n(y, z))

≤M

ω2

ζ;
√

Sm,n(y, z)
2

 +min
(
1,

Sm,n(y, z)
4

)
∥ζ∥C2(D)

 + ω(ζ; ξm,n(y, z)),
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which provides the evidence.

5. Graphical analysis

In this section, we present some numerical examples to illustrate the convergence properties of the
modified λ-Bernstein-Kantorovich operators Kλn (ζ; y), we also compare the convergence effect with that of
λ-Bernstein-Kantorovich operators K̃λn (ζ; y) and the classical Bernstein-Kantorovich operators Kn(ζ; y). In
accordance with this purpose, we choose some functions and test its convergence behavior for different
parameters. All experimental algorithms are coded using MATLAB R2019b.

Example 5.1. We take the test function ζ(y) = 1 − cos (4ey). The graphs of Kλn (ζ; y) with n = 10 and λ = −1, 0, 1
are shown in Figure 1. In Figure 2, we fix λ = −1, operators K−1

n (ζ; y) with n = 10, 50, 100 and ζ(y) are shown. It
can be seen from Figure 2 that with the increase of n, the convergence effect of the operator on ζ(y) is getting better and
better. For comparison with λ-Bernstein-Kantorovich operators and the classical form, Figure 3 shows the absolute
error of Kλn (ζ; y), K̃λn (ζ; y) and Kn(ζ; y) with n = 10, λ = 1 on ζ(y).

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.5

1

1.5

2

Figure 1: The convergence of K−1
10 (ζ; y), K0

10(ζ; y), K1
10(ζ; y) to ζ(y)
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Figure 2: The convergence of K−1
10 (ζ; y), K−1

50 (ζ; y), K−1
100(ζ; y) to ζ(y)
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Figure 3: Comparison of errors for K1
10(ζ), K̃1

10(ζ) and K10(ζ) to ζ

Example 5.2. Taking function ζ(y) = 3y6
−2

y5+1 , Figure 4 and Figure 5 respectively show the approximation performance
of the operator when n is fixed and λ takes different values, and the approximation error representation when n takes
10 and λ takes 1.
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Figure 4: The convergence of K−1
10 (ζ; y), K0

10(ζ; y) and K1
10(ζ; y) to ζ(y)
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Figure 5: Comparison of errors for K1
10(ζ), K̃1

10(ζ) and K10(ζ) to ζ

Example 5.3. We take the piecewise continuous function ζ3(y) =


4y, 0 ≤ y ≤ 0.2,

4(1 + y)/3, 0.2 < y ≤ 0.5,
4(2 − y)/3, 0.5 < y ≤ 0.8,

8(1 − y), 0.8 < y ≤ 1

as the test function,

Figure 6 and Figure 7 respectively show the approximation effect of the operator to the function ζ3(y) when λ is fixed
and n takes different values, and the approximation error of the operator to the function ζ3(y) when n = 10 and λ = 1.
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Figure 6: The convergence of K−1
10 (ζ3; y), K−1

50 (ζ3; y) and K−1
100(ζ3; y) to ζ3(y)
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Figure 7: Comparison of errors for K1
10(ζ3), K̃1

10(ζ3) and K10(ζ3) to ζ3

Example 5.4. Now, we take the test function ζ(y) = (y − 0.5) sin(πy), Figure 8 shows the convergence of the oper-
ator with different values of n when λ = −1, and Figure 9 shows the error graph of the operator with respect to the
approximated function when n = 10 and λ = 1.
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Figure 8: The convergence of K−1
10 (ζ; y), K−1

50 (ζ; y) and K−1
100(ζ; y) to ζ(y)



Q.-B. Cai et al. / Filomat 39:5 (2025), 1437–1456 1453

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

Figure 9: Comparison of errors for K1
10(ζ), K̃1

10(ζ) and K10(ζ) to ζ

Example 5.5. Finally, for the test function of binary operators, we choose ζ(y, z) = sin(4y) + cos(7z), Figure 10
and Figure 11 respectively show the approximation behavior of binary operators on function ζ(y, z) and the partial
representation display.

Figure 10: The convergence of K1,1
5,5(ζ; y, z), K̃1,1

5,5(ζ; y, z) and K5,5(ζ; y, z) to ζ(y, z)
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Figure 11: A partial representation of Figure 10

Judging by the performance of above numerical examples, it should be said that the convergence
behavior of the newly defined operators and the original λ-Bernstein-Kantorovich type operators has
advantages depending on the value of λ, but the newly defined operators will be simpler in form than the
original ones.

6. Conclusion

This study explores a kind of modified λ-Bernstein-Kantorovich operators adopting the new λ-Bézier
basis. It covers various aspects of the newly defined operators, including approximation properties,
convergence rate and Voronovskaja-type asymptotic formula. The adaptability and convergence of the
proposed operators are vital aspects of the study and depend on the choice of parameter λ. It explores
how different values of λ impacts the performance of operators. The graphs are also used to dream up
the performance of operators under various selections of n and λ. Graphs provide a more instinctive
understanding of how λ affects the behavior of proposed operators.

Acknowledgement

We thank Fujian Provincial Key Laboratory of Data-Intensive Computing, Fujian University Laboratory of Intelli-
gent Computing and Information Processing and Fujian Provincial Big Data Research Institute of Intelligent Manufac-
turing of China.

References

[1] T. Acar, M. Bodur, E. Isikli, Bivariate Bernstein Chlodovsky Operators Preserving Exponential Functions and Their Convergence
Properties., Numer. Func. Anal. Opt. 45(1) (2024) 16-37.

[2] A. M. Acu, N. Manav, S. Sofonea, Approximation properties of λ-Kantorovich operators, J. Inequal. Appl. (2018) 2018: 202.
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[11] S. N. Bernstein, Démonstration du théorème de Weierstrass fondée sur la calcul des probabilités, Comm. Soc. Math. Charkow
Sér. 2 t. 13 (1912) 1-2.

[12] S. Berwal, S. A. Mohiuddine, A. Kajla, A. Alotaibi, Approximation by Riemann-Liouville type fractional α-Bernstein-Kantorovich
operators, Math. Meth. Appl. Sci. 47 (2024) 8275-8288.

[13] R. Bojanic, F. Cheng, Rate of convergence of Bernstein polynomials for functions with derivatives of bounded variation, J. Math.
Anal. Appl. 141 (1989) 136-151.

[14] N. L. Braha, T. Mansour, M. Mursaleen, T. Acar, Convergence of λ Bernstein operators via power series summability method, J.
Appl. Math. Comput. 65 (2020) 125-146.

[15] P. L. Butzer, H. Berens, Semi-Groups of Operators and Approximation. New York:Springer, 1967.
[16] Q. -B. Cai, B. -Y. Lian, G. Zhou, Approximation properties of λ-Bernstein operators, J. Inequal. Appl. (2018) 2018: 61.
[17] Q. -B. Cai, On (p, q)-analogue of modified Bernstein-Schurer operators for functions of one and two variables, J. Appl. Math.

Comput. 54 (2017) 1-21.
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