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Abstract. This research work is the study of two dimensional α-Modified Bernstein sequence of operators.
Further, to investigate various approximation results in the space of two dimensional continuous functions
in terms of these sequence of operators. Next, we estimate some lemmas in terms of test functions and
central moments. In subsequent sections, uniform convergence and order of approximation are studied.
Moreover, we prove local approximation results in view of Lipschitz maximal functions. In the last section,
approximation results in Bögel-spaces are discussed with the help of mixed-modulus of continuity.

1. Introduction

Approximation theory indeed plays a vital role across various disciplines, providing a framework to
represent a complex functions with simple ones. Its applications span from mathematics to engineering,
including fields like computational science, data analysis, and computer graphics. In computational aspects,
approximation theory aids in describing geometric spaces and solving differential equations. It forms the
backbone of numerical analysis, where it helps in devising algorithms for solving mathematical problems
numerically. Moreover, in applied mathematics, approximation theory contributes to areas like control
theory, where control points and control nets are utilized to study of parametric curves and surfaces. These
concepts are fundamental in designing control systems for various engineering applications ([1], [2]). In
recent years, with the rise of artificial intelligence, data science and machine learning, approximation theory
has found new applications. Techniques from approximation theory are employed in developing algorithms
for data analysis, pattern recognition and predictive modeling. They form the basis for constructing models
that can approximate complex relationships within data sets. Furthermore, in computer graphics and
computer algebra systems, approximation theory is indispensable. It enables the represntation of curves
and surfaces using simpler mathematical constructs, facilitating task like rendering realistic images and
solving symbolic equations efficiently. Many scientists in medical sciences are also working in terms of
these sequences of ([3], [4], [5]).
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In 1912, Bernstein [6] was the first who presented a sequence of polynomials using probabilities tools,
i.e., binomial distribution named as Bernstein polynomials or Bernstein operators:

Bs(1; u) =
s∑
ν=0

ps,ν(u)1
(
ν
s

)
, s ∈N, (1)

where ps,ν(u) =
(s
ν

)
uν(1 − u)ν−s. He found that Bs(1; .) ⇒ 1 for every bounded function 1 ∈ C[0, 1] where

⇒ denotes the convergence is uniform. In recent past, several researchers, e.1., Mursaleen et al. ([7], [8]),
Nasiruzamman et al. [9], Acar et al. ([10], [11]), Mohiuddine et al. ([13], [14], [15]), Acu et al. [16], Aslan et
al. [12], İçöz et al. ([17]), [18]), Özger et al. ([19], [20]), Ayman et al. [21], Cai et al. ([22], [23]), Cicek et al.
[24] and Rao et al. ([25], [26], [27]) introduced new variants in Bernstein operators given in (1) to investigate
the better approximation order and rapidity of convergence in various functional spaces in view of different
generating functions.

In the recent past, Usta [28] proposed a new generalisation of Bernstein operators as:

Bs(1; u) =
1
s

s∑
ν=0

(ν − su)2uν−1(1 − u)s−ν−11

( s
ν

)
. (2)

He proved some results for uniform convergence for the continuous functions and introduce Voronovskaja
type result to estimate covergence speed for the first and second times differentiable functions. Further, to
approximate in Lebesgue measurable space, Senapati et al. [29] constructed a Kantorovich version of the
operators (2) as follows:

K∗s(1,u) =
s + 1

s

s∑
ν=0

(ν − su)2uν−1(1 − u)s−ν−1
∫ ν+1

s+1

ν
s+1

1(t)dt. (3)

Remark 1.1. The sequence of operators presented in (3) are restricted for univariate functions only. Motivated with
the above litrature, we present a bi-variate sequence of operators to discuss approximation results for the space of
bivariate functions in Lebesgue sence in the subsequent sections.

2. Construction of modified α- Bernstein bi-Variate Operators

Consider I2 = {(u1,u2) : 0 < u1 < 1, 0 < u2 < 1} and C
(
I

2
)

is the class of all continuous functions on I2

equipped with the norm

||1||C(I2) = sup
(u1,u2)∈I2

|1(u1,u2)|.

Then, for all 1 ∈ C
(
I

2
)

and s1, s2 ∈ N, we construct a new sequence of bi-variate α-modified Bernstein
operators as follows:

Ms1,s2 (1; u1,u2) =
s1∑
ν1=0

s2∑
ν2=0

P1(s1,u1)P2(s2,u2)
∫ ν1+1

s1+1

ν1
s1+1

∫ ν2+1
s2+1

ν2
s2+1

1(t1, t2)dt1dt2, (4)

where

Pi(si,ui) =
si+1

si

(
si

νi

)
(νi − siui)2uνi−1

i (1 − ui)si−νi−1. (5)

Lemma 2.1. [29] Let ei(t) = ti, i = 0, 1, 2. Then, for the operators (3), we have

K∗s(e0; u) = 1,
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K∗s(e1; u) =
( s − 2

s + 1

)
u +

3
2(s + 1)

,

K∗s(e2; u) =

(
s2
− 7s + 6

(s + 1)2

)
u2 +

(
6s − 8

(s + 1)2

)
u +

7
3(s + 1)2 .

