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Abstract. It has been proved that the Poisson cohomology ring of a Poisson algebra has a Batalin-
Vilkovisky algebra structure iff the Poisson algebra is pseudo-unimodular. In this paper, it is proved that
the tensor algebra of two pseudo-unimodular Poisson algebras is also pseudo-unimodular, thus its Poisson
cohomology ring is still a Batalin-Vilkovisky algebra. Furthermore, This Batalin-Vilkovisky algebra is
isomorphic to the tensor Batalin-Vilkovisky algebra of the respective Poisson cohomology rings of the two
pseudo-unimodular Poisson algebras.

1. Introduction

Poisson algebras and their (co)homology theory play an important role in the study of their deformation
quantization algebras, since Poisson algebras and their deformation quantization algebras often share many
similar homological properties. For example, Dolgushev proved that the Van den Bergh duality holds for
the deformation quantizations of unimodular Poisson algebras [8]. And the Hochschild homology of
some Calabi-Yau algebras have been calculated while they are viewed as deformations of unimodular
polynomial Poisson algebras [4, 24, 26, 27, 29]. The cohomologies and deformations of tensor Poisson
algebras are investigated in [7].

Unimodular Poisson structures attract much attention since they have nice properties, such as Poincaré
duality and the Batalin-Vilkovisky (BV for short) structures on their Poisson cohomologies [5, 33]. In fact,
for any smooth Poisson algebra with trivial canonical bundle or Frobenius Poisson algebra, twisted Poincaré
duality always holds by twisting the Poisson module structure in a canonical way, which is constructed
from the modular derivation[12, 15, 19, 22, 34].

On the other hand, Gerstenhaber structures and BV structures on cohomologies have been widely
studied since they appear in the research of BV formalism and play an important role in quantum field
theory and string theory [25]. The BV structures on the Hochschild (co)homology of noncommutative
algebras have been considered by many researchers, such as [10, 13, 14, 28]. In [17], Le and Zhou considered
the tensor product of two Gerstenhaber algebras, which is still a Gerstenhaber algebras, and proved that as
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Gerstenhaber algebras, the Hochschild cohomology ring of the tensor product of two algebras is isomorphic
to the tensor product of the respective Hochschild cohomology rings of these two algebras when at least
one of which is finite dimensional. Zhu generalized this to the Poisson framework. He proved that the
Poisson cohomology ring of the tensor product of two Poisson algebras is isomorphic to the tensor product
of the respective Poisson cohomology rings of these two Poisson algebras as Gerstenhaber algebras [35].
Since BV algebras are special Gerstenhaber algebras whose Gerstenhaber brackets can be defined by BV
operators, we consider the BV structures on the Poisson cohomology of the tensor Poisson algebra in this
paper, while the unimodular polynomial Poisson algebras case has been investigated in [6].

As a generalization of unimodular Poisson structures, a notion of pseudo-unimodular Poisson structure
is defined for smooth algebras with trivial canonical bundles [21] and Frobenius algebras [20]. It is proved
that the Poisson cohomology ring of a Poisson algebra can be endowed with a BV algebra structure inherited
from some one of its Poisson cochain complex if and only if the Poisson algebra is pseudo-unimodular.
The mail result in this paper is that the tensor algebra of two pseudo-unimodular Poisson algebras is also
pseudo-unimodular and its Poisson cohomology ring is isomorphic to the tensor product of the respective
Poisson cohomology rings of these two Poisson algebras as BV algebras.

This paper is organized as follows. In Section 1, we recall some preliminary definitions and results
mainly on Poisson algebras and cohomology rings, pseudo-unimodular Poisson structures, Gerstenhaber
algebras and BV algebras, etc. In Section 2, we prove that the tensor algebra of two pseudo-unimodular
Poisson algebras is still pseudo-unimodular. Then we study the BV structure on the Poisson cohomology
of the tensor algebra of two pseudo-unimodular smooth Poisson algebras with trivial canonical bundles,
and prove that it is isomorphic to the tensor BV algebra of the respective Poisson cohomology rings. In
Section 3, we also consider the BV algebra isomorphism for Frobenius Poisson algebras.

2. Preliminaries

In this section, we collect some necessary materials on Poisson algebras, Poisson cohomology, Gersten-
haber algebras and Batalin-Vilkovisky algebras. Let k be a field. All vector spaces and algebras are over k.
We refer to [16] as the basic reference.

2.1. Poisson algebras and Poisson cohomology

Definition 2.1. [18, 32] A commutative k-algebra R equipped with a bilinear map π = {−,−} : R×R→ R is called
a Poisson algebra, denoted by (R, π), if

1. the underline k-vector space R together with {−,−} : R × R→ R is a k-Lie algebra;
2. {−,−} : R × R→ R is a derivation in each argument with respect to the multiplication of R.

For any p ∈ N, let Xp(R) be the set of all skew-symmetric k-linear maps from R⊗p to R which are
derivations in each argument, that is,

Xp(R) = {F ∈ Homk(∧pR,R) | F is a derivation in each argument}.

Obviously, X1(R) = Derk(R) is the set of k-linear derivations of R. Let Ω1(R) be the canonical module of
Kähler differentials with d : R→ Ω1(R) the classical de Rham differential, and Ωp(R) = ∧p

RΩ
1(R) be its p-th

wedge product. Then for any p ∈N,

Xp(R) � HomR(Ωp(R),R). (2.1)

Set X∗(R) = ⊕p∈NX
p(R) and Ω∗(R) = ⊕p∈NΩ

p(R). There is a canonical cochain complex

0 −→ R δ0

−→ X1(R) δ1

−→ · · ·
δp−1

−→ Xp(R) δp

−→ Xp+1(R) −→ · · · (2.2)
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where δp : Xp(R) −→ Xp+1(R) is defined as F 7→ δp(F) with

δp(F)(a1 ∧ · · · ∧ ap+1) =
p+1∑
i=1

(−1)i
{F(a1 ∧ · · · âi · · · ∧ ap+1), ai} +

∑
1≤i< j≤p+1

(−1)i+ jF({ai, a j} ∧ a1 ∧ · · · âi · · · â j · · · ∧ ap+1),

where âi means that the corresponding entry ai is omitted.

Definition 2.2. [11, 18] The complex (2.2) is called the Poisson cochain complex of R, and its p-th cohomology is
called the p-th Poisson cohomology of R, denoted by HPp(R).

2.2. Pseudo-unimodular Poisson algebras

We first recall the definitions of contraction maps for any commutative algebra and the modular deriva-
tion for a smooth Poisson algebra with trivial canonical bundle.

Definition 2.3. For any ω ∈ Ωp(R), the contraction map ιω is a graded R-linear map of degree −p on the complex
HomR(Ω∗(R),R), which is defined as ιω : HomR(Ωq(R),R)→ HomR(Ωq−p(R),R): when q < p, ιω = 0; when q ≥ p
and F ∈ HomR(Ωq(R),R),

(ιωF)(da1 ∧ da2 ∧ · · · ∧ daq−p) = F(da1 ∧ da2 ∧ · · · ∧ daq−p ∧ ω).

