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The characterization of the weighted modified Morrey spaces

Abdulhamit Kucukaslana

aAnkara Yildirim Beyazit University, Ankara, Turkiye

Abstract. In this study, firstly we define the weighted modified Morrey spaces L̃p,λ(Rn, µ) for the weight
function µ in the class Ap(Rn) and we prove the boundedness of some classical operators as the generalized
fractional maximal operator Mρ and the generalized fractional integral operator Iρ from the weighted
modified Morrey spaces L̃p,λ(Rn, µp) to L̃q,λ(Rn, µq) with µq

∈ A1+ q
p′

(Rn) and from L̃1,λ(Rn, µ) to weighted

weak modified Morrey spaces WL̃q,λ(Rn, µq), with µ ∈ A1,q(Rn) by proving the appropriate weighted norm
inequalities.

1. Introduction

Morrey spaces Lp,λ(Rn) were given by Morrey in [20] as the following: For 1 ≤ p < ∞, 0 ≤ λ < n, f ∈
Lp,λ(Rn) if f ∈ Lloc

p (Rn) and

∥ f ∥Lp,λ(Rn) := sup
x∈Rn,r>0

r−
λ
p ∥ f ∥Lp(B(x,r)) < ∞

holds. The most important properties of these spaces is to be useful in the study of local behavior properties
of the solutions of second order elliptic PDEs. Morrey spaces have important applications to potential theory
[1] and [2], elliptic equations [4], regularity problems [23, 24] and [25], Navier-Stokes equations [29] and
Shrödinger equations [26]. For more information about the Morrey spaces can be seen in the book [28].

Weighted Morrey spaces Lp,κ(Rn, µ) were introduced in [19] as follows: For 1 ≤ p < ∞, 0 < κ < 1 and µ
be a weight, f ∈ Lp,κ(Rn, µ) if f ∈ Lloc

p (Rn, µ) and

∥ f ∥Lp,κ(Rn,µ) = sup
x∈Rn,r>0

µ(B(x, r))−
κ
p ∥ f ∥Lp(B(x,r),µ) < ∞.

In recent years, it has been working on the behaviors of classical operators of harmonic analysis in the
modified Morrey spaces L̃p,λ(Rn). Some examples of these works can be seen in [3, 7, 8] and [27]. The
boundednesses of fractional maximal operator Mα and Riesz potential operator in the modified Morrey
spaces L̃p,λ(Rn) were investigated in [6]. The generalization of these two-operators as the generalized
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fractional maximal operator Mρ and the generalized fractional integral operator Iρ, respectively, in the
modified Morrey spaces L̃p,λ(Rn) proved in [13].

Let f ∈ L1
loc(R

n) which is the set of locally integrable functions. For a measurable function ρ : (0,∞) →
(0,∞) the generalized fractional maximal operator Mρ is defined by

Mρ f (x) := sup
r>0

ρ(r)
rn

∫
B(x,r)
| f (y)|dy

and the generalized fractional integral operator (so called, generalized Riesz potential operator) Iρ by

Iρ f (x) :=
∫
Rn

ρ(|x − y|)
|x − y|n

f (y)dy

for any measurable function f on Rn, respectively. If ρ(r) ≡ rα, then Iρ ≡ Iα is Riesz potential and
Mρ ≡Mα is the fractional maximal operator, respectively. If ρ(r) ≡ 1, then Mρ ≡M is the Hardy-Littlewood
maximal operator.

There is a stong relation between these two operators Mρ and Iρ (see [10], pp. 78), such that

Mρ f (x) ≤ C Iρ(
∣∣∣ f ∣∣∣)(x). (1.1)

The generalized fractional integral operator Iρ was initilally investigated in [15]. Nowadays many
authors have been working on these two operators Iρ and Mρ especially in connection with Morrey-type
spaces. For some of these studies can be looked at [9–14, 16, 17].

In the present work, first we define the weighted modified Morrey spaces L̃p,λ(Rn, µ) when µ in the
Muckenhoupt’s class Ap(Rn) and then we prove the boundedness of these two operator Iρ and Mρ from the
weighted modified Morrey spaces L̃p,λ(Rn, µp) to L̃q,λ(Rn, µq) with µq

∈ A1+ q
p′

for 1 < p < q < ∞ and from

L̃1,λ(Rn, µ) to the weighted weak modified Morrey spaces WL̃q,λ(Rn, µq), with µ ∈ A1,q for p = 1, 1 < q < ∞
(see, Theorem 3.4 and Theorem 3.6, respectively) by proving the appropriate weighted norm inequalities
(see, Lemma 3.3). Our all weight functions are belong to Muckenhoupt-Wheeden classes Ap,q(Rn).