Lemma 2.2. Let ei, j(u1,u2) = ui
1u j

2 be two dimensional test functions. Then, for the operator (4), we have

M∗

s1,s2
(e0,0; u1,u2) = 1,

M∗

s1,s2
(e1,0; u1,u2) =

( s1 − 2
s1 + 1

)
u1 +

3
2(s1 + 1)

,

M∗

s1,s2
(e0,1; u1,u2) =

( s2 − 2
s2 + 1

)
u2 +

3
2(s2 + 1)

,

M∗

s1,s2
(e2,0; u1,u2) =

 s2
1 − 7s1 + 6

(s1 + 1)2

 u2
1 +

(
6s1 − 8

(s1 + 1)2

)
u1 +

7
3(s1 + 1)2 ,

M∗

s1,s2
(e0,2; u1,u2) =

(
s2

2 − 7s2 + 6

(s2 + 1)2

)
u2

2 +

(
6s2 − 8

(s2 + 1)2

)
u2 +

7
3(s2 + 1)2 .

Proof. In the light of Lemma (2.1) and linearity property, we have

M∗

s1,s2
(e0,0; u1,u2) = M∗

s1,s2
(e0; u1,u2)M∗

s1,s2
(e0; u1,u2),

M∗

s1,s2
(e1,0; u1,u2) = M∗

s1,s2
(e1; u1,u2)M∗

s1,s2
(e0; u1,u2),

M∗

s1,s2
(e0,1; u1,u2) = M∗

s1,s2
(e0; u1,u2)M∗

s1,s2
(e1; u1,u2),

M∗

s1,s2
(e1,1; u1,u2) = M∗

s1,s2
(e1; u1,u2)M∗

s1,s2
(e1; u1,u2),

M∗

s1,s2
(e2,0; u1,u2) = M∗

s1,s2
(e2; u1,u2)M∗

s1,s2
(e0; u1,u2),

M∗

s1,s2
(e0,2; u1,u2) = M∗

s1,s2
(e0; u1,u2)M∗

s1,s2
(e2; u1,u2),

which proves Lemma (2.2).

Lemma 2.3. [29] The central moments for the operators (3) are evaluated as:

K∗s((t − u)0; u) = 1,

K∗s((t − u)1; u) =
3

s + 1

(1
2
− u

)
,

K∗s((t − u)2; u) =

(
11 − 3s
(s + 1)2

)
u2 +

(
3s − 11
(s + 1)2

)
u +

7
3(s + 1)2 .

Lemma 2.4. LetΨi, j
u1,u2

(t1, t2) = ηi, j(t1, t2) = (t1 − u1)i(t2 − u2) j, (i, j) ∈ {(0, 0), (0, 1), (1, 0), (1, 1), (0, 2), (2, 0)} be the
central moments functions. Then, for the operators M∗

s1,s2
(.; ., .) introduced by (4) satisfies the following identities, for

M∗

s1,s2
(η0,0; u1,u2) = 1,

M∗

s1,s2
(η1,0; u1,u2) =

3
s1 + 1

(1
2
− u1

)
,

M∗

s1,s2
(η0,1; u1,u2) =

3
s2 + 1

(1
2
− u2

)
,

M∗

s1,s2
(η2,0; u1,u2) =

{
11 − 3s1

(s1 + 1)2

}
u2

1 +

{
3s1 − 11
(s1 + 1)2

}
+

7
3(s1 + 1)2 ,

M∗

s1,s2
(η0,2; u1,u2) =

{
11 − 3s2

(s2 + 1)2

}
u2

2 +

{
3s2 − 11
(s2 + 1)2

}
+

7
3(s2 + 1)2 .
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Proof. In the light of Lemma (2.4) and linearity property, we have

M∗

s1,s2
(η0,0; u1,u2) = M∗

s1,s2
(η0; u1,u2)M∗

s1,s2
(η0; u1,u2),

M∗

s1,s2
(η1,0; u1,u2) = M∗

s1,s2
(η1; u1,u2)M∗

s1,s2
(η0; u1,u2),

M∗

s1,s2
(η0,1; u1,u2) = M∗

s1,s2
(η0; u1,u2)M∗

s1,s2
(η1; u1,u2),

M∗

s1,s2
(η2,0; u1,u2) = M∗

s1,s2
(η2; u1,u2)M∗

s1,s2
(η0; u1,u2),

M∗

s1,s2
(η0,2; u1,u2) = M∗

s1,s2
(η0; u1,u2)M∗

s1,s2
(η2; u1,u2),

which proves Lemma (2.4).

Lemma 2.5. For all (u1,u2) ∈ I2 and sufficiently large s1, s2 ∈N the operators M∗
s1,s2

(. ; .) given by (4) satisfy

(1) M∗

s1,s2
(Ψ2,0

u1,u2
; u1,u2) = o

( 1
s1

)
(u1 + 1)2

≤ C1(u1 + 1)2 as s1, s2 →∞,

(2) M∗

s1,s2
(Ψ0,2

u1,u2
; u1,u2) = o

( 1
s2

)
(u2 + 1)2

≤ C2(u2 + 1)2 as s1, s2 →∞,

(3) M∗

s1,s2
(Ψ4,0

u1,u2
; u1,u2) = o

 1
s2

1

 (u1 + 1)4
≤ C3(u1 + 1)4 as s1, s2 →∞,

(4) M∗

s1,s2
(Ψ0,4

u1,u2
; u1,u2) = o

(
1
s2

2

)
(u2 + 1)4

≤ C4(u2 + 1)4 as s1, s2 →∞.