By (2.1), this induces an operation ιω on X∗(R).

Definition 2.4. For any F ∈ Xp(R), the contraction map ιF : Ω∗(R)→ Ω∗(R) is a graded R-linear map of degree−p,
which is defined as ιF : Ωq(R)→ Ωq−p(R): when q < p, ιF = 0; when q ≥ p andω = a0 da1∧da2∧· · ·∧daq ∈ Ω

q(R),

ιF(ω) =
∑
σ∈Sp,q−p

sgn(σ)a0F(aσ(1) ∧ aσ(2) ∧ · · · ∧ aσ(p)) daσ(p+1) ∧ · · · ∧ daσ(q),

where Sp,q−p denotes the set of all (p, q − p)-shuffles, which are the permutations σ ∈ Sq such that σ(1) < · · · < σ(p)
and σ(p + 1) < · · · < σ(q).

Definition 2.5. Let R be a smooth Poisson algebra of dimension n with trivial canonical bundle Ωn(R) = R vol
where vol is a volume form. The modular derivation of R with respect to vol is defined as the map ϕvol : R → R
such that for any a ∈ R,

ϕvol(a) =
LHa (vol)

vol
,

where Ha = {a,−} : R→ R is the Hamiltonian derivation associated to a and LHa = [d, ιHa ] is the Lie derivation.

When the volume form is changed, the corresponding modular derivation is modified by a so called
log-Hamiltonian derivation (see [8]). The modular class of R is defined as the classϕvol modulo log-Hamiltonian
derivations. If the modular class is trivial, i.e., ϕvol is a log-Hamiltonian derivation, then R is said to be
unimodular.

Definition 2.6. [21] A Poisson algebra (R, π) is said to be pseudo-unimodular if there exists a de Rham 1-cocycle
ϖ ∈ Ω1(R) such that ιϖπ is the modular derivation of R.

Remark 2.7. In this paper, we consider the pseudo-unimodular Poisson structures which are more general than the
unimodular ones and share similar homological properties.
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2.3. Gerstenhaber algebras and Batalin-Vilkovisky algebras
Let G =

⊕
i∈Z Gi be a graded vector space, and G(1) be the shift of G such that G(1)i = Gi+1.

Definition 2.8. [9] A Gerstenhaber algebra (G, ·, [−,−]) is a graded-commutative algebra (G =
⊕

i∈Z Gi, ·)
endowed with a bracket of degree 0

[−,−] : G(1) × G(1)→ G(1),

such that G(1) is a graded Lie algebra, and for any homogeneous element a ∈ G(1), the map [a,−] is a graded-derivation,
i.e., for any homogeneous elements b, c ∈ G,

[a, b · c] = [a, b] · c + (−1)(|a|−1)|b|b · [a, c].

Example 2.9. For any commutative algebra R, (X∗(R),∧, [−,−]SN) is a Gerstenhaber algebra (see [16]), where
[−,−]SN : Xp(R) × Xq(R)→ Xp+q−1(R) is the Schouten-Nijenhuis bracket : for any P ∈ Xp(R) and Q ∈ Xq(R),

[P,Q]SN(a1 ∧ a2 ∧ · · · ∧ ap+q−1) =(−1)(p−1)(q−1)
∑
σ∈Sq,p−1

sgn(σ)P(Q(aσ(1) ∧ · · · ∧ aσ(q)) ∧ aσ(q+1) ∧ · · · ∧ aσ(p+q−1))

−

∑
σ∈Sp,q−1

sgn(σ)Q(P(aσ(1) ∧ · · · ∧ aσ(p)) ∧ aσ(p+1) ∧ · · · ∧ aσ(p+q−1)).

Example 2.10. ([16, Proposition 4.9]) For any Poisson algebra R, its Poisson cohomology (HP∗(R),∧, [−,−]SN) is
also a Gerstenhaber algebra.

Definition 2.11. ([17, Proposition-Definition 2.2]) Let (A•,∧A, [−,−]A) and (B•,∧B, [−,−]B) be two Gerstenhaber
algebras. Then there is a new Gerstenhaber algebra (L•,∧, [−,−]) given as follows:

1. Ln =
⊕

i+ j=n Ai
⊗ B j as a k-vector space for n ∈ Z;

2. (a ⊗ b) ∧ (a′ ⊗ b′) = (−1)|a
′
||b|(a ∧A a′) ⊗ (b ∧B b′);

3. [a ⊗ b, a′ ⊗ b′] = (−1)(|a′ |−1)|b|[a, a′]A ⊗ (b ∧B b′) + (−1)|a
′
|(|b|−1)(a ∧A a′) ⊗ [b, b′]B,

where a, a′ ∈ A• and b, b′ ∈ B• are homogeneous elements. We call (L•,∧, [−,−]) the tensor Gerstenhaber algebra
of A• and B•, and denote it by A• ⊗ B•.

Example 2.12. Let R and S be two Poisson algebras, then HP∗(R) ⊗HP∗(S) is a tensor Gerstenhaber algebra.

Definition 2.13. [1–3] Let (V, ·) be a graded-commutative graded algebra. A Batalin-Vilkovisky operator ∆ on V is
an operator ∆ : V → V of degree −1 such that ∆2 = 0 and

[a, b] := (−1)|a|
(
∆(a · b) − ∆(a) · b − (−1)|a|a · ∆(b)

)
(2.3)

is a graded-derivation in the sense that for any homogeneous elements a, b, c ∈ V,

[a, b · c] = [a, b] · c + (−1)(|a|−1)|b|b · [a, c].

In other words, the obstruction of ∆ from being a graded-derivation is a graded-derivation. The triple (V, ·,∆) is called
a Batalin-Vilkovisky algebra (BV algebra, for short).

Remark 2.14. Batalin-Vilkovisky algebras are special examples of Gerstenhaber algebras if one define the Lie bracket
by (2.3). A Gerstenhaber algebra with the bracket [−,−] is a BV algebra (or said to be exact) if it can be equipped with
an operator ∆ of degree −1 such that ∆2 = 0 and (2.3) holds. In other words, [−,−] measures the deviation of ∆ from
being a derivation.

Example 2.15. ([16, 21, 33]) For any smooth algebra R with trivial canonical bundle, the triple (X∗(R),∧,∆) is a BV
algebra, where the BV operator ∆ can be described by using the dual basis of the Kähler differential module. When R
is a unimodular smooth Poisson algebra, its Poisson cohomology HP∗(R) admits a BV algebra structure induced from
the one on X∗(R).
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Let us recall the tensor product of two BV algebras defined in [23, Proposition in Section 5.8.1].