Throughout the paper we use the letter C for a positive constant, independent of appropriate parameters
and not necessarily the same at each occurrence.

2. Preliminaries

Let x ∈ Rn and r > 0, then B(x, r) ⊂ Rn is denoted as the open ball centered at x of radius r. We show
the Lebesgue measure of ball B(x, r) by |B(x, r)|, the Euclidean space by Rn and the characteristic function
of E by χE. A weight function is a locally integrable function on Rn which takes values in (0,∞) almost
everywhere. For a weight µ and a measurable set E, the weighted measure of set is

µ(E) =
∫

E
µ(x)dx,

the special case of µ ≡ 1 is µ(E) = |E|.
Let f ∈ Lloc

1 (Rn) and 1 ≤ p < ∞. Then we denote by Lloc
p (Rn, µ) the weighted Lebesgue space defined by

the norm

∥ fχB(x,r)∥Lp(Rn,µ) =

(∫
B(x,r)
| f (x)|pµ(x)dx

) 1
p

< ∞.



A. Kucukaslan / Filomat 39:6 (2025), 2029–2038 2031

A weight function µ belongs to the Muckenhoupt class Ap(Rn) (see [21]) for 1 < p < ∞, if

sup
B

(
1
|B|

∫
B
µ(x)dx

) (
1
|B|

∫
B
µ(x)1−p′dx

)p−1

≤ C,

and a weight functionµ belongs to the Muckenhoupt-Wheeden class Ap,q(Rn) (see [22]) for 1 < p < q < ∞,
if

sup
B

(
1
|B|

∫
B
µ(x)qdx

) 1
q
(

1
|B|

∫
B
µ(x)−p′dx

) 1
p′

≤ C, (2.1)

where the supremum is taken with respect to all balls B and C > 0. Note that, for all balls B by Hölder’s
inequality we get

|B|
1
p −

1
q−1
∥µ∥Lq(B)∥µ

−1
∥Lp′ (B) ≥ 1. (2.2)

If p = 1, w is in the A1,q(Rn) with 1 < q < ∞ if

sup
B

(
1
|B|

∫
B
µ(x)qdx

) 1
q
(
ess supx∈B

1
µ(x)

)
≤ C,

where the supremum is taken with respect to all balls B and C > 0.
The following lemma show that the equivalence conditions for relation parameters p, q, r, s.

Lemma 2.1. [18] If µ ∈ Ap,q(Rn) with 1 < p < q < ∞, then the following statements are true.
(i) µq

∈ Ar(Rn) with r = 1 + q
p′ .

(ii) µ−p′
∈ Ar′ (Rn) with r′ = 1 + p

q′ .
(iii) µp

∈ As(Rn) with s = 1 + p
q′ .

(iv) µ−q′
∈ As′ (Rn) with s′ = 1 + q′

p .

The weight function µ satisfies the reverse doubling condition if there exist constants α1 > 1 and α2 < 1
such that

µ(B(x, r)) ≤ α2µ(B(x, α1r)) (2.3)

for arbitrary x ∈ Rn and r > 0.
We give the definitions of weighted modified Morrey spaces and weighted weak modified Morrey

spaces as follows.

Definition 2.2. Let 1 ≤ p < ∞, 0 ≤ λ ≤ n, µ ∈ Ap(Rn). We denote by L̃p,λ(Rn, µ) the weighted modified Morrey
space, as the set of locally integrable functions f (x), x ∈ Rn, with the finite norm

∥ f ∥̃Lp,λ(Rn,µ) := sup
x∈Rn,t>0

[min{1, (µ(B(x, t)))
1
n }]−

λ
p ∥ f ∥Lp(B(x,t),µ).