For any 1 ∈ C(I2) and δ > 0 modulus of continuity of order second is given by

ω
(
1; δs1 , δs2

)
= sup{| 1(t, s) − 1(u1,u2) |: (t, s), (u1,u2) ∈ I2

},

with | t − u1 |≤ δs1 , | s − u2 |≤ δs2 with the partial modulus of continuity defined as:

ω1
(
1; δs1

)
= sup

0<u2<1
sup

|x1−x2 |≤δs1

{| 1(x1,u2) − 1(x2,u2) |},

ω2
(
1; δs2

)
= sup

0<u1<1
sup

|x1−x2 |≤δs2

{| 1(u1, x1) − 1(u1, x2) |}.

Theorem 2.6. For any 1 ∈ C(I2) we have

|M∗

s1,s2
(1; u1,u2) − 1(u1,u2) |≤ 2

(
ω1(1; δs1 ) + ω2(1; δs2 )

)
.

Proof. In order to give the proof of Theorem 2.6, in general, we use well-known Cauchy-Schwarz inequality.
Thus, we see that

|M∗

s1,s2
(1; u1,u2) − 1(u1,u2) |

≤ M∗

s1,s2

(
| 1(t, s) − 1(u1,u2) |; u1,u2

)
≤ M∗

s1,s2

(
| 1(t, s) − 1(u1, s) |; u1,u2

)
+ M∗

s1,s2

(
| 1(u1, s) − 1(u1,u2) |; u1,u2

)
≤ M∗

s1,s2

(
ω1(1; | t − u1 |); u1,u2

)
+M∗

s1,s2

(
ω2(1; | s − u2 |); u1,u2

)
≤ ω1(1; δs1 )

(
1 + δ−1

s1
M∗

s1,s2
(| t − u1 |; u1,u2)

)
+ ω2(1; δs2 )

(
1 + δ−1

s2
M∗

s1,s2
(| s − u2 |; u1,u2)

)
≤ ω1(1; δs1 )

(
1 +

1
δs1

√
M∗

s1,s2
((t − u1)2; u1,u2)

)
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+ ω2(1; δs2 )
(
1 +

1
δs2

√
M∗

s1,s2
((s − u2)2; u1,u2)

)
.

If we choose δ2
s1
=M∗

s1,s2
((t − u1)2; u1,u2) and δ2

s2
=M∗

s1,s2
((s − u2)2; u1,u2), then we easily to reach our desired

results.

Here, we find convergence in terms of the Lipschitz class for bivariate function. For M > 0 andρ1, ρ2 ∈ [0,∞),
Lipschitz maximal function space on E × E ⊂ I2 defined by

Lρ1,ρ2 (E × E) =
{
1 : sup(1 + t)ρ1 (1 + s)ρ2

(
1ρ1,ρ2 (t, s) − 1ρ1,ρ2 (u1,u2)

)
≤ M

1
(1 + u1)ρ1

1
(1 + u2)ρ2

}
,

where 1 is continuous and bounded on I2, and

1ρ1,ρ2 (t, s) − 1ρ1,ρ2 (u1,u2) =
{
| 1(t, s) − 1(u1,u2) |
| t − u1 |

ρ1 | s − u2 |
ρ2

; (t, s), (u1,u2) ∈ I2

}
. (6)

Theorem 2.7. Let 1 ∈ Lρ1,ρ2 (E × E). Then, for any ρ1, ρ2 ∈ [0,∞), there exists M > 0 such that

|M∗

s1,s2
(1; u1,u2) − 1(u1,u2) |

≤ M
{(

(d(u1,E))ρ1 +
(
δ2

s1

) ρ1
2
)(

(d(u2,E))ρ2 +
(
δ2

s2

) ρ2
2
)

+ (d(u1,E))ρ1 (d(u2,E))ρ2

}
,

where δs1 and δs2 defined by Theorem 2.6.

Proof. Take | u1 − x0 |= d(u1,E) and | y2 − y0 |= d(u2,E). For any (u1,u2) ∈ I2, and (x0, y0) ∈ E × E we let
d(u1,E) = inf{| u1 − u2 |: u2 ∈ E}. Thus, we can write here

| 1(t, s) − 1(u1,u2) |≤M | 1(t, s) − 1(x0, y0) | + | 1(x0, y0) − 1(u1,u2) | . (7)

Apply M∗
s1,s2

(.; ., .), we obtain

|M∗

s1,s2
(1; u1,u2) − 1(u1,u2) |

≤ M∗

s1,s2

(
| 1(u1,u2) − 1(x0, y0) | + | 1(x0, y0) − 1(u1,u2) |

)
≤ MM∗

s1,s2

(
| t − x0 |

ρ1 | s − y0 |
ρ2 ; u1,u2

)
+M | u1 − x0 |

ρ1 | u2 − y0 |
ρ2 .

For all A,B ≥ 0 and ρ ∈ [0,∞) we know inequality (A + B)ρ ≤ Aρ + Bρ, thus

| t − x0 |
ρ1≤| t − u1 |

ρ1 + | u1 − x0 |
ρ1 ,

| s − y0 |
ρ1≤| s − y2 |

ρ2 + | u2 − y0 |
ρ2 .