Proposition-Definition 2.16. [23, Proposition in Section 5.8.1] Let (A•,∧A,∆A) and (B•,∧B,∆B) be two BV
algebras. Then there is a new BV algebra (L•,∧,∆⊗) given as follows:

1. Ln =
⊕

i+ j=n Ai
⊗ B j as a k-vector space for n ∈ Z;

2. (a ⊗ b) ∧ (a′ ⊗ b′) = (−1)|a
′
||b|(a ∧A a′) ⊗ (b ∧B b′);

3. ∆⊗(a ⊗ b) = ∆A(a) ⊗ b + (−1)|a|a ⊗ ∆B(b),

where a, a′ ∈ A• and b, b′ ∈ B• are homogeneous elements. We call (L•,∧,∆⊗) the tensor BV algebra of A• and B•,
and denote it by A• ⊗ B•.

Remark 2.17. In the above definition, (L•,∧, [−,−]) is the tensor Gerstenhaber algebra of the two Gerstenhaber alge-
bras (A•,∧A, [−,−]A) and (B•,∧B, [−,−]B), where [−,−], [−,−]A and [−,−]B are defined by (2.3) with corresponding
∧,∧A,∧B and ∆⊗,∆A,∆B.

Example 2.18. Let R and S be two unimodular Poisson algebras. There is a tensor BV algebra HP∗(R) ⊗HP∗(S).

3. The cohomology of tensor Poisson algebras

In this section, we focus on the tensor products of Poisson algebras and their cohomologies. Throughout
this section, all the Poisson algebras involved are smooth affine algebras with trivial canonical bundle.

3.1. Tensor Poisson algebras
Let (R, {−,−}R) and (S, {−,−}S) be Poisson algebras. Then the tenor product R ⊗ S admits a Poisson

structure {−,−} given by

{r ⊗ s, r′ ⊗ s′} = {r, r′}R ⊗ ss′ + rr′ ⊗ {s, s′}S,∀r, r′ ∈ R, s, s′ ∈ S.

The Poisson algebra (R ⊗ S, {−,−}) is called the tensor Poisson algebra of R and S.
Suppose that R and S are smooth Poisson algebras with trivial canonical bundles. Then the tensor

Poisson algebra R ⊗ S is still a smooth algebra with trivial canonical bundle, and the modular derivation ϕ
of R ⊗ S is closely related to the modular derivations of R and S:

ϕ(r ⊗ s) = ϕR(r) ⊗ s + r ⊗ ϕS(s),∀r ⊗ s ∈ R ⊗ S, (3.1)

where ϕR and ϕS are the modular derivations of R and S, respectively. See [30, Theorem 4.2].

Remark 3.1. For the tensor algebra R ⊗ S, its Kähler differential module Ω1(R ⊗ S) � (Ω1(R) ⊗ S) ⊕ (R ⊗Ω1(S)),
and the classical de Rham differential d : R ⊗ S→ Ω1(R ⊗ S) is given by d(r ⊗ s) = d r ⊗ s + r ⊗ d s.

Proposition 3.2. If R and S are pseudo-unimodular Poisson algebras, then so is the tensor Poisson algebra R ⊗ S.

Proof. By the definition of pseudo-unimodular Poisson algebras, there exist de Rham 1-cocycles ϖ ∈ Ω1(R)
and ω ∈ Ω1(S) such that the modular derivations ϕR = ιϖπR, ϕS = ιωπS.

Consider the 1-formϖ⊗1+1⊗ω ∈ Ω1(R⊗S), it’s easy to check that it is a de Rham 1-cocycle inΩ1(R⊗S).
We claim that the modular derivation ϕ = ι(ϖ⊗1+1⊗ω)π, which implies that R ⊗ S is also pseudo-unimodular.

For any r ⊗ s ∈ R ⊗ S,

ϕ(r ⊗ s) = ϕR(r) ⊗ s + r ⊗ ϕS(s)
= ιϖπR(r) ⊗ s + r ⊗ ιωπS(s)
= πR(d r ∧ ϖ) ⊗ s + r ⊗ πS(d s ∧ ω)
= π(d(r ⊗ s) ∧ ϖ ⊗ 1) + π(d(r ⊗ s) ∧ 1 ⊗ ω)
= ι(ϖ⊗1+1⊗ω)π(r ⊗ s).
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Remark 3.3. For a smooth Poisson algebra R with trivial canonical bundle, its Poisson cohomology admits a BV
algebra structure induced from X∗(R), if and only if R is pseudo-unimodular ([21, Theorem 5.9 and Corollary 5.12]).

Corollary 3.4. If R and S are pseudo-unimodular Poisson algebras, then the Poisson cohomologies HP∗(R),HP∗(S)
and HP∗(R ⊗ S) are all BV algebras.

Corollary 3.5. For pseudo-unimodular Poisson algebras R and S, their Poisson cohomology rings carry a BV algebra
structure and induce the structure of a BV algebra HP∗(R) ⊗HP∗(S) as the tensor product of two BV algebras (See
2.16).

Now we fix some notations to describe the BV operators. Let R be a smooth Poisson algebra of dimension
n, {(dxi), (dxi)∗}ri=1 be a dual basis for Ω1(R), and η ∈ Ωn(R) be a volume form. Let U = {(I1, I2, · · · , In) |
I1, · · · , In are integers and 1 ≤ I1 < I2 < · · · < In ≤ r}. For any I = (I1, I2, · · · , In) ∈ U, to simplify the notations,
let dxI denote dxI1 ∧ dxI2 ∧ · · · ∧ dxIn and dx∗I denote (dxI1 )∗ ∧ (dxI2 )∗ ∧ · · · ∧ (dxIn )∗. Let

aI = (dx∗I)(η) and bI = η
∗(dxI).

Then (X∗(R),∧,∆) is a BV algebra with the BV operator ∆ given by

∆(P)(a1 ∧ a2 ∧ · · · ∧ ap−1) = (−1)p
∑

1≤l≤r

(dxl)∗
(
P(a1 ∧ a2 ∧ · · · ∧ ap−1 ∧ xl)

)
+ (−1)p

∑
I∈U

P(a1 ∧ a2 ∧ · · · ∧ ap−1 ∧ aI)bI,

for each P ∈ Xp(R) (see [21, Theorem 4.15] for details).
Similarly, let S be a smooth Poisson algebra of dimension m, {(dyi), (dyi)∗}si=1 be a dual basis forΩ1(S), and

ξ ∈ Ωm(S) be a volume form. Let V = {(J1, J2, · · · , Jm) | J1, · · · , Jm are integers and 1 ≤ J1 < J2 < · · · < Jm ≤ s}.
For any J = (J1, J2, · · · , Jm) ∈ V, let dyJ denote dyJ1∧dyJ2∧· · ·∧dyJm and dy∗J denote (dyJ1 )∗∧(dyJ2 )∗∧· · ·∧(dyJm )∗.
Let

cJ = (dy∗J)(ξ) and dJ = ξ
∗(dyJ).