Note that, by inequality (2.1) we get that

L̃p,0(Rn, µ) = Lp,0(Rn) = Lp(Rn, µ),

L̃p,λ(Rn, µ) ↪→ Lp,λ(Rn, µ)

and
max{∥ f ∥Lp,λ(Rn,µ), ∥ f ∥Lp(Rn,µ)} ≤ ∥ f ∥̃Lp,λ(Rn,µ)

and if λ < 0 or λ > n, then the space Lp,λ(Rn, µ) ≡ L̃p,λ(Rn, µ) is trivial.
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Definition 2.3. Let 1 ≤ p < ∞ , 0 ≤ λ ≤ n, µ ∈ Ap(Rn). We denote by WL̃p,λ(Rn, µ) the weighted weak modified
Morrey space as the set of all local integrable functions f (x), x ∈ Rn with finite norm

∥ f ∥WL̃p,λ(Rn,µ) := sup
x∈Rn,t>0

[min{1, (µ(B(x, t)))
1
n }]−

λ
p ∥ f ∥WLp(B(x,t),µ).

Notice that the following are valid. By the inequality (2.2) we have that

WLp(Rn, µ) =WLp,0(Rn, µ) =WL̃p,0(Rn, µ),

L̃p,λ(Rn, µ) ⊂WL̃p,λ(Rn, µ) and ∥ f ∥WL̃p,λ(Rn,µ) ≤ ∥ f ∥̃Lp,λ(Rn,µ).

Remark 2.4. In the Definition 2.2 and Definition 2.3, in the special case, if we choose Lebesgue measure of
B(x, t), |B(x, t)| instead of weighted measure µ(B(x, t)) then we get definition of modified Morrey spaces L̃p,λ(Rn)
and weak modified Morrey spaces L̃p,λ(Rn), respectively.

3. The operators Iρ and Mρ in weighted modified Morrey spaces

When we consider our two-operators Iρ and Mρ, we will always assume that ρ satisfies the Dini condition:∫ 1

0
ρ(t)

dt
t
< ∞,

∫
∞

1

ρ(t)
tn

dt
t
< ∞, (3.1)

respectively, to ensure the presence of both operators Iρ and Mρ in the defined domain, we choose at least
for characteristic functions 1/|x|2n of complementary balls,

f (x) =
χRn\B(0,1)(x)
|x|2n .

Also ρ satisfies the growth condition: there exist constants C > 0 and 0 < 2k1 < k2 < ∞ such that

sup
r
2<s≤ 3r

2

ρ(s)
sn ≤ C

∫ k2r

k1r

ρ(t)
tn+1 dt, r > 0; sup

r<s≤2r

ρ(s)
sn ≤ C sup

k1r<t<k2r

ρ(t)
tn , r > 0 (3.2)

for the operators Iρ and Mρ, respectively. Also we will put the following conditions on ρ (see, [15]):∫ r

0

ρ(t)
t

dt ≤ Cρ(r), r, t > 0 (3.3)

and

ρ(r)
rn ≤ C

ρ(s)
sn , s ≤ r (3.4)

so that the sufficient conditions for the boundedness of generalized fractional integral operator Iρ and gen-
eralized fractional maximal operator Mρ are satisfied on the weighted modified Morrey spaces L̃p,λ(Rn, µ).

Lemma 3.1. [17] (i) Let 1 < p < q < ∞. Then the operator Iρ is bounded from Lp(Rn) to Lq(Rn) if and only if there
exists C > 0 such that for all r > 0

ρ(r) ≤ Cr
n
p−

n
q . (3.5)

(ii) Let 1 < q < ∞. Then the operator Iρ is bounded from L1(Rn) to WLq(Rn) if and only if there exists C > 0 such
that for all r > 0

ρ(r) ≤ Crn− n
q . (3.6)



A. Kucukaslan / Filomat 39:6 (2025), 2029–2038 2033

The following lemma can be derived from Theorem 1.6 in [5] which is valid for the operators Iρ and Mρ.

Lemma 3.2. [5] Let 1 ≤ p < q < ∞, µq
∈ A1+ q

p′
(Rn) satisfies (2.3), the function ρ satisfies the conditions(3.2)-(3.4),

and f ∈ Lloc
1 (Rn, µ). Then there exist C > 0 for all B(x, r) ⊂ Rn such that the inequality

sup
x∈Rn,r>0

ρ(r)
rn

(∫
B(x,r)
µq(x)dx

) 1
q
(∫

B(x,r)
µ(x)−p′dx

) 1
p′

≤ C (3.7)

is necessary and sufficient condition for the boundedness of generalized Riesz potential operator Iρ and generalized
fractional maximal operator Mρ from Lp(Rn, µp) to WLq(Rn, µq) for 1 ≤ p < q < ∞, and from Lp(Rn, µp) to Lq(Rn, µq)
for 1 < p < q < ∞, µq

∈ A1+ q
p′

(Rn), where the constant C does not depend on f .