Therefore

|M∗

s1,s2
(1; u1,u2) − 1(u1,u2) | ≤ MM∗

s1,s2

(
| t − u1 |

ρ1 | s − y2 |
ρ2 ; u1,u2

)
+ M | u1 − x0 |

ρ1 M∗

s1,s2
(| s − u2 |

ρ2 ; u1,u2)
+ M | u2 − y0 |

ρ2 M∗

s1,s2
(| t − u1 |

ρ1 ; u1,u2)
+ 2M | u1 − x0 |

ρ1 | y2 − y0 |
ρ2 M∗

s1,s2

(
ν0,0; u1,u2

)
.

On apply Hölder inequality on M∗
s1,s2

, we get

M∗

s1,s2
(| t − u1 |

ρ1 | s − u2 |
ρ2 ; u1,u2)
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= U
α1
n1,k

(| t − u1 |
ρ1 ; u1,u2)Vα2

n2,l
(| s − u2 |

ρ2 ; u1,u2)

≤

(
M∗

s1,s2
(| t − u1 |

2; u1,u2)
) ρ1

2
(
M∗

s1,s2
(ν0,0; u1,u2)

) 2−ρ1
2

×

(
M∗

s1,s2
(| s − u2 |

2; u1,u2)
) ρ2

2
(
M∗

s1,s2
(ν0,0; u1,u2)

) 2−ρ2
2 .

Thus, we can obtain

|M∗

s1,s2
(1; u1,u2) − 1(u1,u2) |

≤ M
(
δ2

s1

) ρ1
2
(
δ2

s2

) ρ2
2
+ 2M (d(u1,E))ρ1 (d(u2,E))ρ2

+ M (d(u1,E))ρ1
(
δ2

n2,y2

) ρ2
2
+ L (d(u2,E))ρ2

(
δ2

s1

) ρ1
2 .

We have complete the proof.

Theorem 2.8. Let 1 ∈ C′(I2). Then, for all (u1,u2) ∈ I2, operator M∗
s1,s2

(.; ., .) satisfying

|M∗

s1,s2
(1; u1,u2) − 1(u1,u2) |≤∥ 1u1 ∥C(I2)

(
δ2

s1

) 1
2
+ ∥ 1u2 ∥C(I2)

(
δ2

s2

) 1
2 ,

where δs1 and δs2 are defined by Theorem 2.6.

Proof. Let 1 ∈ C′(I2), and for any fixed (u1,u2) ∈ I2, we have

1(t, s) − 1(u1,u2) =

∫ t

u1

1ϱ(ϱ, s)dϱ +
∫ s

y2

1ν(u1, ν)dν.

On apply M∗
s1,s2

(.; ., .)

M∗

s1,s2

(
1(t, s); u1,u2

)
− 1(u1,u2) = M∗

s1,s2

(∫ t

u1

1ϱ(ϱ, s)dϱ; u1,u2

)
+M∗

s1,s2

(∫ s

u2

1ν(u1, ν)dν; u1,u2

)
.

From the sup-norm on I2 we can see that

|

∫ t

u1

1ϱ(ϱ, s)dϱ |≤
∫ t

u1

| 1ϱ(ϱ, s)dϱ |≤∥ 1u1 ∥C(I2)| t − u1 | (8)

|

∫ s

y2

1ν(u1, ν)dν |≤
∫ s

y2

| 1ν(u1, ν)dν |≤∥ 1y2 ∥C(I2)| s − y2 | . (9)

In the view of (8), (8) and (9) we can obtain

|M∗

s1,s2

(
1(u1,u2); u1,u2

)
− 1(u1,u2) |

≤ M∗

s1,s2

(∣∣∣∣∣ ∫ t

u1

1ϱ(ϱ, s)dϱ
∣∣∣∣∣; u1,u2

)
+ M∗

s1,s2

(∣∣∣∣∣ ∫ s

y2

1ν(u1, ν)dν
∣∣∣∣∣; u1,u2

)
≤ ∥ 1u1 ∥C(I2) M∗

s1,s2
(| t − u1 |; u1,u2)

+ ∥ 1u2 ∥C(I2) M∗

s1,s2
(| s − u2 |; u1,u2)

≤ ∥ 1u1 ∥C(I2)

(
M∗

s1,s2
((t − u1)2; u1,u2)M∗

s1,s2
(1; u1,u2)

) 1
2

+ ∥ 1u2 ∥C(I2)

(
M∗

s1,s2
((s − u2)2; u1,u2)M∗

s1,s2
(1; u1,u2)

) 1
2

= ∥ 1u1 ∥C(I2)

(
δ2

s1

) 1
2
+ ∥ 1u2 ∥C(I2)

(
δ2

s2

) 1
2 .
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Theorem 2.9. For any f ∈ C(I2), if we define an auxiliary operator such that

Rα1,α2
s1,s2

( f ; u1,u2) = M∗

s1,s2
(1; u1,u2) + f (u1,u2) − f

(
U

α1
n1,k

(ν1,0; u1,u2),Vα2
n2,l

(ν0,1; u1,u2)
)
,

where, from Lemma (2.2),

U
α1
n1,k

(ν1,0; u1,u2) =
( s1 − 2

s1 + 1

)
u1 +

3
2(s1 + 1)

and V
α2
n2,l

(ν0,1; u1,u2) =
( s2 − 2

s2 + 1

)
u2 +

3
2(s2 + 1)

Then, for all 1 ∈ C′(I2), Rα1,α2
s1,s2

(.; ., .) satisfying

Rα1,α2
s1,s2

(1; t, s) − 1(u1,u2) ≤

{
δ2

s1
+ δ2

s2
+

(( s1 − 2
s1 + 1

)
u1 +

3
2(s1 + 1)

− u1

)2

+

(( s2 − 2
s2 + 1

)
u2 +

3
2(s2 + 1)

− u2

)2}
∥ 1 ∥C2(I2) .