Then the BV operator on X∗(S) given by

∆(Q)(b1 ∧ b2 ∧ · · · ∧ bq−1) = (−1)q
∑

1≤l≤s

(dyl)∗
(
Q(b1 ∧ b2 ∧ · · · ∧ bp−1 ∧ yl)

)
+ (−1)q

∑
J∈V

P(b1 ∧ b2 ∧ · · · ∧ bp−1 ∧ cJ)dJ,

for each Q ∈ Xq(S).
In this setting, R ⊗ S is a smooth Poisson algebra of dimension n +m with {dxi ⊗ 1, 1 ⊗ dy j; (dxi)∗ ⊗ 1, 1 ⊗

(dy j)∗}1≤i≤r
1≤ j≤s

a dual basis for Ω1(R ⊗ S) and η ⊗ ξ ∈ Ωm+n(R ⊗ S) a volume form. For any I ∈ U, J ∈ V,

(dx∗I ⊗ dy∗J)(η ⊗ ξ) = aI ⊗ cJ and (η ⊗ ξ)∗(dxI ⊗ dyJ) = bI ⊗ dJ.

Then the BV operator on X∗(R ⊗ S) is given by

∆(T)(c1 ∧ c2 ∧ · · · ∧ ct−1) =(−1)t
∑

1≤i≤r

((dxi)∗ ⊗ 1)
(
T(c1 ∧ c2 ∧ · · · ∧ cp−1 ∧ (dxi ⊗ 1))

)
+ (−1)t

∑
1≤ j≤s

(1 ⊗ (dy j)∗)
(
T(c1 ∧ c2 ∧ · · · ∧ cp−1 ∧ (1 ⊗ dy j))

)
+ (−1)t

∑
I∈U,J∈V

T(c1 ∧ c2 ∧ · · · ∧ cp−1 ∧ (aI ⊗ cJ))(bI ⊗ dJ),

for each T ∈ Xt(R ⊗ S).
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3.2. BV structures on Poisson cohomology
For two Poisson algebras R and S, it is proved that there is an isomorphism of Gerstenhaber algebras

[35]
HP∗(R) ⊗HP∗(S) � HP∗(R ⊗ S),

which is induced from X∗(R) ⊗ X∗(S) � X∗(R ⊗ S). The isomorphism

Φ : X∗(R) ⊗ X∗(S)→ X∗(R ⊗ S)

is constructed as
⊕

p,qΦp,q, where Φp,q : Xp(R) ⊗ Xq(S)→ Xp+q(R ⊗ S) is defined by

Φp,q( f ⊗ 1) :(a1 ⊗ b1) ∧ (a2 ⊗ b2) ∧ · · · ∧ (ap+q ⊗ bp+q) 7→∑
σ∈Sp,q

sgn(σ)aσ(p+1) · · · aσ(p+q) f (aσ(1) ∧ · · · ∧ aσ(p)) ⊗ bσ(1) · · · bσ(p)1(bσ(p+1) ∧ · · · ∧ bσ(p+q)),

for any f ∈ Xp(R) and 1 ∈ Xq(S).

Theorem 3.6. Let R and S be unimodular Poisson algebras. There is an isomorphism of BV algebras

HP∗(R) ⊗HP∗(S) � HP∗(R ⊗ S).

Proof. The left hand side of the above isomorphism is the tensor product of two BV algebras, while the right
hand side is the cohomology of the tensor Poisson algebra R ⊗ S. In the unimodular Poisson algebras case,
the BV operators of Poisson cohomologies HP∗(R),HP∗(S) and HP∗(R ⊗ S) are induced by the BV operators
on X∗(R), X∗(S) and X∗(R ⊗ S), respectively. Since Φ : X∗(R) ⊗ X∗(S)→ X∗(R ⊗ S) induces the isomorphism as
Gerstenhaber algebras ([35]), we only need to prove that Φ preserves the BV operator:

X∗(R) ⊗ X∗(S)

∆⊗

��

Φ // X∗(R ⊗ S)

∆

��
X∗(R) ⊗ X∗(S) Φ // X∗(R ⊗ S),

i.e. ∆Φ( f ⊗ 1) = Φ∆⊗( f ⊗ 1) for any f ∈ Xp(R)and 1 ∈ Xq(S).
By the definition of ∆⊗, ∆⊗( f ⊗ 1) = ∆ f ⊗ 1 + (−1)p f ⊗ ∆1. Then

Φ∆⊗( f ⊗ 1) = Φp−1,q(∆ f ⊗ 1) + (−1)pΦp,q−1( f ⊗ ∆1).

For any a1, · · · , ap+q−1 ∈ R, and b1, · · · , bp+q−1 ∈ S,

Φ∆⊗( f ⊗ 1)((a1 ⊗ b1) ∧ (a2 ⊗ b2) ∧ · · · ∧ (ap+q−1 ⊗ bp+q−1))

=
∑
σ∈Sp−1,q

sgn(σ)aσ(p) · · · aσ(p+q−1)∆ f (aσ(1) ∧ · · · ∧ aσ(p−1)) ⊗ bσ(1) · · · bσ(p−1)1(bσ(p) ∧ · · · ∧ bσ(p+q−1))

+ (−1)p
∑
σ∈Sp,q−1

sgn(σ)aσ(p+1) · · · aσ(p+q−1) f (aσ(1) ∧ · · · ∧ aσ(p)) ⊗ bσ(1) · · · bσ(p)∆1(bσ(p+1) ∧ · · · ∧ bσ(p+q−1))

=(−1)p
∑
σ∈Sp−1,q

∑
1≤i≤r

sgn(σ)aσ(p) · · · aσ(p+q−1)(dxi)∗
(

f (aσ(1) ∧ · · · ∧ aσ(p−1) ∧ xi)
)

⊗ bσ(1) · · · bσ(p−1)1(bσ(p) ∧ · · · ∧ bσ(p+q−1))

+ (−1)p
∑
σ∈Sp−1,q

∑
I

sgn(σ)aσ(p) · · · aσ(p+q−1) f (aσ(1) ∧ · · · ∧ aσ(p−1) ∧ aI)bI

⊗ bσ(1) · · · bσ(p−1)1(bσ(p) ∧ · · · ∧ bσ(p+q−1))
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+ (−1)p+q
∑
σ∈Sp,q−1

∑
1≤ j≤s

sgn(σ)aσ(p+1) · · · aσ(p+q−1) f (aσ(1) ∧ · · · ∧ aσ(p))

⊗ bσ(1) · · · bσ(p)(d y j)∗
(
1(bσ(p+1) ∧ · · · ∧ bσ(p+q−1) ∧ y j)

)
+ (−1)p+q

∑
σ∈Sp,q−1

∑
J

sgn(σ)aσ(p+1) · · · aσ(p+q−1) f (aσ(1) ∧ · · · ∧ aσ(p))

⊗ bσ(1) · · · bσ(p)1(bσ(p+1) ∧ · · · ∧ bσ(p+q−1) ∧ cJ)dJ,

which are denoted by B1,B2,B3 and B4, respectively. While

∆Φ( f ⊗ 1)((a1 ⊗ b1) ∧ (a2 ⊗ b2) ∧ · · · ∧ (ap+q−1 ⊗ bp+q−1))