The following weighted norm inequalities are weighted local Lp(Rn, µ)-estimate for the operator Iρ.

Lemma 3.3. Let 1 ≤ p < q < ∞, µq
∈ A1+ q

p′
(Rn) and ρ(t) satisfy the conditions (3.2)-(3.4).

(i) If the condition (3.7) is fulfill, then weighted norm inequality

∥Iρ fχB(x,r)∥Lq(Rn,µq) ≲ ∥ fχB(x,2r)∥Lp(Rn,µp)

+
(
µq(B(x, r))

) 1
q

∫
∞

2r
∥ fχB(x,t)∥Lp(Rn,µp)

(
µq(B(x, t))

)− 1
q
ρ(t)
tn

dt
t

(3.8)

holds for the ball B(x, r) and for all f ∈ Lloc
p (Rn, µ).

(ii) If the condition (3.7) is fulfill, then for p = 1 the weighted norm inequality

∥Iρ fχB(x,r)∥WLq(µq) ≲ ∥ fχB(x,2r)∥L1(µ)

+
(
µq(B(x, r))

) 1
q

∫
∞

2r
∥ fχB(x,t)∥L1(µ)

(
µq(B(x, t))

)− 1
q
ρ(t)
tn

dt
t

(3.9)

holds for the ball B(x, r) and for all f ∈ Lloc
1 (Rn, µ).

Proof. Let 1 ≤ p < q < ∞ and µq
∈ A1+ q

p′
. For the set B ≡ B(x, r) for the ball centered at x and of radius r.

Write f = f1 + f2 with f1 = fχ2B and f2 = fχ ∁(2B)
. Hence, by the Minkowski inequality we have

∥Iρ fχB∥Lq(Rn,µq) ≤ ∥Iρ f1χB∥Lq(Rn,µq) + ∥Iρ f2χB∥Lq(Rn,µq).

Since f1 ∈ Lp(Rn, µp), Iρ f1 ∈ Lq(Rn, µq) and from condition (3.7) we get the boundedness of Iρ from
Lp(Rn, µp) to Lq(Rn, µq) (see Lemma 3.2) and it follows that:

∥Iρ f1χB∥Lq(Rn,µq) ≤ ∥Iρ f1∥Lq(Rn,µq) ≤ C∥ f1∥Lp(µp,Rn) = C∥ fχ2B∥Lp(Rn,µp),

where constant C > 0 is independent of f .
It’s clear that z ∈ B, y ∈ ∁

(2B) implies 1
2 |x− y| ≤ |z− y| ≤ 3

2 |x− y|. Then from conditions (3.1), (3.2) and by
Fubini’s theorem we have

|Iρ f2(z)| ≲
∫
∁(2B)

ρ(|x − y|)
|x − y|n

| f (y)|dy ≲
∫
∞

2r

∫
B(x,t)
| f (y)|dy

ρ(t)
tn

dt
t
.

Applying Hölder’s inequality and from (2.2), we get∫
∁(2B)

ρ(|x − y|)
|x − y|n

| f (y)|dy ≲
∫
∞

2r
∥ fχB(x,t)∥Lp(Rn,µp)∥µ

−1χB(x,t)∥Lp′ (Rn)
ρ(t)
tn

dt
t

≲

∫
∞

2r
∥ fχB(x,t)∥Lp(Rn,µp)

(
µq(B(x, t))

)− 1
q
ρ(t)
tn

dt
t
.
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Moreover, for all p ∈ [1,∞) the inequality

∥Iρ f2χB∥Lq(Rn,µq) ≲
(
µq(B)

) 1
q

∫
∞

2r
∥ fχB(x,t)∥Lp(Rn,µp)

(
µq(B(x, t))

)− 1
q
ρ(t)
tn

dt
t

is valid. Thus

∥Iρ fχB∥Lq(Rn,µq) ≲ ∥ fχ2B∥Lp(Rn,µp)

+
(
µq(B)

) 1
q

∫
∞

2r
∥ fχB(x,t)∥Lp(Rn,µp)∥µ

−1χB(x,t)∥Lp′ (Rn)
ρ(t)
tn

dt
t
.