Proof. In the light of operator Rα1,α2
s1,s2

(.; ., .) and Lemma (2.2), we obtain

Rα1,α2
s1,s2

(1; u1,u2) = 1, Rα1,α2
s1,s2

(t − u1; u1,u2) = 0 and Rα1,α2
s1,s2

(s − y2; u1,u2) = 0.

For any 1 ∈ C′(I2) the Taylor series give us:

1(t, s) − 1(u1,u2) =
∂1(u1,u2)
∂u1

(t − u1) +
∫ t

u1

(t − λ)
∂21(λ,u2)
∂λ2 dλ

+
∂1(u1,u2)
∂u2

(s − u2) +
∫ s

u2

(s − ψ)
∂21(u1, ψ)
∂ψ2 dψ.

On apply Rα1,α2
s1,s2

, we see that

Rα1,α2
s1,s2

(
1(t, s); u1,u2

)
− Rα1,α2

s1,s2

(
1(u1,u2

)
= Rα1,α2

s1,s2

(∫ t

u1

(t − λ)
∂21(λ, y2)
∂λ2 dλ; u1,u2

)
+ Rα1,α2

s1,s2

(∫ s

y2

(s − ψ)
∂21(u1, ψ)
∂ψ2 dψ; u1,u2

)
= M∗

s1,s2

(∫ t

u1

(t − λ)
∂21(λ, y2)
∂λ2 dλ; u1,u2

)
+M∗

s1,s2

(∫ s

y2

(s − ψ)
∂21(u1, ψ)
∂ψ2 dψ; u1,u2

)

−

∫ (
s1−2
s1+1

)
u1+

3
2(s1+1)

u1

(( s1 − 2
s1 + 1

)
u1 +

3
2(s1 + 1)

− λ

)
∂21(λ,u2)
∂λ2 dλ

−

∫ (
s2−2
s2+1

)
u2+

3
2(s2+1)

u2

(( s2 − 2
s2 + 1

)
u2 +

3
2(s2 + 1)

− ψ

)
∂21(u1, ψ)
∂ψ2 dψ.

From hypothesis, we easily obtain∣∣∣∣∣ ∫ t

u1

(t − λ)
∂21(λ,u2)
∂λ2 dλ

∣∣∣∣∣ ≤ ∫ t

u1

∣∣∣∣∣(t − λ)
∂21(λ,u2)
∂λ2 dλ

∣∣∣∣∣ ≤∥ 1 ∥C2(I2) (t − u1)2,

∣∣∣∣∣ ∫ s

u2

(s − ψ)
∂21(u1, ψ)
∂ψ2 dψ

∣∣∣∣∣ ≤ ∫ s

y2

∣∣∣∣∣(s − ψ)
∂21(u1, ψ)
∂ψ2 dψ

∣∣∣∣∣ ≤∥ 1 ∥C2(I2) (s − u2)2,

∣∣∣∣∣ ∫
(

s1−2
s1+1

)
u1+

3
2(s1+1)

u1

(( s1 − 2
s1 + 1

)
u1 +

3
2(s1 + 1)

− λ

)
∂21(λ,u2)
∂λ2 dλ

∣∣∣∣∣
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≤ ∥ 1 ∥C2(I2)

( ( s2 − 2
s2 + 1

)
u2 +

3
2(s2 + 1)

− u1

)2

∣∣∣∣∣ ∫
(

s2−2
s2+1

)
u2+

3
2(s2+1)

y2

( ( s2 − 2
s2 + 1

)
u2 +

3
2(s2 + 1)

− ψ

)
∂21(u1, ψ)
∂ψ2 dψ

∣∣∣∣∣
≤ ∥ 1 ∥C2(I2)

( ( s2 − 2
s2 + 1

)
u2 +

3
2(s2 + 1)

− y2

)2

.

Thus,

| Rα1,α2
s1,s2

(
1; t, s

)
− 1(u1,u2) | ≤

{
M∗

s1,s2
((t − u1)2; u1,u2) +M∗

s1,s2
((s − y2)2; u1,u2)

+

( ( s1 − 2
s1 + 1

)
u1 +

3
2(s1 + 1)

− u1

)2

+

( ( s2 − 2
s2 + 1

)
u2 +

3
2(s2 + 1)

− y2

)2}
∥ 1 ∥C2(I2) .

We complete the proof of desired Theorem 2.9.