=(−1)p+q
∑

1≤i≤r

((dxi)∗ ⊗ 1)
(
Φ( f ⊗ 1)((a1 ⊗ b1) ∧ · · · ∧ (ap+q−1 ⊗ bp+q−1) ∧ (xi ⊗ 1))

)
+ (−1)p+q

∑
1≤ j≤s

(1 ⊗ (dy j)∗)
(
Φ( f ⊗ 1)((a1 ⊗ b1) ∧ · · · ∧ (ap+q−1 ⊗ bp+q−1) ∧ (1 ⊗ y j))

)
+ (−1)p+q

∑
I,J

Φ( f ⊗ 1)((a1 ⊗ b1) ∧ · · · ∧ (ap+q−1 ⊗ bp+q−1) ∧ (aI ⊗ cJ))(bI ⊗ dJ)

Denote the three parts of the sum by A1,A2 and A3, respectively. Then

A1 =(−1)p+q
∑

1≤i≤r

((dxi)∗ ⊗ 1)
( ∑
σ∈Sp,q
σ(p)=p+q

sgn(σ)aσ(p+1) · · · aσ(p+q) f (aσ(1) ∧ · · · ∧ aσ(p−1) ∧ xi)
)

⊗ bσ(1) · · · bσ(p−1) · 1 · 1(bσ(p+1) ∧ · · · ∧ bσ(p+q))

=(−1)p+q
∑

1≤i≤r

((dxi)∗ ⊗ 1)
( ∑
σ∈Sp−1,q

(−1)q sgn(σ)aσ(p) · · · aσ(p+q−1) f (aσ(1) ∧ · · · ∧ aσ(p−1) ∧ xi)
)

⊗ bσ(1) · · · bσ(p−1)1(bσ(p) ∧ · · · ∧ bσ(p+q−1))

=(−1)p
∑
σ∈Sp−1,q

∑
1≤i≤r

sgn(σ)(dxi)∗
(
aσ(p) · · · aσ(p+q−1) f (aσ(1) ∧ · · · ∧ aσ(p−1) ∧ xi)

)
⊗ bσ(1) · · · bσ(p−1)1(bσ(p) ∧ · · · ∧ bσ(p+q−1))

=(−1)p
∑
σ∈Sp−1,q

∑
1≤i≤r

sgn(σ)aσ(p) · · · aσ(p+q−1)(dxi)∗
(

f (aσ(1) ∧ · · · ∧ aσ(p−1) ∧ xi)
)

⊗ bσ(1) · · · bσ(p−1)1(bσ(p) ∧ · · · ∧ bσ(p+q−1))

+ (−1)p
∑
σ∈Sp−1,q

∑
1≤i≤r

sgn(σ)(dxi)∗
(
aσ(p) · · · aσ(p+q−1)

)
f (aσ(1) ∧ · · · ∧ aσ(p−1) ∧ xi)

⊗ bσ(1) · · · bσ(p−1)1(bσ(p) ∧ · · · ∧ bσ(p+q−1)).

Note that the first part is exactly B1. Denote the second part by A11, and

A11 =(−1)p
∑
σ∈Sp−1,q

sgn(σ) f (aσ(1) ∧ · · · ∧ aσ(p−1) ∧ aσ(p) · · · aσ(p+q−1))

⊗ bσ(1) · · · bσ(p−1)1(bσ(p) ∧ · · · ∧ bσ(p+q−1))

=(−1)p
∑
σ∈Sp−1,q

∑
p≤k≤p+q−1

sgn(σ) f (aσ(1) ∧ · · · ∧ aσ(p−1) ∧ aσ(k))aσ(p) · · · âσ(k) · · · aσ(p+q−1)

⊗ bσ(1) · · · bσ(p−1)1(bσ(p) ∧ · · · ∧ bσ(p+q−1)).
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Similarly, one can check that A2 = A22 + B3, where

A22 =(−1)p+q
∑
σ∈Sp,q−1

sgn(σ)aσ(p+1) · · · aσ(p+q−1) f (aσ(1) ∧ · · · ∧ aσ(p))

⊗ 1
(
bσ(p+1) ∧ · · · ∧ bσ(p+q−1) ∧ bσ(1) · · · bσ(p)

)
=(−1)p+q

∑
σ∈Sp,q−1

∑
1≤l≤p

sgn(σ)aσ(p+1) · · · aσ(p+q−1) f (aσ(1) ∧ · · · ∧ aσ(p))

⊗ 1
(
bσ(p+1) ∧ · · · ∧ bσ(p+q−1) ∧ bσ(l)

)
bσ(1) · · · b̂σ(l) · · · bσ(p).

Considering the 1-1 correspondence between {(σ, k)|σ ∈ Sp−1,q, p ≤ k ≤ p+ q− 1} and {(σ′, l)|σ′ ∈ Sp,q−1, 1 ≤
l ≤ p}, we can get A11 + A22 = 0. Thus A1 + A2 = B1 + B3.

A3 =(−1)p+q
∑
I,J

Φ( f ⊗ 1)((a1 ⊗ b1) ∧ · · · ∧ (ap+q−1 ⊗ bp+q−1) ∧ (aI ⊗ cJ))(bI ⊗ dJ)

=(−1)p+q
∑
I,J

( ∑
σ∈Sp,q
σ(p)=p+q

sgn(σ)aσ(p+1) · · · aσ(p+q) f (aσ(1) ∧ · · · ∧ aσ(p−1) ∧ aI)

⊗ bσ(1) · · · bσ(p−1)cJ1(bσ(p+1) ∧ · · · ∧ bσ(p+q))
)
(bI ⊗ dJ)

+ (−1)p+q
∑
I,J

( ∑
σ∈Sp,q

σ(p+q)=p+q

sgn(σ)aσ(p+1) · · · aσ(p+q−1)aI f (aσ(1) ∧ · · · ∧ aσ(p))

⊗ bσ(1) · · · bσ(p)1(bσ(p+1) ∧ · · · ∧ bσ(p+q−1) ∧ cJ)
)
(bI ⊗ dJ)

=(−1)p
∑
I,J

∑
σ∈Sp−1,q

sgn(σ)aσ(p) · · · aσ(p+q−1) f (aσ(1) ∧ · · · ∧ aσ(p−1) ∧ aI)bI

⊗ bσ(1) · · · bσ(p−1)cJ1(bσ(p) ∧ · · · ∧ bσ(p+q−1))dJ

+ (−1)p+q
∑
I,J

∑
σ∈Sp,q−1

sgn(σ)aσ(p+1) · · · aσ(p+q−1)aI f (aσ(1) ∧ · · · ∧ aσ(p))bI

⊗ bσ(1) · · · bσ(p)1(bσ(p+1) ∧ · · · ∧ bσ(p+q−1) ∧ cJ)dJ

Note that
∑

I aIbI = 1,
∑

J cJdJ = 1. So

A3 =(−1)p
∑

I

∑
σ∈Sp−1,q

sgn(σ)aσ(p) · · · aσ(p+q−1) f (aσ(1) ∧ · · · ∧ aσ(p−1) ∧ aI)bI

⊗ bσ(1) · · · bσ(p−1)1(bσ(p) ∧ · · · ∧ bσ(p+q−1))

+ (−1)p+q
∑

J

∑
σ∈Sp,q−1

sgn(σ)aσ(p+1) · · · aσ(p+q−1) f (aσ(1) ∧ · · · ∧ aσ(p))

⊗ bσ(1) · · · bσ(p)1(bσ(p+1) ∧ · · · ∧ bσ(p+q−1) ∧ cJ)dJ

=B2 + B4.