On the other hand,

∥ fχ2B∥Lp(Rn,µp) ≈
r

n
p

ρ(r)
∥ fχ2B∥Lp(Rn,µp)

∫
∞

r

ρ(t)
tn

dt
t

≤
r

n
p

ρ(r)

∫
∞

2r
∥ fχ2B(x,t)∥Lp(Rn,µp)

ρ(t)
tn

dt
t

≲
(
µq(B)

) 1
q ∥µ−1χB∥Lp′ (Rn)

∫
∞

2r
∥ fχ2B(x,t)∥Lp(µp)

ρ(t)
tn

dt
t

≲
(
µq(B)

) 1
q

∫
∞

2r
∥ fχ2B(x,t)∥Lp(Rn,µp)∥µ

−1χB(x,t)∥Lp′ (Rn)
ρ(t)
tn

dt
t

≲
(
µq(B)

) 1
q

∫
∞

2r
∥ fχ2B(x,t)∥Lp(Rn,µp)

(
µq(B(x, t))

)− 1
q
ρ(t)
tn

dt
t
. (3.10)

Hence by

∥Iρ fχB∥Lq(Rn,µq) ≲
(
µq(B)

) 1
q

∫
∞

2r
∥ fχB(x,t)∥Lp(Rn,µp)

(
µq(B(x, t))

)− 1
q
ρ(t)
tn

dt
t

we get the inequality (3.8).
Now let p = 1 and µ ∈ A1,q. In this case by (3.7) we obtain

∥Iρ f1χB∥WLq(Rn,µq) ≤ ∥Iρ f1∥WLq(Rn,µq)

≲ ∥ f1∥L1(Rn,µ)

= ∥ fχB∥L1(Rn,µ)

≈
rn

ρ(r)
∥ fχ2B∥L1(Rn,µ)

∫
∞

r

ρ(t)
tn

dt
t

≤
rn

ρ(r)

∫
∞

2r
∥ fχ2B(x,t)∥L1(Rn,µ)

ρ(t)
tn

dt
t

≲
(
µq(B)

) 1
q ∥µ−1χB∥L∞

∫
∞

2r
∥ fχ2B(x,t)∥L1(Rn,µ)

ρ(t)
tn

dt
t

≲
(
µq(B)

) 1
q

∫
∞

2r
∥ fχ2B(x,t)∥L1(Rn,µ)∥µ

−1χB(x,t)∥L∞
ρ(t)
tn

dt
t

≲
(
µq(B)

) 1
q

∫
∞

2r
∥ fχ2B(x,t)∥L1(Rn,µ)

(
µq(B(x, t))

)− 1
q
ρ(t)
tn

dt
t
. (3.11)

Then from (3.10) and (3.11) we get the inequality (3.9).

In the following theorem, we give the sufficient conditions for the boundedness of the generalized Riesz
potential operator in the weighted modified Morrey spaces. We prove Theorem 3.4 using the weighted
norm inequalities given in Lemma 3.3.
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Theorem 3.4. Let 0 ≤ λ < n, 1 ≤ p < q < ∞, µq
∈ A1+ q

p′
(Rn) and the function ρ be a positive, measurable function

and ρ(t) satisfy the conditions (3.2)-(3.4) and f ∈ L̃p,λ(Rn, µ).

(i) If 1 < p < q < ∞ and ρ satisfies the condition (3.5) and µ ∈ A1,q(Rn), then the generalized Riesz potential
operator Iρ is bounded from L̃p,λ(Rn, µp) to L̃q,λ(Rn, µq) and the following weighted norm inequality satisfies, i.e.,

∥Iρ f ∥̃Lq,λ(Rn,µq) ≤ C∥ f ∥̃Lp,λ(Rn,µp).

(ii) If p = 1, 1 < q < ∞ and ρ satisfies the condition (3.6), then the generalized Riesz potential operator Iρ is bounded
from L̃1,λ(Rn) to WL̃q,λ(Rn) and the following weighted norm inequality satisfies, i.e.,

∥Iρ f ∥WL̃q,λ(Rn,µq) ≤ C∥ f ∥̃L1,λ(Rn,µ).