3. Some approximation results in Bögel space

Take any function 1 : I1 ×I2 → R for a real compact intervals of I1 ×I2. For all (t, s), (u1,u2) ∈ I1 ×I2
suppose ∆∗(t,s)1(u1,u2) denotes the bivariate mixed difference operators defined as follows:

∆∗(t,s)1(u1,u2) = 1(t, s) − 1(t, y2) − 1(u1, s) + 1(u1,u2).

If at any point (u1,u2) ∈ I1×I2 the function1 : I1×I2 → Rdefined onI1×I2, then lim(t,s)→(u1,u2) ∆
∗

(t,s)1(u1,u2) =
0.

If set of all the space of all Bögel-continuous(B-continuous) denoted by CB(I1 ×I2) on (u1,u2) ∈ I1 ×I2
and be defined such that CB(I1 × I2) = {1, such that 1 : I1 × I2 → R is 1, B − bounded on I1 × I2}. Next,
the Bögel-differentiable function on (u1,u2) ∈ I1 × I2 be 1 : I1 × I2 → R and limit exists finite defined by

lim
(t,s)→(u1,u2), t,u1, s,y2

1
(t − u1)(s − y2)

(
∆∗(t,s)

)
= DB1(u1,u2) < ∞.

Let the classes of all Bögel-differentiable function denoted by Dφ1(u1,u2) and be Dφ(I1×I2) = {1, such that 1 :
I1 × I2 → R is 1, B−differentiable on I1 × I2}. Suppose the function 1 is B-bounded on D and
be 1 : I1 × I2 → R, then for all (t, s), (u1,u2) ∈ I1 × I2 there exists positive constant M such that
| ∆∗(t,s)1(u1,u2) |≤ M. The classes of all B-continuous function is called a B-bounded on I1 × I2, whene
I1 × I2 is compact subset. Let Bφ(I1 × I2) denote the classes of all B-bounded function defined on I1 × I2
which equipped the norm on B as ∥ 1 ∥B= sup(t,s),(u1,u2)∈I1×I2

| ∆∗(t,s)1(u1,u2) |. As we know to approximate the
degree for a set of all B-continuous function on positive linear operators, it is essential to use the properties
of mixed-modulus of continuity. So we let for all (t, s), (u1,u2) ∈ I1×I2 and 1 ∈ Bφ(Iαn ), the mixed-modulus
of continuity of function 1 bt ωB : [0,∞) × [0,∞)→ R and be defined such as:

ωB(1; δ1, δ2) = sup{∆∗(t,s)1(u1,u2) :| t − u1 |≤ δ1, | s − y2 |≤ δ2}.

For any I2 = [0,∞) × [0,∞), we suppose the classes of all B-continuous function defined on I2 denoted by
Cφ(I2). Moreover, let set of all ordinary continuous function defined on I2 be C(I2) . For further details on



N. Rao et al. / Filomat 39:5 (2025), 1509–1522 1517

space of Bögel functions related to this paper we propose the article [30, 31].

Let (u1,u2) ∈ I2 and s1, s2 ∈ N then for all 1 ∈ C(I2) we define the GBS type operators for the positive
linear operators M∗

s1,s2
(.; ., .). Thus we suppose

Kα1,α2
s1,s2

(
1(t, s); u1,u2

)
=M∗

s1,s2

(
1(t,u2) + 1(u1, s) − 1(t, s); u1,u2

)
. (10)

Theorem 3.1. For all 1 ∈ Cφ(I2), it follows that

M∗

s1,s2
(h; u1,u2) =

s1∑
ν1=0

s2∑
ν2=0

P∗,α1 (s1,u1)P∗,α2 (s2,u2)
∫ ν1+1

s1+1

ν1
s1+1

∫ ν2+1
s2+1

ν2
s2+1

1(t1, t2)dti, (11)

where

P∗,αi (si,ui) =
si+1

si

(
si

νi

)
(νi − siui)2uνi−1

i (1 − νi)si . (12)

| Kα1,α2
s1,s2

(
1(t, s); u1,u2

)
− 1(u1,u2) |≤ 4ωB

(
1; δs1 , δs2

)
,

where δs1 and δs2 are defined by Theorem 2.6.

Proof. Let (t, s), (u1,u2) ∈ I2. For all s1, s2 ∈N and δs1 , δs2 > 0, it follows that

| ∆∗(u1,u2)1(t, s) | ≤ ωB
(
1; | t − s1 | | s − u2 |

)
≤

(
1 +

t − u1

δs1

) (
1 +

s − u2

δs2

)
ωB

(
1; δs1 , δs2

)
.

From (10) and well-known Cauchy-Schwarz inequality, we easily conclude that

| Kα1,α2
s1,s2

(
1(t, s); u1,u2

)
− 1(u1,u2) |

≤ M∗

s1,s2

(
| ∆∗(u1,u2)1(t, s) |; u1,u2

)
≤

(
M∗

s1,s2
(ϕ0,0; u1,u2) +

1
δs1

(
M∗

s1,s2
((t − u1)2; u1,u2)

) 1
2

+
1
δs2

(
M∗

s1,s2
((s − u2)2; u1,u2)

) 1
2

+
1
δs1

(
M∗

s1,s2
((t − u1)2; u1,u2)

) 1
2

×
1
δs2

(
M∗

s1,s2
((s − u2)2; u1,u2)

) 1
2
)
ωB

(
1; δn1 , δn2

)
.

In the view of Theorem 2.6 we easily get our results.