Hence A1 + A2 + A3 = B1 + B2 + B3 + B4. The proof is finished.

3.3. Pseudo-unimodular Poisson algebras case
Recall that if (R, π) is a pseudo-unimodular Poisson algebra, i.e., there exists a de Rham 1-cocycle

ϖ ∈ Ω1(R) such that its modular derivation ϕvol = ιϖπ, then (HP∗(R),∧,∆t) is also a BV algebra induced
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from (X∗(R),∧,∆t), where

∆t = ∆ − ∆
′, ∆′(P) = (−1)pιϖP (3.2)

(see [21, Theorem 5.9 and Remark 5.10]). Now consider the tensor Poisson algebra of two pseudo-
unimodular Poisson algebras, and we have the following theorem.

Theorem 3.7. Let R and S be pseudo-unimodular Poisson algebras. There is an isomorphism of BV algebras

HP∗(R) ⊗HP∗(S) � HP∗(R ⊗ S).

Proof. Again using the fact that Φ : X∗(R) ⊗ X∗(S) → X∗(R ⊗ S) induce the isomorphism as Gerstenhaber
algebras ([35]), we should prove that the isomorphism Φ preserves the twisted BV operator, that is,

∆tΦ( f ⊗ 1) = Φ∆t⊗( f ⊗ 1) = Φp−1,q(∆t f ⊗ 1) + (−1)pΦp,q−1( f ⊗ ∆t1)

for any f ∈ Xp(R) and 1 ∈ Xq(S).
Note that the BV operators in pseudo-unimodular Poisson algebras case are twisted as in (3.2). Suppose

ϖ ∈ Ω1(R) and ω ∈ Ω1(S) are de Rham 1-cocycles such that the modular derivations ϕR = ιϖπR, ϕS = ιωπS.
Then

∆t f = ∆ f − (−1)pιϖ f ,∆t1 = ∆1 − (−1)qιω1.

From the proof of Proposition 3.2,

∆tΦ( f ⊗ 1) = (∆ − (−1)p+qιϖ⊗1+1⊗ω)(Φ( f ⊗ 1)).

In Theorem 3.6, we have proved that the isomorphism Φ preserves the operator ∆. Thus we only need
to prove that

(−1)p+qιϖ⊗1+1⊗ω(Φ( f ⊗ 1)) = (−1)pΦp−1,q(ιϖ f ⊗ 1) + (−1)p+qΦp,q−1( f ⊗ ιω1),

i.e.
ιϖ⊗1(Φ( f ⊗ 1)) + ι1⊗ω(Φ( f ⊗ 1)) = (−1)qΦp−1,q(ιϖ f ⊗ 1) + Φp,q−1( f ⊗ ιω1).

In fact, ιϖ⊗1(Φ( f ⊗ 1)) is the map sending (a1 ⊗ b1) ∧ (a2 ⊗ b2) ∧ · · · ∧ (ap+q−1 ⊗ bp+q−1) to

Φ( f ⊗ 1)((a1 ⊗ b1) ∧ (a2 ⊗ b2) ∧ · · · ∧ (ap+q−1 ⊗ bp+q−1) ∧ (ϖ ⊗ 1))

=
∑
σ∈Sp,q
σ(p)=p+q

sgn(σ)aσ(p+1) · · · aσ(p+q) f (aσ(1) ∧ · · · ∧ aσ(p−1) ∧ ϖ) ⊗ bσ(1) · · · bσ(p−1) · 1 · 1(bσ(p+1) ∧ · · · ∧ bσ(p+q))

=
∑
σ∈Sp−1,q

(−1)q sgn(σ)aσ(p) · · · aσ(p+q−1) f (aσ(1) ∧ · · · ∧ aσ(p−1) ∧ ϖ) ⊗ bσ(1) · · · bσ(p−1)1(bσ(p) ∧ · · · ∧ bσ(p+q−1))

=(−1)q
∑
σ∈Sp−1,q

sgn(σ)aσ(p) · · · aσ(p+q−1)ιϖ f (aσ(1) ∧ · · · ∧ aσ(p−1)) ⊗ bσ(1) · · · bσ(p−1)1(bσ(p) ∧ · · · ∧ bσ(p+q−1))

=(−1)qΦp−1,q(ιϖ f ⊗ 1)
(
(a1 ⊗ b1) ∧ (a2 ⊗ b2) ∧ · · · ∧ (ap+q−1 ⊗ bp+q−1)

)
.

Hence ιϖ⊗1(Φ( f ⊗ 1)) = (−1)qΦp−1,q(ιϖ f ⊗ 1). Similarly, ι1⊗ω(Φ( f ⊗ 1)) = Φp,q−1( f ⊗ ιω1). Thus we finish the
proof.

4. Tensor product of Frobenius Poisson algebras

In fact, tensor Poisson algebras can also be defined for Frobenius Poisson algebras. In this section, we
consider the tensor products of Frobenius Poisson algebras and conclude the similar results in the previous
section. Let us first recall the modular derivations for Frobenius Poisson algebras, which are different from
those of smooth Poisson algebras.
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Definition 4.1. [31] Let R be a Frobenius Poisson algebra with the non-degenerated bilinear form ⟨−,−⟩. Its
modular derivation is defined as the map D : R→ R such that, for any a ∈ R and x ∈ R,

⟨D(a), x⟩ = ⟨1, {a, x}⟩.

For any unimodular Frobenius Poisson algebra R, (HP∗(R),∧,∆) is a BV-algebra ([36, Theorem 4.10] ).
Note that the BV operator here is different from the one in smooth algebras case.

However, pseudo-unimodular Poisson structures can also be defined for Frobenius algebras similarly.

Definition 4.2. ([20, Definition 10] ) Let R be a Frobenius Poisson algebra with Poisson structure π. Then R is said
to be pseudo-unimodular if there exists a de Rham 1-cocycle ϖ ∈ Ω1(R) such that ιϖπ is a modular derivation of R.