Proof. (i) Let 0 ≤ λ < n, 1 ≤ p < q < ∞, µq
∈ A1+ q

p′
(Rn), ρ(t) satisfy the conditions (3.2)-(3.4) and f ∈

L̃p,λ(Rn, µ). If we write for first part of the inequality of the Lemma 3.3 in the form of maximal function
M f (x) then we get

∥Iρ f ∥̃Lq,λ(Rn,µq) = sup
x∈Rn,t>0

[min{1, µ(B(x, t))
1
n }]−

λ
q ∥Iρ f ∥Lq(B(x,t),µq)

= sup
x∈Rn,t>0

(
[min{1, µ(B(x, t))

1
n }]−λ

∫
B(x,t)
|Iρ f (y)|qdy

) 1
q

≤ C sup
x∈Rn,t>0

[min{1, µ(B(x, t))
1
n }]−

λ
q

×

(∫
B(x,t)

(
ρ(r)M f (y) +

∫
∞

r
∥ f ∥Lp(B(x,τ),µp)

ρ(τ)

τ
n
p+1

dτ
)q

dy
)1/q

≤ C sup
x∈Rn,t>0

[min{1, µ(B(x, t))
1
n }]−

λ
q

×

(∫
B(x,t)

(
ρ(r)M f (y) + ∥ f ∥̃Lp,λ(Rn,µp) min

{∫
∞

r

ρ(τ)

τ
n
p+1

dτ,
∫
∞

r

ρ(τ)

τ
n−λ

p +1
dτ

})q

dy
)1/q

= sup
x∈Rn,t>0

[min{1, t}]−
λ
q

×

(∫
B(x,t)

(
ρ(r)M f (y) + ∥ f ∥̃Lp,λ(Rn,µp) min

{
ρ(r)

r
n
p
,
ρ(r)

r
n−λ

p

})q

dy
)1/q

.

Thus choosing ρ(r) =
(
∥ f ∥̃Lp,λ (Rn ,µp)

M f (y)

) q−p
q

for all y ∈ B(x, t) we obtain

∥Iρ f ∥̃Lq,λ(Rn,µq) ≤ C sup
x∈Rn,t>0

[min{1, µ(B(x, t))
1
n }]−

λ
q ∥ f ∥

1− p
q

L̃p,λ(Rn,µp)
∥M f ∥

p
q

Lp(B(x,t),µp).
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Hence from the boundedness of Hardy-Littlewood maximal operator M in the spaces L̃p,λ(Rn) (see [6],
pp. 493) we get that

∥Iρ f ∥̃Lq,λ(Rn,µq) ≤ C∥ f ∥
1− p

q

L̃p,λ(Rn,µp)
∥ f ∥

p
q

L̃p,λ(Rn,µp)
= ∥ f ∥̃Lp,λ(Rn,µp),

which completes the boundedness of the generalized Riesz potential operator Iρ from L̃p,λ(Rn, µp) to
L̃q,λ(Rn, µq).

(ii) Let p = 1 and 1 < q < ∞. From the Theorem 3.3 we have

|Iρ f (x)| ≤ C
(
ρ(t)M f (x) +

∫
∞

t
∥ f ∥L1(B(x,r),µ)

ρ(r)
rn+1 dr

)
≤ C

(
ρ(t)M f (x) + ∥ f ∥̃L1,λ(Rn,µ) min

{
ρ(t)
tn ,
ρ(t)
tn−λ

})
.

Thus choosing ρ(r) =
(
∥ f ∥̃L1,λ (Rn ,µ)

M f (y)

) q−1
q

for all y ∈ B(x, t) we obtain

|Iρ f (x)| ≤ C(M f (x))1/q
∥ f ∥1−1/q

L̃1,λ(Rn,µ)
. (3.12)

From the inequality (3.12) and Theorem 1 (ii) in ([6] pp. 494) we get

∥Iρ f ∥q
WL̃q,λ(Rn,µq)

= sup
x∈Rn,t>0

[min{1, µ(B(x, t))
1
n }]−λ∥Iρ f ∥qWLq(B(x,t),µq)

= sup
r>0

rq sup
x∈Rn,t>0

[min{1, µ(B(x, t))
1
n }]−λ

∣∣∣{y ∈ B(x, t) : |Iρ f (y)| > r}
∣∣∣

≤ C sup
r>0

rq sup
x∈Rn,t>0

[min{1, µ(B(x, t))
1
n }]−λ

×

∣∣∣∣∣{y ∈ B(x, t) : (M f (y))1/q
∥ f ∥1−1/q

L̃1,λ(Rn,µ)
> r}

∣∣∣∣∣
= sup

r>0
rq sup

x∈Rn,t>0
[min{1, µ(B(x, t))