If we let x = (t, s), y = (u1,u2) ∈ I2, then the Lipschitz function in terms of B-continuous functions defined
by

LipξM =
{
1 ∈ C(I2) :| ∆∗(u1,u2)1(x, y) |≤M ∥ x − y ∥ξ,

}
where M is a positive constant, 0 < ξ ≤ 1, and Euclidean norm ∥ x − y ∥=

√
(t − u1)2 + (s − u2)2.

Theorem 3.2. For all 1 ∈ LipξM operator Kα1,α2
s1,s2

(.; ., .) satisfying

| Kα1,α2
s1,s2

(
1(x, y); u1,u2

)
− 1(u1,u2) |≤M{δ2

s1
+ δ2

s2
}
ξ
2 ,

where δs1 and δs2 are defined by Theorem 2.6.
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Proof. We easily see that

Kα1,α2
s1,s2

(
1(x, y); u1,u2

)
= M∗

s1,s2

(
1(u1, y) + 1(x,u2) − 1(x, s); u1,u2

)
= M∗

s1,s2

(
1(u1,u2) − ∆∗(u1,u2)1(x, s); u1,u2

)
= 1(u1,u2) −M∗

s1,s2

(
∆∗(u1,u2)1(x, s); u1,u2

)
.

Therefore,

| Kα1,α2
s1,s2

(
1(x, y); u1,u2

)
− 1(u1,u2) |

≤ M∗

s1,s2

(
| ∆∗(u1,u2)1(x, y) |; u1,u2

)
≤ MM∗

s1,s2

(
∥ x − y ∥ξ; u1,u2

)
≤ M{M∗

s1,s2

(
∥ x − y ∥2; u1,u2

)
}
ξ
2

≤ M{M∗

s1,s2

(
(t − u1)2; u1,u2

)
+M∗

s1,s2

(
(s − u2)2; u1,u2

)
}
ξ
2 .

Theorem 3.3. If 1 ∈ Dφ(I2) and DB1 ∈ B(I2), then

| Kα1,α2
s1,s2

(
1; u1,u2

)
− 1(u1,u2) |

≤ C
{
3 ∥ DB1 ∥∞ +ϖmixed

(
DB1; δs1 , δs2

) }
(u1 + 1)(u2 + 1)

+
{
1 +

√
C2(u1 + 1) +

√
C1(u2 + 1)

}
× ϖmixed

(
DB1; δn1 , δn2

)
(u1 + 1)(u2 + 1),

where δs1 , δs2 defined by Theorem 2.6 and C is any positive constant.

Proof. Suppose ρ ∈ (u1, t), ξ ∈ (y2, s) and

∆∗(u1,u2)1(t, s) = (t − u1)(s − u2)DB1(ρ, ξ),

DB1(ρ, ξ) = ∆∗(u1,u2)DB1(ρ, ξ) +DB1(ρ, y) +DB1(x, ξ) −DB1(u1,u2).

For all DB1 ∈ B(I2), it follows that

| Kα1,α2
s1,s2

(
∆∗(u1,u2)1(t, s); u1,u2

)
|

= | Kα1,α2
s1,s2

(
(t − u1)(s − u2)DB1(ρ, ξ); u1,u2

)
|

≤ Kα1,α2
s1,s2

(
| t − u1 || s − u2 || ∆

∗

(u1,u2)DB1(ρ, ξ) |; u1,u2

)
+ Kα1,α2

s1,s2

(
| t − u1 || s − u2 | (| DB1(ρ,u2) |

+ | DB1(u1, ξ) | + | DB1(u1,u2) |); u1,u2

)
≤ Kα1,α2

s1,s2

(
| t − u1 || s − u2 | ϖmixed

(
DB1; | ρ − u1 |, | ξ − u2 |

)
; u1,u2

)
+ 3 ∥ DB1 ∥∞ Kα1,α2

s1,s2
(| t − u1 || s − u2 |; u1,u2) .

Here ϖmixed, is mixed-modulus of continuity and it follows that

ϖmixed
(
DB1; | ρ − u1 |, | ξ − u2 |

)
≤ ϖmixed

(
DB1; | t − u1 |, | s − u2 |

)
≤

(
1 + δ−1

s1
| t − u1 |

) (
1 + δ−1

s2
| s − u2 |

)
ϖmixed

(
DB1; | δs1 , δs2

)
.
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Therefore, it is obvious that

| K∗s1,s2

(
1; u1,u2

)
− 1(u1,u2) |
= | ∆∗(u1,u2)1(t, s); u1,u2 |

≤ 3 ∥ DB1 ∥∞

(
Kα1,α2

s1,s2

(
(t − u1)2(s − u2)2; u1,u2

) ) 1
2

+
(
Kα1,α2

s1,s2
(| t − u1 || s − u2 |; u1,u2)