Let R be a pseudo-unimodular Frobenius Poisson algebra with poisson structure π. Then (HP∗(R),∧,∆t)
is a BV-algebra, where

∆t = ∆ − ∆
′, ∆′(P) = (−1)p−1ιϖ(P), (4.1)

ϖ ∈ Ω1(R) is the de Rham 1-cocycle such that ιϖπ is a modular derivation of R (see[20, Theorem 2]).
Furthermore, for a Frobenius Poisson algebra R, its Poisson cohomology admits a BV-operator induced
from X∗(R), iff it is pseudo-unimodular ([20, Corollary 2]).

Suppose that R and S are Frobenius Poisson algebras. Then the tensor Poisson algebra R ⊗ S is also a
Frobenius Poisson algebra, and equation(3.1)

ϕ(r ⊗ s) = ϕR(r) ⊗ s + r ⊗ ϕS(s),∀r ⊗ s ∈ R ⊗ S,

still holds (see [30, Theorem 4.4]). Thus Proposition 3.2 is also valid in Frobenius algebras case. That is

Proposition 4.3. If R and S are pseudo-unimodular Frobenius Poisson algebras, then so is the tensor Poisson algebra
R ⊗ S.

Corollary 4.4. If R and S are pseudo-unimodular Frobenius Poisson algebras, then the Poisson cohomologies
HP∗(R),HP∗(S),HP∗(R ⊗ S) are all BV algebras, and HP∗(R) ⊗ HP∗(S) carries the structure of a BV algebra as
the tensor product of two BV algebras.

In the following, we’ll prove that HP∗(R) ⊗HP∗(S) � HP∗(R ⊗ S) as BV algebras in the corollary above.
Now we fix some notations. In the following, R is a Frobenius Poisson algebra with the non-degenerated

bilinear form ⟨−,−⟩R. Then (X∗(R),∧,∆) is a Batalin-Vilkovisky algebra ([36, Theorem 4.5]), where for
P ∈ Xp(R), ∆(P) ∈ Xp−1(R) is given by

⟨∆(P)(a1 ∧ a2 ∧ · · · ∧ ap−1), ap⟩R = (−1)p−1
⟨P(a1 ∧ a2 ∧ · · · ∧ ap), 1⟩R.

Suppose S is also a Frobenius Poisson algebra with the non-degenerated bilinear form ⟨−,−⟩S. Then the
BV operator on X∗(S) is given by

⟨∆(Q)(b1 ∧ b2 ∧ · · · ∧ bq−1), bp⟩S = (−1)q−1
⟨Q(b1 ∧ b2 ∧ · · · ∧ bq), 1⟩S.

for any Q ∈ Xq(S).
Consider the tensor algebra R⊗S. It’s still a Frobenius Poisson algebra with the non-degenerated bilinear

form ⟨−,−⟩:
⟨r ⊗ s, r′ ⊗ s′⟩ := ⟨r, r′⟩R⟨s, s′⟩S,∀r, r′ ∈ R, s, s′ ∈ S.

The BV operator on X∗(R ⊗ S) is given by

⟨∆(T)(c1 ∧ c2 ∧ · · · ∧ ct−1), ct⟩ = (−1)t−1
⟨T(c1 ∧ c2 ∧ · · · ∧ ct), 1 ⊗ 1⟩.

for any T ∈ Xt(R ⊗ S).
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Theorem 4.5. Let R and S be pseudo-unimodular Frobenius Poisson algebras. There is an isomorphism of BV
algebras

HP∗(R) ⊗HP∗(S) � HP∗(R ⊗ S).

Proof. Similar to the smooth algebras case, we should prove the isomorphism Φ preserves the BV operator
in the Frobenius algebras case,

i.e.

∆Φ( f ⊗ 1) = Φ∆⊗( f ⊗ 1) = Φp−1,q(∆ f ⊗ 1) + (−1)pΦp,q−1( f ⊗ ∆1), (4.2)

and
∆tΦ( f ⊗ 1) = Φ∆t⊗( f ⊗ 1) = Φp−1,q(∆t f ⊗ 1) + (−1)pΦp,q−1( f ⊗ ∆t1),

for any f ∈ Xp(R) and 1 ∈ Xq(S). Here ∆t is the twisted BV operator for pseudo-unimodular Frobenius
Poisson algebra (see (4.1)). Note that the twisted part ∆′ is similar to the smooth algebras case (3.2), and
we’ve proved that Φ preserves ∆′ in Theorem 3.7. Hence, we only need to prove (4.2).

By the definition of BV operators ∆, it suffices to show that

⟨Φ∆⊗( f ⊗ 1)((a1 ⊗ b1) ∧ (a2 ⊗ b2) ∧ · · · ∧ (ap+q−1 ⊗ bp+q−1)), ap+q ⊗ bp+q⟩

= (−1)(p+q−1)
⟨Φ( f ⊗ 1)((a1 ⊗ b1) ∧ (a2 ⊗ b2) ∧ · · · ∧ (ap+q ⊗ bp+q)), 1 ⊗ 1⟩.

In fact,

(−1)(p+q−1)
⟨Φ( f ⊗ 1)((a1 ⊗ b1) ∧ (a2 ⊗ b2) ∧ · · · ∧ (ap+q ⊗ bp+q)), 1 ⊗ 1⟩

=(−1)(p+q−1)
⟨

∑
σ∈Sp,q

sgn(σ)aσ(p+1) · · · aσ(p+q) f (aσ(1) ∧ · · · ∧ aσ(p)) ⊗ bσ(1) · · · bσ(p)1(bσ(p+1) ∧ · · · ∧ bσ(p+q)), 1 ⊗ 1⟩

=(−1)(p+q−1)
∑
σ∈Sp,q

sgn(σ)⟨aσ(p+1) · · · aσ(p+q) f (aσ(1) ∧ · · · ∧ aσ(p)), 1⟩R · ⟨bσ(1) · · · bσ(p)1(bσ(p+1) ∧ · · · ∧ bσ(p+q)), 1⟩S

=(−1)(p+q−1)
∑
σ∈Sp,q
σ(p)=p+q

sgn(σ)⟨aσ(p+1) · · · aσ(p+q) f (aσ(1) ∧ · · · ∧ aσ(p−1) ∧ ap+q), 1⟩R

· ⟨bσ(1) · · · bσ(p−1)bp+q1(bσ(p+1) ∧ · · · ∧ bσ(p+q)), 1⟩S

+ (−1)(p+q−1)
∑
σ∈Sp,q

σ(p+q)=p+q

sgn(σ)⟨aσ(p+1) · · · aσ(p+q−1)ap+q f (aσ(1) ∧ · · · ∧ aσ(p)), 1⟩R

· ⟨bσ(1) · · · bσ(p)1(bσ(p+1) ∧ · · · ∧ bσ(p+q−1) ∧ bp+q), 1⟩S

=(−1)(p−1)
∑
σ∈Sp−1,q

sgn(σ)⟨aσ(p) · · · aσ(p+q−1) f (aσ(1) ∧ · · · ∧ aσ(p−1) ∧ ap+q), 1⟩R

· ⟨bσ(1) · · · bσ(p−1)bp+q1(bσ(p) ∧ · · · ∧ bσ(p+q−1)), 1⟩S

+ (−1)(p+q−1)
∑
σ∈Sp,q−1

sgn(σ)⟨aσ(p+1) · · · aσ(p+q−1)ap+q f (aσ(1) ∧ · · · ∧ aσ(p)), 1⟩R

· ⟨bσ(1) · · · bσ(p)1(bσ(p+1) ∧ · · · ∧ bσ(p+q−1) ∧ bp+q), 1⟩S
=B1 + B2,

where B1 and B2 denote the two parts of the sum respectively.
While

⟨Φ∆⊗( f ⊗ 1)((a1 ⊗ b1) ∧ (a2 ⊗ b2) ∧ · · · ∧ (ap+q−1 ⊗ bp+q−1)), ap+q ⊗ bp+q⟩

=⟨
(
Φp−1,q(∆ f ⊗ 1) + (−1)pΦp,q−1( f ⊗ ∆1)