1
n }]−λ

×

∣∣∣∣∣∣∣∣∣
y ∈ B(x, t) : M f (y) >

 r

∥ f ∥1−1/q

L̃1,λ(Rn,µ)


q

∣∣∣∣∣∣∣∣∣
≤ C sup

r>0
rq


∥ f ∥

1− 1
q

L̃1,λ(Rn,µ)

r


q

∥ f ∥̃L1,λ(Rn,µ)

= ∥ f ∥q
L̃1,λ(Rn,µ)

,

which completes the boundedness of generalized Riesz potential operator Iρ from L̃1,λ(Rn, µ) to the weak
space WL̃q,λ(Rn, µq).

In the special case of our operator Iρ for ρ(r) = rα we get a new result in the weighted modified Morrey
spaces for Riesz potential operator Iα.
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Corollary 3.5. In the Theorem 3.4, in the special case if we choose ρ(t) = tα then we get sufficient condition for the
boundedness of Riesz potential operator Iα from L̃p,λ(Rn, µp) to L̃q,λ(Rn, µq) for 1 < p < q < ∞, and from L̃1,λ(Rn, µ)
to WL̃q,λ(Rn, µq) for p = 1, 1 < q < ∞.

In the following theorem, we give the sufficient conditions for the boundedness of the generalized
fractional maximal operator in the weighted modified Morrey spaces. We prove Theorem 3.6 using the
weighted norm inequalities given in Lemma 3.3.

Theorem 3.6. Let 0 ≤ λ < n, 1 ≤ p < q < ∞, µq
∈ A1+ q

p′
and the function ρ be a positive, measurable function and

ρ(t) satisfy the conditions (3.2)-(3.4) and f ∈ L̃p,λ(Rn, µ).

(i) If 1 < p < q < ∞ and ρ satisfies the condition (3.5), then the generalized fractional maximal operator Mρ is
bounded from L̃p,λ(Rn, µp) to L̃q,λ(Rn, µq) and the following weighted norm inequality satisfies, i.e.,

∥Mρ f ∥̃Lq,λ(Rn,µq) ≤ C∥ f ∥̃Lp,λ(Rn,µp). (3.13)

(ii) If p = 1, 1 < q < ∞ and ρ satisfies the condition (3.6), then the generalized fractional maximal operator Mρ is
bounded from L̃1,λ(Rn, µ) to the weak space WL̃q,λ(Rn, µq) and the following weighted norm inequality satisfies, i.e.,

∥Mρ f ∥WL̃q,λ(Rn,µq) ≤ C∥ f ∥̃L1,λ(Rn,µ).

Proof. The inequality (1.1) implies that the generalized fractional maximal operator Mρ is dominated by the
generalized Riesz potential operator Iρ. Hence the proof of Theorem 3.6 can be seen by following step by
step in the proof of Theorem 3.4 for strong-type boundedness at (i) and for weak-type boundedness at (ii),
respectively.

In the special case of our operator Mρ for ρ(r) = rα we get a new result in the weighted modified Morrey
spaces for fractional maximal operator Mα.

Corollary 3.7. In the Theorem 3.6, in the special case if we choose ρ(t) = tα then we get sufficient condition for
the boundedness of fractional maximal operator Mα from L̃p,λ(Rn, µp) to L̃q,λ(Rn, µq) for 1 < p < q < ∞, and from
L̃1,λ(Rn, µ) to WL̃q,λ(Rn, µq) for p = 1, 1 < q < ∞.

In the special case of our operator Mρ for ρ(r) ≡ 1 we get a new result in the weighted modified Morrey
spaces.

Corollary 3.8. In the Theorem 3.6, in the special case if we choose ρ(t) ≡ 1 then we get sufficient conditions for the
boundedness of Hardy-Littlewood maximal operator M from L̃p,λ(Rn, µp) to L̃p,λ(Rn, µp) for 1 < p < ∞, and from
L̃1,λ(Rn, µ) to WL̃q,λ(Rn, µq) for p = 1, 1 < q < ∞.
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