+ δ−1
s1

Kα1,α2
s1,s2

(
(t − u1)2

| s − u2 |; u1,u2

) )
+ δ−1

s2
Kα1,α2

s1,s2

(
| t − u1 | (s − u2)2; u1,u2

)
+ δ−1

s1
δ−1

s2
Kα1,α2

s1,s2

(
(t − u1)2(s − u2)2; u1,u2

)
ϖmixed

(
DB1; δs1 , δs2

)
;

| K∗s1,s2

(
1; u1,u2

)
− 1(u1,u2) |
= | ∆∗(u1,u2)1(t, s); u1,u2 |

≤ 3 ∥ DB1 ∥∞

(
Kα1,α2

s1,s2

(
Ψ2,2

u1,u2
; u1,u2

) ) 1
2

+
{(

Kα1,α2
s1,s2

(
Ψ2,2

u1,u2
; u1,u2

) ) 1
2

+ δ−1
s1

(
Kα1,α2

s1,s2

(
Ψ4,2

u1,u2
; u1,u2

) ) 1
2

+ δ−1
s2

(
Kα1,α2

s1,s2

(
Ψ2,4

u1,u2
; u1,u2

) ) 1
2

+ δ−1
s1
δ−1

s2
Kα1,α2

s1,s2

(
Ψ2,2

u1,u2
; u1,u2

) }
ϖmixed

(
DB1; δs1 , δs2

)
.

Which follows that

| K∗s1,s2

(
1; u1,u2

)
− 1(u1,u2) |

= 3 ∥ DB1 ∥∞

(
Kα1,α2

s1,s2

(
Ψ2,0

u1,u2
; u1,u2

)
Kα1,α2

s1,s2

(
Ψ0,2

u1,u2
; u1,u2

) ) 1
2

+
{(

Kα1,α2
s1,s2

(
Ψ2,0

u1,u2
; u1,u2

)
Kα1,α2

s1,s2

(
Ψ0,2

u1,u2
; u1,u2

) ) 1
2

+ δ−1
s1

(
Kα1,α2

s1,s2

(
Ψ4,0

u1,u2
; u1,u2

)
Kα1,α2

s1,s2

(
Ψ0,2

u1,u2
; u1,u2

) ) 1
2

+ δ−1
s2

(
Kα1,α2

s1,s2

(
Ψ2,0

u1,u2
; u1,u2

)
Kα1,α2

s1,s2

(
Ψ0,4

u1,u2
; u1,u2

) ) 1
2

+ δ−1
s1
δ−1

s2
Kα1,α2

s1,s2

(
Ψ2,0

u1,u2
; u1,u2

)
Kα1,α2

s1,s2

(
Ψ0,2

u1,u2
; u1,u2

) }
ϖmixed

(
DB1; δs1 , δs2

)
.

From Lemma 2.5, we demonstrate

| K∗s1,s2

(
1; u1,u2

)
− 1(u1,u2) | ≤ 3 ∥ DB1 ∥∞

(√
C1C2(u1 + 1)(u2 + 1)

)
+

{(√
C1C2(u1 + 1)(y2 + 1)

)
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+ δ−1
n1

(√
C2

√
o
( 1

n1

)
(u1 + 1)2(u2 + 1)

)
+ δ−1

n2

(√
C1

√
o
( 1

n2

)
(u2 + 1)2(u1 + 1)

)
+ δ−1

n1
δ−1

n2

(√
o
( 1

n1

)√
o
( 1

n2

)
(u1 + 1)(u2 + 1)

)}
ϖmixed

(
DB1; δs1 , δs2

)
.

Which complete the proof of Theorem 3.3.

4. Numerical and Graphical Analysis of the equation (4)

In this section, we analyze the convergence behavior of the operator described in equation (4) for the
function 1(u1,u2) = u5

1u2(u1−1)sin 4πu2.Moreover, the numerical behavior of the equation (4) are discussed
in table table(1) with the help of different values of s1 = s2 = 15, 20, 25 and a common error formula
Es1,s2 (1; u1,u2) = |Ms1,s2 (1; u1,u2) − 1(u1,u2)| to find the error between different values of s1, s2 = 15, 20, 25.
Furthermore, Figures (1) and (2) show graphs illustrating the operator’s convergence and error, as described
in equation (4).

u1,u2 E15,15(1; u1,u2) E20,20(1; u1,u2) E25,25(1; u1,u2)
0.2 0.00629825 0.00352466 0.000911841
0.3 0.0024016 0.000268322 0.000293837
0.4 0.00233554 0.00202209 0.000956192
0.5 0.000743578 0.00275673 0.0.00113165
0.6 0.0228959 0.0.0191484 0.0178506

Table 1: Error Approximation Table
.

Figure 1: Convergence of Operator Ms1 ,s2 (1; u1,u2) for s1, s2 = 15, 20, 25
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Figure 2: Error Approximation Es1 ,s2 (1; u1,u2) = |Ms1 ,s2 (1; u1,u2) − 1(u1,u2)|
.

5. Conclusion and Remarks

In this research article, we propose a new bivariate sequence of α-Modified Bernstein Bi-Variate op-
erators with aid of non negative parameter α. Further, We study the bivariate properties of α-Modified
Bernstein operators with the help of modulus of continuity, mixed-modulus of continuity and then find the
approximation results in Peetre’s K-functional, Voronovskaja type theorem and Lipschitz maximal func-
tions for these bivariate operators. Next, we construct the GBS type operator of these generalized operators
and study approximation in Bögel continuous functions by use of mixed-modulus of continuity.
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[17] İçöz, G and Çekim, B.: Dunkl generalization of Szász operators via q-calculus, J. Inequal. Appl. 2015, 2015:284, 11 pp.
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