)(
(a1 ⊗ b1) ∧ · · · ∧ (ap+q−1 ⊗ bp+q−1)

)
, ap+q ⊗ bp+q⟩
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=⟨
∑
σ∈Sp−1,q

sgn(σ)aσ(p) · · · aσ(p+q−1)∆ f (aσ(1) ∧ · · · ∧ aσ(p−1))

⊗ bσ(1) · · · bσ(p−1)1(bσ(p) ∧ · · · ∧ bσ(p+q−1)), ap+q ⊗ bp+q⟩

+ ⟨(−1)p
∑
σ∈Sp,q−1

sgn(σ)aσ(p+1) · · · aσ(p+q−1) f (aσ(1) ∧ · · · ∧ aσ(p))

⊗ bσ(1) · · · bσ(p)∆1(bσ(p+1) ∧ · · · ∧ bσ(p+q−1)), ap+q ⊗ bp+q⟩

=⟨
∑
σ∈Sp−1,q

sgn(σ)aσ(p) · · · aσ(p+q−1)∆ f (aσ(1) ∧ · · · ∧ aσ(p−1)), ap+q⟩R

· ⟨bσ(1) · · · bσ(p−1)1(bσ(p) ∧ · · · ∧ bσ(p+q−1)), bp+q⟩S

+ ⟨(−1)p
∑
σ∈Sp,q−1

sgn(σ)aσ(p+1) · · · aσ(p+q−1) f (aσ(1) ∧ · · · ∧ aσ(p)), ap+q⟩R

· ⟨bσ(1) · · · bσ(p)∆1(bσ(p+1) ∧ · · · ∧ bσ(p+q−1)), bp+q⟩S

=
∑
σ∈Sp−1,q

sgn(σ)⟨∆ f (aσ(1) ∧ · · · ∧ aσ(p−1)), aσ(p) · · · aσ(p+q−1)ap+q⟩R

· ⟨bσ(1) · · · bσ(p−1)1(bσ(p) ∧ · · · ∧ bσ(p+q−1)), bp+q⟩S

+ (−1)p
∑
σ∈Sp,q−1

sgn(σ)⟨aσ(p+1) · · · aσ(p+q−1) f (aσ(1) ∧ · · · ∧ aσ(p)), ap+q⟩R

· ⟨∆1(bσ(p+1) ∧ · · · ∧ bσ(p+q−1)), bσ(1) · · · bσ(p)bp+q⟩S

=(−1)p−1
∑
σ∈Sp−1,q

sgn(σ)⟨ f (aσ(1) ∧ · · · ∧ aσ(p−1) ∧ aσ(p) · · · aσ(p+q−1)ap+q), 1⟩R

· ⟨bσ(1) · · · bσ(p−1)1(bσ(p) ∧ · · · ∧ bσ(p+q−1)), bp+q⟩S

+ (−1)p+q−1
∑
σ∈Sp,q−1

sgn(σ)⟨aσ(p+1) · · · aσ(p+q−1) f (aσ(1) ∧ · · · ∧ aσ(p)), ap+q⟩R

· ⟨1(bσ(p+1) ∧ · · · ∧ bσ(p+q−1) ∧ bσ(1) · · · bσ(p)bp+q), 1⟩S
=A1 + A2,

where A1 and A2 denote the two parts of the sum respectively.
Since f is a p-derivation,

A1 = (−1)p−1
∑
σ∈Sp−1,q

sgn(σ)⟨aσ(p) · · · aσ(p+q−1) f (aσ(1) ∧ · · · ∧ aσ(p−1) ∧ ap+q), 1⟩R

·⟨bσ(1) · · · bσ(p−1)bp+q1(bσ(p) ∧ · · · ∧ bσ(p+q−1)), 1⟩S

+(−1)p−1
∑
σ∈Sp−1,q

sgn(σ)⟨ f (aσ(1) ∧ · · · ∧ aσ(p−1) ∧ aσ(p) · · · aσ(p+q−1)), ap+q⟩R

·⟨bσ(1) · · · bσ(p−1)1(bσ(p) ∧ · · · ∧ bσ(p+q−1)), bp+q⟩S.

Note that the first part of the sum is exactly B1. Denote the second part by A11, and

A11 =(−1)p−1
∑
σ∈Sp−1,q

∑
p≤k≤p+q−1

sgn(σ)⟨aσ(p) · · · âσ(k) · · · aσ(p+q−1) f (aσ(1) ∧ · · · ∧ aσ(p−1) ∧ aσ(k)), ap+q⟩R

· ⟨bσ(1) · · · bσ(p−1)1(bσ(p) ∧ · · · ∧ bσ(p+q−1)), bp+q⟩S.
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Similarly, one can check that A2 = B2 + A22, where

A22 = (−1)p+q−1
∑
σ∈Sp,q−1

sgn(σ)⟨aσ(p+1) · · · aσ(p+q−1) f (aσ(1) ∧ · · · ∧ aσ(p)), ap+q⟩R

·⟨1
(
bσ(p+1) ∧ · · · ∧ bσ(p+q−1) ∧ bσ(1) · · · bσ(p)

)
, bp+q⟩S

= (−1)p+q−1
∑
σ∈Sp,q−1

∑
1≤l≤p

sgn(σ)⟨aσ(p+1) · · · aσ(p+q−1) f (aσ(1) ∧ · · · ∧ aσ(p)), ap+q⟩R

·⟨bσ(1) · · · b̂σ(l) · · · bσ(p)1
(
bσ(p+1) ∧ · · · ∧ bσ(p+q−1) ∧ bσ(l)

)
, bp+q⟩S.

Considering the 1-1 correspondence between {(σ, k)|σ ∈ Sp−1,q, p ≤ k ≤ p+ q− 1} and {(σ′, l)|σ′ ∈ Sp,q−1, 1 ≤
l ≤ p}, we can get A11 + A22 = 0. Thus A1 + A2 = B1 + B2. The proof is finished.
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